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ABSTRACT. We present a sufficient condition for a Banach space to have
the approximate hyperplane series property (AHSP) which actually covers all
known examples. We use this property to get a stability result to vector-valued
spaces of integrable functions. On the other hand, the study of a possible
Bishop—Phelps—Bollobéds version of a classical result of V. Zizler leads to a
new characterization of the AHSP for dual spaces in terms of w*-continuous
operators and other related results.

1. INTRODUCTION

Given two (real or complex) Banach spaces X and Y, we write L(X,Y") for the
Banach space of all bounded linear operators from X into Y, endowed with the
operator norm. We use the symbol Bx and Sx to denote, respectively, the closed
unit ball and the unit sphere of X. The topological dual of X is denoted by X*.
An operator T' € L(X,Y) is said to be norm-attaining if there is z € Sx such
that [|Tz|| = ||T||]. We write NA(X,Y') for the subset of L(X,Y’) consisting of
all norm-attaining operators. After the celebrated Bishop-Phelps theorem, which
says that the set of all norm-attaining linear functionals is dense in X*, it was a
natural question to study whether the set of norm-attaining linear operators is
dense in L(X,Y") for all Banach spaces X and Y. In 1963, Lindenstrauss [9] gave
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a negative answer to this question and showed, among many other things, that
NA(4,Y) is dense in L(¢1,Y) for all Banach spaces Y.

Bollobas sharpened the Bishop-Phelps theorem to what is now called the
Bishop—Phelps—Bollobéds theorem: given a Banach space X, if 2* € Sx- and
x € Sy satisfy |z*(z) — 1] < €2/2 for some 0 < € < 1/2, then there exist y € Sx
and y* € Sx- such that y*(y) = 1, ||y — z|| < e + &2 and |ly* — 2*|| < . In 2008,
Acosta, Aron, Garcia and Maestre [1] introduced the notion of Bishop—Phelps—
Bollobés theorem for operators. Precisely, a pair (X,Y") of Banach spaces is said
to have the Bishop—Phelps—Bollobds property (BPBp in short) if given ¢ > 0,
there is n(¢) > 0 such that whenever T' € L(X,Y) with ||T|| = 1 and = € Sy
satisfy ||Tz| > 1 —n(e), there exist S € L(X,Y) and y € Sx such that

1S=Tl<e llz—yl<e, and S]] =[Syl =1.

In the same paper [1], the authors characterize Banach spaces Y for which the
pair (¢1,Y) has the BPBp in terms of convex series and use the result to show
that there is a reflexive Banach space Y such that (¢;,Y) does not have the
BPBp (while, as commented above, NA(¢1,Y) is dense in L(¢;,Y") for every Y').
Specifically, (¢1,Y") has the BPBp if and only if Y has the approximate hyperplane
series property (AHSP): for every € > 0 there exists 0 < n(¢) < e such that for
every sequence (yz) C Sy and for every convex series Y .- | ay with

00
E OrYk
k=1

there exist A C N, y* € Sy« and {2, : k € A} C Sy satisfying

(1) Sap>1-¢
keA

(2) [|zx — yx|| < € and y*(zx) = 1 for all k € A.
Let us remark that the definition of the AHSP does not change if we replace
infinite sequences by finite (but of arbitrary length) sequences.

The following spaces are known to have the AHSP [I, 6]: finite dimensional
spaces, uniformly convex spaces, spaces with property 3 (see definition in section
2), and the so-called lush spaces (see definition in section 2). In particular, Cy(L)
spaces, Ly (u) spaces, the disc algebra A(D) and H*°(D), all have the AHSP.

In section 2 of the present paper, we introduce a sufficient condition for the
AHSP, called the AHP (see Definition 2.1), which actually subsumes all previously
known examples. We use the AHP to present new examples of spaces with the
AHSP, namely, the spaces L;(u, X) when p is an arbitrary measure and X is
finite-dimensional, uniformly convex, lush or has property f.

Finally, we start section 3 by showing that there is no BPB version of the
theorem of Zizler [13] which states that the set of operators between two Banach
spaces whose adjoints attain their norm is dense in the space of all operators.
Then, we exploit this idea getting several results: a new characterization of the
AHSP for dual spaces in terms of w*-continuous operators, a characterization
of pairs (X, X*) having the AHSP (a concept recently introduced in [2], see its
definition in section 3), and a proof that (Cy(K,Y),Co(K,Y)*) has the AHSP

>1- 77(5)7
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for every locally compact Hausdorff space K and every uniformly smooth space
Y, thereby extending a result in [2] to the vector-valued case.

2. A SUFFICIENT CONDITION FOR THE AHSP

We devote this section to study a sufficient condition for the AHSP, which
actually covers all known examples, and which will be useful to provide new
examples of the form L;(u, X). We need some notation. Let X be a Banach
space. A face of By is a non-empty subset of the form

F(z*) :={z € Sx : Rea*(z) =1}

for a suitable x* € Sy attaining its norm. A subset C' C Sy« is said to be
norming if

2]l = sup{|z*(z)| : 2" € C} (z € X)
and it is said to be rounded if 0C = C for every 6 € K with |#| = 1, where K is
the real field R or the complex field C.

Definition 2.1. A Banach space X is said to have the approximate hyperplane
property (AHP in short) if there exist a function § : (0,1) — (0, 1) and a norming
subset C' of Sx- for X satisfying the following:
Given € > 0, there is a function Tx . : C' — Sx~ such that if 2* € C'and x € Sx
satisfy Rex*(z) > 1 — d(e), then dist(z, F(Tx.(2%))) <e.

Observe that by a routine argument, we may suppose the set C' to be rounded.
It is also straightforward to prove that it is enough to check the property just for
a dense subset of Sx.

As announced in the introduction, we show that the AHP implies the AHSP.
Actually, more can be said.

Proposition 2.2. Let X be a Banach space. Suppose that there is a function
§:(0,1) — (0,1) such that for every finite-dimensional subspace Y of X, there
exists a subspace Z of X containing Y and having the AHP with the function 0.
Then, X has the AHSP. In particular, the AHP implies the AHSP.

Proof. Let 0 < € < 1 and write d;(¢) = min{d(¢),e}. Consider a finite convex
combination Y77 | ajx; of elements of Sx satisfying [|3°7_; aja;l| > 1 —67. By
hypothesis, there is a subspace Z of X with the AHP containing the subspace
spanned by {z; : j =1,...,n}; we denote by C the norming subset of Sz~ given
by the AHP of Z, which we may and do suppose that it is rounded. Then, there
exists * € C such that

Rez* <§”: ozjxj> = Re zn:ajx*(xj) >1-8,(e)%
j=1 Jj=1

Setting
A={j:1<j<n, Rex*(z;) >1-d(e)},
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we can get easily that

ZO[J' > 1—(51(8) >1—¢

jEA
(see the proof of [8, Proposition 2.1]). By the AHP of Z, dist(z;, F(Tz.(z*))) <&
for all j € A. Letting y* be a Hahn-Banach extension of T, .(2*) to the whole of
X, then we get dist(xj, F(y*)) <efor j=1,...,n, as desired. O

Examples of spaces with AHP appeared already (without this name) in the
literature. Actually, the usual way to provide examples of Banach spaces with
the AHSP has been to prove that they have the AHP. Let us discuss the main
examples. We start with the easiest case: uniformly convex spaces.

Proposition 2.3. Fvery uniformly convex Banach space has the AHP. Besides,
here C' is the whole dual unit sphere and T is the identity.

This result appeared in [6, Lemma 13] (without this notation) and also follows
easily from [2, Lemma 2.1]. Next, it is shown in [I, Lemma 3.4] that every finite
dimensional Banach space has the AHP.

Proposition 2.4. Fvery finite-dimensional Banach space has the AHP. Besides,
here C' is the whole dual unit sphere but Y is not, in general, equal to the identity.

It follows from the result above, Proposition 2.2 and the results in [4, §4], that
property AHP is not stable by infinite c¢g-, {1- or f4-sums.

Example 2.5. AHP is not stable by infinite cy-, {1- or {s-sums. Indeed, a se-
quence {Y} }ren of finite-dimensional spaces is presented in [4, §4] such that its co-,
(1- and {-sums fail the AHSP. Now, all the Y}’s have the AHP (Proposition 2.4)
and the sums fail it by Proposition 2.2.

The next family of examples we present here is the one of lush spaces. A
Banach space X is said to be lush if for every xg,yo € Sx and every € > 0, there
is a slice S := {z € Bx : Rex*(z) > 1 — ¢} with 2* € Sx- such that zy € S
and the distance from g, to the absolutely convex hull of S is smaller than €. We
refer to [5, 7, 8] for information about lush spaces. Among lush spaces we may
find C(K) spaces, Ly(u) spaces and their isometric preduals, the disk algebra,
H>(D), and finite codimensional subspaces of C|0, 1].

Proposition 2.6. Every separable lush space has the AHP. Besides, the function
0 does not depend on the particular lush space.

A proof of this result is contained in the proof of [8, Proposition 2.1.c]. We are
going to comment this proof here for the sake of completeness and also in order
to extend the result to some non-separable spaces. Indeed, let X be a separable
lush space. By [7, Theorem 4.3] and [3, Corollary 3.5], there exists a rounded
subset C' of Sx+ norming for X such that

Bx = aconv(F(z")) (2.1)
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for every x* € C, where aconv(-) denotes the absolutely closed convex hull. With
this in mind, one may follows the proof of [8, Proposition 2.1.c| to get Proposi-
tion 2.6 with a function ¢ (which is independent of X), the norming set C' and T
equal to the identity.

Therefore, the key ingredient of the proof is to get the existence of a norming
set C' such that (2.1) holds for every element of C. Another family of spaces
for which this happens is the one of almost-CL-spaces. A Banach space X is
said to be an almost-CL-space if By is the closed absolutely convex hull of every
maximal convex subset of Sx. We refer the reader to [10] and references therein
for more information and background. The main examples of almost-CL-spaces
are C'(K)-spaces and L;(u)-spaces. It is easy to show (see [10, §2]) that if X
is an almost-CL-space, then there is a rounded subset C' of Sx+ norming for X
such that (2.1) holds for every element of C. By the comments above, almost-
CL-spaces have the AHP.

Proposition 2.7. Fvery almost-CL-space has the AHP. Besides, the function §
does not depend on the particular almost-CL-space.

We may particularize this result to the main examples of almost-CL-spaces.

Corollary 2.8. All C(K)-spaces and all Ly(p)-spaces have the AHP. Besides,
the function 0 does not depend on the particular space.

We do not know if this result extends to general non-separable lush spaces, but
a reduction to the separable case of lushness property allows to get this weaker
version.

Proposition 2.9. There exists a function 5 (0,1) — (0, 1) such that for every
lush space X and every separable subspace Y of X, there is a (separable) subspace

Z of X containing Y and having the AHP with the function 0.

Proof. Let 0 the universal function provided in Proposition 2.6. Let X be a
lush space and Y a separable subspace of X. We use [5, Theorem 4.2] to get
a separable subspace Z of X containing Y which is lush. Now, Proposition 2.6
gives that Z has the AHP with the function 0, as required. O

The last family of examples of spaces with the AHSP is given by property
f. A Banach space X has property ( if there are two sets {z; : i € I} C Sy,
{zf i€ 1} C Sx« and a constant 0 < p < 1 such that the following conditions
hold:

(1) i (z;) =1, Vi€ I.

(id) o7 (a))] < p < 1ifi,j € i # .
(iti) ||z|| = sup|z}(x)]| for every z € X.
iel

This property was introduced by J. Lindenstrauss [9] in his study of norm-
attaining operators. We refer to [11] and references therein for more information
and background. It is known that if X has property (3, then (Z, X') has the BPBp
for every Banach space Z [1, Theorem 2.2]. In particular, ({1, X) has the BPBp
and so X has the AHSP. Actually, property 8 implies AHP.
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Proposition 2.10. Property [ implies property AHP. Besides, the function ¢
only depends on the constant p € [0,1) of the definition of property [3.

Proof. Suppose X has property  with constant p € [0,1) and consider the sets
{z; :ie€l} C Sx, {xf : 1 € I} C Sx~ given in the definition of the property.
We write C' = {z} : ¢ € I}, which is a norming set for X, and for ¢ € (0,1), we
consider ¢ € (0,1) such that

S(1+p) +2pV28
g.
1—(1—08)p+pV20

Now, we fix ¢ € I and consider any xy € Sx such that Rexf(xg) > 1 —45. We
write

1—p
B RSCR PRAPNGT;
Then Reb > 1 — 6 and so |Im b| < +/20. Consider the vector
x:aw0+<1—ab)xi € X.
Observe that, clearly, z7(xz) = 1 and that
o — 2]l < (1= a) o] + [1 — ab| ]
=(1-a)+ (1 —aReb) +allmd| <1—a+ (1—-a(l—90))+aV2s
5(1+p) +2pV26
I~ (- 0ptpm

It remains to show that |[z[| = 1 for which it suffices to check that [2}(z)| < 1 for
every j # i. Indeed, fix j € I, j # ¢ and observe that

|25(2)] < alf(wo)| + (1 — ab)|xj(xi)] < a+[1 —ablp
<a+ (1—aReb)p+allm b|p
<a+(1—a(l—6)p+av2p=1. O

€(0,1] and b=z (xo).

It is now time to present the main result of the section, namely the lifting
property of the AHP from X to L;(u, X), which we will use to get a lifting
property of the AHSP. Recall that L; (i, X) is the space of all strongly measurable
functions f with

wm:LWWWM<m

That is, L;(92, X) is the completion of the space of all simple functions with
support of finite measure.

Theorem 2.11. Let (2, %, 1) be a measure space and let X be a Banach space.
Suppose that there exists a function § such that for every separable subspace Y of
X, there exists a subspace Z of X containing Y and having AHP with function
d. Then, there exists a function &1 such that every separable subspace of Ly (p, X)
is contained in a subspace of Ly(p, X) which has the AHP with the function 6.
Moreover, if X has the AHP, then Li(u, X) has the AHP.
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Proof. Let Y be a separable subspace of Li(p, X). Then it is contained in
Li(p, Z), where Z is a separable subspace of X. So we are done if we as-
sume that the whole space X has the AHP and prove that L;(u, X) does. Let
C be the subset of Sx+ norming for X and 0 and YTx. the functions, given
by the definition of the AHP. First, observe that the set C of those elements
in Loo(pt, X*) C Lyi(p, X)* of the form SN a¥ya, where {A} v, is a dlSJOlIlt
family of measurable subsets with 0 < M(A») < oo and z; € C for all 4, i
norming for Ly (i, X). Now, fix e € (0,1). For ¢ = SN atya, € C, deﬁne
Yrux)e(0) = S Txeo()xa, and observe that this definition does not
depend on the particular decomposition of ¢. Write &,(¢) = 1e6(¢/2). Con-
sider ¢ € C and a simple function g € Ly(u, X) with |lg]| = 1 such that
Re¢(g) > 1 — 01(¢) (as simple functions are dense in L;i(u, X), it is enough
tho check the property for them). Then g has the form g = Ef\il TiXa, Where
{A;}Y, is a disjoint family of measurable subsets with 0 < pu(A4;) < oo and
x; € X \ {0} for every i. Besides, considering a finer partition if needed, we may

and do suppose that gb Zl LTEX A, -
Next, let £ ={i : 1 <i< N, Rea}(x;) > (1 —03(/2))| xi]|}. Then, by the

AHP of X, for each i € E, thereis z; € F(Tx/2(x])) such that ‘z H <e/2.

Hence, by setting y; = ||z;||z;, we have

Txep(@)) (W) = Izl = Nyl and Ny —will <e/2|zl (@€ E).

‘ || i

By the assumption, we have

1—61(s) < Reg(g) = Y Reaf(z)u(A;) + Y Rex(zi)u(A;)

< ; Rexi‘(af)i(fh) + ;ECO - 5(;jz;)|lxi|‘ﬂ<‘4i>
< 2}; Rea* (z:)u(A:) + (1 — 5(/2)) (1 - 2}; [l )
:56(5/2) ; Re 2 () ju(4;) + 1 — 6(/2), :
where B¢ = {1,...,N}\ E. Hence
3" Reaf(w)u(A) > 1 - 5(215(/62)) —1- Z

In particular, 5 =3, p ||zl #(A;) > 1 = 5 > 0 and E is not empty. Finally, let
= %ZzGE YiX, in Li(p, X). Then

T ZTM Z lallu(4) =1 = |1£]

’LEE ZGE
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and
Yi
”g_f||<z B_xz +ZH$1HN
i€l IS
Yi
<> 3 A+ ) Ml = il n(A) + ) (A
1€eFE i€EE i€eE°
€
< —||z; || o (A 2(1 — < . O
EZEQHIBHM( )+2(1-p)<e

We particularize the above result to the known examples of spaces with the
AHP. This generalizes [6, Theorem 14], where the result was only given for uni-
formly convex X'’s.

Corollary 2.12. Let (2, %, 1) be a measure space and let X be a Banach space.
Then Ly (p, X) has the AHP (and so the AHSP), provided either of the following
holds:

(1) X is finite dimensional.
(2) X is uniformly conver.
(3) X is lush and separable.
(4) X is an almost-CL-space.
(5) X has property (.

For non-separable lush spaces we have the following result.

Corollary 2.13. Let (2,3, i) be a measure space and let X be a (non-separable)
lush space. Then every separable subspace of Ly(p, X) is contained in a separable
subspace of Ly(p, X) with the AHP and the function § in the definition of the
AHP does not depend on subspaces. In particular, Li(u, X) has the AHSP.

Let us observe that finite dimensionality, uniform convexity and property [
do not pass from X to L;(u, X) if Li(p) is non-trivial. On the other hand, it
is worthwhile to notice that it follows from the results of [5] that Li(u,X) is
lush when X is lush. Indeed, the ¢;-sum of a family of lush spaces is also lush
by [5, Proposition 5.3]. Since for every partition © = J,_, A,, the subspace of
Ll(u, X)) formed by functions of the form Y ;| xxx 4, is isometric to the ¢;-sum
of n copies of X, we have that for every elements x,y € S, (,,x) and every € > 0
there is a lush subspace E' C Ly (p, X) such that dist(z, E') < € and dist(y, E) < ¢.
The result now follows from the definition of lushness. We thank the anonymous
referee for pointing out this fact.

3. ON A POSSIBLE EXTENSION OF A THEOREM BY ZIZLER

It is proved in [1, Example 6.3] that the classical Lindenstrauss theorem, prov-
ing the density of the set of those operators acting between two arbitrary Banach
spaces whose second adjoint attains the norm, has no Bishop—Phelps—Bollobas
counterpart. We may wonder if the result by Zizler providing the density of
the set of operators whose first adjoint attains the norm has a Bishop—Phelps—
Bollobas counterpart. More concretely, we may ask about the validity of the
following Bishop—Phelps—Bollobas version of Zizler’s result:
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Given a pair (X,Y) of Banach spaces, is there a function ~ :
(0,1) — R* such that for every ¢ € (0,1), whenever Ty € L(X,Y)
with ||To]] = 1 and y§ € Sy~ satisfy [|[T5(y5)|| > 1 — 7v(e), then
there exist 7' € L(X,Y) with ||T']] = 1 and y* € Sy« such that
IT*(y)Il =1, llys —y*ll < e and | To =T <e?

The following easy example shows that this is not always possible.

Example 3.1. Let X be a smooth reflexive space whose dual is not super-reflexive
and let Y = (%. Then the question above has a negative answer for (X,Y).
Indeed, since X and Y are reflexive, the above question is equivalent to whether
(Y*, X*) = (£2, X*) has the BPBp. Since X* is strictly convex, this would imply
X* to be uniformly convex by [4, Corollary 3.3]. This is impossible since X* is
not super-reflexive.

We observe that it is immediate that if Y is a reflexive space, then for every
Banach space X the question of whether a pair (X,Y") satisfies the BPB version
of Zizler result is equivalent to the question of whether (Y*, X*) has the BPBp.
(This follows because every operator from Y™* to X* is automatically w*-w*-
continuous.) Next, we investigate the Bishop—Phelps—Bollobas version of Zizler
result when the range space is ¢y. We have the following result, whose proof is
based on [1, Theorem 4.1].

Proposition 3.2. Given a Banach space X, X* has the AHSP if and only if
there is a function v : (0,1) — (0,1) such that for every ¢ € (0,1), whenever
Ty € L(X,co) with [Tyl = 1 and y5 € Se satisfy || Tg (o)l > 1 — ~(g), then
there evist T' € L(X,co) with ||T|| = 1 and y* € S such that ||T*(y*)|| = 1,
lve — ¥l < e and | To — T|| < e.

We restate this result as the following corollary.

Corollary 3.3. LetY be a dual space, and consider {1 as the dual of cg. Then the
pair (01,Y") has the BPBp if and only if there is a function~y : (0,1) — (0,1) such
that for every € € (0,1), whenever a w*-w*-continuous Ty € Spwu, vy and yo € Sy,
satisfy || To(yo)|| > 1 —y(e), then there exist a w*-w*-continuous T € Sr, y) and
y € Sy, such that ||T(y)|| = 1, ||lyo — vyl < & and ||To — T|| < € (that is, in the
definition of BPBp we may restrict ourselves to w*-w*-continuous operators.)

Proof of Proposition 3.2. This proof is based on the one of [, Theorem 4.1]. But
for the sake of completeness we give details. For convenience, let (e;) be the basis
of ¢g and (e}) be the basis of ;.

Suppose that X* has the AHSP with a function n(e) > 0. We fix Ty € L(X, ¢)
with [[Tyl] = 1 and y5 € S satisfying [|T5(yg)|| > 1 — n(e). Since the set of
finite convex sums of (e}) is dense in ¢;, we may assume that yj = > I, aze}.
Moreover, by composing with an appropriate w*-w*-continuous isometry, we may
assume that «; > 0 for all 7. Since

> T (e)

=1

L=mn(e) < |IT5 (o)l =

Y
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we apply the definition of AHSP to find A C {1,...,n}, 2™ € Sx«, and (2});ea C
Sy« such that

ZOAZ'>1—€, 1T (ef) —af|| <e and z™(z})=1 (i€ A).
i€A

Define T' € Sg(x,c) and y* € Sy, by

g Ouer
g z;(x)e; + E Ty(ef)(x)e; (x e X), and y* = Z’L.
icA iEN\A 2iea @i

We can see that T%(ef) = zf for every i € A and T*(ef) = T (ef) for every
i € N\A. Therefore, we get that |T*(y*)|| = 1 and ||Ty — T|| < €. Moreover,
ly* — y5ll < 2¢, and so y(g) = n(e/2) completes our proof.

For the converse, given 1 > ¢ > 0, choose p,&’ € (0, 1) such that

/

0<yV2(1—p)<e/2, 0<e <eg/2 and < <e/2.
—p

Consider a finite convex series > o; and a sequence (x])", C Sx« satisfying
>0 cuxf]| > 1 —~(e). Write 25 = > 1, a;ef € Sy, and define the operator
So € L(X,co) by

= fo(z)el (z € X)

which clearly satisfies ||.So|| = 1. Since [|Sg(z5)|| = || Do, cuxf]| > 1 —~(g'), by
hypothesis there exist S € L(X,co) with ||S]| =1 and 2* =Y .2, biej € Sy, such
that

1S*(z) =1, [IS—Soll<¢', and |25 -2 <&
It then follows that

n

D (i — Reby) < ||z — 2*|| < &,

=1

and so > i Reb; >1—¢. Set A={ne{l,...,n} : Reb; > p|b;|}. Since

1—¢ <ZReb => Rebi+ Y Reb

i€A 1e{l,...,n}\A
<) Rebi+p D |b
i€A ie{l,....,n}\A
< Reb; —l—p( Z|b|>
icA icA

QZRebi—l—p(l—ZRebi),

€A €A
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we get Y .., Reb; > 1 — 1%. Hence,

Zai > Z Reb; — ||z5 — 27|
icA icA
6’
>1-— —d>1-c
IL—p
On the other hand, choose x** € Sx«+ so that

L=a™8%(2%) =Y _a™(b:S*(e])).
=1

Set yf = |Zi\ S*(ef) € Sx« for every i € A and observe that z**(yf) = 1 for each

7 € A. Since

1—|b—f’ <V2(1—p) <e/2
for every i € A, we get
=7 =il = |b-\S (e5) — So(ef)
bi */ % x/ % *( % */ %
< WS (ef) = S*(ef)|| + 157 (ef) — Sple))]

<eg/24¢e/2=c¢.

Finally, n(e) = v(¢’), the set A, the sequence (y});ca C Sx- and the functional
™ € Sx+« complete our proof. O

Very recently, another “flavor” of the approximate hyperplane series property
has been studied, namely the AHSP for a pair (X, X*). This property was
introduced in [2] to characterize those Banach spaces X such that (¢;, X) has the
BPBp for bilinear forms.

Definition 3.4 ([2]). Let X be a Banach space. We say that the pair (X, X*)
has the approximate hyperplane series property for dual pairs (AHSP) if for every
e € (0,1) there exists 0 < n(e) < e such that for every convex series >~ oy, and
for every sequence () C Sx» and xy € Sx with

Re Zakx,’;(xo) >1—n(e)

n=1
there exist a subset A C N, a subset {2} : k € A} C Sx- and 2, € Sx satisfying

(1) Dopeaar >1—¢,
(2) |lz0 — @0l <&, ||z} —zt]] <eforall k € A, and z;(z) =1 for all k € A.

It is clear that by assuming the condition above just for finite sequences (zy)
and (x}), an equivalent property is obtained. As we already remarked, it is shown
in [2] that (¢, X) has the BPBp for bilinear forms if and only if (X, X*) has the
AHSP. It follows directly from the definition that if a pair (X, X*) has the AHSP,
then X has the AHSP. However the converse is not true, since ¢, = ¢; has the
AHSP but the pair ({1, /) does not have the AHSP since no pair of the form
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(Li(p), L1(p)*) has the AHSP in the infinite dimensional case [2]. On the other
hand, the pair (X, X*) has the AHSP for the following spaces: finite dimensional
X, uniformly smooth X, X = C(K), X = ¢y, and X = K(H) (the space of
compact operators on a Hilbert space H) [2].

The following result characterizes the AHSP for a pair (X, X*) in terms of the
validity of a version of Zizler’s result. Like Proposition 3.2, its proof follows the
lines of the argument in [I, Theorem 4.1].

Proposition 3.5. Given a Banach space X, the pair (X, X*) has the AHSP if
and only if there is a function vy : (0,1) — (0,1) such that for every e € (0,1),
whenever Ty € Sp(x.e), Yo € Ses, and g € Sx satisfy ReygTo(woe) > 1—7(¢), then
there exist T € Sp(x.c), Y* € Se; and x € Sx such that y*T'(x) =1, [lyg —y*|| < e
|lzo — || < e and || Ty — T|| < e.

It is not difficult to adapt the proof of Proposition 3.2 to this case, so we omit
it. Our last result in this section shows that the pair (Co(K,Y), Co(K,Y)*) has
the AHSP when Y is a uniformly smooth space. This generalizes [2, Corollary 4.5]
where the result was proved for Y = K.

Theorem 3.6. Let K be a locally compact Hausdorff space and'Y be a uniformly
smooth space. Then the pair (Co(K,Y),Co(K,Y)*) has the AHSP.

Proof. We show that for every € > 0, there is > 0 such that for every fy €
Sco(ry) there is fi € Scyxy) satistying

(1) [lfo— full <e.
(2) If ¢ € Scy(k,vy- satisfies Re ¢(fo) > 1—n, then dist(¢, D(f1)) < 5e, where

D(f1) =A{v € Scyxy) : ¥(f1) = 1}
Then the result follows from Corollary 3.4 of [2]. Since Y is uniformly smooth,
Y* has the Radon-Nikodym property, and since Cy(K)* has the Approximation
property, we have

Co(K,Y) = (Co(K)®.Y)* = Co(K)* @, Y™

[12, Theorem 5. 33] (where ®, and ®. denote the projective and injective tensor
product, respectively). Let r(¢) = min{e/2,20y+(g),1/4} and n(e) = er(e)? for
all € € (0,1), where dy«(¢) is the modulus of uniform convexity of Y*. Fix
e € (0,1) and set n = n(e) and r = r(e). Suppose that Re ¢(fy) > 1 —n for some
¢ € Scy(k,y)- and for some fy € Beyk,y). Then by the definition of the projective
tensor product, there exists ¢; = Y 7| a;ju; ® y; such that Re¢i(fo) > 1 —n,
6 — 8l <=, Xy s =1, 053 0, llgsll = lgll = 1 for all j = 1,....,m.

Let L={te K :||[fo(t)]| > 1—r}and U = {t € K : ||fo(t)] > 1 —2r}.
By the Urysohn lemma, there exists a continuous function m : K — [0, 1] such
that m(t) = 1 for all t € L and m(t) = 0 for all t € K \ U. Define a function
fi € C()(K, Y) by

= fo(?) m -m i

fi(t) = fo(t) ift ¢ U.




BANACH SPACES WITH AHSP 255

Then || fi(t)|| < 1for all t € K and || fi(¢)|| =1 for all t € L. Also,
Ifo(t) = At <2r <e forallte K.
Indeed, if t € U, then
o(t)
-7

and if t € K\ U, then fo(t) = fi(t).
We assume that dp; = hjd|p;| for some Borel measurable function h; with
|hjl=1forall j =1,...,n. Then

[1/o(t)

— fo(t)m H—!Hfo ) = 1|m(t) <2r<e

Re ¢1(fo) = Re Zozj/yj fo(t))hi(t) dlp|(t) > 1 —n.
Write
a={i<i<ns re [ yhOmOdulo>1-r}.
K
We have 3, a; > 1 — n/r?* =1 —e. Now, for each j € A, write

Then, for each j € A, we have

1—#<Rgégm@Mwaw>
=m/wmwwwww+m/ 2 (o)) g (1) s (1)

Bj K\B;
< e [ wim@ o+ [0 dilo

< usl(By) + (1= )|l (K N\ By) = 1= r(1 = |;|(By))
and so, |u;|(B;j) > 1 —r. By the regularity of the measures, there exists a
compact set K; C B; such that |u;](K;) > 1 —7r. Set K = J._, K; and observe

that K C L.
For each t € U, there exists a unique fj(t) € Sy« such that (f5(t), fo(t)) =
| fo(t)||- If j € A and ¢ € B;, we have

Reh;(0)y; (fo(t)) > 1 —r = (1 =) fo@)]

JEA

and

Re (f5(1), fo(®)) = [[fo(D)]]

Hence

Re

hi)y; + fo @) [ fo(t) r o
2 Qmwo>1z>1®@»

Then ||h;(t)y; — f5(t)|ly~ < ¢ for all t € B; by uniform convexity of Y.
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On the other hand, and again since Y is uniformly smooth, we have for each

t € U and for each f € Cy(K,Y), that
H)\f(t) + Jo® H 1
* . [ fo(®)]]
(0. £(0) = lim Zoil A
—0 A

Hence the function t —— (fo(¢)*, f(t)) is Borel measurable on U for each f €
Co(K,Y). For each j € A, define

1
500 = Gy L, G0 T 10,
’ |13 (K5) ’ ’
Then z; € Bey(r,y)- for every j € A. Notice that, for each j € A and t € Kj,
one has t € L and m(t) = 1. So fi(t) = % and (fi(t), fi(t)) = 1. Therefore,

Zi(f1) = 1 =|[|z}]| for all j € A.
We claim that |27 — 1 @ y;|| < 3¢ for every j € A. Indeed, for f € Co(K,Y)
with || f]] < 1, we have

S =m0l = | [ O SO7E = [ rremn o

/A

J o BUOR )
+ L G050~y @

i (Iu] )/ {5 (8), £ dlus(2)

< (KN KG) + /K 1fo () = hy(£)y; Iy dlp] ()
+ (1 = [ |(K5))
<r4+e+r <3k

Consider 1 = ZJGA Y > jca@;z; and observe that ¢ € Sg,xy)- and ¢(f1) =
Finally, we get ||¢ — ¢|| < 6 because

[ =il < | e Dz =D az| + Dz = D ©y;
jea % jEA jeA jEA jEA
> ey
JEA®
gZaj+3a+Zozj<3s+2r<5€- 0
JEA® JEA®
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