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TWO-STAGE KALMAN FILTERING VIA STRUCTURED
SQUARE-ROOT

STOYAN KANEV* AND MICHEL VERHAEGEN'

Abstract. This paper considers the problem of estimating an unknown input (bias) by means
of the augmented-state Kalman (AKF) filter. To reduce the computational complexity of the AKF,
[12] recently developed an optimal two-stage Kalman filter (TS-AKF) that separates the bias esti-
mation from the state estimation, and shows that his new two-stage estimator is equivalent to the
standard AKF, but requires less computations per iteration. This paper focuses on the derivation of
the optimal two-stage estimator for the square-root covariance implementation of the Kalman filter
(TS-SRCKF), which is known to be numerically more robust than the standard covariance imple-
mentation. The new TS-SRCKF also estimates the state and the bias separately while at the same
time it remains equivalent to the standard augmented-state SRCKF'. It is experimentally shown in
the paper that the new TS-SRCKF may require less flops per iteration for some problems than the
Hsieh’s TS-AKF [12]. Furthermore a second, even faster (single-stage) algorithm has been derived
in the paper by exploiting the structure of the least-squares problem and the square-root covariance
formulation of the AKF. The computational complexities of the two proposed methods have been

analyzed and compared the those of other existing implementations of the AKF.

Key words: two-stage augmented Kalman filter, square-root covariance implementation.

1. Introduction. This paper considers the problem of estimating an unknown,
time-varying bias in the state equation of a time-variant stochastic discrete-time sys-
tem in a minimum mean-square estimation error (MMSE) sense. A standard way of
computing the MMSE estimate is by augmenting the state of the system with the
unknown bias (after assuming a random walk model for the latter) and then estimat-
ing the resulting augmented state using a standard Kalman filter. This approach is
called the augmented-state Kalman filter (AKF). A disadvantage of this approach is
that the dimension of the covariance matrix increases so that the algorithm becomes
computationally more involved and numerical inaccuracies can occur. To avoid this,
a two-stage Kalman filter was proposed by Friedland in [5] that splits the state esti-
mation from the unknown bias estimation under the assumption that the bias term is
constant. While the approach of Friedland is very suitable for parallel computations,
as argued by [12], if the bias is nonconstant the estimator becomes suboptimal in
practice, i.e. it is not exactly equivalent to the AKF. To circumvent this problem,
Hsieh and Chen [12] recently proposed a modification of the two-stage Kalman filter
and proved its optimality also for stochastic/dynamic bias. In [18], a work that also
appeared at that time, the authors develop an alternative optimal two-stage Kalman

estimator under the weak assumption (which is not present in the work of Hsieh and
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Chen) that the bias is uncorrelated with the process noise.

The idea behind the Hsieh’s optimal two-stage Kalman filter (TS-AKF) is to
apply a certain transformation on the augmented state and its covariance matrix in
such a way that the transformed covariance matrix becomes block-diagonal. This
property makes it possible to rewrite the augmented Kalman filter as two separate
(but coupled!) filters, namely a bias-free estimator for the transformed system state
and a bias estimator. It is shown in [12] that the TS-AKF exactly implements the
AKF, and therefore achieves the MMSE estimate of the state and the bias. At the
same time, the computational cost of new TS-AKF is usually much lower than that
of the conventional AKF [12]. However, there exists a faster implementation of the
AKF that was shown to be even less computationally demanding than the TS-AKF
[20].

In this paper the same idea is used to derive a similar two-stage version of
the square-root covariance implementation of the augmented Kalman filter, which
is known to be numerically more reliable than than the standard covariance form
[26]. The newly proposed algorithm, called here the two-stage square-root covari-
ance Kalman filter (TS-SRCKF) consists similarly to the TS-AKF of two interacting
square-root covariance Kalman filters. It is shown that the new algorithm is also
equivalent to the AKF, but (in addition to the better numerical properties) can be
computationally less involved than the Hsieh’s T'S-AKF for some problems. Further-
more, an even less computationally demanding algorithm is proposed in this paper by
exploiting the underlying structure of the least-squares problem and the square-root
covariance formulation of the AKF.

Since the work of Friedland [5] there has been a lot of interest in the state estima-
tion problem for systems with unknown inputs. A number of alternative derivations of
Friedland’s two-stage Kalman filtered appeared in the late 80’s [22, 2, 15, 25, 24, 23].
Friedland’s estimator, however, is optimal only for constant bias. As shown by [1], for
random bias the two-stage filter is optimal only when a certain algebraic constraint on
the correlation between the state and the bias process is satisfied. A suboptimal solu-
tion in the case of stochastic bias was proposed in [16]. Friedland’s two-stage bias filter
has also been extended to nonlinear systems [21, 29]. However, as discussed above, it
was only recently that an optimal two-stage Kalman estimator was developed for a
general random/dynamical bias [12, 18, 17]. The optimal two-stage Kalman filter of
Hsieh was subsequently extended in [13] to more general systems with no constraint
on their structure, as well as to nonlinear systems by means of using the extended
Kalman filter [11].

Another approach to state estimation in the presence of unknown bias is based
on the design of filters that are decoupled from the bias [19, 9, 4, 10]. Reduced
order estimators may also be used to further reduce the computational complexity

[6, 8, 14]. Note also, that there is a clear link between the unknown input observers
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and the problem of detection and estimation of jump in the mean in systems. The
goal there is to detect the time instant of occurrence of a jump in the state as well
as to estimate its size. A very often used method for that purpose is the generalized
likelihood ratio (GRL) approach [28, 7], where basically a nominal Kalman filter is
used based on “no-jump” hypothesis from which the residual is used in a GLR scheme
to detect and estimate the jump, if occurred. Subsequently, the state estimate from
the Kalman filter is updated using the estimated jump. This paper, however, has only
the purpose to discuss and compare different implementations of the augmented state
Kalman filter which produce completely the same output (i.e. state-estimate and
covariance matrix), where with the focus on their computational complexity. Hence,

other alternatives as those mentioned above fall outside the scope of this paper.
2. Problem Formulation.

2.1. Notation. The following notation is used. R™ denotes the n-dimensional

Euclidean space. The d-function is defined as

5o L k=t
0, k#t.

The square-root of a symmetric positive (semi-)definite matrix P is defined as any
matrix S such that SST = P. In order to avoid unnecessary definitions of new
variables, the notation P'/? will also be used to denote a square root of the matrix
P. Note that the square-root matrix S is not unique as the matrix SU is also a
square-root of P for any unitary matrix U. The notation v, —~ (7, Q%) is used to
denote a random Gaussian process v;, with mean value 73, and covariance matrix Q7,

which can also be written in the square-root covariance representation
— vy\1/2
Vk_Vk+(Qk) Wk, ’LUk/'\(O,I),

where wy, is a zero-mean white Gaussian noise with covariance matrix equal to the
identity matrix /. In matrices the symbol % will be used to denote block entries of
no importance for the discussion. The symbol e is used to denote matrices that can

be implied by symmetry arguments. Finally, for a matrix S, the shorthand notation
S2 = §ST will also be used.

2.2. Problem Statement. In this paper we consider the problem of estimating
the state xp and the (random/dynamical) bias py for the following discrete-time

system

Tpr1 = Apxi + Brpw + &k,
yr = Crxp + Drpg + i,

(1)

where



146 STOYAN KANEV AND MICHEL VERHAEGEN

(Ag, By, Cr, D) are the (known) system matrices of appropriate dimensions,

zr € R is the system state,

i € R unknown input (bias),

yr € RP is the measured system output,

&~ (0,(QF)?) is zero-mean process noise with covariance E{&] } = (QF)%6xt,
me —~ (0, (Rg)?) is zero-mean measurement noise with covariance

E{mni } = (Ri)?0ge.

The starting point in the augmented state Kalman filter is the representation of the

bias by means of a random walk model of the form

(2) Mkl = e + N,

with ny —~ (0,(Q})?). As a result, equations (1) and (2) can be combined in the

following augmented state model

Xiey1 = ApXy+ Qurf,

3 _
®) yr = CpXi+ Rypvp,

where v —~ (0, I,41), v —~ (0,1), and

Xk = T ) Ak = Ak Bk ;
|03 0 I
; o for o
Ck £ Ck Dk ) Qk = .
| } 0 QF

The matrix Q}, is assumed upper block-triangular without any loss of generality.

It is assumed in the paper that the pair {Ay, Cy} is observable. A necessary con-
dition for that is that the original pair { A, Cj} is observable and that no eigenvalues

of the matrix A lie on the unit circle.

The standard Kalman filter, used to estimate the state of the augmented system
(3) is referred to as the augmented-state Kalman Filter (AKF). In this paper, however,
instead of using the standard Kalman filter to estimate X; we make use of a different,
numerically more robust implementation called the Square-Root Covariance Kalman

Filter (SRCKF). It is summarized in the next section.

2.3. The Square-Root Covariance Kalman Filter.
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Algorithm 1 (SRCKF). Given Ay, By, Ck, Qr, Ry, Skik—1, Xkjk—1, and
new measurement data yi, compute:
Measurement update:
1. Using the QR-decomposition find orthogonal matriz Tryr and matrices
R, and Gy, such that

R. 0 CrSpie—1 —Ri| -
(4) = | RoHE *| Tan
Gr  Skk Sklk—1 0
2. Form
(5) Xy = X1 + GrR. (y — C'ka\k—l)-

Time update:
3. Using the QR-decomposition find orthogonal matriz Trr and the square-

root covariance matriz Sy such that

(6) [Sk-i-l\k 0} = [_Akslqk Qk} Trr
4. Compute
(7) X1k = ApXp k-

It has been shown [27] that the Kalman filter can equivalently be implemented
as the solution of a least-squares problem making use of the square-root of the state
covariance matrix. This SRCKF implementation is briefly explained here as it is the
basis of the further developments in the paper. To begin with, assume that the state

estimate at time instant k can be represented as
Xijk—1 = Xk + Skjp—1wr, wr ~ (0,1).

In other words, X3 —~ (Xk|k—1apk|k—1) with Pk\k—l = Sk\k—lsak—l' Adding this

equation to the augmented system (3) results in

KXk|k—1 Invi Oppy X, Sklk—1
Yk = | Ck  Opxintn [ + Ry, Vg,
- Xit1 ~
O(n+l) x1 Ak —dn4l Qk

with v —~ (0, Iy(n+1)4p)- The SRCKF is based on the solution of the least-squares
problem miny, x,, ||Vk|2 and is summarized in Algorithm 1. A very detailed treat-
ment of the square-root covariance Kalman filter can be found in [27].

In the next section we show how the SRCKF can be split into two separate (but

coupled) estimators.

3. Two-Stage Implementation of the SRCKF. In this section we show
that the SRCKF, summarized in Algorithm 1, can be implemented as two separate
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SRCKEF’s, one that estimates the bias and another that estimates the original system

state (but in another basis). To begin with, we define the transformation matrix

T(M) £ [g ﬂ ,

that has the properties that T'(M;)T(Mz) = T(M; + Ms) and therefore T=*(M) =
T(—M). Then, given two matrices Uy and Vi (to be determined in what follows), we

consider the following transformations

(8) Xyph—1 £ T(—Ur) Xpji—1,
9) Xk £ T(— Vi) X,
(10) Skik—1 = T(—=Ur)Skji—1,
(11) Stk £ T(=Vi) Skjies
and the inverse transformations

(12) Xippo1 = T(Ur) Xij—1,
(13) Xk = T(Vi) Xk
(14) Sk|k71 = T(Uk)gkﬂcfla
(15) Sk =T (Vie) Sjse-

The goal is to compute the matrices U, and Vi in such a way that the transformed

covariance matrices become block-diagonal, i.e.

) o pr
(16) Prjie1 2 Sip—1Sip_y = | M B
klk—1
_ _ Pz
K|k
(17) Py & Sk\kSg\k = | P
K|k

Before we proceed with finding expressions for the matrices Uy and Vj,, we parti-

tion the transformed augmented state X as follows

= Tk|k > Tk|k—1
Xpn 217 * Xy = |7 | ;
Foks| ko Hk|k—1

in conformance with the original augmented state. Using equations (6)-(5) we can
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write
Kklk—1 ® T(—Uk)Ap-1Xg—1)5-1
1 _ _
(1) D (0 A\ T (Vi) K1
Xk © T(—=Vi)(Xppp—1 + GrR (yk — CXppr—1))
12 _
(19) ) T(Uk — Vi) Xpjh—1
+T(—Vi)GrR. (Y — CT(Ur) Xjio—1))
_ 7 (10 _ _ _
[Sk|kfl 0] 0 T(=Uy) [_Ak—lskfukfl Qk—l} Trr
(15) . ; -1
(20) = T(-Uy) [_AkflT(kal)Sk—l\k—l Qkfl} Trr
R, 0]an | CeSuer  —Ri ;
_ = RM
T(=Vk)Gr Sk T(~Vi)Skjk—1 0
14) | CoT(Ur)Sk— —Ryi| -
T(Ug — Vi)Skik-1 0

Now, let us first concentrate on equation (20). Since at iteration (k — 1) the
square-root covariance S’k,” L—1 was made such that Pk,l‘k,l is block diagonal, then

one can easily show that there exists an orthogonal matrix Tj,_1),_; such that

qQx

Sk—1|k—1 ‘|
i .
Sk—l\k—l

Therefore, equation (20) becomes equivalent to

(22) Sp—1pp—1Th—1jk—1 =

_ - Sz _
[Sk|kfl O}ZT(—UIC) —Ap A T(Vipoy) | R gn ]7 Qk—1‘|
k—1|k—1

Tr _

. k—1|k—1 . Trr
23 I Uk _ Akflglf—l\k—l 0’“5’5—1%—1 Qi1 Pl T
( ) - 0 I 0 g# ; M RT,

k—1|k—1 k—1

where the notation
(24) Uy & Ap—1Vi—1 + Bi_1,

was introduced. In order to obtain S’Z‘ w_1 suppose that Uy is already selected such
that Pyjx_1 is block diagonal. There is nothing wrong with this assumption as the
expression for S'IQLI w1 that we obtain is independent of Uy. Since Pk|k,1 is block
diagonal, similarly to (22) it can be shown that there exists an orthogonal matrix

Ty|k—1 such that

_ S
(25) Sipk—1Thpr—1 = klk—1

S

I
klk—1
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Therefore, equation (23) can be rewritten as follows

(26) lS,fkl 00
0 S, 0
_ Ak—lngukfl (Uk—Uk)gll:—Hk—l Qi1 Qi —UnQy 71
0 Sll:—l|k—1 0 k1
where
) _ _Tkal|kfl Tpp Tejk—1 '
InJrl InJrl

Hence, the square-root covariance matrix S’Z‘ w1 can be found by means of a

QR-decomposition,

(21) (St 0] =[St upn Q] T,

To produce a similar expression for S ZI w1 we will first need to define Ug. In order to

find the matrix Uy such that the matrix Pk‘k_l becomes block-diagonal we first note,
that
Pger = ST
= T(-UnQ;_,T"(-Us)
+T(_Uk)Ak—1T(Vk—l)Pk—1|k—lT(Vk—l)A£71TT(_UI€)

_ * (Qiﬁl - Ulektl)( gﬂ)T
* *
I —Ug| |Ak-1 Br—1| [{ Vi-1]| = T
+ Prajp-1( @
0 1 0 I lo | 1( )
(2:4) * (Qf) = Uk@Qy_)( Zﬂ)T
*
Ay U, =Usl| - T
+ %1 kI g Pkfl\kfl(.)
an | (@ —UnQ_ (@ T I * (U - U’“)Pli:llkf1 )
* * * *

Therefore, in order that the upper off-diagonal term of Pk‘k_l becomes equal to zero,

Ui needs to be taken such that the following equality holds
Uk = Uk) Py oy + Q) = UhQ_)(@QF_1)T =0
that implies
U = (UnPf ey + QR Q) (P, + (@)D

27) _ . _ B
OB, — U@ + QP (@1 )Pl )
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Therefore,

-1

(28) Up = Up + (@1 Q)" = Uk(Q)_1)?) (S’Il:\k—l(glgw—l)T)

Now that we have an expression for Uy, we can proceed with finding an expression

of Sk|k , independent on Sk|k 1- To this end, from equation (26) we write

pf?\k—l = A B 1k— VAL + (U — Ug) Pl 1k— V(O = Un)" + (QF-1)?
+UR(Qe_))?U 4+ (Q11)? = UrQh_1 (@ )" — Qi (Qh_ )" U
= A1 PE gy Aoy + (O = U (B, + Q1)) (U — Up)"
+(Q£—1)2+Uk( lktl)QUlz"“Uk( ) Uk _Uk( g71)2UIF$F+( ilil)2
_UkQZ—l( iil)T 2#1( T )TUk
D e PE sy AT+ (O~ U B (T — U + (QF 1)
+Uk( g71)2UI?+Uk( Mf )2013_0*’@( lktl)QUI?"‘( i51)2
(29) _Ungfl( iﬁ1)T k 1( e )TUk

Furthermore, from equation (28) we can write that
Uk = Uk)Pljy = Un(Q_1)* = Q21 Q1)
so that equation (29) becomes

pl?\kflek—lplffukflAzfl +(Uk( 2:1)2_ ifl( zq)T)(Uk_Uk)T‘f'(Qifly
+Uk( lktl)QUg‘i‘Uk( g, )QU/?_UIC( g71)2ﬁg+( i’il)Q
_Ung—l( ﬁl—tl)T 915#1( T )TUk
= Ap1 Py VAo + Q1) + U@ Ui — Qi (@)U
+( k— 1) UkQ ( iﬁﬂT-

Therefore, the square-root covariance matrix can be obtained via the following QR-

decomposition

(30) Sty 0] = [Aena Sy M) TEY,

where it is denoted
x x x 7 e T T
My = Q1) + (@) = Qi (@) U + U (Uk(Q)-1)* — Q1 (Q_)T) -
In order to find the matrix V4 we consider equation (21). By defining the matrix

(31) Sk £ CyUy + Dy,
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equation (21) implies

R.RT R.GETT (Vi)
T(—Vk)GkRZ pk\k + T(_Vk)GngTT(_Vk)

_ T _

[Ck Sk} Py [Ck Sk} + R? [Ck Sk] P TT(Uy — Vi)
_ T _

T = Vi)Pepr |Gk St T(U = Vi) Pogr TT (Ui = Vi)

(32)

Therefore,
Py = T(Uk — Vi) Prpe—1 T" (Ui — Vi) = T(=Vi)GLGLTT (= Vio).

The matrix Vj, needs to be such that Pk| 1 becomes block-diagonal. Hence, considering
block-entry (1,2) of Pk| &, Vi should be such that the following equation holds

_ 0
(33) (U =V, — [1 V|GGl || =o.
Let us introduce the notation
G* I -V Gk
(34) o ET(=Vi)Gr = [ ’“}
G o 1]c
Equation (33) then becomes
DL x p—1 T O-
0= (U — Vk>Pk\k71 — Gy R R.Gj,
(32) _ R 1 = 0
=" (Ux = V)P, — GiR; ! [Ok Sk | Py T (Uy) I
= We—-VP' iR oy s |l
_(k_ k) k\k*l_ k+le k k P“
k|k—1

= (Ux = Vi)P{y_, — GERI'Sk Pl
Therefore,
(35) Vi =Ug — GiRjSk.

We will next obtain expressions for the square-root covariance matrices S’Z‘k and

S’Z‘ x- To this end note that with the orthogonal matrix

T
72 2 -1 oy I ,
-1, T\
equation (21) can be expressed as follows
R, 0 0 Okglflk—l Sk‘gglk—l Ry,
(36) Gy St 0 | =| Sipy U=Vi)Sk,, 0| T®.

G 0 Sy, 0 Stk 0
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Therefore, the matrix S’“ lk could be computed via the following QR-factorization

GE oSt 0 Sklk_l 0 0

Thus, g,‘slk depends also on S’If‘k - As for the matrix S’If‘k an the expression can
be obtained that does not depend on S’k‘ x_1- Moreover this expression will further
reduce the computational load for finding Sk| - To this end, we use equation (36) to
write

(38)

RGRZ Re (Gi)T
GmRT _ﬁk—FGI(GI)T
CkPk|k CF + S,P, k|k 1Sk + R *

Plzclk G+ Uk = Vi) B K|k — Sk P|k L+ (U — Vi) Pl | k— LU = V)T

Therefore,

Py = Py + (Ux = Vi) Pl (U = Vi)" = GE(GR)T
= Plﬁkfl + (Ug — Vk)p]?\kfl(Uk — ) — G%R; (GmRT)

(38)
=" P+ Uk — Vi) Py K|k — LU = Vi)™

zp- T
~GiRMN (P, Ok + (U = Vi) Py, Si)

(35) TR
Plr_1 + GiR < SkP P Uk — Vi)' — GiR 1OkPk\k 1

~GYR;'S, P Bl LUk = V)"
(39) = Plf|k 1 — GiR 1CkPk\k 1°

The last expression, however, still depends on Sk‘ .1 When the matrix (GfR; ') is
computed using the QR-decomposition (36). However, (G{R_') can also be obtained
independent on 5’,’:‘ x—1 Py means of a separate QR-decomposition. Indeed, note that

from equation (38) we obtain

(40) GiR.T = GiR;(RR.)™
= (Plf\k 1013 + (U Vk)Pka 1Sk)
(CuPir Gk + SkPly_, Sk + B!
(3 ) DT :6
=" (Piij—1Ck +GER.'Sp P} P 1 Sk)
(CrPii_1Ck + SkPljy Sk + R~
Therefore,

GiR: M (CuPfy_ Ok + SiP (o \ Sk + RY) = Py Ci + GLR. 'SP P 1Sk
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from where it follows that

“1_ 5 T 5 T 2\—1

GiRe™ = B Cr (Cp P, O + Ry

In other words, if we define the matrices

R. O

Gt

CrSi—r B

(41) °
Sk|k71 0

TW,

it can easily be seen that Gf R = G¥R_'R.RT = P,;k_lc,f and thus

(42) Gi(Re)™ = GiR.!

and that equation (39) follows from (41). Note, that in view of (42) the expression

for the matrix Vj in equation (35) can be rewritten as follows

(43) Vi =Ug — G’iRe_lSk

In this way we have found suitable expressions for the square-root covariance
o QT gh Jr QK ; ;
matrices Sk\kfl’ Sk|k71= S’k‘k, S’k‘k, and the transformation matrices Uy and V.. What
remains is to obtain expressions for the state estimates Tyx_1, figjk—1, Tr|k> brjx- We

begin with the bias estimates:

_ (18) (A By | [1 Vi Tp_1|k—1
Brlk—1 = {0 I} B
0 I 0 I Poe—1]k—1
(44) = Hg—1jk—1
19 Tyl _ Tyl
a2 o 1] |7 o 1] GerSt - o s [T 1])
| Hk|k—1 HElk—1
(374) — ©—1 _ —
(45) =" figje—1 + G R (Yr — CrZrpp—1 — Skflrik—1)-
Similarly, the bias-free estimates can be obtained as follows
Ap_1 By_ I Vi_ Th—1|k—
a1 (18) [I —Uk} k—1 Br—1 k—1 J_Ck 1k—1
0 I 0 I Pok—1]k—1
I Vi_ Th1(k—
= [Akq kal—Uk} o Q,Ck Hkt
0 I Bk—1)k—1
(46) = Ak 1Zp_1je—1 + (Uk — Up) fip—1jp—1-
19 Th|fo— Th|fe—
w21 U -] [T 4 GRS e - [ s [T 1])
Hk|k—1 Hk|k—1

35
@ Trh—1 + GrBR. (Yr — Crlpjp—1)

42 = =_ _
(47) =l Tiik—1 + Ge R (Y — CrTrpp—1)-
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Thus, we have derived two separate SRCKFE’s: a bias filter governed by equations
(44), (45), (37), (27), and a bias-free filter given by equations (46), (47), (41), (30).
These two filters are summarized in Algorithm 2 and Algorithm 3.

Algorithm 2 (Bias SRCKF).
Inpu’t: Given Ck7 Dk; QZ7 Rk; glﬁkfl’ g}f“gfl; Uk7 jk\k*l; ﬂk\k717 and
new measurement data Yy :

Define
(48) Sr = CxUi + Dy.

Measurement update:
1. Using the QR-decomposition find orthogonal matriz T®) and matrices
R and GY such

(49) Re _0 0‘| _ [Sksglk_l Okglflk_l Rk T(B)
GY S,‘:lk 0 S,‘:lkil 0 0
2. Compute
(50) Bk = Brje—1 + GZRgl(yk — CrZpp—1 — Skhigk—1)-

Time update:
3. Using the QR-decomposition find orthogonal matriz Tﬁl) and the square-

root covariance matrizc Sl’j 1k such that

(51) {515+1|k O} - [SZLW Qﬂ TP(LI)
4. Compute
(52) Ptk = Bkolk-

Output: g1k, Spyyjps Sk-
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Algorithm 3 (Bias-Free SRCKF).
Input: Given Ay, By, O, Qf, Q. Qpy Rio Siyyps Sip—1s Ske Uk,
Tg|k—1, Bk, and new measurement data yi, compute:
Measurement update:

1. Using the QR-decomposition find orthogonal matriz T and matrices
Re and GY such

(53) J_%z _g - O’if’f\’f—l Bl ),
Gy St Sklk—1 0
Define

(54) Vi =U — G‘ﬁR;lSk
(55) Up+1 = AxVi + By,
(56) Usr = Tir + (Q2(QNT — Tra (@) (521 0)")

2. Compute
(57) Tk = Tglk—1 + GER; My — CrTpp—1)-

Time update:
3. Using the QR-decomposition find orthogonal matriz Tél) and the square-

root covariance matrizc SZ 1k such that

My = (QF)” + (QiF)* — i“(QZ)TUkTH

(58) +Ur 1 (Una (QF)? — Q@)
oz . ax 1/2
(59)  [Spap 0 = [AkSpu, MI?]TO.
4. Compute
(60) Tit1)k = AkZipk + (U1 — Ug1) Bk -

OUtPUt: jk-ﬁ-l\k: S]?J,_l‘k; Uk+1-

Although not needed to run the two SRCKF’s, the original (augmented) state-
estimates and square-root covariance matrices can be restored by means of the inverse
transformations (12), (13), (14), (15):

A _ Vi
(61) %k\k _ | Tlk 4_— kK|
Hok|k Hok|k




TWO-STAGE KALMAN FILTERING VIA STRUCTURED SQUARE-ROOT 157

(62) Trralk | _ |Thtrlk + Ukrfiea)k
Fre1)k Ple+1k
Sz VS
(63) Sulk = [ Kk T REL T
0 Sglk
Sz U155t
(64) Skr1k = l kgllk g R T
k+1]k

Note that since the matrices Ty, and T} ) are unitary, the matrices Sy xTyr

and Sy 1)k Tk+1)x are also square-root covariance matrices.

4. Structured SRCKF. In this section we will discuss another implementation
of the augmented-state SRCKF by making use of the structure (the sparseness of the
matrices). This new algorithm, called here the Structured SRCKF, does not separate
the bias estimation from the state estimation; it is based on the SRCKF applied to
the whole augmented system. It will be shown later on, that this Structured SRCKF
requires less flops per iteration that the TS-SRCKF, discussed above.

Consider the SRCKF, summarized in Algorithm 1. Clearly, most of the com-
putational effort of the algorithm is concentrated in the two QR decompositions in
equations (4) and (6). It has been shown in [27] that the square-root covariance

implementation can equivalently rewritten in a combined time/measurement update

(65) CrSkjp—1 —Re 0 /Ry 0 0
ApSki—1 0 —=Qi| " |Gk Skpap 0
(66) Xipape = ArXpo1 + Gr(RE) ™ (yr — CuXppp1).

Since the matrix Sy is lower triangular at each iteration, in order to keep the trian-
gular structure also in the matrix Ay Sk|k—1 we make A lower triangular by rewriting

the augmented system (3) as follows

k41| I 0| |pk QL 0
- + T T Vk
(67) Th+1 B Ap| |z v @
Yk = [Dk Ck} HEL 4 Ryp&x.
),

Assume, without loss of generality, that the matrices Qf and Q7 are lower trian-

gular. Applying (65) to the new system (67) results in the matrix

S 0
[De a] | e Ry 0
M= Skik—1 Sklp-1
ool [st o 1 [QZ 0]
B Ay Slfﬁc—l Slf|k—1 Ry QF




158 STOYAN KANEV AND MICHEL VERHAEGEN

that needs to be made lower triangular. To save computations we will now make use

of the structure of the matrix M. We can write

DSy +CuSihy CrSipy —Bx 0 0 0
M = Stk 0 0 -QF 0 0
Bksgm—l + Aks/fﬁc—l Aks/fm—l 0 -y —Qf 0

Now, compute the following QR factorization

(68) CoSie—r —RBe 0 T — R, 0 0 '
AeSi 0 —QF Gy S 0
Then
Dkslﬁk—l + CkSZ“fC_l Ry, 0 0
M ~ S’]’:‘k_l 0 -QF 0
BkSglk_l + AkS,fﬁc_l GL -@" 5!
Next, compute the QR factorization making only the top two block rows lower trian-
gular
DkS’,‘:‘kf1 + CkSZ\lchfl R;, 0 R, 0 0
(69) Sg\kq 0 -Qp|Ta= |Gy Sg+1|k 0
| BeSE s + AkSif_, L -] R
Finally, compute
(70) s 8|7 =[St 0]

In this way we obtain

Ry, 0
M~ Gy Sg+l\k 0 ’
G SZﬁl\k Skae 0

and then Xk+1|k can be computed from equation (66).

5. Computational Aspects. In this section we make a comparison between
the number of flops (elementary additions and multiplications) per time instant for
for the following implementations of the augmented-state Kalman filter:

e the conventional augmented-state Kalman filter (AKF), see e.g. [12].

e the structured augmented-state Kalman filter (Structured AKF), see [20],
which is basically the conventional AKF where use is made of the structure
of the matrix Ay, (3),

e Hsieh’s two-stage Kalman filter (TS-AKF) [12].
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e the square-root covariance implementation of the augmented Kalman filter
(SRCKF), as summarized in Algorithm 1.

e the square-root two-stage Kalman filter (TS-SRCKF), proposed in Algo-
rithms 2-3.

e the structured square-root covariance Kalman filter (Structured SRCKF),

proposed in Section 4.
In computing the number of flops we use the following algorithms:

QR decomposition The Householder algorithm [3, p.59] is used for computing a
QR decomposition (see Algorithm 4).

Algorithm 4 (Householder QR decomposition).
For a matriz A € R™*™ do
for k=1:min(m,n)-1
[uk,gk,shk] = house(A(k,k:n)’);
A(k,k:n) = [shk, zeros(1l,n-k)];
for j=k+1:m
bjk=uk’*A(j,k:n)’/gk;
A(j,k:n) = (A(j,k:n)’ - bjk*uk)’;
end;
end;
RETURN A.
where the function HOUSE is defined as
function [u,g,sh] = house(a);
s=sqrt(a’*a);
sh=-sign(a(1))*s;
u=a; u(1)=a(1)-sh;
g=s*(s+abs(a(1)));

Using the Householder algorithm for performing a QR decomposition to make

the first m rows of a matrix A € RU"0X" (1 < n) lower-triangular, requires

m m—+t
for(m,t,n) = Z <2(n— k+3)+ Z din —k + 1))
k=1 i=k+1
= m(2n—m+5)

+2m (—gm? + (n—t+1)m+ 2n+ 1)t —n— 2)

flops.
The most significant reduction of the computational effort of the new algo-
rithms is achieved by means of making use of the sparseness of the matrices

during the QR decomposition.
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For a (partially) trapezoidal matrix M € R(m+t)xn

with m < n with the last r diagonals above the r
——
main diagonal equal to zero one can exploit the struc- N 0
AN
ture and compute the QR factorization in less flops, m ", . \\
namely R _l:'__l;,_:
fSQR(mutanur) = fQR(mutan) - fQR(rutan) t{
+2r(n—r)(2m 42t — 1) n
+4r.

Algorithm 5 is a modification of Algorithm 4 and computes the QR decom-

position utilizing the trapezoidal structure of the matrix.

Algorithm 5 (Sparse Householder QR decomposition).
For a partially trapezoidal matriz A € RUMHX1 with (m < n) with
zeros above the (n — r)-th diagonal do
for k=1:m
[uk,gk,shk] = house(A(k,k:min(n,k+L))’);
A(k,k:n) = [shk, zeros(1l,n-k)];
for j=k+1l:m+t
aj=A(j,k:min(n,k+L))’;
bjk=uk’*aj/gk;
A(j,k:min(n,k+L)) = (aj - bjk*uk)’;
end;
end;
RETURN A.

Inverse For finding the inverse of a square matrix A € R”*™ an algorithm based on
Gauss elimination and backward substitution is used. This algorithm looks for
a matrix M such that AM = I. For the i-th column of M we have Am; = ¢;
where e; = [01x(i—1), 1,01X(n_i)]T. Applying Gaussian elimination to the
matrix [A ;] one gets [A, &) where A is an upper-triangular matrix. Using
subsequently backward substitution one obtains the elements of the vector
m;, which is such that Am; = e; holds. The same applies for all columns of
M. Obviously, it is not necessary to perform the same Gaussian elimination
on A for all vectors m;, one just needs to do this one time and apply the

transformation on the elements of the identity matrix (see Algorithm 6).
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Algorithm 6 (Gaussian Elimination).
For a nonsingular matriz A € R™*™ and matriz B € R"*™ do
for k=1:n-1
for i=k+1:n
1lik=A(i,k)/A(k,k);
for j=k+1:n
A(i,k)=0;
A(i,j)=A(i,j)-1ik*A(k,j);
end;
B(i,:)=B(i,:)-1ik*B(k,:);
end;
end;
RETURN A and B.

Algorithm 7 (Backward Substitution).
For a nonsingular, upper-triangular matrix A € R™*"™ and matriz
B e R™™ do
for k=n:-1:1
Ainv(k,:) = B(k,:);
for j=k+1:n
Ainv(k,:) = Ainv(k,:) - A(k,j)*Ainv(j,:);
end;
Ainv(k,:) = Ainv(k,:) / A(k,k);
end;
RETURN Ainv.

161

The total number of flops ( f¢g) required for performing Gaussian Elimination

is equal to
n—1 n n
fa() = > > 11+ > 2] +2n
k=1 i=1 j=k+1
1
= gn(n—l)(l()n—i—l).

The backward substitution (Algorithm 7), on its turn, requires additionally

fes(n) =" 2n(n— k) +n=n’

k=1

flops. Therefore, the inverse of a full n-by-n matrix A costs

1
finv(n) = 6n(16n2 +9n—1)
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flops.
Since in the square-root covariance implementation of the Kalman filter we
need only to invert triangular matrices, the first step in this algorithm (the
Gaussian elimination) is not needed. To invert a triangular matrix only back-
ward substitution is applied.

Square root The square root S of a matrix P € R™*" is obtained using the Cholesky
factorization [3, p.46], see Algorithm 8 that requires

(2@'- 1)+1+
nn+1)(2n+1)

—1

3

fen(n) =

WE

20i—1) + 1)

>
Il

1

| >—~‘ﬁ

flops.

Algorithm 8 (Cholesky Factorization).
For a nonsingular matriz A € R™*™ do
R=0;
for i=1:n,
R(i,i) = 1/(A(i,1)-R(1:i-1,1i)’*R(1:i-1,1));
for j=i+l:n
R(i,j) = (A(i,j)-R(1:i-1,i)’*R(1:i-1,3j))/R(i,1);
end;
end;
RETURN R.

Multiplication The triangular structure of S K1)k is utilized when computing Uy 1,
namely that first the inverse, say Syyy of S* 1]k is computed (which is also
a triangular matrix) and next the product SINVSINV is formed. Due to the

triangular structure of Syyy this product can be computed in

l l
fssr() =) (20— 1) (2l+1)(l+1)

=1 j=1

flops. Similarly, the product between a full k-by-p matrix and a lower (upper)

diagonal p-by-p matrix can be computed in
P
far.(k,p) = Z (p—j) = 2kp* — kp(p + 1)

flops. On the other hand, the multiplication of two full matrices A € R"*P
and B € RP*™ requires
M(n,p,m) =nm(2p—1)

flops.
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Addition The flops required for adding two n-by-p matrices is obviously

A(n,p) = np.

Tables 1, 2 and 3 summarize the number of flops needed by the SRCKF, TS-
SRCKF and Structured SRCKF algorithm, respectively, for performing one complete
iteration, respectively. The number of flops required by the the other three compared
algorithms (i.e. AKF, TS-AKF, and Structured AKF), have also been calculated,
although not summarized here to avoid unnecessary details. Only the total number
of flops, the number of additions and multiplications together, are compared.

TABLE 1
Number of flops needed by the SRCKF for completing one iteration.

H operation ‘ equation ‘ flops H
Form C’kSkw,l - Mp,n+1l,n+1)
QR factorization (4) for(m+1+p,0,n+1+p)
R - IBs(p)
GrR;* - M(n+1,p,p)
innovation - Alp, 1)+ M(p,n+1,1)
Ak Syk - Mmn+in+l,n+1)
QR factorization (6) for(n+1,0,2(n+1))
Xk (5) An+1L1)+Mn+1,p,1)
Xit1lk (7) Mmn+1l,n+1,1)

Table 4 summarizes the number of fops per time instant for the six compared
Kalman filter implementations, computed for two different system dimensions (n, p,1).
The percentages given between brackets represent the relative improvement with re-
spect to the conventional AKF. Figure 1 depicts this relative reduction as a function
of [ and p for a fixed system order n = 15. Clearly, the algorithm that requires the
least number of flops is the Structured SRCKF method, followed by the Structured
AKF. The slowest algorithm, which is actually computationally more involved than
the conventional AKF itself, is the SRCKF. The two-stage implementations, T'S-AKF
and TS-SRCKF, lie in between having approximately the same computational com-
plexity (the TS-SRCKF needing less flops than TS-AKF only when [ > p, i.e. when
the dimension of the bias vector is larger than that of the number of measurements).
It therefore become clear, that by simply exploiting the structure of the AKF and its
square-root implementation (i.e. using the Structured SRCKF and Structured AKF)
one can save much more computations than using the two-stage implementations
(TS-SRCKF and TS-AKF).

Finally, we would like to discuss on the discussions that can be found in some other

works. In particular, the results presented in this section confirm those previously
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TABLE 2
Number of flops needed by the TS-SRCKF for completing one iteration.

H operation ‘ equation ‘ flops H
(@)% Qe (@p)"
(Q)2, (Q)? - M(n,n,n)+ M(1,1,1)+ M(n,l,n+1)
Sk (48) M(p,n, 1)+ A(p,1)
{CkSy 15 SkSk_ 1} - far.(p;n) + far.(p,1)
str. QR decomposition (49) fsorp+1,0,p+1+n,p—1)
str. QR decomposition (53) fsor(n+p,0,n+p,p—1)
{RY R - 2/5s(p)
{GLR " GiR '}, - fer. (,p) + far. (n,p)
Vi (54) A(n, 1) + M(n,p,l)
Ury1 (55) A(n, 1) + M(n,n,l)
(Spap) ™ - fes(l)
Sk o) S ™" - fss:(1)
Ugt1 (56) 2A(n, 1) + 2M(n,1,1)
er = Yk — CrTrjr—1 - A(p,1) + M(p,n,1)
e = €f — Skilkjk—1 - A(p,1) + M(p,1, 1)
Tk (57) A(n,1) + M(n,p,1)
Poke|k (50) A(l,1) + M(l,p, 1)
{Zri 1)y Aryajr )t (60),(52) M(n,n,1) +2A(n,1) + M(n,1,1)
Akgg‘k - far.(n,n)
M, (58) 3A(n,n) +2M(n,l,n)
M; " - fen(n)
QR decomposition (59) for(n,0,2n)
QR decomposition (51) for(1,0,20)
Computation of the original state and SRC
{% x|k frgr (61) A(n,1) + M(n,l,1)
{Z et g1} (62) A(n,1) + M(n,l,1)
Skl (63) fer.(n,1)
Skt (64) far. (n,1)

summarized in [12] and [20], although both papers contain some small errors in the
expressions of the number of flops. Still, similarly to what is stated in [12], the example
here shows that the TS-AKF requires less flops than the conventional AKF, while the
Structured AKF is even faster than the TS-AKF, as argued in [20].

6. Parallel Implementation of the TS-SRCKF. Apart from the reduced
computational demand required by the TS-SRCKF, it is also very suitable for parallel
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TABLE 3
Number of flops needed by the Structured SRCKF for completing one iteration.

H operation equation ‘ flops H
Dksg‘k71 - fGRe (pvl)
Ck SZ(;C—I Si\k,l - M(pvnal)+fGRe(p7n)
BkSg‘k% - fGRe (Tl,l)
Ay, Slf{ltc—l Slf|kfl - M(n,n,l) + fer,(n,n)
{AxZrip—1, Brfikjk—1} - M(n,n,1) + M(n,l,1)
R! - fBs(p)
GrR.! - far.(n+1,p)
innovation - Alp, 1)+ M(p,n+1,1)
Xivilk (66) A(n+1,1)+M(n+1,p,1)
str. QR factorization (68) fsor(@+n,0,p+2n,p+n—1)
str. QR factorization (69) fsor(p+lLn,p+2l,1+p—1)
str. QR factorization (70) fsor(n,0,n+1,n—1)

TABLE 4

Number of flops needed by the compared methods for completing one iteration.

Algorithm flops per iteration
n=5p=51=5|n=15 p=51=10

Covariance implementation

AKF 10,845 119,820
Structured AKF 7,010 ( | 35.4% ) 66,320 ( | 44.7% )
TS-AKF 10,230 ( | 5.7% ) 101,420 ( | 15.4% )
Square-Root Covariance implementation
SRCKF 12,065 ( 7 11.2% ) 129,535 ( 1 8.1% )
TS-SRCKF 10,387 ( | 4.2%) 93,347 ( | 22.1% )
Structured SRCKF | 6,393 ( | 41.1% ) 50,493 ( | 57.9% )

implementation due to its decoupled structure. Table 5 illustrates how the TS-SRCKF
can be implemented on two processors, where only at two instances data needs to be
transferred from the processor implementing the bias-filter (left) to the processor that

implements the bias-free filter (right). These two instances are the computation of the

"

matrix Ug41 in equation (56), where the matrix §k+1|

i is needed, and the computation

of Zy41); in (60), where fiy);, is necessary.

7. Conclusions. In this paper a two-stage implementation is developed for the

augmented-state square-root covariance Kalman filter (TS-SRCKF) in the spirit of
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100 - | HIM Structured SRCKF
I Structured AKF |+
804 |[_JTS-SRCKF
I TS-AKF
{[_JSRCKF

reduction [%]

l 15 15 D

Fic. 1. Comparison between the Structured SRCKF, Structured AKF, TS-SRCKF, TS-AKF
and SRCKF as a function of p and l for a system with n = 15 states.

TABLE 5
Parallel implementation of the Two-Stage SRCKF. The two dashed lines indicate that infor-
mation needs to be exchanged (or data meeds to be shared)

(48) Sk o o (Re,G{ Sy (53)
(49) (Re, Gy, Spp) @ o (Vi.Urs1) (54),(55)
(51) Sffyy  @mmmmmmmmmmmm oo o Ui (56)
(50) ks & o Ty (57)
(52) firsre o B Tt )r (60)

o Sii (58)

[12]. The performance of the new TS-SRCKF is exactly the same as that of the
standard square-root covariance Kalman filter (SRCKF), i.e. both provide the MMSE
error state estimate. However, the computational effort of the former, measured by
the number of flops for one iteration, is usually much less than that of the SRCKF,
even for problems of small size. Furthermore, it has been experimentally established
that for some applications the new TS-SRCKF can require even less flops than the
Hsiah’s two-stage Kalman filter (TS-AKF).

Furthermore, similarly to what is claimed in [20], it has been experimentally
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demonstrated that the Structured AKF implementation, that basically makes use of
the fact that the A-matrix of the augmented system has certain structure, requires
even less flops than the two-stage implementations. And last, a new and faster im-
plementation than all those mentioned above has also been derived in the paper. It
is referred to as the Structured SRCKF as it is based on the SRCKF but makes use
of the sparsity (structure) of the matrices.
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