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1. Introduction

III their X ig0rois sealrlich aiiiIl tdIliute aslsiliptotic theory of estimiationi.
statistiticulis have tried atlitiost all their Ithutodo(ilogica l to(ols: prior dlensities.
Ill ninlax. adl(l1issiblilitv'. hlwerdgeviatilols. lrestilicted I s of estinlates (ilnlari-
anit. btiaiiised). (oi0tigut its. andt so forthl. Tlhe restiltinrg bodly of knowledge is
)sometwhi;ttIto(liziiedl i11(1 11 cirttill stitlil(ti( woirk Seelsi to be nieededI. III tilis
sectioln. Ilt its tl\ to sintgle ouit severll I cs (ii the jigsaw plizzle Utilnd v)oiI tief
themli inito a logiC;dt1\ o llt(lthed . Along withi tilis we stihall (olitit-iz( sontie
other apl)lproachl(e aioltdiike at few historical einalrks.

(lonsidlet ati ze mciiue td ie spaee () U n1d( 1 w (plet Ice of('Xp rinii lients (desr ibeI
I)y filinilies 01 (dlelsities p,n(x, 0). say p,1(.t,. t) = 1 .f(,/A . where X, =
(/I * * /). ilrst of 1ll. it is niecessalY to single oiuit regillala cases, lI lis siouId
tiot lbe done oldlv 1,01av111.1foi0 examiile. on1y in teltlits oI' fJ derivatives (q. f.
The statistical essente of regiil rity eonisists ill tliet possiblility of rep)lacingi the
family of olistributioris by a nor'imal fiandily in a locail asymiptotic sense. Loosely
speaking. given a point I e 0 ando1 a Small vicinity 1; of 1. the qjuantity

( l | ) tn r = #A , lou: Alw ('tI'l )|e

silotil 1ib a pptroximia telY sitfiiieit a1ml tinonl-.a (wiitlh conlnstani t covaliancte atlol
eXI)pectationl lilear iin 0) o01 (0 E an itI i.h rue. see Section 1 1for *t )ipeise (leftiitiol.
Ihe idea of lapproxilimatill a general;lfiriiily y a tiorniial falinily was first fol-ilit-
lated b A. Wad1( [19]. atilnl then sophli isticaitedliY (developed(l b y L. LeCam [1 2]
[1:1]. [IS]. Ill spite of( its i inportanciIeo. the ilea has niot yet fotunid( its way into
etji-rent textb)oolk.

T llptlltext stepl is to get titId of ill behaved estimates and to chiaracterize optininin
olf.I llis nlal'N 1he achee dbl(y Scrultinizingr all tli;lVS'J(''' )(XilltXones. ii smyI~'ai ee ysittIiii i i t-iaiu nr Setquenee o f' esti mates

7n, frolll the point of view of nnimiiiax and admnissilility, again in a local asyvnp-
totic setnse. Theorem 4.1 below einta ils that there is a loiwer b)0o1niid for asympltotie
local maxuxinmii risk and that this btoltil illtt lie achieved ollIv if

IRsearch sponlsore(d ill part by Nat iotil Sienem Vomidatii i (. raut # ( i21 12 to the Flori(la
St,tte UnIvsitv ai(i iprtt ly the A r1my. Navy m1id11 A it For)e uinderi Oftice of Naval Researih
(,'ontraut Nililunber NO()NIt- ilss(1os). Tusk Order NH o '-1l2toof.
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(1.2) | T,, - /) - |

where F, d(es imt depen ()n the /)bServa lOll 1101' MI the 1mic ( 7",
Once thi&e colndIitioli (1.2) has beeil estalIlishedI. we ((iii(cIndevel() pariti(lilarI

methods provi(linig vstimitiates satisliill (I .2) for e'verv / e 0). ITleseisitliis
wouildl inliclude Blayes isimates with ij tt(ilithtise piriors. Illaxiilmill lil li-
1oo(0( estim;atest ll.txilldX1 piiil,I iaI ilitN estima tes. It B A N estimiia tes. I11)m1lp rai
lietric ('stimrate's. atiliI5)so iitil. 'te jilstifi(catiin ii61 a diitfise( Iml ill Bavvs
estilatioln - andl(p olyalIly tle (miilysImind1 l ile is thait tilie resultili est ilalatIs
satisfy (1.2). and. undermaId(1iti( nlai illi litiml)s. Iiave satisfa ctory local asymiiptotic
minimiiax properties. iNiilsiU1x stciltiliv of BaN&'s estilliates seemiis to 1ie even 1o(rwe
imlportant in (ats(es when we estilllate a scalar pa ramietri friltict on r = T(() oft a

IlMhlulmneter whose (lilellsimlialitY inCreases With It. TlvIIItiit may lie iali friiml
oIw iols that a 'iiiffuse'' ni )ii i(1leas. i h11irt0iiiiatelvlN )cal asym ptotic ilii inlnax
resil ts areliot syst(nl.atical ly a val iIa le IMli tl is (asc.

In mnaximiiumii likelihood and Baves estimation. Wve ale tormliild hli the blchiaxio0t
of likelihood tails. 'I iisis a b avoiieil by cols i(er oiilv somii(Viciit ol a

consistent zstlilnate. I llis le'als ti) i.Iisist(elit estilnlati's ci( isidlen1l as aI sta it ill

Ipll 1ut h n a rriv ii at I etter est lillates.
It the fiamilies p,n( (0) are well bebllavedl. then 2Y'(A, n) will be smootlh in 0.

In turil. the distribution of any estimiate 7'nT otr which (1 .2) is satistiedl will be
smiiooth in 0. Assurnming that the laws /'0 1[\/1(7'n - 0)] c(vergte ciltmit l1lislv
iln 0 to solm laews L0 it was rove in [4] that /, mnay be dcc(oInp( si l as a c n -
v olit oh

(I .3) /I = t*f f

where 4, is a ili,iiiil (distriliitimil aiiil (., is a distribilutioln dlepenling oi) the
cli1( Wi o 7Tn. It also) Illay lie sio()w Il thIiat thi I est Ip(ossilHe (?, is dlegeliira te at thie
Ioilit Zero). Itf /', is ilor1ina . the L, is als()1si()ill la withlihirgler covar tiallce Illatrix
thanll ,. In suih a ease. the ratio (o the geleralized varianices of 0, and L, may'v
Se'rVe IS Italli('llSIIre (of th le Alic cYi ()fv T',. A simiile shl(oIt rof of ( I .3) has Ienc
rec ntly suiggestedl Iby 1. Bi ckel (prsoia olil 1n11icatioli). L e(C'alli [1I;] Iprw id ,l
still allnotler eiroof and ('xtendeI tile result to fiminlies w hi ch IlaVy Ii()t le h ia lv
asymn ptotically normllal. Then ofelrlSe. w,will iiot be a inoriialI distrilIiitioni.
but. For exampleI('. the oule sideeII xp1(m ieii lt listr ibuIitiOll.

S'() IIe 101oiits in the aIi)(m)v e Xli,siti( ln 1 i Ine ic i> eitl't. F"irst. let uis explaill whaw t
ve un(derstand by local asyminpjtotic min iinax aniil aldmissilbility. Ronuigly spieak-
ilng. by sayinlg that { 7',, is loca lly asymii ptotieally Illillirax (admissible) we shall
mean that fo- aniy open interva ' c () the estinatte is approximinately ninilmiX
(admn issibl e) oni 1' if n is l rgi Actmill . fOr n hlarge there is little juistificatioii F01(
relatimrg the illinialax irite lioni andii admiiiissibiility to tle zvhi(iwhle p arilletri Spalc.
sirce after ha vinig (itaiilleI mli isevaivtioins. we arei aIle to k watc the 1mii1 vinlw

paramia ter wv ith coiisii lera I l i isiOli.
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It is itilptitanit to nmote that ait estimliate uIn I,abe exactly mnillilax for every n.
hIuIt II )a tfil to be loc(Illy a sytiiiito)titcdI'a IIliIliIII;xIX. z .'xamlile . thIis is triteliaoiit
the n1 iiiimm x estimato( ()Ir t lie himui;laI p frti A\ siiccesses in n triatls

(1.4) X(y) x + n/12
it I ,' ti

I llis estitmiate is oltvioiisly nit approxim at( 'IvinI miliiax relative to ayv o1ell tilt r-
val I' t clltiiliiliLtin =p 1/2, ctisequeinitlv. it is nitt Itiwally svitiiptotically minii-
ilax . A'tiallIv. tlhe l;aximIuImI mevalt quiari (oro,, onII I is [4n1(I + I - I/2)2] I

whliereas the minimiax on I' is smaller' thall II itx1,t, {pI( I - P)f
Also ad(lmiiissibiliitv 10)1 all ite(tloes imti nitalil(Ihi;t'I asymptotic adlmin issibIility.

E,stilmate (I .4) may illistrate thlis 4tilitias wt AII miititer examl e may Ibe giVe,i
froml the lield of samplpIeSurveys, where .Joshi iandt (Goldam be (see [I]) uoved(l
that the sampeph average is an1 admiiiissible estimiate f'()l the popuI;lation average [lo

Iniatter what the sa imiple design is Agaill this ('stililat.' fiils to IHe locally aslmpil-
totical lv admiiiissil.le it the coticept is lll'(plit'vl v dv'inedl to' this situlation.

Acceor Iitig to (Chernoff [,5] the idlea oI lowal asym ptotic minimieax is (ute to
(C. Stein aniid 1 1. tubill. who Shw(ved that F"islher s Ilit()ggrails ('0111(1 b'e res('clue Iblv
it. Thet ot tilat loical aIsym ptotie linimtmtx illit'ies Iwal asymp1itoti( atdillis-
sbil itv was tii'st riven by Le(Cami ([12]. Tlleoremll 14). There. he proved that
siipnerffietiecY at oie poilit enitails bad rislk vailies in tile viviliity of this point.
t hat is. tIiat silluiefflicielicv exchidules thclIial as liiymptotic) i1ii ttax Ip pclrttV.
A pptart (iiY I t,1itz;!'ay vo le IylstvS liet I 1e( 'a III's pa pt'r so fimr as to reatId ti Is
v last thet ill . a11(1 tlie rlesent atithith is indeIted to lsrof(ssor I e(Cail fr
irj'ili(r hlilm the irt'leerenet. Iheor't'ts 4.1 andl 4.2 Iit'I miay be r'egardledl as ex-
tenisions of tIhe a hovt imetntiontd resuilt liY I C('am a idt a related theorem iiy

ltiber. 1-Ihlii'r. [IE] ill atldditiotn to I e'( 'ahis statement, proves that a locally
asYi jIpttti' vlii -flimax estimate in tist It asynimtotical ly niorimlual with a giveni
V 1ai; i1ce. 'I llis is li;1laI'iie Ipret'ise lb (I .2). Sinlct'e (I .2) e'nitaiils asvinptotic
oit'ma lit)( n\ ( 'I'7 - I) on the basis (f assililledt ;Isylmpj)totic nolrllimality of' An
FIoml thl miiethotdological Ipoint tif vit' I.w (aleCms anti the presenit pla(per lioth
ise the Il31'th [4] applroliti to amliiissiblilit!vias't on a normal i'ior. whereas
Hlertluse the Hot(ies-Leh maimii [9I] apIiprat(ch hiased o0n the Cr'atmni r- Rao
intq1ualhitv.

It, his siIseqt'ent paperx [I 3]. [1] 4'(LaCna ptrflettedl the itlea of a lotally
1asVllptttitailtIIvlitnrml f.iamily. We shi all ' it i lo)f thies' iaiers. i'atht'r
tha;l )11 Ii s I!l.i: Ipaper [I 2] w hich' it'tainsl sot et' nissiolns. WAhen apllroxi-
Ina till a {riint'a It.liii IV livya utirtlia l mtllt. thl Iiasit poi0nt is that tthe t istance
sliill li exrlessedt ill terms of' theLs/, nn'nrii (valiation ) given iy (3,5) beIow.
The Lt"v\ o0 lProhtorov dlistanee woultd not tio in prloving (4.8) below. Of eourse.
we Illav l(ot expec't that,. for example, thI distrtibution of' A., approaches its
normal limnit in the 141 niorm'1. However, as was shtiwn by LeCam [13] an(l as is
p. --1 .we.1 .it}here....lit Lemin.IIssisq lI.........als:l*:1.2an 3.3.......itapprachss}-h+in
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the L 111011 it slighitlv d(elfoillcil miioiial law IthislihlitlY dlfOril lilco(l
finl(tion. which is slifficiellt for,011 pllirposes. Another illipoltanlit piolit provided
iMi Le(L ain [1I)] w\as la tcinv ra diefillitimll (l locally ;1,vpitoticilk in rmalI
1,11111ilivs. which} is Im(t, restrictedto pi>};tti;l se(llcicktXs Ill ;111 illfillite- scqullivt ()I

ilnepilendeiit r'ep)licatiiis O' smllcli h0sic v\plillcliit. \We take tills ittitilde als.(.
I11(l otti local asymplitotic norlih lity ( L\ N ) ciitdlitimiis of Sc rttii, presiili iit a

selection |rout | (Cail,[-I 15] ci lit osi I) N I 7.
Allothercolicicmmit is i,ivited by (1.2) ill (cminiiectimii with tc aplpriloachi sii -

gested IC. I tl,() (H[1.1p. 285) iii his admiirable look. ie ises prqolcritv (1.2)
direc(tlyw as ak defillition()iofscviiittn cf)ceillcv. wic seeilms to Ile pinstifi by

the ilti ttharntthe ratio Hsl r iiil t for i,1aiid tl whole olIseratioii.

reslpectively. applirloais IlnitY iindiler (1 .2) aiidl soIlme adldlitioinal assumplitionis.
However. since i'Isliers iinifiriiijtiml is iivarianit Ilider olie-to-omie tralislori;,Ii-
tio)lls. I doubt,I> w1wthel.- ' jWillr It al c-litr;al po(sitionl Ill e-stimawtionl polem>|-s caill het
rational1y eXplainil. evet It'1i' wiit ithi c(insistelncy. IFo e Xapleli . ill

esti llitina tle location parai mietei 1riiao i(lndepn lent ohiservat liOl iS i lehi lsitv
is otlherw ise knowni. the Inmaximui Ili kellIihn dl estillmat(or co nita inls all oft lie V islih
in fixnimation (t he appai rently list parit ()I' it niay Iew reci veredI ). blit it is ii t t he
bIest (stiniintv. Iht eveli the bcst l(ca;.tio(niinvariant estilitlet. Thle (.Xtciit to which
t innII N InII IIklik IIlioo()(( estiiiatclat( slichi"S1 iIt Ie iest (meIv le{inIs(dpn 11I inticli
the lilikllho(s are irre&-,ilarly shla ped asyimiiitric. Or examlillple. Theore-il 4.1
bel() ) a iii ulliiiinx liist ificatloll for (I .2). whi cl is soiewhliat less
uiisti'-nll

io lie mole preclise. Rao calIls an estimiiate elilet. if ( I .2) hIlds with r-
replaced 1b,v alnY hilitioii (, Iiot IiivI ivlii, thle ols(brvatioliis. lit dp-silv I

-I diiI ()II~on thel- ist mate TI',~ II 0ever. ThIiorciii -I. | plies thitl,; ,c7i; it le
locaIlyI sv I IItotia;IllvIY in imIx.II i , II ',.I I no is awn (I1,icf c()hIaIscii I IctIIes
of fi, t F, ' Ia,I(IiIo s iIIlS th;at tIhen the law of \, u(7T - 0 (loes IIot (eoII-
verg nnlifilorni;lnkIll0.so) that the lililitill, laws Iitiotlx uiseil to prlovidel-roll()xi-
mIlate (C fidilence iliterva Is.

( Coltiiiliii l0111 -0o1iiiiiieits ()IIi a ppr(clies Iiot (-111ln(mild in tIle above cx-

p()siti()i. let lis Ilmentiol ;iiiotli paler lYL'c( a Ill [1-4]. Thliere hle pr-oved that
undir ceita ill cowlditioiis Bavc;s cstillites pi(ridli asvnimitotic riskls lintt call be
implroved ()on a set ()of mncasnIriZero)e i lv. huilts it tilt- pirio is (ifilse ainid tile
asyin hitotic risk of a B;!es (istilia;lti is Iiti(Iis iti 0. as it lisuiallk is. thl i it
(lolilinates tlhe asypnltotic rsisk of allv ( tilile estiliate hlavilr coiiltiilIiS IsVliIiP-
totic risk. A disadvanitai (of this ;alpli(olIh is that it idcfiiiesfi low li illids ill
terms of certaini estimliattes Bavyes 4stiliatis an1d Iiot ill terilis ()Io itr isic pro)
perties of the f.ialilies of distrilintimls involvle.Also. a verificationi (of ssiillip-
tioiis entails (litffic it conisisteicYInlivestigatiolis. Oin the othici liansd. it is the first
papr of a veri genrali1 sc j(n) . f iO xampIile . tle estil iates are i(it assilixedI to 1le
necessarily asymptotically nliomla I. I l reiila il ases i()I lwhili the liresiltl. paIlic
is f(lise(l. Bayes estilliates toM, diliiisc Ilirlirs will sa1tisfY (I .2). so( tIiat \w(i t a

)'(dI agreeiluieit w ithi on p rev imis cm isidIratiO lis.



1IvcS1.L,.t,('iIzlS (),1 c'Stil11;1tv's whIich an;,m,,,114-cessardyl ;asymptf)u{t i.-llly Il)l'llal
wisll' StIItcl 11)111)II iilli,,(III'( d4Ii t \ ,1', il(I'I1; tV.It 221 IIaai IdinId tI '
l)('st lo)ssildl( asy lmlptotic' llavi(or ill tI'ilirso (14111 special estlillate s' (rgeIcaI-
id4I ullaxililill likelihoodl (vstilmates. Il oi'ili'l1d )1to ( )1 1)ilp'aralI( ill his Sese5(. thle
estimllatts Ilist. he seoila.Mo that is appr(cIcanllniiot be a.plplie( to ariitrary
(Stili;mtl 1S.lI vvvI.. 1( I lei I I. estii llntvs Wv c14nhiln r LA. oN i (I itiois esta b1 ishi
thl lm'(II'(lIl)4)sitiml ( I .3). which prwoides thie moi44'ilisioilsobtaildlllh i)v.J. W onIvitz
111014' dirlcctlv.As was shioWIi by Ia'( ;ali [ i;1 siiluii 1144()1d ill1)oxitioln as ( 1 .3) ay
be1)WIeIltllll lls() 1,61. the call.tlll(;se' ine\ stig;Ited bv We\ iss ati(I W\\ owtzitz
[20].

The Il)l t ()I' blil)" ;.1 VII T;alizedl 111.1xilIIIIII likezlillm)(,l extilliate is imp,lied
bYv (I1.2) aid ill t itl'l sils ositiati()i4 ;11s4)tIll Is4)11 I S tru11. The salie hol( Isd l)OIlaot

aitixiilillelli pr(Amb;lility estima;tores
AIlIf tdilt' abIovIpIp lldces a i' Ilsed14)11()II iiiilml d*I a' lti 1s ol(fAt ill'e(st 111at'

fimtillth ap alimetti'. w hi(ch arettypicaliy (4(wditU- 2 A(A1cIcetof asyymp)totwi
effic1ien('lIev(basdllon largI 41ev ialti(IllS has beilll sil&4'StI'd bI 1). BasilI[3] a111d
I. 1:. Bailadlli [1] and [21' IFixinug 1) andli smlli'e j W.WI' '11T,i(I:. 0) 5Is til
StanldIard(i (,1 iatioil of al i1toital dlistrilblitim)l 1111i4l' wbih'hl |Ig, - 0( > I: wolild
have' tilh sallle prI(Anbilit\ aIs ulnldel'/P 1 ''i1ltiiV

(I.}) /'¢0(1/"O7t - )l >-I) 24 r( {)(1.5) ~~~~~~1(1"; -.v $L- T,, (I; 0)1
NO v. I lIlli r I'I'litY c dioilisiOllS I II;l('wI4dt stlIrm11'. t-,anI 1,A N below it lliaY be

p1-med>(/ thalt 1,01, ;111Y ( (0a1sistenex(stima;te

( | .4i) ~~~~~lilil lilil -I11T, . () 1
0:-0 n-'

aIlill that tll'tl't(jlllIitV holdls foi'ti(l;l'1 Xilullu1111ikI'liIlszol esti flator. It will ,gef(lel'ah

11(I141 lso low I'StilaItes satistvinu, (I .2). 1The 4il) trmblel with tliis apprl)oac is
that (1.2) is Ill)o Imli.wer nlI4ecessarv ndOl thla t ,ool) Inall 4stilliateS satisfy (eq1lity ill

1I0lileu xample.u div "suip re flicienlt" ll(Oplls estimiator. w hich iiiiist c learly be(
rej(ec'ted(l by tlo ill lli ldX;11(1a (nIlialla dV viatioms l)oillt of' View'. Howex(eT.
;qIalitY ill (I li) cer'lt;dijulY ld 1)be lIsedl aIs 4111additilia l'C(qlivil'llnt fol' goodl

(stillites. 0ii 11111 ill prlopo)sitioll is 1)a itialIlY j)I(pr d 1Y lia dIffernt mllthodI in [l6;]

2. Niiilnial Iai.iilit's ol distrilbutinns

C( misidll thel estlina;tiol (40() /;1>!;lva ralldmil v ; I;-lblel Zswhic has Ol mi

distlilltioll X(O. I) Li'vll4 0. WieAimII41S;IsI II14(' t 1;I4tt IIIss fIlntionis1(0I -( 0)
N\\ 1II / sitfisfil's till' f0lloviii&t 'ilditioIIs

(2.1) /(!)
(2.2) /(! < /(-) I!/l - |Zi.
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(2.3) (, ) X i;_,2tv/d < >o'

(2.4) /(0) =.

Condition (2.3) etitails

(2.5) S J /(Y)l2 (XI) - 422}I1d < x i > 0.

We shall also inItr(o(l UO(q a tinlCa t( 1(I sion of /

(2.6) /.(q) - ini (/(q). " (I < u < '

(2.7) r = (2ir) 1,2 f 1/(i) CXI) Y_ dY1.

2 8w ) 1, = ( 2nE, ) I /"(Y),( /)(XI1)
1

_ Y2 (l(2.8) r,, = (27r) 1/2 f' 1(2 )cxp ±, 2 ,2

(2.9) r (b) =(27r) Ii1/2 } v(iXp - IY2 dyi.
The estimator will he <onlsidr(Id alldllomtizedo. that is.

(2.10) 0 = Il)

where U is a randomized variable. kF (oil venience. we shall assume that U is
uniftornly distributed oni (0. I ). As always. I is ind(lJelp(endet of Z adl( 0. Thle
intro(luction of ran(domizedl estimilates is justifiedl since o0th losS function ((y)
may n<ot be conlvex.

hlie risk function correspiond ing to /a aoland will be dlenote(l as follows:

(2.11 I?a( 1/2 ,.-(z 14) - 0] vXp{ - l (Z 0)2/ ,(z.

TIhe following is an extension of a resilt of lllytlh [4] to situations inivolvin"g
truncation ani(l rand(loniz'atioii. The imnportanit fleature in the leImIIa is the indole-
pen(dence of the numbeN,rs t. a. /b on ilf ('2.12) hiolis. Since the Ilenima follows the
pattern of lIlyth [4]. the proof will be condensed.
LEMMA 2.1. (Jnder the (Iborc tiotnlionis a(tnd( oissumptionx.. for (lily 1; > tIhere
i.sI posmitizve numbers, 0(. I). o (ind *t prior density7/(0). n/il dc(1cpnminf oni i: oniy. in/h

the follollinq] Prto.er Y :
For any randoomized e.sIiin fo/r ::(Z. U) suc/ tha(t

(2.12) -(-(Z. u) - Zj > u110 = 0) > ;

then

(2.13) { n(0) I', ((I: d) dO > r + .
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V(im". It Slllif'fcs to sl1Wm that

(2.147 hb 7r(()/?,((): s)el( > rjb1) + 2'a

lora'. 1) siffiieiently ilatreand'jI? ali a which is in:deienint of' (t. b. Note tlat

(2.1 5) (27r) ! h / - fi) (XJ) --2J dq

> /'(b) + (21y) L 2 h} L.f - x - } d'I/(Ir)
> .(() + (,5 it 1S > I It

wher'e b > 1\ d(ependsonlly oil s:. hut niot oi Vi. b) when they are sufficienttly large.
Next. followiing the i(lea of 1l3yth [4]. we slhall a-ssume 0 to te (listribute(d with

d(lnsitv

(2. 1 ;) 7i(0) - 'X - -

aT(2ir) 112 2u2
where a will he appr'opiately chosen to dep;ndons:later. rhen the con(litional
(ellsity of () givell Z = z is

- (2 )1/2 + aT2 Zi2'
('17j ) iJ(ojoz) = ( - - 'X { -- 2 ( - ±- 2)}

and 'the overall (dllsitv of' Z will be

(2.18) /'(z) I ]12e~~~~~~CXI){'/(z) =-[(I + (a2)(27r)] 2 a)2

Ill what ilolIomvs we shall assumIe that

(2.19) |Z| - I - \/'
Tlhen

b
(2.24)) J- /a[<(Z. 11) - '0]lI'(OI) (/0

> (2 7r) I/ 2 .(Y) (Xp>{- 2 + )(t y

> ,5.(b) - h
a"

where A' z(loes not de(bXl)e(l Oil Vi.hT.\\. have used the inequality

(2.21) eXP {- 2(1+a2) >} [
2

-1 X) _{ Y2}.
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Oin the other hand. if'

(2.22) K. u) - I| > ;. 1: < A

we shall have

(2.2:3) C(Z. -1 -+ > E For (I 1 ) >a'

Consequently. in view of' (2.15). we hav'e

(2.24) (27r) /f /aV((z t) - (]/(( IZ) (I()

112
b

(Y + 2) Xf) {'
+
2}dT /

> (27r) 12 J
/a(Y + :xp)('Xd- -

iq
-

K

1(/2b)+ ('Xl2
(7-

if' (2.19) an(1 (2.2:3) hold. '
Altogether, we have

(2.25) _ (0)IRa(0: ) d/O= f /-] (d

_ZaI)l( < {) X1) a5 (j/ (I|<( Z u) |l *: |Z < 1).

F11rom (2.12) we see that

(2.26i) P(k(Z. 1') - 1 > I1.Z < "1" = o) >

for A1 sufficiently large. Now mnider 0 = 0 the (lelisity of' Z is (27)r 2 (. X

1 _ 2z2}, whereas the oV1eralI (lenlsity is given by J(_) of (2.X) The likefltood
ratio for the two (lensities is fim' | z < .lt greater thaiu

(2.27) _ ('Xp - I/ 2

Thus

(2.28) P( (Z, U) - ZI XI < .11) > 2(1 +1 (72)1/2 (X) { -

Now it suffices to p)Ut
(2.29) 3= ---* 2~1, - -2(1±+ a2)1/2 tX72. i - (r2
whieh is positive for a sufficievtly large. In the last step we (choose (1 au(l ) in
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such a way that

(2.30) r. (b) > 2'-P

and given the above chosen a2,

(2.31) rP(|ZI > b - ,lb) < J2.
Now (2.2.)) to (2.31) yield (2.14). Q.K.I).
Of course, usually there will he nuisance Iaramleters, and then the following

k-dimnensional version of the prece(ling lenmmna is useful.
LEMIMA 2.2. /Let Z = (Z, * * * , Zk) be atnormal random vector with expecta-

liont 0 = (01, . 0k) E Rk and fixe( posilire definite covariance matrix =
07Jj j}k =. Consider a function f sati.sfying (2.1 ) to (2.4). Then for every £ > 0
there exist positive nunmber.s a, b. aLand (i one-(limensional density 7( ) with the
following proper ty/:

For any r(lndlonized estimator ((Zl . Z- k. UI) of 01 such that

(2.32) PI (Z1I,(7 , Z*k U) - Z I > 0 = k= = 0) > c

f/i e11

(2.33) 3 7r(O1)E{([R(Z1 Zk, (7) - 01,]|i = 01 a1,jal , I < i < k} dO1

_ (2t)- 1/2 f 1[yaI] exp {_jy2} dy + a

ir'here - (TI 1)1/2
1iPRoom. liFor the submodel O0 = 01a,ltia 11, I < i _ k. - cc< °1 < OCc Z,

is a sufficient statistic, and the result follows from the preceeding lemma.
LEMMA 2.3. Let Z be the same vector as in Lemma 2.2. Thenfor every f > 0

there e.rist positive nutbers a,, b aind a density' i( ) stch that for any ranlomized
estin(ltor *Z , Zk, U)

(2.34) frh (0(KI)E{fa[4(Zj,- , Zk ) - 0,]I(0 = 011a1,;a, I _ i _ k} dO1

_ (2ir)-112 f t[yaI] exp {_y2} dy-3

1here (T, has the .same meening a(s in Lenmma 2.2.
I'POOF. The proof follows the samiie lines as the proofs of the previous

lem mas.

3. Locally asymptotically normal families of distributions

The essence of the definition of a locally asymptotically normal family is that
the log likelihood ratio is asymptotically normally distributed with a covariance
matrix, which is locally constant, and with an expectation which is locally a
linear function of 0. For our purpose-to obtain lower bounds for risks and
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necessary conditions for allowing e(quality in correspon(ling inequalities-we
need the following version, eml)loyed alrea(ly in [6]: consi(ler a sequence of
statistical experiments (., .4n, P.(, 0)), n > l, where 0 runs through an open
subset e of Rk. Take a point t E 0 and(i assume it to be the true value of the para-
meter 0. We shall abbreviate P.' = P,,(. t) and Pnh = Pn(, t + n"-12h). If
appropriate, we could use in place of /n sonie more general norming numbers
k(n) - o, or even matrices as in [t].
The norm of a point h = (h,. . h,) from Rk will be denote(l by |hI =

max, i<kIhjI, and h'v will denote the scalar p)roduct of two vectors.
Given two probability measures P and Q, denote by dQ/dP the Rladonl-

Nikodym derivative of the absolutely continuous part of Q with respect to P.
Introduce the family of likelihood ratios

(3.1) rn(hi.x ) = dl'(x.) h E Rk n > nh X,, E

where nh denotes the smallest integer such that n > nh entails t + n - 1 j2 Ah E0.
In what follows the argument x,, will usually be omitte(l.
ASSUMPTION 3.1. LAN (local (llsy/ttlptolic normality) (it 0 = t. .uns1mle that

(3.2) r.(h) = exp {h'A.t- 2h'h,h + Z(h. t)}, h e RA. n > nh.
where the random vector A,, .satifs,eY(A,n,,II/) - N(O. r,). an(I Z5(h.t) - (0 i)l
Pn probability for every h e Rk. Futrther (is%sunlte that (let r, > 0.
EXAMPLE. Consider the case k = 1. x¾ = (y I, y**Yn) E R' arid pn(xrn 0) =

I, If(yYi, 6)
Then the existence of Fisher's inifot-rmiationi, its positivity an(1 conitinuity at

0 = t, entails LAN. Of course, in or(ler for Fisher's information to be well
defined, f(y, 0) must be absolutely continuous in 0 in a vicinity of t, and( the
derivative j(y, t) = (a/a0)f(y, 0)1e=, must exist for almost all y. Then the in-
formation equals

o 12
(3.3) Io[s, ) dy

Satisfaction of LAN for this case may be prove(l by metho(ls developed in [8]
as is shown in the Appendix below. Specifically (3.2) will be satisfie(l for

(3.4) A, = n-12 (y t) ,r = I,.

Let IIP - Q be the L, norm of two probability measures. If p atd(l q are
densities of P and Q with reslect to it. then

(3.5) IllP-QI1 = flp-I | dp.
The following lemmas are essentially contained in LeCam [13], and form a
bridge between exactly normal mno(iels an(d locally asymptotically normal
models.
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I,EXMNIA :3.1. 1o)- fIal /y(equenc e oJ sttistics ,S4,,"' put

(3.6) .s,,(x, u) = int {y: PjSn < yjAn, = X] > u} x E R, 0 < u < 1,

and denote by F,,h the distribution of Sn under Pn.h and by P,,,h the distribution of
s,,(A.,,, U) also under lXn,h, if U is unifornmly distributed on (0, 1) and independent
of A.,,.

Then, under A8sumptions I,AN

(3.7) lim IlF,nh - h| = 0, he R.

PROOF. We see from (3.6) that F,h = F if h = 0. Now, as shown in the
prool of the theorem in [6], P.,h may )(e app)roximate(l by Q.,h such that An,, is
a sufficient statistic for the pair (P,, Q,,h) an(d IQ.,,, - P.,h. 0. That yield(s
(3.7).

tIn the next two lemmas we shall treat the cases k = 1 and k > I separately,
because for k = I we are able to rea(ch a greater degree of explicitness.
LEMMA 3.2. Assume k = 1. Denote (Jn,(X) = lfn.h(A,., . x) and )(x) =

(2n) J-"-X cxp {1-y2} dy. Let Gn h be the distribution of Gn o (zr,- 1/2), if Z is
normnal (hr,, r,).

7'Then, under A ssuinpion LA N,

(3.8) lim hER,h- ('n,h = (J' h ft.
n-0

PROOF. We again have n,,h = (Gh for h = 0. Since o. o(x) -D(xr,- /2)
uniformly under Assumptions LAN we have

(3.9) (,oI(xr,- 1/2) , x utnifoimly on compacts.

Further, referring again to the proof of the theorem of [6], we may approximate
Gf..h by 4i,,h(X) = Qn,.h(,(A, < x) satisfying ||(',,h -h ,,,h ||0. The rest follows
by showing that

(3.10) (IG,, h (x) exI) {-h.1 - 1h2 Fr

dG,h

(x) exp {-hx-
2 F,}

LEMMA 3.3. Assume k _ 1. Denote Gn(k(X) = Pn,h(An,t _ x), xeRk, and
denote by Z = (Z, .. ,-- Zk) a random vector such that Y(Z) = N(r,h, r,), if
0 = t + n 112h. Then there exists a sequence of functions On (X) 8uch that

(3.12 ) lim sup It?n(X) - XI = 0
n-. xeRk

(ind the distribution of O,,(Z) under 0 = t + n- 2h, say Gn,h, satisfies

(3.1I 3) Iitn Glan,h *n,h1I ()
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PROOF. Consider a sequence ofeubes

(3.14) Cj = {(X., ,1k)1IXi <-j, I< i _ k} j =

Partition each cube Cj into j2k su)eubjesij, I < i < j2k, all of e(qtial volunie
(2/j)k. Since G.,0 _ N(0, r,), we have

(3:15) d(CidG0, O- 0dA(O, 17).

Let 0.j be a function mapping (C, j into (.'j,j(3.16) n, j: ( j j ("j j, 1~~~< j_aD, I <i < j2k
(3.16) 4j: C1j8 -* Cj i .I V

and such that

(3.1) Qn j(.) = X f>l- x 0 Cj.
Furthermore, we choose 0.j so that the (differen(e between the Gn =

21.,j(Z)IN(0,r,)) and UG,O tends to zero in the L1 norm, that is,

(3.18) I1G.o- - G.-Oil < aas n > nj.

This is possible in view of (3.15). Now dlfetine by nj(,) < n < 1j(n) + |1(l p1ut

(3. 1 9) (AX) = n j(n)( )
Then 0.(x) satisfies (3.12) because of (3.17) and( (3.16) and( the fact thiat (liameters
of the cubes Cj,i converge to () as j -o. Furthermore, (3.18) entails

Gn*11 - Gn, I -- 0 since 61,O = G, jn),O
The proof may then be concluded by showing that (3.10) holds, referring

again to the theorem of [6], and( that (3.11) is true. The last statement follows
from (3.12).

4. The main proposition

We shall generalize and modify theorems by l,eCam [12] and( 1'. Huber [10].
treating the cases k = I and k _ I separately, again.
THEOREM 4.1. Assume k = 1. (Inder As.s.umptions LA N of 8ecltionl 3. an1y

sequence of estimates {7,} for 0 s?ati.sfiesfor f of (2.1) to (2.4)

(4.1) lim lim inf sup K0{f[>,/1(T,, - 0)]}
6-o n-. 1°-t' <a

> (27rV)-1/2 j' (yr(-1/2 ) exp{-_yY2} dy.

Furthermore, we can have for a nonconstant f

(4.2) lim lim sup) K{'[ n(T.-0)]}
a-o n-(2V1 J-1' ({ d

(2Q7t)-1/ af (r l) exp {_ I2ay}d
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ottlyE if[
(4.3k1 q(I" - ) - r, A., O

inP, olpr-obability.
PI;ooM'. \W'e shall first prove (4.1). Introdticing local coordinates by 0 =

I + hn- 1/2 andtl usin,g K.( ) ain( (K10) interchangeably, we may write for n
Sufficiently lar,ge
(4.4) sup -OlO[I(T - )]}

> fb n(h)K(/a[y'n(T( - I) - h]|I + n" /2h} dh,

whatever the constanits a, b and(l (lensity 7r( ) may be. NVe fix some 6 > 0 and
choose (a. b an(l 7C in such a wny that

(4.5) 1b 7r(h)KE{fa[4(Z, U) -h]I + n- 12h4 dh

> (2r)- 12 J ,(yr,- 1/2 ) exp{-y2} dy-

f'or aniy estimator (Z, (7), provide(i thatt .(ZII + n- 1/2h) = N(rfh, r,). This is
possill( aeccor(ling to Lemmiina 2.3, if applied to F,- ' Z whi(ch is normal (h, r,- ).

Next we i(lentify S, = A)(7Tn- I) in Lemma 3.1 and conclude (tf is bounded!)
that for evely h e I?

(4.0;) IE{fa[E,(T - l) -I ]|l + n - 1/2,}
- K{/l.s[(A^n,, (7) - h]It + n 12h}h.I0.

F'iirtherinore, l)y [emma :3.2, pitting
(4.7) Xn(Z, L) - n o(zr7"2), U)
we olbtaill for every h e IR

(4.8) lE{fi.[-(An.. T) - h]It + n (]+27l0
Ef/a[4n(Z, 17) - h]|t + n-112eh] .

C'ollse(Itllenltly

(49)) fh 1r(h)E{/jVn(Tn - I) - ]I, + n -"2hl dh
b

> Ur(h)E{4[ )(Z, C)-h]It + n 12h} dh -6, n > n(a, b, ir,).
-b

(Combinimir (4.4). (4.9). and (4.5). we obtain (4.1).
Now we shall prove the neeessity of (4.3) fori (4.2). Assutming that (4.3) (loes

not hol(d we Shall Contra(lict (4.2). Again puitting S,2 = A,(7' - t), and recalling
Lemma :3.1. we (an see that A.(T - t) - [,-5A", has the same distribution
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under P. as

(4.10) s,(A,,,, 17) - r, A,,.,
Furthermore, in view of (3.9), if expression (4.10) fails to converge to zelo il
probability, then also

(4.41) Xn(Z.() -r,- I z

fails to do so. But then, there is an E > 0 such that for every n there exists an
m > n such that

(4.12) Pm(I.m(Z IT) - r, 1 > E) > E

Therefore, according to Lemmia 2.2, applied to -1Z ant(I k = 1, we choose
a, b, a, and r( ) such that

(4.13) b iT(h)E{1'a[4.m(Z, U) - h]It + n- 112 } dh

> (27r) - 2 f ((yr-5112) exp {-2y2} dy + a.

This in connection with (4.4) and (4.9) contra(licts (4.2), since 6 can be ma(le
smaller than x. Q.E.D.

Without proof let us also formnul-ate a k-diimensional version of the previotus
theorem. The parametric function of interest will be the first coor(linate. 01.
while the other coordinates will be regar(le(d as nuisance parameters. The proof
could be based on Leemma 2.2.

THEOREM 4.2. Under As.sumption.s LAN above. anya sequence of extimates 7tn
for the first coordinate 01 of 0 satisfies

(4.14) lim lim inf sup Eo{i[\/§l(Tn -01)_-0 n-Go lo-tl<6
> (27)-1/2 f70 ((o1y) exp{)Iy2} dy

where or' = (ao, I)/2 and =a,j Ej'j=.
We can have

(4.15) lim lim sup E0{t[ i8/n(Tn-°0)]j
6 0 n-.oj-r<

=(2))1/2 {o ((y) exp { -y2 } dy

only_if
(4.16) { n(T. -t,) - (E'A, )1}) 0

in P,,probability, where ( ), denotes the firstl coordinate in the correspondinq vector.
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REMARK 1. In (4.1) we could replace the left si(le by

(4.17) limn in irinC sup EK,{/[ 7nT, -°)
8 ~~~~a-ao n- c /nIO - (I<a

REMARK 2. (4.16) in connection with asymp)totic normality entails that
v/"(Tn - t,) is asymptotically normal N (0O. at,l,l) as is proved in Huber [9].

tRHMAflK 3. Condition (4.16) is only necessary. In order that there exists an
estimate for which (4.15) hol(ds for all t e 0, additional global as well as local
conlditions on the underlying filmily of (listrilbutiolns are necessary. If e is not
bounded, we also need to know something about how fast probabilities of
moderate (leviations of T. from I approach zero.
RKMARK 4. If we are interested in a general scalar function a = T(O), we

may re(luce the problem to one eonsi(lere(l in Theorem 4.2 by introducing new
lo(al (oor(linat" (t. , tk) sucth tilat Tr r.

APPENDIIX

We shall here prove that the LAN (conditions are satisfied under assumptions
of' Example in Section 3. To this aim it will be sufficient to adapt Theorem
\V1.2.1 of [8] for the present situation (see also Problem 7 of Chapter VI l.c.).

Let us restate our conditions carefully:
A.]. Insome vicinity of 0 = t the functionsf(y, 0) are absolutely continuous

in 0 for0 all q e R.
A.2. For every 0 in some vicinity of t the 0 dlerivativef(y, 0) = (a/a0)0(y, 0)

exists for almost all (LIebesgue measure) y e /R.
A,.3. 'I'he Fisher information

(A.1) J f-{[(, o2}°)

exists, is continuous at 0 = t an(lI I > 0. (The integrand in (A.l) is to be inter-
preted as zero iffJ(y, 0) = 0).
Otr prelihininary goal is to shlow that

(A.2) s,(.q/, 0) = L/0())]112
is also absolutely continuous anid has a meatn s(uare derivative at 0 = t.

LEMMA A.l. If g(0) _ 0 is absolutely continuous on (a, b) and its derivative
j(0) satisfies

Ab .6(0)/
then [g(0)]112 is also absolutely continuous on (a, b).
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PRtOOF. If g(0) > 0 alld j(O) eXists flr soIne point 0. theti it is well know0\n
from calculus that

Li-)I/2 g(0)(A.4) i=O

Furthermore, if (t _ a < /I . 1) ad(l g is positive on1 [X. /3], it is easy to sec that

[g (a)]1/2 is absolutely contiiuous on [a. /3] and(

(A.5) [g(/'']112 - [1(,)]1/2 = I I -[-(M) (111.

In view of the continuity of g(O) and in view of(A.3). (A..)) eXten(ls to 0 < /3 such
that g is positive on (a, fl), that is, even it possil)ly g(a) = 0 or g(/3) = 0. Now
for any c, a < c < b) the interval (ai. () may be (leeOml)OSe(l as follows:

(A.6) (a. c) U o 'A U A

where (ai, 3ik) are disjoint intervals such that g (0) is positive oni tleii . g (o ) =()
if ai * a and g(/3i) = 0 if /3l * C. and fq(0) = () for 0 E .-I. T 1I. initerp)rMting
(0) [g(O)] - 1/2 as zero whlen (0) = 0w. e may write, in view of (A.3).

(A.7) t dO = Y ; r(0) 10 = [g(c)]112 _ [g(a,)]12.

because the suinman(ds wvith endpoints satisfying () = q(ox1) = y(l3i) vanish
according to (A.5). Relation (A .7) holdilng for Ill c e ((. 1)) ploves a bsollite
continuity.

LEMMA A.2. Under Assumptions A. I -A.3 the finctions Y(Y, 0) (Oc (ibsoin I/iy
continuou,s in somte vicinity of 0 = I for (i1o0st (it/ll y.

PROOF. Continuity of Io and the Fubini theorem imply for some E > 0

(A.8) ' > iI = p {E (El;, °)])2Id(dy.t-C~~~-J t- J (Y. ())

Consequently, for almost all y

(AM) i ([j(g.0)].0)

and, in turn, for almost all y.

(A.I0) Jgd oI<(i, )I d o.

Thus it suffices to apply Lemma A. I tor y(O) = f(y. 0). for those y thatt satisfy
(A.1I0).
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LEMMA A.3. (Jnder A.I-A.3 the function .s(y, t) dened by

(A.11;I f( t) if' f(y. 1) > 0 and f(y, t) exists

ojother wise

is the meanii square derivative of ,(y, 0) (it 0 = t thait is,

(A. 12) lirln {ZL[s(y, t + A) - (y. t)]-(y, t)} dy = 0.

PROOF. Lemma A.2 entails

(A.13) { [.s(y. t + A) - 8(y, t)]} = (i)(f ;(y, t + A) d)

< ! f [.;(Y, t + A)]2 dA.

Consequently. in view of continuity of I,

(A. 14) { {^ [.s(y, t + A) s(y, t)]} dyJ _ {X { 8(y. t + )A)]2 dA~dy

evrwee= +Yt]d~a A102=4Â ,Ad 4,
= [;i(y tJ]2dy, as A- 0o

Put J1 = {y: s(y. t) > 0). I'hen (]/A)[(x(y. t + A) - .(y, t)] converges to

.i(y. I) almi(ost everywhere (Lebesgue meatsure) on1 JI, andl (A.14) entails

(A.15) hin still) j [f-L (y, I + A) - . 1(y.t)]3 /dy < [(y, t)]2 dy

= i'M [i(y, t)]2 dy.

LUtilizinm 'I'Theoremil V.1.3 of [8], we eonelu(le that

(A.lI6) limi { [s(y, t + A) - N(y t)] -;(y t)} dy = 0

(A.17) lim [S(y. t + A) - s(y, t)]} dy = [ (y, t)]2 dy.
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However (A.17) and (A.14) are compatible only if

(A.18) lim { [.(y. t + A) -(y, )]} dy = ()

where MC = R - M. Now (A.17) and (A.l8) together are e(uivalent to (A.12)
if_h (y, t) is defined by (A. I1).
REMARK A.1. Since .s(y. 1) = 0onM)I. (A.18) is e(uivalent to

(A.1 9) J,(y.=, 0 dy = .[(O- t)2]

which describes how large the singular part of'f(y, 0) relative tof(,l/. t) nay be.
Satisfaction of (A. 18) is necessary for qB(x) = I f(y;, I + n - 1"2h) to be con -

tiguous with respect to p,(x) = n[=1 f(y; t).
THEOREM A.4. Under A.1-A.3 the LAN conditions defined in Section 3 *1r(e

satisfied at 0 = I with r, = 1, atun A, of (3.4).
PROOF. Introduce

" f(Vj. t + n1 /2 h)
h lo",YE f0I t)

(A.20) nI1+n{ 1/2h
IV, h =2Z -l.

We need to prove that for every h e /.

(A.21) (L/,h -'An, + 2'1) (

in Pn p)robability, 1)P referring to 0 = t. According to LeCam's Second1lemml1a in
[8] (A.21) is equivalent to

(A.22) ("n,h - A,, + h21h) _

if we show that Y(W..hIPf) - N(- 112j,2, h21,). All this will l)e accomlp)lshcl. if'
we p)rove the following relations:

(A.23) K(A,1.j,/) = 0.

(A.2!4) K1('IVn h|/n) , 4t

(A.25) Var (I1'n.h - hA^n. 1|,) o,

(A.26i) Y(An., n) - ((), 1,-
We shall start with (A.23). We have

(A.27) 0 = | [f(y. I + A) - f(y, t) dy
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=a'f I 2(8y I + A) _ (yt)]tdl

= J - [s(y. I + A) s(y o)]2(ly

+ 2 { A [.s(y. I + A) - s(y t)].s(y, t) (ly

+ 2 { .0(y. I).N(. ) d,1 = f f(y, 1) dy

as A-0.

The last statement follows ftromi (A. Il) and(I (A. 12). Colnsequenitly

(A.28) E(A".,1l') = F1/ /L-t2Imn1
= 1/2 /(y, 1) dy = 0.

In or(ler to prove (A.24) and (A.25) we employ the same idea as in Lemmas
VI.2.Ia and( Vl.2.1b in [8]:

(A.29) E( "n EIY) j= 2 'Ll1i t ) ]h)

&~~~_/2t;(,)]2 (/1/ = _42

(A. ;)) \ 'ar (I n,h -hAn,~)

F 1/2/,)~~~~~~1/

= 4 E,,t [.s1*Lj' t + fl
_ -' - Iflt1/2hf(Yi 21]

2(, Iy) +n h

t+ n~~~~~~

. 4 Vs[Y1.i t + n-I h) -_ - 1/2hf(Yi t)]

<2 f (y,I+ n;l/2|(,) (J-(
y,
t)] 2dy-4O

Finally. (A.26) lfollo%s easily froml (3.4) by the central limit theorem. Q.E.D).
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