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PARAMETER ESTIMATES FOR LINEAR PARTIAL DIFFERENTIAL
EQUATIONS WITH FRACTIONAL BOUNDARY NOISE*

BOHDAN MASLOWSKI! AND JAN POSPISIL!

Abstract. Parameter-dependent linear evolution equations with a fractional noise in the bound-
ary conditions are studied. Ergodic-type theorems for stationary and non-stationary solutions are

verified and used to prove the strong consistency of a suitably defined family of estimators.
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1. Introduction. Evolution equations perturbed by a fractional Gaussian noise
have been studied in recent years by several authors, e.g. Duncan, Maslowski and
Pasik-Duncan [4], [5] and [6]; Grecksch and Anh [7] Maslowski and Nualart [11], and
others. In these papers (with the exception of a section in [4]) equations perturbed
by distributed noise are considered. In the present paper we deal with a parabolic
problem (typically, the heat equation) perturbed by a boundary noise, that is, the
boundary conditions (for example, of the Dirichlet or Neumann type) involve the
fractional noise, the generalized derivative of a fractional Brownian motion. More

specifically, consider the problem

Wit,6) = ady(t.6), (1. Ry xO,

where O is a bounded domain in the Euclidean space with a smooth boundary and
a > 0 is an unknown parameter. We consider the initial condition y(0,£) = x0(&)

and boundary conditions, for example,

y(t,&) =n"(t,€), (t,€) € Ry x 00,

where nf denotes formally the derivative of a space-dependent process that is frac-
tional Brownian motion in time, with the Hurst parameter H € (0, 1).

Boundary (and pointwise) noise problems have been considered (for a fixed value
of the parameter) in numerous papers in case when H = 1/2, i.e. the noise is white

in time (cf. [2], Section 13 and the references therein). For the ”fractional” case when
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H > 1/2, the basic theory may be found in [4], Section 5, where results on existence,

uniqueness and pathwise regularity of solutions are proven.

The problem of estimating parameters in stochastic equations with fractional
noises has been studied also only recently. Estimation for some finite-dimensional
stochastic equations based on discrete observations was presented by Prakasa Rao in
[18]. He also investigated the asymptotic properties of the maximum likelihood esti-
mator and the Bayes estimator of the drift parameter in stochastic equations driven
by fractional Brownian motion, see [19] and [20]. In infinite-dimensional case (for
stochastic PDEs) the problem has been studied in [12] (for linear equations). For
stochastic parabolic equation with a scalar multiplicative fractional Brownian motion
was also mentioned in [5]. Of course, the problem has been rather extensively stud-
ied in the important particular case of white noise (H = 1/2). There exist several
methods mainly of statistical origin. Let us mention at least the so called maximum
likelihood estimates method. Huebner and Rozovskii used it in [9] to estimate param-
eters from a continuous observation of a solution to stochastic parabolic equations
driven by Wiener process. Khasminskii and Milstein studied in [10] the estimation of

the linearised drift for nonlinear SDEs.

This paper is in principle a continuation of an earlier authors’ paper [12] where
similar problems have been studied for equations perturbed by distributed fractional
noise. In order to treat the problem rigorously, at first a mathematically correct
model is introduced (following [4]) and some results on existence and ergodicity of
strictly stationary solutions are given for the equation with a fixed parameter value.
The abstract model that is considered is rather general and as particular cases it may
cover a wide range of linear stochastic PDEs (of parabolic type) as well as the finite-
dimensional equations. For the parameter dependent equation at first the dependence
of the equilibrium measure on the parameter must be specified. This is important for
our definition of estimators. In this respect the results are different from equations
with distributed noise ([12]) because in the abstract model (or the infinite-dimensional
formulation of the boundary noise problem) the parameter o automatically appears

also in the noise term.

Section 2 of the paper contains some preliminaries, basic definitions and notation
are given and the infinite dimensional formulation of the problem is presented. Section
3 is devoted to ergodic results: Existence and ergodicity of a stationary solution is
stated (the proofs of these results are completely analogous to the case considered in
[12] and are only sketched) and a theorem on ergodic behaviour of solutions with an
arbitrary initial datum is proved (this result is however different from those considered
in [12] due to the different form of the equation). In Section 4, a class of parameter

estimator is proposed and the strong consistency is proved. Finally, in the last section
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the specific problems are considered: The heat equation as above with boundary noise
of either Dirichlet and Neumann type. Conditions of the general theory from the

preceding sections are verified in these cases.

2. Preliminaries. Let Ky (t,s) for 0 < s <t <T be the kernel function

Kp(t,s)=cu(t—s)H~% +cp (% - H> /:(u— s)H—% (1 - (S)%_H> du

where

3

[enT (H4+ HTE - m)]?
= T (2— 2H)

where I'(+) is the gamma function and H € (0,1).
Following [1] and [3], we will define a stochastic integral of a deterministic V-
valued function with respect to a scalar fractional Brownian motion (3 (t),t € R).
Let K3;: € — L?([0,T],V) be the linear operator given by

T
Kiplt) = pOKn (L0 + [ (5) = o(0) 2 (5,0) ds

for ¢ € £ where £ is the linear space of V-valued step functions on [0, 7], that is,

n—1
(p(t) = in]l[ti,ti+1)(t)
=1

where z; e V,ie{l,...,n—1}and 0=t <--- < t, =T.
Setting

T n
(1) / pdB" =3 (B (tis1) — B (1)
0 i=1

it follows directly that
2

2) E = |’C?180|iz([o,T],V) :

/OdeﬂH

Let (H,|-|n, (-, )n) be the Hilbert space obtained by the completion of the pre-

\%4

Hilbert space £ with respect to the inner product

(o, V)n = (Khe, Ku) r20,m,v)

for ¢, € €. The stochastic integral (1) is extended to H by the isometry (2). Thus
‘H is the space of integrable functions and it is useful to obtain some more specific

information.
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If H e (%, 1), then it is easily verified that H O H where H is the Banach space

of Borel measurable functions with the norm | - [; given by

|ol3;, = // w)|v|e@)|vo(u — v) dudv

where ¢(u) = H(2H — 1)|u/**~2. It may be verified that H > L' ([0,T],V) and
consequently H > L*([0,T],V). If ¢ € H and H > 1, then

/ wwH / / 0))y d(u — v) du dv.

If H € (0,3), the space of integrable functions is smaller than L*([0,T],V). It
is known that H > H([0,7],V) (e.g. [8] Lemma 5.20) and H > C#([0,T],V) for
each 3 > % —H.IfHe€e (O, %), then the linear operator Kj; can be described by the

composition

E

3) Kirp®) = et D3 (up_y0)

where

(D%_w)@):F(ll_a)( va [ HVO )

is a fractional derivative and (ug_1/20)(s) = s71/2¢(s).
We will define a standard cylindrical fractional Brownian motion in a Hilbert

space U by the formal series
(4) BA(1) =Y B2 (Den,
n=1

where (e,,n € N) is a complete orthonormal basis in U and (32 (t),n € N,t € R)
is a sequence of independent, real-valued standard fractional Brownian motions each
with the same Hurst parameter H € (0,1). It is well known that the infinite series
(4) does not converge in L?(Q,U) so B (t) is not a well defined U-valued random
variable. However, it is easy to verify (see [4]) that for any Hilbert space U; such
that U — U; and the embedding is a Hilbert-Schmidt operator, the series (4) defines
a Up-valued random variable and (B (t),t € R) is a Uj-valued fractional Brownian
motion of Q-covariance type.

Next, the stochastic integral fOT G dpBH for an operator-valued function G : [0, T]
— L(U,V) is defined.

DEFINITION 2.1. Let G : [0,T] — L(U, V), (en,n € N) be a complete orthonormal
basis in U, G(-)e, € H for n € N, and B be a standard cylindrical fractional
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Brownian motion in U. Let B2 (t) := <BH(t), en> for n € N. Define

T st T
/GdBH::Z/ Gen dpl!
0 =170

provided the infinite series converges in L*(Q,V).

In what follows, it is assumed that (S(¢),t > 0) is an analytic (and strongly
continuous) semigroup on V' with infinitesimal generator A. In such case, there is a
B € R such that the operator BI — A is uniformly positive on V. For each § > 0,
let us define (V3, |- |s) a Hilbert space, where Vs = Dom ((BI - A)‘s) with the graph
norm topology such that

L

jals = |81 4)%a|

The shift 3 is fixed. The space Vs does not depend on 3 because the norms are
equivalent for different values of satisfying the positivity condition.

Consider the linear equation described by a formal stochastic differential

ISH

>
—
=

[

&) AX (t)dt + (3 — A)D dBH (t),

where (B (t),t > 0) is a standard cylindrical fractional Brownian motion with Hurst
parameter H € (0,1) in U and U is a separable Hilbert space, D € L(U,V;) for a
given € > 0 and zg € V is a random variable.

A solution (X®°(t),t > 0) to (5) is defined in the mild form, i.e.

X™0(t) = S(t)wo + Z(t), >0,

where (Z(t),t > 0) is the convolution integral

(6) Z(t) = /O (BI — A)S(t — u)D dB™ (u).

PROPOSITION 2.1. Let H € (0,1). Let (S(t),t > 0) be an analytic strongly

continuous semigroup such that
(A1) (BT = A)St)D| vy < ct™, t€(0,T],

for some T >0, ¢ >0 and v € [0,H). Then (Z(t),t € [0,T]) is a well-defined Vs-
valued process in C?([0,T], Vs), a.s.-P for B+6+~v < H,3 > 0,8 > 0. If the semigroup
(S(t),t > 0) is also exponentially stable, i.e. there exist constants M >0 and p > 0
such that for all t > 0

(A2) IS(t)| vy < Me™ 7,
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then there is a Gaussian centered limiting measure pio = N(0, Qo) for (X (¢),t > 0)
such that

: To _
lim p3° = poo
t—oo

for each initial condition xy € V where puy° is the probability law of X*°(t) and the
limit is understood in the sense of weak convergence of measures.

Proof. If H > 1/2, the proof follows from [4], Proposition 3.4 and Corollary 3.5.
For H < 1/2, the proof is completely analogous to the proof of Corollary 1.12 and
Proposition 1.13 in [6]. 0

COROLLARY 2.2. Moreover, if we assume that D € Lo(U,V;), then the condition
(A1) is satisfied with v =1 —¢.

Proof. The proof follows from the analyticity of the semigroup (S(¢),¢ > 0),

because

(BT — A)St)D|cywvy < (BT — A =S)|cvy - (BT — A Dy
<et', te(0,7).

REMARK 2.1. The covariance Qo has for H > 1/2 the following form:

O = / / (BT = A)S(u)DI(BT = A)S(v) DI é(u = v) du dv,
where ¢ is given by
¢(u) = H(2H — 1)[ul* 2.

The form for H < 1/2 can be specified in terms of K%, and a precise statement can
be found in [6].

3. Ergodic results. Recall that a measurable V-valued process (X (t),t > 0) is
said to be strictly stationary, if for all £ € N and for all arbitrary positive numbers
t1,ta, ..., 1, the probability distribution of the V*-valued random variable (X(t1 +
r),X(ta +7r),...,X(tx + 7)) does not depend on r > 0, i.e.

(1) Law(X(t1 +7), X(ta +7), ..., X(tr + 1)) = Law(X (t1), X (t2), . . ., X (tx))

for all ¢1,%a,...,tk, 7 > 0, where Law(-) denotes the probability distribution.
THEOREM 3.1. If (Al) and (A2) are satisfied, then there exists a strictly sta-

tionary solution to (5), i.e. there exists &, a random variable on (Q, F,P), such that

(XZ(t),t > 0) is a strictly stationary process with Law(X%(t)) = oo, t > 0. In

particular Law(Z) = pioo-
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Proof. The proof follows the lines of an analogous Theorem 3.1 in [12] (where the

case of distributed noise is treated). We will only illustrate the main idea.

For ¢t > 0 let

0 A
Y(t) = /_t(ﬁl— A)S(—u)D dBH (u).

It is clear that Y'(¢) is a V-valued random variable on (2, F,P) with probability law
= N(0,Q;). Tt must be shown that the limit

Z = lim Y (¢)

t—oo

exists in L2(Q, V) and that

where Z(t) is given by (6), is a stationary solution of (5).
Let m,n € N. It has to be shown that for an arbitrary increasing sequence of
times (t,), t, — oo, the sequence (Y;,) is a Cauchy sequence in L2(£2,V). For all

n > m we have

2

BIY (t,) = ¥ ()3 = E UﬁmMA )S(—u)D dBH ()

\4

Denoting by B (u) = B¥ (—u) an inverse process that is also a standard cylindrical

fractional Brownian motion with stationary increments we have

2

EIY (1) =Y ()l = E| [ (31 - )S@)DdB" )

m

\%4

Using the estimate (Al) and following the rest of the proof of the Theorem 3.1 in
[12], we can show that the right hand side goes to zero as m — oo and thus (Y (¢,))
is a Cauchy sequence in L?(Q, V). It is easy to see that the limit & = tli)rgo Y (t) is an
initial value yielding the strictly stationary solution. n

THEOREM 3.2. Let (A1) and (A2) be satisfied and let (X% (t),t > 0) be a strictly

stationary solution to (5). Let o : V. — R be a measurable functional such that

E|o(Z)| < 0o. Then
T ~
/ Q(X””(t))dt] =/ o(y) poo (dy).
0 14

T—o0

1
lim —E
im o
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Proof. The proof is obvious, because by Fubini Theorem o(X%(t)) € L*(Qx[0,77)

and

O

If the initial condition is arbitrary, the following result may be useful:

THEOREM 3.3. Let (Al) and (A2) be satisfied and let (X®0(t),t > 0) be a solution
to (5) with initial condition X(0) = zo € V, a random variable. Let o : V — R
be a functional satisfying the following local Lipschitz condition: let there exist real

constants K > 0 and m > 1 such that
(8) lo(z) — o(y)] < Klz —ylv (1 + [z[i? + |y[7")
for all x,y € V. Assume also that
E|zo)2™ < oo.
Then

3 1 T o _
(9) lim ~E / o(X70(1)) dt = /V 0(y) oo (dy).

T—oo T

Proof. The desired convergence can be rewritten as

lim =0.
T—o00

Lo (1 mo _
TE/O o( X0 (t)) dt /V@(y)uoo(dy)

Let (X%(t),t > 0) be a strictly stationary solution to (5). Then obviously

\%E / " (X)) di E / ' g(XfC(t))dt\

T
(10) < 1B / lo(X0 (1)) — o(X%(2))] d.

We will show that the right hand side of (10) goes to zero as T — oo. Using the local
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Lipschitz assumption (8) we get

1

TE/O lo(X™(1) — o(X7(1))| dt

T
< EE/ | X7 (t) = XT()|v (14 [ X )|7 + | XT()[7) dt

K[ B - D0+ X0 + @) @
< [ ISl B - B+ XN+ X O a

in virtue of the exponential stability bound (A2)

KM [T B -
—— | e P'Elag — Z|v(1+ [ X™)|7 + | X (t)|7) di
0

and by the Holder inequality

KM 1/2

T
e (Blzo — #2) " (B(L+ X7 @07 + [ XF0)0)*) " dt.

0
To show that the last term on the right hand side goes to 0 as T — oo, we have to
show that
L. sup,cg, E|X7(t)[*™ < oco. But this is equivalent to E[Z[*" < oo, which
is satisfied, because & is Gaussian with the probability distribution pe, =
N(0,Qo) and all Gaussian measures have all their moments finite.
2. sup,er, E[X™0(t)[*™ < oo. Let Z(t fo BI — A)S(t —u)D dBH (u). Then

sup E|X®(t)[*™ = sup E[S(t)zo + Z(t)[*"
teRy teR 4

< cm (SUP E[S (t)aol*™ + sup E|Z(t )|2m> :
teR ¢ tER4+

By the exponential stability bound (A2) for the first term and the fact that
Z(t) is Gaussian with probability distribution N (0, Q;)
< ¢ sup Me 2™ E|2o|?™ + ¢, sup (Tr Q)™
teR4 teRy
< e1Blzo*™

t ot m
+ ¢ SUp (/ / IS(w)®| 2, ) [S (V)R] £, vyo(u — v) du dv)
o Jo

teR 4

and following the steps in the proof of Theorem 3.1 for m = 0 and n =t we

deduce that the last term on the right hand side is bounded.
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We showed that the right hand side of (10) goes to zero as T' — oo, which yields (9)
using the Theorem 3.2 and completes the proof. Note that p satisfied the integrability
condition from Theorem 3.2 because by (8) it has at most polynomial growth and &
is a Gaussian random variable. O

Now we focus our attention on the pathwise ergodic behaviour. At first we recall
the famous Birkhoff’s theorem for strictly stationary processes.

THEOREM 3.4 (Birkhoff’s theorem). Let (X%(t),t > 0) be a V-valued strictly
stationary process on (Q,F,P). Then for all measurable functionals o : V — R such

that B|o(Z)| < oo there exists a measurable functional £ : @ — R such that

T
(11) lim %/ o XP)dt =¢, a.s.-P.
0

T—o0

Proof. See e.g [21]. 0

Recall that a V-valued strictly stationary process (X(t),t > 0) is said to be
ergodic, if € in (11) does not depend on w € €, i.e. { is deterministic, and £ = E[p(Z)].

THEOREM 3.5 (Ergodic theorem for a strictly stationary solution). Let (X%(t),
t > 0) be a V-valued strictly stationary solution to (5). Let o : V — R be a measurable
functional such that E|o(Z)| < co. Then

i Lt z = a.s.-
lim 2 / o(X7(t)) dt — /V 0(y) pioe (dy),  a.5.-P.

T—oo T

Proof. Let z € V be arbitrary and let (Y (¢),¢ > 0) be a R-valued process defined
by

Then Y (0) = (Z,2),,. The process (Y (t),t > 0) is a R-valued strictly stationary
centered Gaussian process. Let R(t) := E[Y(0)Y (¢)] be the correlation function of
the process Y'(t). Then (cf. [21]) the process Y (t) is ergodic if tlim R(t) = 0. We

have

11

We will estimate both terms separately.
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The first term
E|Il = E|(Z,2)y (S(t)(Z), 2)y |
< E[S@t)zlv |2 |2lv
and using the exponential stability (A2)
< Me™"'|z[, BlZl7,

which goes to 0 as t — oo, because E|Z|?, < co. The second term is for H = 1/2
equal to zero, because Z and the convolution integral fot(ﬁl — A)S(t —r)D dB*(r)

are stochastically independent and therefore
B[l =B [@, 2)y </0t(31 —A4)S(t —r)DdB (1), Z>v]
= E[(#,2)y] B K/ot(ﬁ 1= 4)S(t =D dB() ZM
=0.

For H # 1/2 we obtain that E[II] goes to zero as t — oo by following Lemmas 4.4
and 4.5 from [12]. Thus the process Y (t) = (X?(t), z>v
Take (hy,n € N) any orthonormal basis in V. Then

is ergodic for each z € V.

on Qg C Q, P(Qp) = 1. Taking ' = [ Q,, we have P(©') = 1 and
0

n=

on . Hence (§,hy),, = 0 for each n on @', i.e. { = 0,a.5.-P, and it follows that
XZ(t) is ergodic. 0
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We will now apply the previous results to the solution of (5) with arbitrary initial
condition.

DEFINITION 3.1. A V-valued Gaussian process (B{ (t),t € R) on (Q,F,P)
is called a fractional Brownian motion of Q-covariance type with Hurst parameter
H € (0,1) (or, more simply, a fractional Q-Brownian motion with Hurst parameter
H) if

1. EB§(t) =0 for all t € R,
2. Cov(BE(t), B (s)) = %(WH +1s[2H — [t — s|2H)Q, for all s,t € R,
3. (Bg(t),t € R) has V-valued, continuous sample paths a.s.-P.

Let (Bf(t),t € R) be a standard cylindrical fractional Brownian motion in U.
Let ® € Lo(U,V) and set @ = ®®*. Then there exists (see e.g. [15], Proposition
1.1.1) a @Q-covariance fractional Brownian motion (Bg (t),t € R) such that for all
zeV

<Bg(t),z>v = (B"(t),®*2), as.-P.
Moreover, the convolution integral fot S(t —r)® dBH (r) solves the equation

_ H
12 dX(t) = AX(t)dt+ dBE (t),
X(0) = 0.

We recall some a.s.-IP growth estimates and a representation of the solution to
equation (12) that have been proved in [13].
LEMMA 3.6. Let ® € Lo(U, V). Then

t t
/ S(t—r) ng(r) = A/ S(t— T)Bg(T) dr + Bg(t), a.s.-P,
0 0
for t > 0. Moreover, for any w € Q, € > 0 there exists a constant k(w,e) such that
IBS(t)|v < et? + k(w,e)

fort e R.
Proof. Follows from [13] Lemmas 2.4 and 2.6. 0
THEOREM 3.7. Let (Al) and (A2) be satisfied and let (X®0(t),t > 0) be a solution
to (5) with D € Lo(U, V). Let ¢ : R — R be a real function satisfying the following

local Lipschitz condition: let there exist real constants K > 0 and m > 1 such that

(13) lo(z) —p(y)| < K|z —yl(1+ =™ + |y[™)

for all x,y € R. Let z € Dom ((A*)Q) be arbitrary. Then

T
(14) Jin = [ etxe w2 i = [ ewnlan. asP.
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Proof. Let (X%(t),t > 0) be a strictly stationary solution to (5). Then obviously
17" 1" ;
7 el -5 [0, a
0 0
17 ;
<7 [ ety - o(x70.2),)| .

We will show that the right hand side goes to zero as T — oo. Using the local
Lipschitz assumption (13) we get

3 [ etee@. ) - o029,
< B[ 10000 = X5, 2y | (141X 0,20y 11K, )
<X [ s -2
(TS Wm0+ Z(1),2)y ™+ {SW)F + Z(8), )y, ™) dt
<7/ 150w koo — alv Izl

(14 el SOy (ool + [#3) + 2l (Z(8), 2),, ™) dt

and in virtue of the exponential stability bound (A2)

| ~| | |
x v |2V
T 0

IN

T
e (U eade e ool 4 (5I) + ol (2000, ") e
0

T
(15) < %3 e‘f’t(l +eaeM 4 el (Z(1), 2)y |m) dt.
0

We need the last term on the right hand side to go to 0 as T' — oco. Applying Lemma
3.6 with ® = D we have

(Z(t), =)y | = <(31 A /Ot S(t— D dBH (1), z>

v

_ </Ot S(t —r)D dB" (r), (BI — A)*z>

\%4

IN

</Ot S(t—r)BE (r)dr, A*(BI — A*)z>

| A" (BT — A%)z|v

+ <Bg(t), (BI — A*)z>v‘

\%4

IN

t
- / 1St — 1) ey |BE (M)l dr + | BE @)y [(BI — A%)z]v
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and by the exponential stability (A2) and the bound from Lemma 3.6

< M|A*(BI = A")zly
. /t e P (er? + k(w, €)) dr + (et + k(w,e))|(BI — A*)z|y
0

< Ew)(1+12).

Therefore

which goes to zero as T' — oo, which yields (14) using Theorem 3.5 and thus completes

the proof. 0

4. Parameter estimates based on ergodicity. In this section we present the
results on parameter estimation in infinite dimensional equations that are based on

the ergodic theorems proved in the previous section.

Consider the linear equation

dX (t) = a AX (t) dt + a(BI — A)D dB™ (1),

16
1 X(0) = xo,

where a@ > 0 is a real constant parameter, A,B,BH,D and xo are as in (5) and,
moreover, D € Lo(U, V).

The operator oA is the infinitesimal generator of the semigroup (S, (t),t > 0).
Obviously S, (t) = S(at) for all t > 0. The semigroup (Sq(t),t > 0) is analytic and
the operator a3] — A is positive. The semigroup (Sq(t),t > 0) is also exponentially
stable and the limiting measure has the form p% = N(0,Q%).

For H > 1/2 we have (cf. Remark 2.1)

Qx= [ [ oA - )5, () DIa(31 = S (0)D) 6(u—v) dudo

= [ [ 1= Aswpiar - aswpre (% - 2) duae
0 0

= a2t [ [T 5 - A)S@DIGT - ST o(u — o) duds
0 0

=a?2MQ,,

where (), corresponds to the case a = 1.
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For H < 1/2 and z,y € V we have

< goxay>v

. r A H
T
: </ a(BI — A)Sq(r)Dhy, dBY (r), y>
14

= lima/ Z K5 ((BI — A)Sa(-)Dh )(T),:E>V

T—o0

14

: </c;{(51 — A)(Sa(-)Dhy)(7), x>v dr.

Using the representation (3) and a simple substitution theorem we also arrive at
(Q5z,y)y = 1 Qoo )y
for all z,y € V and therefore
ng = a2_2HQoo

For H = 1/2 this equality is obvious.
Now we define a family of estimators of the parameter a.

THEOREM 4.1. Let (Al) and (A2) be satisfied and let (X®°(t),t > 0) be a V-
valued solution to (16) with D € L2(U,V). Let z € Dom ((A*)?) be arbitrary such
that

(Qeoz,2)y, > 0.

Define

1

o (Y
L [ [(Xmo(t), 2)y, [2 dt

lim &r =«a, a.s.-P,

— 00

Then

i.e., (&r) is a strongly consistent family of estimators.

Proof. Let z € Dom ((A*)?) be arbitrary. Let ¢ : R — R, ¢(y) = |y|>. Then all
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the conditions of Theorem 3.7 are satisfied with m = 1 and

17 . N U A
Jin = [Ce(Geem.ay) e = Jim [,y R
- / |5, 2)y 2 ool dy)
1%
:<ngzvz>v

=a? 21 Q2 2)y, as-P,

which completes the proof. n
REMARK 4.1. If the initial condition o € V is such that E|zo|3, < oo and if the

limiting measure [l exists with covariance Qs such that Tr Qs # 0, we can define

) < Tr Qo ) T
aT = T .
7B o X @) dt

Then we can use the Theorem 3.3 with 0: V — R, o(y) = |y|}, y €V and m =1 to
show that

lim &7 = a.
T—o0

Some examples of parameter estimations including numerical simulations can be
found in [16] and [17].
5. Example. Now we will apply the above obtained results to the heat equation

formally described as

9y
Z
ot
where A denotes the Laplace operator, a > 0 is an unknown parameter, 6 > 0 is fixed
and O C R? is a bounded domain with smooth boundary dO. The equation (17) is

(17) (A =dDy(t,8), (1§ eRy xO,

considered together with an initial condition

(18) y(0,8) = z0(§), £€0O

and boundary condition either of Dirichlet type

(19) y(t,&) =n"(t,€), (,§) € Ry x 9O,

or of Neumann type

Jy

(20) %(tag) = nH(tvé.)a (t,f) € R+ X 807

where v is the normal derivative and nf stands formally for a Gaussian noise, frac-

tional in time.
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The problem (17),(18),(19) or (17),(18),(20) may be rewritten in the form (16)
with V = L*(O), U = L?(00) (if the underlying space dimension d = 1, U = R?),
A = (A = 6I)|pom(a) with Dom(A) = H?*(O) N Hj(O) (in the case of Dirichlet
boundary conditions) or Dom(A) = {¢ € H*(0); g—f = 0 on 90} (for the Neumann
boundary conditions). Furthermore, (B (t),t > 0) is a cylindrical fractional Brown-
ian motion process on U (if d = 1, BH (t) is just two-dimensional), o € V € L?*(O)
and D = NQ'/2, where Q'/? € L(U) is the covariance operator of the noise and N
stands for the Dirichlet or Neumann map obtained in the following way:

Take an arbitrary B > 0 such that BI — A is uniformly positive (we may take
B = 0 in the case of Dirichlet boundary condition and any B > 0 for the Neumann

case) and consider the elliptic equation

(BI—A)z=0 in O,
z=h on 900,
where h € U. The mapping N is defined as N(h) = z.
The equation (16) is a version of the problem (17),(18),(19) or (17),(18),(20) (cf.
[4]; for H = 1/2, when B¥ is a standard Wiener process, this interpretation — for a
fixed parameter value — has been used in numerous papers, see the monograph [2],
Chapter 13 and the references therein). As we need justify the special form of the
dependence on the parameter, we will sketch the main argument. Let u(t) be a two
times continuously differentiable function with values in U such that g — Nu(0) €
Dom(A). Then there exists a strong solution to the equation
(21) Z'(t) = aAz(t) + aBNu(t) — Nu'(t), t>0,
(22) 2(0) = 2o — Nu(0).
Set v(t) = z(t) + Nu(t). Then v(0) = 2(0) + Nu(0) and
0=
=2'(t) + Nu'(t)
= aAz(t) + aBNu(t)
= aA (v(t) — Nu(t)) + aSNu(t)
= aAv(t) + a(BI — A)Nu(t)
— adu(t),

(2(t) + Nu(t))

because a(BI — A)Nu(t) = 0 for each t > 0. Since z (being a strong solution to
(21),(22)) satisfies the zero boundary condition (in either Dirichlet or Neumann case),
we have

ov

- =U.
v R x90

(23) v|R, x00 =u or
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Therefore, v(t) is the solution to the problem

with inhomogeneous boundary condition (23). Now we will find the mild form of the
solution to v. The mild form of the solution z(t) to (21),(22) is

2(t) = Sa(t)(z0 — Nu(0)) + /Ot So(t — s)(afNu(s) — Nu'(s))ds, t>0,
where So(t) = S(at),t > 0 and (S(t),t > 0) is the semigroup generated by A. Thus
o(t) = 2(t)+ Nu(t) = Sa(t)(:zro—Nu(O))—l—/Ot Sa(t—s)(aBNu(s)— Nu'(s)) ds+Nuf(t),
and since the integration by parts yields

/Ot Sa(t — s)Nu'(s) ds = Nu(t) — Sa(t)Nu(0) + a/ot AS,(t — s)Nu(s) ds,
it follows that
(24) v(t) = Sa(t)zo + (B — A) /Ot So(t — s)Nu(s)ds, t>0.

Similarly as in the case of distributed noise, the mild solution of our problem (16) is
motivated by (24) where u is replaced by Q'/24 BH (t).

We shall now verify our conditions (A1) and (A2) for this case. By the deter-
ministic theory (see e.g. [14]) it is well known that (S, (t),¢ > 0) is analytic and
the condition (A2) (exponential stability) is satisfied in the Dirichlet case with 6 > 0
and in the Neumann case with § > 0. In order to verify the assumption (Al) we
have to check the behaviour of the operator N. It is known that N € £L(U, V;) (with
U = LOO) and V = L*(0)) for

<1
e < =
4

in the case of Dirichlet boundary conditions and

<’
4

for the Neumann boundary conditions. Assuming that the covariance @ is trace class
(if d = 1 this is automatically satisfied, because U = R?), the condition (A1) is
satisfied by Corollary 2.2 if 1 — e < H, which yields

3
H _
~ 1
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in the Dirichlet case and

=

in the Neumann case.

To summarise, if 6 > 0 and H > 3/4 (in the Dirichlet case) or 6 > 0 and H > 1/4

(in the Neumann case), then Theorems 3.1, 3.5, 3.7 and 4.1 may be applied to the
problems (17),(18),(19) or (17),(18),(20).
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