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1. Introduction

Consider the following formal optimization problem. Let {{;} denote a
sequence of random vectors, and define the sequence (1.1) of » dimensional
vectors {X;,s =0, -, k}, X; = {X}, -+, X7}, where k is a fixed integer and
u; is a control, which is an element of an abstract set U,:

(1.1) Xiv1 = Xi + filXp, u, &)
The object is to find the {u;} which minimizes
k-1
EXk = Z flo(Xn Uy, 61‘)’
i=0

X0y = XD + f2(Xiw, &), X? fixed,

1.2)

subject to certain constraints. Sometimes it is convenient to augment the vector
X; by adding X?, the “cost” component. Then, we write *X; = (X?, X,),
._fi = (fi,fio) and

(1.1) Xiv1 = X + filXi, w, &)

The constraints are

(1.3) ro(Xo) = E7o(X,) = 0, q0(Xo) = EGo(Xy, EX,) =0,

q:(Xy) = Eq;(X;, EX;) £ 0, t=1,",k,

(1.4) re(Xs) = EF(X,, EX,) = 0,

where 7, §,, 7, and §; are vector valued functions. The g, is allowed to depend
on X in order to fix or limit X3 in some way. That is, some component of §o(X )
may be §3(Xo) = —X3 < 0.
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The constraints £§;(X;, EX;) < 0 of (1.4) can be used to model or approxi-
mate a variety of constraints. For example, we can approximate the constraint
X, € A with probability 1 by letting g, be the expectation of a suitably smooth
approximation to the indicator of A. The constraint P{X, 6 ¢ A, some n =
1,--+, k} < ¢ can be modelled letting §(-) denote a suitably smooth approxi-
mation to the indicator of 4 and admitting the constraint g(X,, - -, X;) =
E max, s,>; §(X,) 21 — ¢&. Note that g may have a “convex differential,”
although not necessarily a linear differential. See the comment after Theorem 3.1.

Necessary conditions for optimality in the form of Kuhn-Tucker conditions
or Lagrange multiplier rules are well developed for very general deterministic
discrete and continuous parameter problems [4], [11], and much of the recent
work depends heavily on abstractions of the well-known geometric methods of
nonlinear programming. In this paper, we apply some of the recent develop-
ments in abstract programming to obtain necessary conditions for (local)
optimality for several discrete parameter optimization problems. The results
are only typical of the possibilities and do not exhaust them. Hopefully, the
results will suggest useful computational procedures, although our investigations
along these lines are only beginning.

In [8] and [9], the author derived some necessary conditions for optimality
for a class of continuous parameter stochastic problems, and in [10] for a dis-
crete problem. The results in [8] and [9] are true ‘“maximum principles” or
“minimum principles” in the sense used in control theory, while the result in
[5]is a necessary condition for a stationary point. Subsequent work was reported
in [1], [2], [3]. [6], [12], [13]- The development in [3], for an essentially linear
problem (f; linear) with a convex cost, and where the u; are real numbers, seems
to be the only work in which programming ideas are explicitly used. However,
the programming approach gives better results with reasonable effort. Indeed,
by properly identifying quantities in the abstract work [11] with quantities in
the stochastic problems, we obtain and extend most previous discrete parameter
results. Continuous parameter results will be reported elsewhere.

Section 2 cites the basic results from [11], which will be heavily used in the
sequel. Sections 3 to 5 deal with the discrete parameter problem. In Section 2,
the u; are measurable with respect to given o-algebras &;; in Section 3, the u;
are allowed to depend explicitly on the states, X;, and so forth ; and in Section 5
a maximum principle is derived, analogous to the deterministic discrete para-
meter maximum principle [4].

2. Mathematical background

This section describes a somewhat weakened version of a result of Neustadt
[11], on an abstract variational problem which underlies the development of
the sequel. Let J be a Banach space which contains the sets B and . The
structures introduced next are abstract counterparts of these used in nonlinear
programming in Euclidean space. The terminology is slightly changed from that
of [11].
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DeFiNITION 2.1. Let Z be a convex cone with vertex {0} in 7. If p is an
arbitrary ray of Z, let there be a cone Z, with a nonempty interior and vertex {0}
and p internal to Z,, and also a neighborhood N, of {0}, such that Z," N, < B.
Then Z is an internal cone to B at {0}.

DeriniTION 2.2.  Let P* denote the set {f: p; =2 0, 2] f; < 1}. Let K be a
convex set in I which contains {0} and some point other than {0}. Let w, - - -, w,
be in K and let N be an arbitrary neighborhood of {0}. Let there exist an g, > 0
(depending on v, w,, - -, w,, and N) so that, for each & in (0, &, |, there is a con-
tinuous map {,(B) from P* to T with the property

(2.1) LB < {s( Y. Baw; + N)} nQ.
i=1
Then K is a first order convex approximation to ).

2.1. A basic optimization problem. Let J contain the set @'. Find the
element % in Q' which minimizes @, (w) subject to the constraints ¢;(w) = 0,
=1, ,me_;(w) £0,i=1,---,t We say that & is a local solution to
the optimization problem (or, more loosely, the optimal solution) if, for some
neighborhood N of {0}, ¢, (w) = @ (@) for all w in & + N which satisfy the
constraints. Let & denote the optimal solution. The constraints ¢ _; for which
¢_;=@_;jw)=0fori =1,---,tare called the active constraints. Define the
set of indices J = {i: _;(@) = 0,1 > 0}u {0}.

2.2. The basic necessary condition for optimality. First we collect some
assumptions.

AssumprioN 2.1. The @;(w), 1 = 1, are continuous at W and have Fréchet
deriwvatives ¢; at w, and £y, - - -, £, are continuous and linearly independent.

Thus, [¢;(® + ew) — @;(®)]/e — £;(w) = 0 uniformly for w in any bounded
neighborhood of 7.

AssumprioN 2.2. There is a neighborhood N of {0} in T so that, for all
inactive constraints, we still have @ _;(& + w) < 0 for we N.

AssumpTioN 2.3. Let the active constraints and also @, be continuous at .
Let 4

Qi + ew) — @_;(W)

(2.2) - - ¢(w)

for all w in T, and uniformly for w in any bounded neighborhood of {0}, where
¢;(w) is a continuous and convex functional. There is some w and j € J for which
cj(w) > 0. There is a w for which c;j(w) < 0 forall jeJ.

A case of particular importance is where the ¢;(w) are linear. Then we sub-
stitute the stronger Assumption 2.3".

AssumpTrioN 2.3'. Let the active constraints and also @, be continuous at W
and have Fréchet derivatives c; at % (corresponding to @ _;) which are continuous,
and suppose that there is a w e I for which c;(w) < O for all i e J.

We now have a particular case of Neustadt [11], Theorem 4.2. The local
solution here is called a totally regular local solution in [11].
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THEOREM 2.1. Let Assumptions 2.1 to 2.3 hold. Let % be a local solution to
the optimization problem. Then there exist ay, - -, 0, Ao, A_y, " **, &_, not all
zero with a_, < 0 fori = 0, so that

(2.3) Y afi(w) + ) a_ic(w) £ 0
i=1 ieJ
for all w in K, where K is a first order convex approximation to Q' — b = Q,
and K is the closure of K in 7.
OBSERVATION. Let ¢;(-) = 0,4 > 0. If there is a w € K for which ¢;(w) < 0
for all active j, then ay < 0, and we can set &y = —1.
Define

B = {w:@_i(# + w) < ¢_;(#),ieJ}u {0},

(24) = {w (D +w)=0,i=1--, m}

Then Theorem 2.1 is essentially a consequence of the result (see [11]) that the
intersection of 7 and any internal cone to B can be separated from K N by a
continuous linear functional.

3. The stochastic variational formula when the controls are measurable over fixed
o-algebras

In the first part of this section, a stochastic optimization problem will be
treated in a fairly general way. We introduce only those assumptions which are
required to apply Theorem 2.1. Then, more specific conditions which guarantee
some of these assumptions are introduced.

3.1. A stochastic optimization problem. Definitions and assumptions. Let
Eo, "+, &, -+ - be a sequence of random variables, where £, - - - , £; are measur-
able on the o-algebra #(&,, - - -, &), and define the random sequence {X;} by
(1.1"). The measures on the B(&,, - -+, &;) do not depend on the selected control
sequence ; the £; are of the nature of “‘exogenousinputs.” We seek the X,, -+ -, X,
%o, *** , Uy, Which minimizes (1.2) subject to the constraints (1.3) and (1.4).

3.2. The admissible controls. For a vector Y with components Y' write
|Y| = =,|Y| and Y], = Z; E'4|Y’|% Denote L,(%) the Banach space of #
measurable random functions Y with norm ||¥Y ITq. Let L,(%®) be the Banach
space of n + 1 dimensional vectors X; = (X?, X;) with norm | X,||, = E|X?| +
| Xi]l,- For a random matrix M = {M,;}, define | M|, = Z; ;| M;l|,. Suppose
that iﬁ,} and %, are a sequence of given g-algebras, and U, a sequence of convex
sets. The #,, %, and the measures on them do not depend on the chosen controls.
In this section the admissible control set, denoted by U,, are the random variables
in Lp,(.@i)which take valuesin U, forgiven p’ = 1. Then the X;are measurable over
B,, where B, = B,_, 0 #,_, v B(;_,) and X, is a random variable measurable
over the given o-algebra %,. The set of admissible controls covers at least the
three cases:
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(i) the u; depend explicitly on some function of the &y, -+, &;_;

(ii) the u; depend explicitly on noise corrupted observations of the
Eo, ", &_1, where the corrupting noise does not depend on the selected
control sequence;

(iii) a randomized version of (i) and (ii).

It is well known from linear programming on Markov chains that a ran-
domized control may give a smaller cost in a constrained stochastic optimization
problem, than a nonrandomized control. Our controls can be randomized by a
suitable choice of 4%,. Let ¥y, vy, -, v, denote a sequence of independent
random variables, which are also independent of the {&,} sequence and each of
which has, say, a uniform distribution on [0, 1]. (We suppose that the under-
lying probability space is big enough to carry these random variables.) Suppose
that the data field 4, = #(&,, - - , &_,) is available to the controller at time i.
(That is, %, measures the information upon which the control depends.)
Randomization is achieved by letting & = #,U B(v;) and B, = B(9,). To
determine the actual control value u;(w), we need to draw a value of v; at random.

3.3. Assumptions and notation. Notation will frequently be abused by using
the same term for a function and for its values. Let u; € U,. Let IC; denote the
pointwise internal cone to U; — i, at {0} ; that is, IC; is a convex cone of random
variables in L, (.97,-) with the property that, if éuf € IC;, fors = 1, -- -, v, then

(3.1) @ +¢ ) BouleU forallwfor f; =2 0,) B, < 1and 0 £ ¢ < g,
= s

s=1

where ¢, > 0 may depend on the duf. Also, duf € Lp,(.ﬂ).
Let 6u® = (dujy, -+ ,0uj_,)elIC, =ICy x -+ x IC,_,. Write

OESW TR R WEL

(3-2) 6X5y1 = 0X; +[fi. 0Xi + fiu- 0us,
0X,(B) = ). B,oX:.

We have
(3.3) Xie1(B) = Xi(B) + filXu(B), d; + edui(B), &)

Let ry , denote the matrix dry(x)/0x and 7, , denote ry , evaluated at Z,. Let
g; . denote 0g;(x, e)/0e, i > 0, the derivatives with respect to the second vector
argument of G;(-, - ). We also use §; , = §; (X;, EX;) and g, , = 8go(x)/0x. Also

of(x, u, &) of(x, u, &)
B4)  fix=—7p— fix= f—a&;—

X

-

and ¢; = ¢;(X;).
Fix dufelIC;foralli =0,---,k —lands=1,---,7
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AssumpTiON 3.1. Assume u; € U;, and for any sequence u; € U,, and any X,
satisfying the comstraints, assume that the X; given by (1.1') are in L,(%;) for
given p 21 and ¢ =0, -, k. The 6X; given by (3.14) are in L, (%) for any
ou; € IC,.

AssumpTION 3.2. The IC; contain at least one point other than the origin.

AssuMPTION 3.3. For gy = ¢ > 0, where &, > 0 depends on the oui, suppose
that the X;(B) given by (3.3) are continuous in B in L,(%;), and that

(3.5) 1X:8) — Xi — e6X,(B)|, = ole)

uniformly in B = (By, "+, Bm), for Bs 2 0, Z, B, = 1.
AssumPTION 3.4. For a real number K,
E|g:(X))| = K,(1 + E|X,|"), i=1,k
(3.6) Elr(X)| < K\(1 + E|X,J?).

AssumPTION 3.5. Let G, Gio» 7i,x, and 7;, exist and be continuous, and
Iiells < o0, dixll pyp-1) < ©- Let N; denote an arbitrary bounded neighborhood
of {0} in . Then all the following tend to zero as ¢ — 0, uniformly for v; in N;
(and also for 7, ., 7; . replacing §; ., and §; ,, respectively),
1G:,. (X + evi, EX; + eBv)) — G o(Xi, EX)|1,
llqi,x(xi + ev;, EX; + eBv)) — Qi,x(Xi’ Exi)llp/(p—l)'

AssuMPTION 3.6. Define the linear maps R,, B, (from yo € L,(%,) and
Yx € L,(%,) to the appropriate Euclidean space), and suppose that the components
are linearly independent for each i. Then
(3-8) Ry = B[y + #1..By]-

AssuMPTION 3.7. For the inactive constraints qi, suppose that there is a
neighborhood N; of the origin in L,(%;) for i > 0 and in L,(%,) for i = 0, for
which ¢i(X; + y;) <O, abXo + Yo) <O, for y;e N;, i > 0, yo € No. Suppose
that there is an X; in L,(%,), 1 > 0, and X, € L,(%,) so that

E[¢i.-X; + §..EX;]) <0  for all active ¢,

E[G) - Xo + Go,.EXo] <0  for all active ql.

(3.7)

(3.9)
AssumpTioN 3.8. Assume that f2,, fP, are continuous in x and u and

12 sio-1y < 00 and | fullpspr—1) < 0. For areal Ky,

(3.10) IFOXi ui, &) £ Ki(1 + | X7 + u]?)

and

I £2:(X: + evi iy + €6ui(B)) = F%l pip-1) = O,

[f2u(Xi + evs, s + edu;(B)) — Sl v -1 = 0,

as ¢ — 0, uniformly for v; in N; and in B, fori =0,---, k — 1.

(3.11)
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3.4. Identification with the definition in Section 2. Define J to be the space
in which X, -, X, lie, namely, = L,(%,) X -+ x L,(%,), and let @'
denote the set of all sequences in 9 which are solution to (1.1') for the class of
allowed controls and initial conditions.

Assumption 3.8 implies that (3.5) can be replaced by

(3.12) 1X:(8) — X; — e8X:(B), = o(e),

since, by (3.5), we can show that

(3.13)  E|f2(Xi(B), i + edu;(B), &) — f2(Xi,thi, &) — &f %% 0Xi(B) — f % 6ui(B)]
_S_ 8Elfi(,)x(X. + ee,ﬁ(Xi(ﬂ) - Xi)’ di + 862,ﬂ6ui(ﬁ)’ éz) - :?xl"éXl(ﬁ”
+ Slfi?u(Xi + 0, 4(Xi(B) - Xi)’ i; + &0, 50u;(B), &) — f;ou| |6u;(B)|,

where 0, 4 is a random variable in [0, 1], and we can complete the assertion
by using Hoélder’s inequality. Then it is straightforward to verify that the set
K € 7 (given by (3.2) or (3.14)) of all vectors 6X,, - - - , X, corresponding to
ou; eIC;, 6X,€ B,, is a first order convex approximation to Q = Q' —
{Xo, -, X} = 7. One can write

60Xy, = 0X; +.f‘i,552(i +_f;,u5ui:

6X, = Y F(j, i) f;—1,.0u-, + F(0,i)8X,,

(3.14) i=1
FG,i) = (I + fimr0) - T + fi0), i<i,
FG, i) = 1.
0 | f?xl, ’f';?x"
(3.15) fix = 0 i
. fi,x
0
Identify the components of ry and r, with P ,and @_;, ¢ > 0, with the

components of the g;, i = 0. Also ¢, = EXJ. The R of Assumption 3.6 is the
Fréchet derivative of the vector valued map r;(X;). The following @;, i = 0,

Qi y = ElGix vy + 4i.Eyi]

3.16 A . 4

( ) Qo Yo = E[Qi,;'?_/o + qO,gE:l_/O]

are the Fréchet derivatives of the vector valued maps g; at X;. Thus, Assumption
2.1 is implied by Assumptions 3.4, 3.5, and 3.6. Assumption 3.7 implies
Assumptions 2.2, and 2.3’ is implied by 3.1 and 3.4 through 3.8.
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That ¢, is a Fréchet derivative can be seen from the following brief calculation.
Let N; denote an arbitrary bounded neighborhood of {0} in L,(%,). There are
random variables 0 € [0, 1] (depending on &, v;) so that, for i > 0,

(3.17) e = ¢ YEG(X; + ev;, EX; + eBv;) — Egy(X;, EX))
— eB§; (X;, EX;) v; — eBG; (X, EX;')EV;"
IE[Qi,x(Xi + &by, EX; + e0Ev,) — G; .(X;, EX;)]v;
+ E[§, . (X; + €0, EX; + 0v,) — G, (X;, EX;)]Ev].

By using Assumption 3.5 and Hoélder’s inequality, we can show that e — 0 as
¢ — 0 uniformly in v;, completing the calculation.

Note that, for the Fréchet derivatives of the equality constraints to be linearly
independent, it is enough to consider r4(X) and r(X;) separately, since r, does
not depend on X, and r, does not depend on X,.

Theorem 3.1 is the main result of this section. Let P’ denote the (= + 1) row
vector (1,0, - - -, 0). The prime on P’ denotes transpose. While r,, 7, q;, i > 0,
do not actually depend on the X?, it is convenient to write (3.19) and subsequent
formulas as though they did. Thus, we write r,(X,, £X,) for r(X;, EX,) and
Ty, x(Xi, EX;) for

IA

0
(3.18) 0 : rk’x(Xk, EXk) ’ and so forth.
0
THEOREM 3.1. Let Assumptions 3.1 through 3.8 hold. There exists a scalar
p® £ 0, and there exist vectors oy, oy, and Y; £ 0,3 =0, -+, k, not all zero,
such that

(3.19) p"Eé.X,? + Ea;)[fo,§ + (Eio,g)]ézio + Ea;c[fk,,_‘ + (E'f,‘,g)]ég,,
k
+E Y ¥ilg., + (B4 )]6X; £ 0
i=0

for 86X, -, 60X, € K, where Yi§; = 0. Define the vectors py, " -, po:
o =p°P + [Fi, + Bfi ) + [Gix + (Bdi, o)W,

(3:20) pi-1=U +f."-1,;)1’i + [Gi-1,s + EGi-1,)Wi-1

+ [Fi-1,x + EBfi-y, )], kziz1
Then
(3.21) E(pifi-1.4| B-1]0uiy S0

fOr all 6“,'_1 Emi_l and
(3.22) E[po| %] = 0.
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Proor. Equation (3.19) follows from Theorem 2.1 and the discussion pre-
ceding Theorem 3.1. Equations (3.21) and (3.22) are specializations of (3.19),
as follows. Let 6X, = 0, 6u; = 0,5 # i — 1. Then 6X; = F(,5)f;—, ,Ou;—,, and
(3.19) yields ’

(3.23) E{p°P'F(i, k) + w[ir, + (Bfy ) ]FG, k)

k
+ .Zl Vild;x + (B4 )1F G, )} fic1,u 0oy S 0.

The bracketed term in (3.23) is p;. The closure of the first order convex approxi-
mation given by (3.2) and (3.3) is merely the set of solutions (6X,, - - -, 6X,)
of (3.2) and (3.3) which can be obtained by using {6} in the closure in L, (%))
of {IC;}. Thus,

(3.24) E[P:',fi—l,u‘s“i—l] =0

for all éu;_, eIC;_,. Let Be &,_, and suppose that (yz is the characteristic
function of B)

(3.25) Exppifi-1,u00i-1 > 0.

Then &d;_, = xpdu;_, € IC;_; and we have Ep;f,_, , *0#;_, > 0, which con-
tradicts (3.24). Thus, (3.21) holds.

Next, let du; =0, i =0, -,k — 1. Then substituting 6X; = F(0, i)6X,
into (3.19) yields

(3.26) Epo6X, < 0

for all 6X, in L,(%,). Using the argument which proved (3.21) and the fact
that —0X, € L,(%,) if 0X, is, gives (3.22). Q.E.D.

3.5. Remark on gemeralizations. The spaces L,(%;) can easily be replaced
by less restrictive spaces where, for example, each of the components X{ has
its own integrability property, (that is, X{ € L, ,(%;)). Assumption 2.3 requires
only that the c;(x) be smooth and convex, whereas the ““‘derivatives” @; of the
do» "' » Qx, EX?, were linear operators. The “convex” derivatives of Assumption
2.3 arise, for example, where, the cost to be minimized, or the state space con-
straints take the form E max; | X; — ¢, and Theorem 3.1 can be extended to
include constraints or costs of these forms. Constraints of the type P{X, € A} >
1 — & can conceivably be inserted into the definition of €', but we do not know
how to find a first order convex approximation to such a constrained @'.

For illustrative purposes, we verify Assumption 3.3 under a specific set of
conditions on the f;.

TurorEM 3.2. Let u,eU; with p' 2 p = 1, and &, = B(&o, -, &i-1)V
B(v;), where the independent sequence {v;} is independent of the independent
sequence of matrices {&;} and

(3.27) Xiv1 = Xi + filXi, u, &) = gu(Xy, w) + Giha(X, wy).
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The moments satisfy B|&;|* < oo forallq = 1,2, - . Let g; and h; be continuous
with bounded and continuous derivatives in X, u;. Then Assumption 3.3 holds.
Proor. From the following estimate, for some real K,

(3.28) |Xiva| S |X| + K(1X| + |u| + 1) + K(Xi| + |u]| + 1)]&)),

we can deduce that all moments of | X;| exist up to order p’, and similarly for the
moments of the 8X; given by 0X;,; = 6X; + f, .6X; + f;,6u;, or for the
moments of 6X;(f).

Fix ¢ > 0 and write

(3:29) X,.,(B) = Xi(B) + g:[Xi(B), t; + edu;(B)] + &h[Xi(B), 4 + eduy(B)].

From the relation, for some real K,

(8.30)  |Xits(B) — Xiva(B) < K|Xu(B) — Xu(B(1 + |&)
+ eK|6u;(B) — du(B)|(1 + |&),
and the relations |6u;(f) — 5u,-(/3)| — 0 in LI,.(@;-) as f — B, we conclude that

X;(B) is a continuous L, (%; 1) valued function of f, for any ¢ > 0. Next, define
the sequence Y; = X; (B)

(331) Y, =Y, + [g:(& + Y, di; + eduy(B)) + Eh(X; + Vi, d; + e6u(B))]
- [gi(xw u:) + élhi(xi’ ut)]

From (3.31), we can easily show that E'/?|Y;|? = O(e), uniformly in B. Next,
Z; = Y, — £bX, satisfies, for random 6; € [0, 1], which may depend on ¢ and B,

Zy=0
Zivy = Z; + [§ix + Ehi K12,
+ [g:(Xi + 075, 4 + €6,0ui(B)) — G:.x1Y:
+ E[h X + 0,5, 4y + €0,0u,(B) — ki 1Y
+ e[gi X + 0.7, d; + €0;6u,(B)) — Gi,u]0ui(B)
+&MA-MK,+ﬁMm%%MMW.

(3.32)

This expression together with E'/?|Y;|? = O(e), implies that E'/?|Z;|” = Ofe).
The proof is straightforward and only the following observation is needed.

V\p i
(3.33) (%) [g:(X; + 6,Y;, d; + €6,6u;(B)) — gi ]®

is uniformly integrable with parameters ¢ and f, and goes to zero as ¢ — 0 with
probability 1. Thus, the expectation of the term goes to zero as ¢ — 0, uniformly
in . Q.E.D.
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4. The multiplier rule when the control depends explicitly on the state

In Section 3, the controls ; were measurable over the fixed c-algebras %,
and did not depend explicitly on the state. If we allow the controls u; to depend
on the X;, then some condition must be imposed on the u; which guarantees
that replacing u;(X;) by u;(X; + 6X;) + edu;(X; + 6X;) in (1.1) (where X;,, +
0Xir1 = X; + 0X; + f(X; + 6X;, u; + &du;, &;)) alters the paths only the
order of ¢. In Section 3, u;(X; + 6X;) = u;(X;). Thus, some smoothness on the
u; is required. In Theorem 4.1, we assume the form (3.27).

For simplicity of notation, it is assumed that «; depends explicitly on X;, and
is not randomized. Subsequently, several extensions are stated.

4.1. Assumptions and notation. Let p = p’ and let J be as in Section 3,
where &, = B(&y, - - -, &~ 1) and %, is the trivial o-algebra.

AssumpTioN 4.1. Let U, be a convex set, and let U; denote the convex set of
controls which can be used at time i. We have u; € U, if u; , is bounded and con-
tinuous, and u;(x) € U; for each x.

Again, let Xo, -+, X, o(Xo) = thg, -+, - 1(X4_) = thy_, denote the
optimal solution. Assume that IC;, the internal cone to U, — ; at {0} exists and
contains some point other than {0}. Then, for any éuj € IC;, du; , is bounded
and continuous and #;(x) + ¢ Z}_, B0ui(x) € U; for sufficiently small ¢, for all
xa'ndﬁ = (ﬂl,"',ﬂv)er,

AssumpTION 4.2. Assume that h; ., g; ., by, 9. ore bounded and are con-
tinuous in their arguments. The {{;} are mutually independent, and all of their
moments exist.

AssumpTION 4.3. Assume that f2,, f2, are continuous in their variables and,
for some real K < o0,

|fo@, w)| < K+ |a|” + |u]?),
|0 (@, w)| + |flulx, w)| < K(Q + |z|P~' + |u|P7?).
Define 6X,(f) = =, 5,0X3,
ou; (B, X;) = Y. Boui(X.), oui(x) € IC;

4.1)

*2) 0X;4q = 0X; + [fn_c + fi,u"ii,:_c]‘sz(i + .ﬁ,u'adi?

where we write dd; for du;a;) «nd also 0X;(B) for 6X,; if od; takes the form
ou; (B, X;). With

FGoi) = (I + fiorg + fi-ralicry) U+ fix + fudyy), 54,
(4.3) R, i) =1,
we have

(4.4) 6Xivy = F,(i,i + 1)0X; + f,.,- 04
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and ;
(45) 5Kl = Z Fu(j’ i)f]—l,uadj-l + Fu(O) 7‘)550
i=1

We will use the notation f, = f(X,-, d,-(Xi)), and so forth. If arguments of a
function are other than X;, #;(X;), or X;, they will be explicitly inserted.
THEOREM 4.1. Let Assumptions 4.1, 4.2, 4.3, and 3.4, 3.5, 3.6, 3.7 hold.
Define p; by (3.20) and p;, i < k, by
48)  pioy =+ fiory + G fiondp + [g-ns + By ) Wiy
+ [Fi-1s + EFioy )]0y
Then (4.7) and (4.8), the analogs of (3.21) and (3.22), hold, for all 64,_, € IC;_,,

(4.7) E[po| %] = Epo = 0,
(4.8) B[ fi-1.uXi-1]0d;_, 0.

Proor. First we verify that Assumption 3.3 holds. By Assumption 4.2,
(4.9) | Xisa| = K+ &)X + |u(X0)])

and, since |u;(x)| < K(1 + |z|), all moments of X; exist; similarly, so do all
moments of 6X;, where 6X; is given by (4.2) for du; € IC; and X, is an arbitrary
n vector.

Next, fix both ¢ > 0 and the éu}, and write

4.10) X,y 1(B) = Xu(B) + fi[Xi(B), di(Xi(B)) + eouy(B, X:(B))]-
Using the Lipschitz conditions on f;, namely,
@11)  |fia, b, &) — £i(d, 5, ¢)| < K(1 + |¢|)(Jle — @] + |b — B]),
and the bounds (|8 — B = =, |8, — Bi|).
|6Xo(B) — 0X,(B)| < K|B - B|,
|6us(B, x) — uy(B, &)| < ) |B.dui(x) — Bidui(x)|

< Y {|Bs — Byl |6ui(x)| + |Sus(x) — Sui(®)|Bs},

|6uj(x) — 6ui(£)| < K|z — &|,
we have that || X;(B) — X,(B)|, > 0 as | — B| - 0 for any p 2 1, and any
¢ > 0. Thus, the X;(f) given by (4.10) are continuous in f in the L,(%;) sense.
Write
(413) Yoy =Y+ X + T @K + V) + eow(B, X + Y] - f;
(see (3.31)). Again, using the bounds on f; ., f;, and i, ,, (for example,

|fix(@, w)| < KQ + |&|)(|=| + |«])) and the bound on 4, and du;,, it is
straightforward to show that "Y l|| p = Oe) forany p = 1.

4.12)
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Next, defining Z; = Y; — &6X;(B), as in Theorem 3.2, we can show that
| Zi||, = o(e) uniformly in B. Thus, Assumption 3.3 holds.

Next, we show that X?(B) is continuous in B in the L,(4,) sense for any ¢ > 0.
This follows from (4.14) by an application of Assumption 4.3, Holder’s
inequality, the Lipschitz conditions on #(x) and éu(f, x), and the continuity of
X;(B) in B in the L,(%;) sense. We have

4.14)  fO[Xi(B), d(Xi(B)) + eduy(B, Xi(B))]
= PIX(B), il Xu(B)) + edud B, Xi(B))]
= fi?x(al’ o‘2)(&(»3) - Xi(ﬂ))
+ fPuley, “2)[@(&(3)) — @(X(B))
+ & du;(B, X~i(B)) — &du;(B, Xi(B))],

where, for some random 6; with values in [0, 1],

o = Xi(B) + 0/Xi(B) — Xu(B)),
4.15)  a, = d4(X;(B)) + eou;(B, X;(B))
+ ei[di(Xi(B)) - di(Xi(B)) + 35‘%(3’ X;‘(B)) - 85“;‘(5, Xi(ﬂ))]-

We will not complete the details (which are quite straightforward), but it
can be shown that | Z) — Y?||; = o(¢). Thus, the set {6X,, - - -, 6X,} given by
(4.2) is a first order convex approximation K to @ — {X,, -, X;}.

Now, (3.19) holds for (6X,, * - -, 6X;) in K, the closure of K in . By special-
izing (3.19), we get (4.7) and Ep;f;_, ,04;_, < 0 for dil;_, € IC;_,. But K con-
tains those (6X,, ' -, 6X,) which can be obtained by using the du;(*) in the
L,(4%,) closure IC; of IC; and IC, contains pointwise limits of uniformly bounded
sequences in IC;. Thus, if x (- ) is the characteristic function of an » dimensional
Borel set A and du;(*) € IC;, then y,(-)éu;(-) = 84;(-) € IC;. Equation (4.8) is
obtained by combining the last statement together with the argument which
led from (3.24) to (3.21). Q.E.D.

4.2. Extensions. Let y;(-) be a continuous vector valued function with uni-
formly bounded and continuous derivatives. Let u; depend on y;(X;), rather
than on X; directly. Then Theorem 4.1 remains true if the 4; , term in (4.6) is
replaced by 4 ,"¥; ,, the conditioning in (4.8) is on y:(X,), and the du,(-) are
functions of y;(X;).

If the control has the form w,[y;(X;, X;_, ", X,)], it is still possible to
derive a multiplier result, but the expressions are considerably more compli-
cated, since 6X; may depend explicitly on 6X;_;, - -, 6X,.

The controls and initial condition can be randomized in the following way.
Let @, vg, ' ** , vx—; be independent random variables with values in [0, 1]
and which are independent of the {&;} sequence. Let &, = #(9,). In addition to
the conditions in Theorem 4.1, let #; depend on X; and v;. Suppose that u;(x, v;)
is differentiable in x and measurable in both variables, and that u; ,(x, v) is
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bounded and continuous, uniformly in » in [0, 1]. Also w;(x, v) € U;, a convex
set. Then Theorem 4.1 remains true if the conditioning on X;_, in (4.8) is
replaced by conditioning on X;_, and v;_;.

5. A stochastic maximum principle

For the continuous time deterministic problem, where & = f (x,u) and p,
denotes the adjoint vector, relation (3.24) is p; f(&,, v,) £ p f(&,, 4,) for all
u, € U, or, equivalently, 4, is the ¥ which maximizes p;f(i,, «). Under a con-
vexity condition, Halkin [6] and Holtzman [7] have proved a similar relation
for the discrete time deterministic case. The stochastic analogy of this result
is straightforward to derive, and we closely follow the treatment in Canon,
Cullum, and Polak ([4], pp. 84-93).

For the sake of concreteness, we treat essentially the analog of Theorem
3.1, with a more specific form of Assumption 3.3, although generalizations
are possible.

DEFINITION 5.1.  With the U, defined in Section 3, and system (1.1') with
constraints (1.3), (1.4), the control problem is directionally convex if, for each
0 <1< 1andu, u in U, there is a u;(A) € U, so that, with probability 1, for
each X; € L,(%,),

A ui, &) + (1 = OfiX, w, &) = filXe wild), &),
AR w) 4+ (1 = AfPX;, uf) 2 fO(X, wi(A)).
ExaMPLE 5.1. A common and important example of a directionally convex
problem s S, w,8) = g, &) + kula, Ou,
52) i u) = g@) + wQu,
where @ is nonnegative definite. Then u;(1) = Au; + (1 — A)u;.

(5.1)

5.1. A comment on Theorem 2.1. Using the notation of Section 2, let B;
denote the set {w: @;(% + w) < @;(@)}uU {0}, and let Z; denote a nonempty
internal cone to B;. Define
(5.3) z' = [ {w:4w) = 0}] ) Z:.

i>0 ieJ

and assume that it contains a point other than {0}. Theorem 2.1 is a consequence
of the fact that, if % is optimal, then Z’ and K (a first order convex approximation
to Q = Q' — ) can be separated by a continuous linear functional. (See
Theorems 2.1 and 4.2 in [11].) Indeed, the proofs of Theorems 2.1 and 4.2 in
[11] imply that if Theorem 2.1 does not hold at a given %, (namely, if there is
a ray which is internal to both K and Z'), then for any neighborhood N of {0}
in 7, there is a @€ @ N {N + ®%} which satisfies the constraints for which
@o(®) < @o(®). Thus, if Theorem 2.1 does not hold at @, then @ is not an
optimal solution.
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5.2. A transformation of the control problem. The stochastic optimization
problem of Section 3 is equivalent to the following problem. Find the X;, »;
satisfying v; € fi(X;, U, ¢)and X;,, = X, + ;, for which ro(X,) = r(X,) = 0,
q0Xo) £ 0, ¢;(X;) £0,i > 0, and for which E =¥} +? is a minimum. Denote
the optimizing variables by Xo, - - -, Xx, Do, " * » Dy 1.

Since the variables to be chosen are now X, -, X;, 0, """, ¥4—1, With
both X; and v; in L,(%;), redefine 7 to be

(5'4) T = Lp(go) X o X .I_Jp('@k) X Lp(gl) X0 X Lp(gk—l)'
Let the problem be directionally convex, and define
(5~5) Q, = {XO? T, _ka 1)05 T, yk—1: vi € COj,'(Xi, [71" éi)7 Xi-#—l = Xl’ + yi}a

where co S is the convex hull of the set S. Namely, co f;(X;, U,, &) is the convex
hull of the set of random variables { f;(X;, u;, &), u; € U}. Let K denote a first
order convex approximation to

~

(5.6) G —{Zo. - Xido, B} =@ — 0 =@

Suppose that the inequality in Theorem 2.1 does not hold for some suitable
set of constants where K replaces K (using the identification of terms and
boundedness and continuity conditions in Section 3). Then the comment of the
last subsection implies that there is a ray which is internal to both Z’ and X, a
neighborhood N of @, and a & = {X,, -+, Xi, B0, - » Bu_1} € @0 {N + b}
for which the constraints hold and

k-1 k—1
Go@) =B Y ) <B Y = go(i),
(57) _ ~l=0 i=0
Xiv1 =X, + 0.

There are u{ € U;, A = 0, and I, A} = 1 so that
ﬁ? = Z )'-:f‘()(XN” u?)y
5.8 ~ s v s
(5-8) vy = Z A Xy, u, &)

s

By directional convexity, there is a i; € U, for which

(5.9) ® < X, ).
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Thus, by combining (5.8) and (5.9), one gets X;,, = X, + fi(X;, 4,, &) and
k-1 k-1

(5.10) E} P& @) <E Y Xy, dy),
i=0 i=o

which contradicts the optimality of {X;, 4,}. Thus, the inequality in Theorem
2.1 holds for K replacing K. Also, (3.19) holds for all 6X; for which
{52(0’ e, 0Ky, vg, 51’1:-—1} ek

Define the set K € 7 :

(5.11) K = {5Z0,"',6Zk, 5@0,"',61)"_1:6Xi+1 = 6X1 + 6’91', such that
ALdw; — _f:,;' 0X]e co._fi(xi’ Ui’ &) — 9;,0X0€ Lp(QO)}

for sufficiently small 4. Theorem 5.1 gives conditions under which K is a first
order convex approximation to .

Let
(5.12) Loy — £y 0X] € co fX,, U1, &) — 4
fors =1, -, v, and all sufficiently small 1. The elements (1{ = 0, =, 47 = 1)
(5.13) 8Kis1 = OXi + fip 0K} + [T AfKs ", &) — 8]

= 6Xj + oy,
and 8y} and their convex combinations for B, = 0, Z, B, = 1, namely,
(5.14)  8X;.((B) = 0Xu(B) + [ 0X:i(B) + gﬂ,[; MHK uft &) — 8]
= 8Xy(B) + ovi(B),
and ov,(B) = Z, B,0v} are in K. We may write
6Xis1(B) = U + [, 8X:(B) + SW(B),
(5.15) SWi(B) = gﬁs[; AR, ufs &) — 8]

58P = X, B, 06W;-1(B) + FO, 6Xo(h).
2

THEOREM 5.1. Let Assumptions 3.4 through 3.7 hold and assume that the

control problem is directionally convex. Also make the following assumptions :
(i) (7, is the convex set of functions in Lp(ﬁi) with values in the convex set

U,;; IC; contains some point other than zero;

(ii) the {&;} are mutually independent and all of their moments are finite ;

i) |fil@, u, &)] < KQ + |€))(A + || + |z]) and |fP @, w)] < K(1 + |u]” +
||?) for a real K ;

i) |fil@, v, &) — fi@ v, &)] < K(1 + [&)(jx = &]) and f2(X; u) is con-
tinuous in X; in the |||, norm for any u; in L, (%;);
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(V) fix(z, u) is uniformly bounded and is continuous in x for each vector u and
fL.(x, u) is continuous in x in the " ||p/(‘, 1) norm for each fixed uin L, (B).
Then, for p,, p; given by (3.20), equation (3.22) holds and (3.21) is replaced by
the maximuﬁ principle.

(5.16) E[Z’£+lfi(xi7 Ui, i)lg?i] = E[Z)£+1._fi(xi’ i, fi)l-é}]

with probability 1 for any u; in U,.

Proor. Suppose that K is a first order convex approximation to @. By the
discussion prior to the theorem, equation (3.19) must hold for all 6X; of the form
(5.15). Setting «/* = 0 and 6X, # 0, we get (3.22) as in Theorem 3.1. Equation
(5.12) follows by letting uf* = d;,j # i, 6X, = 0 and ul* = u; # 4;, substi-
tuting (5.15) into (3.19), and using the definitions of #; and p;. We have only
to show that K is a first order convex approximation to §.

Clearly, K is a convex cone, with typical elements {6X3}, -, 06X}, ov}, - - -,
dvi_1}, and their convex combinations {6Xy(B), -, 6Xk(,3), 0vo(B),
dv_1(B)} are given by (5.14). Consider the mapping {X(B), -, Xi(B),
vo(B), -+, vx—1(B)} from P’ to 7, for the fixed sequence of controls {uf*}:

X+ 1(B) = Xi(B) + vi(B),

(6.17) vi(B) = fuXu(B), i, &)
+ey, ﬂs[; MfAXi(B), us, &) — fAXu(B), 4y, &)]

Xo(B) = X, + e6X,(B),

where 2 20 and I, 1 = 1. Under (iv) of the theorem, the maps X;(8) to
L,(%;) and v;(B) to L,(%; ) are continuous functions of g, for g € P, and any
1>¢>0. Thus, the composite map (taking {Xo(B), ", Xi(B), vo(B). """,
ve—1(B)} into F) is a continuous J valued function of f.
Using (v) it can be shown that

(5.18) Xi(B) = X, + e0X(B) + O,
. vi(B) = 6; + edvi(B) + O3,
where O, ; and O, ; are of the order of o(¢) in L,(%;) and L »(%; + 1), respectively.
Then, K is indeed a first order convex approx1mat10n The details of the last
two steps involve straightforward expansions and estimates, as in Theorems
3.1, 3.2, and 4.1, and are omitted. They are probabilistic versions of the cited
result ([4], pp. 84-93). Q.E.D.

The definition of a directionally convex problem holds if the control u;
depends on a function of the state X;. Under directional convexity and the
conditions of Theorem 4.1, Theorem 4.1 holds with equation (4.8) replaced by

(5.19) E[P;+1fi(xh U, i)lXi] = E[Z’Ii+1fi(xi’ i, i)lXi}
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6. A relation with dynamic programming

For simplicity of presentation, this section will be largely formal. Suppose
that the problem is directionally convex, and there are no constraints r; and g;.
Let u; depend on X; and define the (dynamic programming) costs

Vig) = inf E[X}|X, = 2] = E[X}|X; = 2],
(6.1)
Vix) = Vilx) — 2°

Define

(6.2) Wi(xi; Sty bk-1) = XI? - X? = kat fio(Xi’ ).

Then drop some arguments for notational simplicity and write

(6.3) grad W, = W, , = grad Wi(X;5 &, -0, &-q)
evaluated at * = X;; similarly, for Vi x- Then grad W, = W, , = 0 and
(6.4) Wiw = + fiu + flatti)Werrs + fise

Thus,

(6.5) ' Wix = —pi Wix. 1) = —p;,

(6.6) Vi) = E[W;| X, = ],

and

(6.7) Vix@) = BU + fidVisrx + Ef.

We must have p° < 0, since there are no constraints r;, g;, and not all the p°,
a;, ¥; can be zero. Thus, we set p° = —1.

By the principle of optimality, EV;., (x + fi(@, 4, &) £ BV (2 + filx, u,, &),
where u, is the control which, for given u; # i;, satisfies

(l - s)fi(x7 di; é,) + 8fi(x1 Uy, él) = fi(x’ Uy, éi)y
(6.8) (1 — ) f2 (@, i) + ef (@, u) Z fO(x, u,).
A Noting that ¥} , (£) £ Vi, ,(x) if& = x,and£° < x°, we get

(6.9) EV;H(Z«' + filx, d;, i)) S EV, 1(9.0 + filx, u,, éi))
S EVi(z + A — &) filx, 4, &) + efi(x, uw;, &)

Thus,
(6.10) 0<EV, x(x + filx, 4;, &;) )[.f: (x, u;, &) — fi(x> i, &),
where V4, = grad Vi, (2), evaluated at x + fi(x, 4;, £;). With the identi-

fication (6.5) and VhLl Xir1) = E[W; 4y, xIX,H] we get precisely the maxi-
mum principle

(6.11) B[P (fi(Rs, i, &) — £ w, &) X] 2 0.
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