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Abstract

In this paper we derive certain algebraic and ergodicity properties of the Berezin trans-
form defined onL2(BN,dη′) whereBN is the open unit ball inCN,N ≥ 1,N ∈ Z,
dη′(z) = KBN (z,z)dν(z) is the Mobius invariant measure,KBN is the reproducing kernel
of the Bergman spaceL2

a(BN,dν) anddν is the Lebesgue measure onCN, normalized
so thatν(BN) = 1. We establish that the Berezin transformB is a contractive linear
operator on each of the spacesLp(BN,dη′(z)),1 ≤ p ≤ ∞, Bn→ 0 in norm topology
andB is similar to a part of the adjoint of the unilateral shift. As a consequence of
these results we also derive certain algebraic and asymptotic properties of the integral
operator defined onL2[0,1] associated with the Berezin transform.

AMS Subject Classification: 47B38, 31B05.

Keywords: Bergman space, Berezin transform, positive operators, contraction, Helgason-
Fourier transform.

1 Introduction

Let BN be the open unit ball ofCN,N ≥ 1,N ∈ Z, with respect to the Euclidean met-
ric. The letterν denotes the Lebesgue measure onCN, normalized so thatν(BN) = 1 and
Lp(BN,dν),1≤ p≤ ∞ are the usual Lebesgue spaces and the integration is with respect to

∗E-mail address: namitadas440@yahoo.co.in
†E-mail address: rlal77@gmail.com



86 N. Das and R. P. Lal

the measureν. WhenN = 1, dν = dA, the normalized area measure on the open unit diskD

in the complex planeC. Consider the spaceL2(BN,dν) for an integerN ≥ 1. Let L2
a(BN,dν)

be the Bergman space of holomorphic functions inL2(BN,dν) andKBN be the reproducing
kernel forL2

a(BN,dν). Notice that forz,λ ∈ BN,

KBN(z,λ) =
N!

(1−z∙ λ̄)N+1
(1.1)

wherez∙ λ̄ = z1λ̄1+ ∙ ∙ ∙+zNλ̄N. For details see [15]. Letdη′(z) = KBN(z,z)dν(z). The repro-
ducing kernelKBN(z,w) of L2

a(BN,dν) is holomorphic inz and antiholomorphic inw and
∫

BN

|KBN(z,w)|2dν(w) = KBN(z,z) > 0 (1.2)

for all z∈ BN. Thus we define for eachλ ∈ BN, a unit vectorkλ in L2
a(BN) by

kλ(z) =
KBN(z,λ)
√

KBN(λ,λ)
. (1.3)

The Bergman spaceL2
a(BN,dν) is a closed subspace [5], [23] ofL2(BN,dν). Let P be the

orthogonal projection ofL2(BN,dν) onto L2
a(BN,dν). For φ ∈ L∞(BN), define the Toeplitz

operatorTφ from L2
a(BN) into itself asTφ f = P(φ f ). The operatorTφ is a bounded linear

operator and‖Tφ‖ ≤ ‖φ‖∞. Toeplitz operators can also be defined for unbounded symbols.
Since the Bergman projectionP can be extended to the spaceL1(BN,dν), we also have
Tφ f = P(φ f ), f ∈ H∞(BN), even forφ ∈ L1(BN,dν). It is easy to see thatH∞(BN), the space
of bounded analytic functions onBN is dense inL2

a(BN). The Berezin transform plays an
important role [22],[12] in the theory of Toeplitz and Hankel operators on the Bergman
space.

The group of all one-to-one holomorphic maps ofBN ontoBN (the automorphisms of
BN) will be denoted byAut(BN). It is generated by the unitary operators onCN and the
involutionsφa of the form

φa(z) =
a−Pz− (1− |a|2)

1
2 Qz

1−〈z,a〉
(1.4)

wherea ∈ BN, P is the orthogonal projection onto the space spanned bya, Qz= z−Pz,

〈z,a〉 =
n∑

i=1

ziai , and|a|2 = 〈a,a〉 .

Let G0 be the isotropy subgroup ofAut(BN) at 0; i.e.

G0 = {ψ ∈ Aut(BN) : ψ(0)= 0} .

It is well known [21] thatG0 is compact and thatG0 is a subgroup of the unitary groupUN

of CN. Givenψ ∈ Aut(BN), let a= ψ−1(0), then we have,

ψ◦φa(0)= ψ(a) = 0,
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thusψ◦φa ∈G0 and so there exists a unitary matrixU such thatψ = Uφa whereU ∈G0. It
is also not difficult to verify that the identity

1− |φz(w)|2 =
(1− |z|2)(1− |w|2)
|1−〈z,w〉 |2

holds and that the (real) Jacobian ofφz is

(JRφz)(w) =
(1− |z|2)N+1

|1−〈z,w〉 |2N+2
.

For details see [1] and [15].
The invariant Laplaciañ4 is defined [19] forf ∈C2(BN) by

(4̃ f )(z) = 4( f ◦φz)(0),

where4 is the ordinary Laplacian. It commutes with everyψ ∈ Aut(BN) :

(4̃ f )◦ψ = 4̃( f ◦ψ).

TheM-harmonic functions inBN are those for which̃4 f = 0. We recall that “M-harmonic”
is the same as “harmonic” whenN = 1, but not whenN > 1. For more details see [1],[3]
and [2]. If 4̃ f = 0 then the mean value off on spheres of radiusr < 1 is f (0). If f is also in
L1(BN) it follows that ∫

BN

( f ◦ψ)dν = f (ψ(0)) (1.5)

for everyψ ∈ Aut(BN). It happens as̃4 f = 0 implies 4̃( f ◦ ψ) = 0 for all ψ ∈ Aut(BN).
The property described in equation (1.5) is called the invariant mean value property. It is
invariant in the sense thatf ◦ψ has it for everyψ ∈ Aut(BN) wheneverf has it.
LetΓ(s) stand for the usual Gamma function, which is an analytic function ofs in the whole
complex plane except for simple poles at the points{0,−1,−2, ∙ ∙ ∙ }. In fact

Γ(z) =
e−βz

z

∞∏

n=1

(
1+

z
n

)−1
e

z
n

whereβ is the Euler’s constant; its approximate value is 0.57722.
If f ∈ L1(BN,dν), the Berezin transform off is defined by

(B f)(w) =
∫

BN

f (z)|kw(z)|2dν(z) (1.6)

wherekw(z) is the normalized reproducing kernel atw ∈ BN. Notice thatkw ∈ L∞(BN) for
all w ∈ BN, so the definition makes sense and (B f)(w) = 〈Tf kw,kw〉 for f ∈ L1(BN,dν). Let
f̃ (w)= (B f)(w). The functionf̃ is called the Berezin symbol of the Toeplitz operatorTf and
B f is called the Berezin transform off . If f is a boundedM-harmonic function then since
〈Tf kw,kw〉= f̃ (w)= (B f)(w)= f (w), hence the Berezin symbol ofTf is the functionf itself.
Ahern, Flores and Rudin [1] proved that ifB f = f , f ∈ L1(BN,dν), then f isM-harmonic if
N ≤ 11, but not if N ≥ 12. In what follows, we present some basic properties of the operator
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B. It is known [1] that if f is radial, f ∈ L1(BN,dν) and f (z) = g(|z|2) for all z∈ BN then
B f = f if and only if Tg= g whereT is the integral operator given by

(Tg)(x) = (1− x)N+1
∫ 1

0

N+ tx

(1− tx)N+2
g(t)tN−1dt. (1.7)

Now

(B f)(z) =
∫

BN

(1− |z|2)N+1

|1−〈z,w〉 |2(N+1)
f (w)dν(w). (1.8)

Thus we obtain, iff is radial andf (z) = g(|z|2) then

∫

BN

(1− |z|2)N+1

|1−〈z,w〉 |2(N+1)
f (w)dν(w) = f

if and only if

g(x) = (1− x)N+1
∫ 1

0

N+ tx

(1− tx)N+2
g(t)tN−1dt= Tg(x). (1.9)

In this paper, we derive certain algebraic and ergodicity properties of the Berezin trans-
form. The layout of this paper is as follows.

In section 2 we establish certain algebraic properties of the Berezin transform. We
present an alternative formula forB f. Given a ∈ BN and f any measurable function on
BN, we defineCa f = f (φa(z)). We prove that the Berezin transformB commutes with
all the composition operatorsCa, a ∈ BN and extending this result we also show that
CψB= BCψ whereCψ is the composition operator defined onL1(BN,dν) defined byCψ f =
f ◦ψ,ψ ∈ Aut(BN). We further show that the Berezin transformB is a contractive linear
operator on each of the spacesLp(BN,dη′(z)),1≤ p≤ ∞. In this section we also show that
if f ∈ L1(D,dA) is radial thenB f is radial and if f ∈ L1(D,dA) then f̃ is real analytic on
D. As a consequence of these results we also derive certain algebraic properties of the in-
tegral operatorT defined onL1[0,1] associated with the Berezin transform. In section 3
we show that the Berezin transformB defined onL2(BN,dη′) into itself is a positive op-
erator and has spectral radius less than 1. We also show that‖B‖ = ΦN( N

2 ) < 1 where

ΦN(γ) = Γ(γ+1)Γ(N+1−γ)
Γ(N+1) ,γ ∈ N. Further we establish thatB is similar to a part of the adjoint

of the unilateral shift andBn→ 0 in norm topology. From these results we derive many
ergodicity properties of the Berezin transform and the corresponding integral operatorT
defined onL1[0,1]. Applications of these results are also discussed.

2 Algebraic properties of the Berezin transform

In this section we establish certain algebraic properties of the Berezin transform. We present
an alternative formula forB f.Givena∈BN and f any measurable function onBN, we define
Ca f = f (φa(z)). We prove that the Berezin transformB commutes with all the composition
operatorsCa, a ∈ BN and extending this result we also show thatCψB= BCψ whereCψ is
the composition operator defined onL1(BN,dν) defined byCψ f = f ◦ψ,ψ ∈ Aut(BN). We
further show that the Berezin transformB is a contractive linear operator on each of the
spacesLp(BN,dη′(z)),1≤ p≤∞. We also derive certain algebraic properties of the integral
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operatorT defined onL1[0,1] associated with the Berezin transform. LetL(H) denote the
set of all bounded linear operators from the Hilbert spaceH into itself.

Lemma 2.1. The operator B satisfies the following algebraic properties:

(i) The operator B is a contraction in L∞(BN).

(ii) If f ≥ 0, then B f≥ 0; if f ≥ g, then B f≥ Bg.

(iii) Constants are fixed points of B on L1(BN,dν).

(iv) If f ∈ L1(BN,dν), then

(B f)(z) =
∫

BN

f (φz(w))dν(w).

(v) For every f∈ L2(BN,dν),a ∈ BN, BCa f =CaB f. That is, B commutes with all the com-
position operators Ca,a ∈ BN.

(vi) If Ψ ∈ Aut(BN), f ∈ L1(BN,dν) then(B f)◦Ψ = B( f ◦Ψ).

Proof. The proof of (i),(ii) and (iii) is a straightforward generalization of the unit disk case
given in [9]. We shall now establish (iv). For anyΨ ∈ Aut(BN), we denote byJΨ(z) the
complex Jacobian determinant of the mappingΨ : BN→ BN. If a ∈ BN, then by a result of
[15], [21] there exists a unimodular constantθ(a) such that

Jφa(z) = θ(a)ka(z)

for all z∈ BN. In fact if a ∈ BN thenθ(a) = (−1)N. Thus|Jφa(z)|
2 = |ka(z)|2. Hence (B f)(z) =∫

BN
f (w)|kz(w)|2dν(w) =

∫
BN

( f ◦φz)(w)dν(w). Now we shall prove (v). By a change of vari-
able,

B f(φa(z)) =

∫

BN

f (w)|kφa(z)(w)|2dν(w)

=

∫

BN

f (φa(w))|kφa(z) ◦φa(w)|2|ka(w)|2dν(w).

Let U = φφa(z) ◦φa◦φz. ThenU ∈ Aut(BN),U(0)= 0 andU is unitary. Further,

φφa(z) ◦φa = Uφφa◦φa(z) = Uφz.

Taking the real Jacobian determinant of the above equation, we get

|kφa(z) ◦φa(w)|2|ka(w)|2 = |kz(w)|2

for all a,z, andw in BN. Therefore,

(B f)(φa(z)) =

∫

BN

f (φa(w))|kz(w)|2dν(w)

= B( f ◦φa)(z).
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ThusBCa f = CaB f for f ∈ L2(BN,dν). We shall now establish (vi). For everyz∈ BN, the
automorphismφΨ(z) ◦Ψ◦φz takes 0 to 0, hence is some unitaryU. Thus

B( f ◦Ψ)(z) =

∫

BN

f (Ψ(φz(w)))dν(w)

=

∫

BN

f (φΨ(z)Uw)dν(w)

= (B f)(Ψ(z))

sinceν is rotation invariant. �

It follows from Lemma 2.1 that ifg1,g2 ∈ L1[0,1],g1 ≥ 0,g1 ≥ g2 then Tg1 ≥ 0 and
Tg1 ≥ Tg2. We shall show below that the Berezin transform is a contractive linear operator
on Lp(BN,dη′(z)) wheredη′(z) = KBN(z,z)dν(z), and 1≤ p≤∞.

Lemma 2.2. The Berezin transform B is a contractive linear operator on each of the spaces
Lp(BN,dη′(z)),1≤ p≤∞.

Proof. Notice thatL1(BN,dη′) ⊂ L1(BN,dν). Since the Berezin transform is defined on the
spaceL1(BN,dν) henceB is defined onL1(BN,dη′). Further

|(B f)(w)| =

∣∣∣∣∣∣

∫

BN

f (z)|kw(z)|2dν(z)

∣∣∣∣∣∣ ≤ B(| f |)(w).

Thus
∫

BN

|(B f)(w)|KBN(w,w)dν(w) ≤
∫

BN

(∫

BN

| f (z)||kw(z)|2dν(z)

)

KBN(w,w)dν(w)

=

∫

BN

| f (z)|

(∫

BN

|KBN(z,w)|2dν(w)

)

dν(z)

=

∫

BN

| f (z)|KBN(z,z)dν(z).

The change of the order of integration being justified by the positivity of the integrand.
Hence it follows thatB is a contraction onL1(BN,dη′). The same is true forL∞(BN) by
Lemma 2.1 and so the result follows from the Marcinkiewicz interpolation theorem.�

Thus by Lemma 2.2, the integral operatorT is a contractive linear operator on each of
the spacesLp([0,1], tN−1dt

(1−t)N+1 ),1≤ p≤∞,N ≥ 1.

Notice that the Berezin transformB does not carryL1(BN,dν) into L1(BN,dν), because

∫

BN

(1− |z|2)N+1

|1−〈z,w〉|2N+2
dν(z)

tends to∞ when|w| → 1. It is not difficult to verify [1], [4] thatB is bounded as an operator
from L1(BN,dν) to L1(BN, (1− |z|)dν). Again we know inD, the only measure left invariant
by all Mobius transformations is the pseudo-hyperbolic measuredη(z) = dA(z)

(1−|z|2)2 . Therefore,
the only harmonic function inLp(D,dη) is constant zero. Thus even though one can show
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that every spaceLp((0,1), dt
(1−t)2 ),1≤ p≤ ∞ is an invariant subspace [1], [8] of the operator

T (whenN = 1) but these spaces are no good in this context. This is because (except for
L∞) the corresponding spacesLp(D,dη) do not contain nonzero harmonic functions, even
no nonzero constants. Similar is the case forBN.

Lemma 2.3. (i) If a function f∈ L1(BN,dν) isM-harmonic then B f= f .

(ii) Suppose N∈ Z+ and N≤ 11. If f ∈ L1(BN,dν) and B f= f then f isM-harmonic.

(iii) If f ∈ L1(BN,dη′),N ∈ Z+,N ≤ 11 then B f= f if and only if f isM-harmonic.

(iv) If f ∈ L2(BN,dη′) isM-harmonic then f= 0.

Proof. (i) If f ∈ L1(BN,dν) isM-harmonic, then so isf ◦φa for anya ∈ BN; by the mean
value property,

(B f)(z) =
∫

BN

f (φz(w))dν(w) = ( f ◦φz)(0)= f (z).

(ii)The result follows from [1]. (iii) SinceL1(BN,dη′) ⊂ L1(BN,dν), the result follows.
(iv)Denote the unit sphere, the boundary of the open unit ballBN in CN by SN. Let dσ be
the normalized surface-area measure (Hausdorff measure) ofSN such thatσ(SN) = 1. Let
M(r) =

∫
∂BN
| f (rξ)|2dσ(ξ). Then

‖ f ‖2L2(BN,dη′)
=

∫

BN

| f (z)|2dη′(z)

=

∫ 1

0
M(r)KBN(z,z)2Nr2N−1dr

= 2N
∫ 1

0
M(r)N!

r2N−1

(1− r2)N+1
dr

= NN!
∫ 1

0
M(r)

r2N−2

(1− r2)N+1
2rdr

= NN!
∫ 1

0
M(
√

t)
tN−1

(1− t)N+1
dt

wheret = r2. So M(r) must tend to zero asr → 1. Thus M(r) ≡ 0. Hence sincef isM-
harmonic, by maximum principlef = 0. �

Corollary 2.4. If f ∈ L1([0,1], tN−1dt
(1−t)N+1 ),N ∈ Z+,N ≤ 11 then T f= f if and only if f is a

constant.

Proof. It is not difficult to verify that if f is a constant thenT f = f . Now supposeT f = f .
Let g(z) = f (|z|2). Theng is radial andBg= g. By Lemma 2.3,g isM-harmonic. Since a
radialM-harmonic function onBN is a constant, henceg and therefore,f is a constant. �

Lemma 2.5. (i) If f ∈ L1(D,dA), then f̃ is real analytic onD.

(ii) If f ∈ L1(D,dA) is radial then B f is radial.
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Proof. (i)Define a complex valued functionF onD×D by F(w,z)= 〈Tf Kw,Kz〉 for w,z∈D.
Here we are using the unnormalized reproducing kernelsKz(w) = K(z,w) = 1

(1−z̄w)2 . Because
F is analytic in each variable separately, we conclude thatF is holomorphic onD×D and
since f̃ (z) = 〈Tf kz,kz〉 = (1− |z|2)2F(z,z), the function f̃ is real analytic onD.

(ii) For f ∈ L1(D,dA), the Berezin transformB f is defined as follows :

(B f)(z) = f̃ (z) =
∫

D
f (w)|kz(w)|2dA(w).

We need to show iff ∈ L1(D,dA) then B(rad f) = rad (B f). Because iff is radial then
rad f = f . In that caseB f = B(rad f) = rad (B f). Therefore, this will implyB f is radial.

B(rad f)(z) =

∫

D
rad ( f )(w)|kz(w)|2dA(w)

=
1
2π

∫ 2π

0

(∫

D
f (weit )|kz(w)|2dA(w)

)

dt

=
1
2π

∫ 2π

0

(∫

D
f (weit )|keitz(e

itw)|2dA(w)

)

dt

=
1
2π

∫ 2π

0

(∫

D
f (u)|keitz(u)|2dA(u)

)

dt

=
1
2π

∫ 2π

0
f̃ (eitz)dt

= rad( f̃ )(z) = rad (B f)(z).

ThusB(rad f) = rad (B f). The theorem is proved. �

Recall that the invariant Laplaciañ4 is defined [19] forf ∈C2(BN) by

(4̃ f )(z) = 4( f ◦φz)(0),

where4 is the ordinary Laplacian. LetM = { f ∈ L1(BN,dν) : B f = f }. If f ∈ M then f is
real analytic asf lies in the range ofB. Thus4̃ f exists for all f ∈ M.
For f ∈ L1(BN,dν),z∈ BN define

(A f)(z) = (N+1)
∫

BN

(1− |w|2) f (φz(w))dν(w)

= (N+1)
∫

BN

(1− |z|2)N+2(1− |w|2) f (w)
|1−〈z,w〉|2(N+2)

dν(w).

It is shown in [1], [4] that‖A‖ ≤N+2 andA f =
(
1− 4̃

4(N+1)

)
B f. Further forf ∈ L1(BN,dν),BA f =

AB f. WhenN = 1, letA= A1. Then

(A1 f )(z) = 2
∫

D
(1− |w|2) f (φz(w))dA(w)

= 2
∫

D
(1− |φz(w)|2) f (w)|kz(w)|2dA(w).

We show below that iff is radial onD thenA1 f is radial.
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Theorem 2.6. If f ∈ L1(D,dA) is radial, then A1 f is radial.

Proof. It is sufficient to show that forf ∈ L1(D,dA),A1(rad f) = rad (A1 f ). Forz∈ D,

A1(rad f)(z) = 2
∫

D
(1− |φz(w)|2)rad ( f )(w)|kz(w)|2dA(w)

=
1
2π

∫ 2π

0

(

2
∫

D
f (weit )|kz(w)|2(1− |φz(w)|2)dA(w)

)

dt

=
1
2π

∫ 2π

0

(

2
∫

D
f (weit )|keitz(e

itw)|2(1− |φeit z(e
itw)|2)dA(w)

)

dt

=
1
2π

∫ 2π

0

(

2
∫

D
f (u)|keitz(u)|2(1− |φeit z(u)|2)dA(u)

)

dt

=
1
2π

∫ 2π

0
(A1 f )(eitz)dt

= rad (A1 f )(z).

Thus if f is radial, we haverad f = f . HenceA1 f = A1(rad f) = rad (A1 f ). ThereforeA1 f
is radial. �

Theorem 2.7. If f is radial, f ∈ L1(BN,dν) and f(z) = g(|z|2) then A f= f if and only if

g(x) = N(1− x)N+2
∫ 1

0

N+1+ tx

(1− tx)N+3
g(t)(1− t)tN−1dt.

Proof. We have seen that

(A f)(z) = (N+1)
∫

BN

(1− |z|2)N+2(1− |w|2)
|1−〈z,w〉|2(N+2)

f (w)dν(w).

If f (w) = g(|w|2) = g(r2) then from [19] it follows that

(A f)(z) = (1− |z|2)N+22(N+1)N
∫ 1

0
IN+3(rz)(1− r2)r2N−1g(r2)dr

and

IN+3(rz) =
Γ(N+1)
Γ2(N+2)

∞∑

k=0

Γ2(k+N+2)
Γ(k+1)Γ(k+N+1)

|rz|2k

where we use polar coordinatesw= rρ,ρ ∈ SN(the sphere that boundsBN). Proceeding as
in [1] , one can show that (A f)(z) = f (z) if and only if

g(s) = N(1− s)N+2
∫ 1

0

N+1+ ts

(1− ts)N+3
g(t)(1− t)tN−1dt.

�

If B is the Berezin transform onL1(D,dA), we haveBA1 f = A1B f for f ∈ L1(D,dA). For
details see [1]. Iff ∈ L1(D,dA) and f (z) = g(|z|2), theng ∈ L1[0,1]. Define forg ∈ L1[0,1],

(T1g)(s) = N(1− s)N+2
∫ 1

0

N+1+ ts

(1− ts)N+3
g(t)(1− t)tN−1dt. (2.1)
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Theorem 2.8. If T is the integral operator defined on L1[0,1] as

(Tg)(x) = (1− x)N+1
∫ 1

0

N+ xs

(1− xs)N+2
g(s)sN−1ds

and T1 is the integral operator as defined in (2.1) then TT1g= T1Tg for all g∈ L1[0,1].

Proof. It is shown in [1] that forf ∈ L1(BN,dν),BA f = AB f. Hence if f (z) = g(|z|2) then
g ∈ L1[0,1] andTT1g= T1Tg. �

3 Norm of the Berezin transform

In this section we show that the Berezin transformB defined onL2(BN,dη′) into itself is a
positive operator and has spectral radius less than 1. We also show that‖B‖ = ΦN( N

2 ) < 1

whereΦN(γ) = Γ(γ+1)Γ(N+1−γ)
Γ(N+1) ,γ ∈ N.

Further we establish thatB is similar to a part of the adjoint of the unilateral shift
and Bn→ 0 in norm topology. From these results we derive many ergodicity properties
of the Berezin transform and the corresponding integral operatorT defined onL1[0,1].
Applications of these results are also discussed.

Since the operatorB on L∞(BN) is the adjoint ofB on L1(BN,dη′) and L∞(BN) =
(L1(BN,dη′))∗, the spectrum ofB on L∞(BN) = spectrum ofB on L1(BN,dη′). The spec-
trum of B on L∞(BN) is [1] the set

{
Γ(γ+1)Γ(N+1−γ)

Γ(N+1)
: γ ∈ C,0≤<γ ≤ N

}

.

Let ΦN(γ) = Γ(γ+1)Γ(N+1−γ)
Γ(N+1) =

πγ
sin(πγ)

∏N
j=1(1− γ

j ). From Ahern, Flores, Rudin [1], it follows
that |ΦN(γ)| < 1 if 0 <<γ < N. FurtherΦN(0) = ΦN(N) = 1. Thus the spectrum ofB on
L1(BN,dη′) andL∞(BN) contains the point 1 and further sinceB fixes the constants hence
‖B‖ = 1 and spectral radius ofB is 1.

Theorem 3.1.Let B be the Berezin transform defined on L2(BN,dη′). Then Bn→ 0 in norm
topology and B is similar to a part of the adjoint of the unilateral shift.

Proof. By Lemma 2.2, the operatorB is a contraction onL2(BN,dη′). FurtherB is a self-
adjoint operator onL2(BN,dη′). Because forf ∈ L2(BN,dη′),
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〈B f, f 〉 =

∫

BN

(B f)(z) f (z)KBN(z,z)dν(z)

=

∫

BN

(∫

BN

( f ◦φz)(w)dν(w)

)

f (z)KBN(z,z)dν(z)

=

∫

BN

(∫

BN

f (w)|kz(w)|2dν(w)

)

f (z)KBN(z,z)dν(z)

=

∫

BN

∫

BN

f (w)|KBN(z,w)|2dν(w) f (z)dν(z)

=

∫

BN

f (w)KBN(w,w)dν(w)
∫

BN

f (z)
|KBN(z,w)|2

KBN(w,w)
dν(z)

=

∫

BN

f (w)dη′(w)

(∫

BN

f (z)|kw(z)|2dν(z)

)

= 〈 f ,B f〉.

It is known that in the spaceL2(BN,dη′), the Berezin transform is a Fourier multiplier
with respect to the Helgason-Fourier transform [13]. Consider the family of conical func-
tionseλ,b indexed byλ ∈ R andb ∈ SN given by

eλ,b(x) =

(
1−‖x‖2

‖b− x‖N

) N
2 +iλ

, x ∈ BN.

On the spaceL2(BN,dη′), one defines the Helgason-Fourier transformf̂ of f as

f̂ (λ,b) =
∫

BN

f (x)eλ,b(x)dη′(x).

There is also [13] an inversion formula

f (x) =
∫

R

∫

SN

f̂ (λ,b)e−λ,b(x)|c(λ)|2dbdλ

with some functionc onR (the Harish-chandra c-function) anddb the Haar measure onSN;
and a Plancheral isometry

∫

BN

| f (x)|2dη′(x) =
∫

R

∫

SN

| f̂ (λ,b)|2|c(λ)|2dbdλ,

exists which establishes a unitary isomorphism betweenL2(BN,dη′) and a subspaceM of
all functions inL2(R×SN, |c(λ)|2dbdλ) satisfying a certain symmetry condition. Under
this isomorphism, an operator onL2(BN,dη′) commuting with the action ofAut(BN) cor-
responds to the operator onM of multiplication by a certain function depending only on
λ. That is, if B is the Berezin transform onL2(BN,dη′) then(̂B f)(λ,b) = m(λ) f̂ (λ,b) where

m(λ) = ΦN(N/2+ iλ) = (λ2+ 1
4) π

cosh(πλ)

∏N
j=2

(
1−

1
2+iλ

j

)
. Thus

〈B f, f 〉 = 〈(̂B f), f̂ 〉

=

∫

R

∫

SN

m(λ)| f̂ (λ,b)|2dbdλ

≥ 0
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since the multiplier functionm(λ) = (λ2 + 1
4) π

cosh(πλ)

∏N
j=2

(
1−

1
2+iλ

j

)
is positive. Thus the

operatorB is positive. This also gives the spectral decomposition ofB. Let E(β) be the

resolution of identity for the self-adjoint operatorB. Then‖Bn f ‖2 =
∫

(0,1)
|βn|2d〈E(β) f , f 〉.

According to the Lebesgue monotone convergence theorem, this tends to‖(I −E(1−)) f ‖2 =
‖Pker(B−I ) f ‖2. Now ker(I −B) = {0} since 1 is not in the spectrum ofB, so ‖Bn f ‖ tends to
zero.

It is well known [7] that the spectrum of a multiplication operator is the essential range
of its symbol. In the case of the Berezin transform the multiplier function ismand the range
of m is the set{m(λ) : λ ∈ R} =

{
ΦN(λ) :<λ = N

2

}
. Thus in view of the spectral decompo-

sition of B on L2(BN,dη′) given by the Helgason-Fourier transform, the spectrum ofB on
L2(BN,dη′) consists of

{
ΦN(γ) :<γ =

N
2

}
.

From the properties of the Gamma function [1] it follows that forγ = N
2 + it, t real,ΦN(γ)

decreases to 0 ast tends to infinity, and has maximum att = 0. Hence‖B‖ = r(B) = ΦN( N
2 )

and thus is< 1 by the sub-multiplicativity (log-convexity) of the [1] Gamma function. Thus
Bn→ 0 in norm as‖B‖ < 1 and it follows from [10] thatB is similar to a part of the adjoint
of the unilateral shift. �

Corollary 3.2. Let B be the Berezin transform defined from L2(BN,dη′) into itself. The
following assertions hold.

(i) ‖Bn‖ ≤ βαn for every n≥ 0, for someβ ≥ 1 and0< α < 1.

(ii)
∞∑

n=0

‖Bn‖k <∞ for an arbitrary k> 0.

(iii)
∞∑

n=0

‖Bn f ‖k <∞ for all f ∈ L2(BN,dη′) and for an arbitrary k> 0.

(iv)
∞∑

n=0

|〈Bn f ,g〉|k <∞ for all f ,g ∈ L2(BN,dη′), for an arbitrary k≥ 1.

(v) The space RangeB is the set of all g∈ L2(BN,dη′) for which the series
∞∑

k=0

(I −B)kg

converges with respect to the norm of L2(BN, ,dη′). In this case if f=
∞∑

k=0

(I − B)kg then

f ∈ (kerB)⊥ and B f= g.

(vi) The function g∈ rangeB if and only if
∞∑

k=0

‖(I − B2)
k
2 g‖2 < ∞. Further, the series

∞∑

k=0

(I −B2)kBg converges and if
∞∑

k=0

(I −B2)kBg= e then g= Be.

Proof. The proof follows from [20] and [6].
�
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Corollary 3.3. Suppose N∈ Z+. Consider the integral operator T on L2([0,1], tN−1dt
(1−t)N+1 ).

Then Tn→ 0 in norm.

Proof. It follows from Theorem 3.1 that‖T‖ < 1 and the Corollary follows. �

Corollary 3.4. The following is true for the Berezin transform B as an operator on L2(BN,dη) :
1
n

∑n−1
k=0 Bk→ 0 in the strong operator topology as n→∞.

Proof. The result follows from Theorem 3.1 and [17]. �

Corollary 3.5. The following is true for the integral operator T as an operator on
L2([0,1], tN−1dt

(1−t)N+1 ) : 1
n

∑n−1
k=0 Tk→ 0 in the strong operator topology as n→∞.

Proof. The proof follows from corollary 3.3 and [17]. �

A continuous real-valued functionu is subharmonic inD if and only if it satisfies the
inequality

u(z0) ≤
1
2π

∫ 2π

0
u(z0+ reiθ)dθ

for every disk|z− z0| ≤ r contained inD. For a more detailed discussion on subharmonic
functions see [11].

Definition 3.6. Supposef ∈ L1(D,dA) is a real-valued subharmonic function onD. We say
f admits an integrable harmonic majorant if there exists a functionv ∈ L1(D,dA) harmonic
onD and such thatv(x) ≥ f (x) for all x ∈ D.

Corollary 3.7. Assume that f∈ L1(D,dA) is a real-valued, radial, subharmonic function on
D which is twice continuously differentiable and admits an integrable harmonic majorant
u. Let f(z) = g(|z|2). Then Tmg→ c, as m→∞, where c is a fixed constant and T is the
integral operator defined in (1.7).

Proof. From [9], it follows thatBmf → u, the least harmonic majorant off . The functionf
is radial and belong toL1(D,dA). This impliesB f = Tg. We have already seen that iff is
radial, thenB f is radial. ThusB2 f = B(B f) = T(B f) = T(Tg) = T2g. By induction, we can
show thatBmf = Tmg. SinceBmf → u, the sequenceTmg→ v, a radial harmonic function.
Hencev is a constantc. That is,Tmg→ c. �

Theorem 3.8. Assume f∈ L1(D,dA) is real-valued subharmonic function onD which ad-
mits an integrable harmonic majorant v. Then the following hold:

(i) The functions Bn f are subharmonic for all n∈N. Further, if f is radial, f(z)= g(|z|2),
then the functions Tmg are subharmonic for all m∈ N.

(ii)If f ∈ V(D) = { f ∈ L∞(D) : ess lim|z|→1 f (z) = 0} then Bn f converges uniformly to0.
Moreover, if f∈ V(D) is radial and f(z) = g(|z|2), then Tmg converges to0 uniformly.

(iii) If f ∈ C(D) then {Bn f } converges uniformly to h, the harmonic function whose
boundary values coincide with f|T whereT is the unit circle inC. Suppose f∈ C(D) is
radial. Let f(z) = g(|z|2) for all z ∈ D. Then Tmg converges to a constant.

Proof. The theorem follows from [9] and the fact that iff (z) = g(|z|2) thenB f = Tg. �
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Corollary 3.9. Let S= I+B
2 . Then Sn→ 0 in norm in the spaceL(L2(BN,dη′)).

Proof. Notice thatSn f = 1
2n

n∑

j=0

(
n
j

)

Bj f , f ∈ L2(BN,dη
′) and hence

BSn f = 1
2n

n∑

j=0

(
n
j

)

Bj+1 f

= 1
2n

n+1∑

j=1

(
n

j −1

)

Bj f , f ∈ L2(BN,dη
′).

We may assume thatn= 2k is even, the case whenn is odd being similar. Since
(
n
j

)
=

(
n

n− j

)

andS B= BS, we obtain

Sn(I −B) f = Sn f −SnB f = 1
2n

{
[ f −Bn+1 f ] +

∑n
j=1[

(
n
j

)
−

(
n

j−1

)
]Bj f

}

= 1
2n

{
[ f −Bn+1 f ] +

∑k
j=1[

(
n
j

)
−

(
n

j−1

)
](Bj f −Bn− j+1 f )

}
.

Let r = sup{‖Bi f −Bj f ‖ : i, j ≥ 0}. Since
(
n
j

)
−

(
n

j−1

)
> 0 for 1≤ j ≤ k, we obtain by Stirling’s

formula (
√

n(2n)!
(2nn!)2 ≈

1√
π

asn→∞)

‖Sn(I −B) f ‖ ≤ r
2n

{
1+

∑k
j=1[

(
n
j

)
−

(
n

j−1

)
]
}

= r
2n

(
n
k

)

= r
2n

n!
(k!)2

≈ r√
π
√

k

=
√

2r√
π
√

n
→ 0

asn→∞. Since Range(I − B) = L2(BN,dη′), henceSn→ 0 strongly. We now show that
Sn→ 0 in norm.
From [14], it follow thatσ(S)∩ {z∈ C : |z| = 1} ⊆ {1}. Now Range(I −B) = L2(BN,dη′) if
and only if 1< σ(B), the spectrum ofB. This is true if and only if 1< σ(S). That is, if and
only if σ(S)∩{z∈ C : |z| = 1} = ∅. Hence‖Sn‖ → 0 asn→∞. �

Corollary 3.10. If V is a linear power bounded operator from L2(BN,dη′) into itself, Vn→
0 strongly, VB= BV and S= (V+B

2 ) then Sn→ 0 strongly inL(L2(BN,dη′)).

Proof. We have already verified that‖B‖ < 1, hence‖Bn‖ < 1 for all n≥ 1. FurtherS B= BS.
Since Range(I − B) = L2(BN,dη′), it is sufficient to establish that limn→∞‖Sn(I − B) f ‖ =
limn→∞‖Sn f −BSn f ‖ = 0 for all f ∈ L2(BN,dη′). Notice that

1
2n

n∑

j=0

(
n
j

)

Vn− j Bj f =
(

V+B
2

)n
f

= Sn f
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and

BSn f = 1
2n

n∑

j=0

(
n
j

)

Vn− j Bj+1 f

= 1
2n

n+1∑

j=1

(
n

j −1

)

Vn− j+1Bj f .

Hence

Sn(I −B) f = (I −B)Sn f

= 1
2n

(
Vn f −Bn+1 f

)
+ 1

2n

n∑

j=1

[(
n
j

)

Vn− j −

(
n

j −1

)

Vn− j+1
]

Bj f

= 1
2n

(
Vn f −Bn+1 f

)
+ 1

2n

n∑

j=1

[(
n
j

)

−

(
n

j −1

)]

Vn− j Bj f

+ 1
2n

n∑

j=1

(
n

j −1

)

Bj
(
Vn− j f −Vn− j+1 f

)

= Cn+Dn+En.

Let s= sup{‖Vi Bj f −VkBl f ‖ : i, j,k, l ≥ 0}. Notice thats is finite sinceV andB are power
bounded. It is not difficult to see that‖Cn‖ ≤ s

2n → 0 asn→∞.
Without loss of generality we may assume thatn= 2k is an even integer, the case of an

odd integern being similar. Using again the fact that
(
n
j

)
=

(
n

n− j

)
, we have

n∑

j=1

[(
n
j

)

−

(
n

j −1

)]

Vn− j Bj f =

k∑

j=1

[(
n
j

)

−

(
n

j −1

)]

Vn− j Bj f

+

n∑

j=k+1

[(
n
j

)

−

(
n

j −1

)]

Vn− j Bj f

=

k∑

j=1

[(
n
j

)

−

(
n

j −1

)]

Vn− j Bj f

+

k∑

j=1

[(
n

k+ j

)

−

(
n

k+ j −1

)]

Vn−k− j Bk+ j f

=

k∑

j=1

[(
n
j

)

−

(
n

j −1

)]

Vn− j Bj f

+

k∑

j=1

[(
n

k− j

)

−

(
n

k− j +1

)]

Vn−k− j Bk+ j f

=

k∑

j=1

[(
n
j

)

−

(
n

j −1

)]

Vn− j Bj f

+

k∑

j=1

[(
n

j −1

)

−

(
n
j

)]

V j−1Bn− j+1 f

=

k∑

j=1

[(
n
j

)

−

(
n

j −1

)] (
Vn− j Bj f −V j−1Bn− j+1 f

)
.
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Hence

‖Dn‖ ≤ s
2n

k∑

j=1

[(
n
j

)

−

(
n

j −1

)]

≤ s
2n

(
n
k

)

≈ s√
πk

=
√

2s√
πn
→ 0

asn→∞ by Stirling’s formula.
To prove that‖En‖ → 0 asn→∞, we have

‖En‖ ≤ 1
2n

n∑

j=1

(
n

j −1

)

‖Vn− j f −Vn− j+1 f ‖

= 1
2n

n−1∑

j=0

(
n

n− j −1

)

‖V j f −V j+1 f ‖

= 1
2n

n−1∑

j=0

(
n

j +1

)

‖V j f −V j+1 f ‖.

Now sinceVn→ 0 strongly, we obtain‖Vn f −Vn+1 f ‖ → 0 asn→∞ and hence for any
givenε > 0, there is an integern0 > 0 such that‖V j f −V j+1 f ‖ < ε for all j ≥ n0. It follows
that, forn> n0,

‖En‖ ≤ 1
2n




ε

n−1∑

j=n0

(
n

j +1

)

+ s
n0−1∑

j=0

(
n

j +1

)


< ε + s
n0−1∑

j=0

1
2n

(
n

j +1

)

.

Since lim
n→∞

1
2n

(
n
j

)

= 0, hence for every fixed integerj ≥ 0, we have lim
n→∞
‖En‖ = 0. Thus

limn→∞‖Sn(I −B) f ‖ = limn→∞‖Sn f −BSn f ‖ = 0 for all f ∈ L2(BN,dη′). �

Corollary 3.11. If the operator Bλ is a convex combination of B and I inL(L2(BN,dη′))
then Bn

λ→ 0 strongly.

Proof. Let 0< λ < 1 andBλ = (1−λ)I +λB. We claimBn
λ→ 0 strongly inL(L2(BN,dη′)).

First we consider the case 0< λ < 1
2. Let μ = 2λ andBμ = (1−μ)I +μB. The operatorBμ is

a power bounded operator since‖B‖ < 1 implies‖Bμ‖ = ‖(1−μ)I +μB‖ ≤ (1−μ)+μ‖B‖ <
(1− μ)+ μ = 1. Proceeding similarly as in Corollary 3.9, we haveBn

λ → 0 strongly since
Bλ = (1−λ)I +λB= 1

2(I +Bμ). Forλ = 1
2, the Corollary follows from Corollary 3.9.

Now supposeV is as given in Corollary 3.10 and 0< λ < 1
2. Let μ = 2λ < 1 andBV

μ =

(1−μ)V+μB andSμ =
V+BV

μ

2 . Then by Corollary 3.10,

Sn
μ→ 0 (3.1)
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strongly whereSμ =
V+BV

μ

2 =
V+(1−μ)V+μB

2 = (1− λ)V + λB. Now we prove the rest of the
claim in the corollary. Notice that the set of points of the formk2m , wherem≥ 1 andk =

1,2, ∙ ∙ ∙ ,2m−1, is dense in (0,1). Hence we see that for everyλ ∈ (0,1), Bλ = (1−λ)I +λB=

(1−β)Bμ+βB,where 0<β< 1
2 andμ= k

2m <ρ (but close enough toρ) for some 1≤ k≤ 2m−1
andm≥ 1. SinceBμ is power bounded and 0< β < 1

2, Bn
μ → 0 strongly andBμB= BBμ, it

follows from (3.1) thatBn
λ→ 0 strongly inL(L2(BN,dη′)).

�

Corollary 3.12. If B is the Berezin transform defined from L2(BN,dη′) into itself then (i)
ker(I −B) = ker(I −B)2 = {0} and (ii)Range(I −B) = Range(I −B)2 = L2(BN,dη′).

Proof. (i) The operatorI −B is invertible since‖B‖ < 1. Thus ker(I −B)∩Range(I −B) =
{0}. Let f ∈ ker(I − B)2. Theng = (I − B) f is in the intersection of the spaces ker(I − B)
and Range(I − B) which is trivial. That is,g = (I − B) f = 0. Thus f ∈ ker(I − B). Hence
ker(I −B)2 ⊆ ker(I −B). The other inclusion is always true. (ii) By [16] is enough to prove
that Range(I −B)+ker(I −B) is closed. Now Range(I −B)= L2(BN,dη′) and ker(I −B)= {0}.
Thus from [16], it follows that Range(I −B)2 is closed and Range(I −B) = Range(I −B)2 =

L2(BN,dη′). �

Corollary 3.13. Let U ∈ L(L2(BN,dη′)) be unitary and B be the Berezin transform defined
on L2(BN,dη′). Then

1−ΦN

(N
2

)
≤ ‖U −B‖ ≤ 1+ΦN

(N
2

)
.

Proof. Let f ∈ L2(BN,dη′) be such that‖ f ‖ = 1. Then

‖(U −B) f ‖2 = 〈(I +B2−U∗B−BU) f , f 〉 ≥ 1+ ‖B f‖2−2‖B f‖ = (1−‖B f‖)2.

But sinceB is positive,
inf
‖ f ‖=1
‖B f‖ = inf

‖ f ‖=1
〈B f, f 〉

and by Theorem 3.1,
sup
‖ f ‖=1
‖B f‖ = sup

‖ f ‖=1
〈B f, f 〉.

Hence
‖(U −B)‖ ≥ sup

‖ f ‖=1
|1−‖B f‖|

= sup
‖ f ‖=1
|1−〈B f, f 〉|

= sup
‖ f ‖=1
|〈(I −B) f , f 〉|

= ‖I −B‖ ≥ ‖I‖− ‖B‖ = 1−ΦN

(
N
2

)
.

This proves the left inequality. Again by Theorem 3.1,

‖(U −B)‖ = sup‖ f ‖=1‖U f −B f‖
≤ sup

‖ f ‖=1
(1+ ‖B f‖)

= sup
‖ f ‖=1
〈(I +B) f , f 〉

= ‖I +B‖ ≤ ‖I‖+ ‖B‖ = 1+ΦN

(
N
2

)
.
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Thus we obtain

1−ΦN

(N
2

)
= ‖U‖− ‖B‖ ≤ ‖(U −B)‖ ≤ ‖U‖+ ‖B‖ = 1+ΦN

(N
2

)

and the result follows. �
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