Banach J. Math. Anal. 9 (2015), no. 4, 58-80
http://doi.org/10.15352/bjma,/09-4-4

ISSN: 1735-8787 (electronic)
http://projecteuclid.org/bjma

MULTIPLE GENERALIZED ANALYTIC FOURIER-FEYNMAN
TRANSFORM VIA ROTATION OF GAUSSIAN PATHS ON
FUNCTION SPACE

SEUNG JUN CHANG, JAE GIL CHOI* AND AE YOUNG KO

Communicated by P. E. Jorgensen

ABSTRACT. The main purpose of this article is to develop the generalized
analytic Fourier—Feynman transform theory. We introduce a generalized ana-
lytic Fourier—Feynman transform and a multiple generalized analytic Fourier—
Feynman transform with respect to Gaussian processes on the function space
Cop[0,T] induced by a generalized Brownian motion process. We then estab-
lish a relationship between these two generalized analytic transforms.

1. INTRODUCTION

The main purpose of this article is to develop the generalized Fourier—Feynman
transform theory, which is defined in terms of generalized Brownian motion pro-
cesses. To explain what this transform is in its original context, let H be the
class of absolutely continuous paths z from [0, 7] to R which start at 0 and with
Dx = dz/dt € L*[0,T], and let D be the non-existent Lebesgue measure on H.
With in this heuristic context, the Fourier-Feynman transform of functionals F
on H is defined by
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for ¢ € R\ {0}, where Z, is a certain ill defined normalization constant which is
supposed to normalize Ziq exp{%||z||%}D to be a probability measure.

Through the formal observation above, one can see that ‘Fourier’ refers to the
exp{—ig(z,y),} term while ‘Feynman’ refers to the exp{%|z||3} term in the
integrand. Of course this is a very heuristic description. To head towards a
rigorous definition, let (H, W, v) be the abstract Wiener space with H < W. For
each A > 0, let us use the usual informal expression for Wiener measure with
variance \~! given by

1 A
dvy(x) = Zexp{ — §||x||%{}D(d:B)

Then an informal evaluation shows that for y € H,
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Thus we should expect that for y € W,

Toiy(F)(y) = lim [ F\"Y2x +y)dv(z), (1.1)
A——iq w
where one must first assume that A — [, F(A™"2z + y)dv(z) has an ‘analytic
continuation’ in the right-half complex plane and that the above limit exists
appropriately. Equation (1.1) with y = 0 can be considered as the Feynman path
integral which has been developed by many authors over many years.

Let (Cy[0,T], M, m,,) denote the classical Wiener space, where Cy[0, 7] is the
space of real-valued continuous functions z(¢) on [0,7] with z(0) = 0, M is
the class of all Wiener measurable subsets of Cy[0, 7], and m,, is the Gaussian
measure on Cy[0, 7] with mean zero and covariance function r(s,t) = min{s,¢}.

The concept of the ‘analytic’ Feynman integral on the Wiener space Cy[0, T
was introduced by Cameron [2]. There is a great deal of published research on the
analytic Feynman integral theory, and the analytic Fourier—Feynman transform
on Cy[0, T has also been developed in the literature. In particular, the concept
of the Ly analytic Fourier—Feynman transform defined by the formula (1.1) on
Wiener space Cy[0,T] was introduced by Brue in [1]. Since then, the L, ana-
lytic Fourier—-Feynman transform for 1 < p < 2 was further developed by many
mathematicians. For instance, see [3, 19]. For an elementary introduction to the
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analytic Feynman integral and the analytic Fourier—Feynman transform, see [25]
and the references cited therein.

On the other hand, the concepts of the analytic Zj,-Wiener integral (i.e.,
the Wiener integral with respect to Gaussian process Z;,) and the analytic Z,-
Feynman integral (i.e., the analytic Feynman integral with respect to Gaussian
process Zp,) on Cy|0, T were introduced by Chung, Park and Skoug in [12], and
were further developed in [5, 10, 22, 23]. In [5, 10, 12, 22, 23], the Zj,-Wiener
integral was defined by the Wiener integral

/C e dm(e)

where Z(z,-) is the Gaussian path given by the stochastic integral Z(z,t) =
[ h(s)dw(s) with h € L?[0,T].

Next, let D = [0,7] and let (£, B, P) be a probability space. A generalized
Brownian motion process (GBMP) on 2 x D is an Gaussian process Y = {Y; }ep
such that Yy = ¢ almost everywhere for some constant ¢ € R (in this paper we
set c=0), and forany 0 < s <t < T,

Y; =Y, ~ N(a(t) — a(s), b(t) — b(s)),

where N(m,o?) denotes the normal distribution with mean m and variance o2,

a(t) is a continuous real-valued function on [0,7], and b(¢) is a monotonically
increasing continuous real-valued function on [0,77]. Thus, the GBMP Y is de-
termined by the functions a(¢) and b(t). For more details, see [26, 27]. Note
that when a(t) = 0 and b(t) = ¢, the GBMP is a standard Brownian motion
(Wiener process). We are obliged to point out that a standard Brownian motion
is stationary in time, whereas a GBMP is generally not stationary in time, and
is subject to a drift a(t).

In [6, 8], the authors defined the generalized analytic Feynman integral and the
generalized analytic Fourier—Feynman transform (GFFT) on the function space
Capl0,T], and studied their properties and related topics. The function space
Cap[0,T], induced by a GBMP, was introduced by Yeh in [26], and was used
extensively in [6, 7, 8, 9, 13]. There have also been several recent attempts to
construct financial mathematical theories using this process [11, 14, 16, 21].

In this paper, we define a generalized analytic Feynman integral, a generalized
analytic Fourier—Feynman transform, and a multiple generalized analytic Fourier—
Feynman transform via a Gaussian process

t
Z(2,1) = / W(s)de(s), h € L2,0,T), = € Copl0, ),
0

where L2 [0, T] denote the separable Hilbert space associated with the continuous
functions a(-) and b(-) that characterize the GBMP. We then investigate a rotation
formula involving the two generalized analytic transforms on the general function
space Cy [0, 7.

The Wiener process used in [1, 2, 3, 4, 19] is stationary in time and is free of
drift, while the Gaussian process used in [5, 10, 12, 22, 23] is non-stationary in
time and is free of drift. However, the stochastic process used in this paper, as
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well asin [6, 7, 8,9, 11, 13, 21, 20], is non-stationary in time and is subject to a

drift a(t).

2. PRELIMINARIES

In this section, we briefly list some of the preliminaries from [6, 7, 8, 9] that
we need to establish our results in the next sections.

Let a(t) be an absolutely continuous real-valued function on [0, 7] with a(0) = 0
and d'(t) € L*[0,T], and let b(t) be a strictly increasing, continuously differen-
tiable real-valued function with 6(0) = 0 and b'(t) > 0 for each t € [0,7]. The
GBMP Y determined by a(t) and b(t) is a Gaussian process with mean function
a(t) and covariance function r(s,t) = min{b(s), b(t)}. For more details, see [0, &].
By [27, Theorem 14.2], the probability measure p induced by Y, taking a sepa-
rable version, is supported by C,;[0,7] (which is equivalent to the Banach space
of continuous functions x on [0,7] with 2(0) = 0 under the sup norm). Hence,
(Cap[0,T], B(Cap[0,T]), i) is the function space induced by Y where B(C., [0, T])
is the Borel o-algebra of C, [0, T]. We then complete this function space to obtain
(Cupl0, T), W(Cop[0,T7), 1) where W(C, [0, T]) is the set of all u-Carathéodory
measurable subsets of C, [0, T].

We note that the coordinate process defined by e,(z) = x(t) on C, [0, T] %[0, T
is also the GBMP determined by a(t) and b(t). For more detailed studies about
this function space C,;[0,77, see [6, 8, 20].

A subset B of C,;[0,T] is said to be scale-invariant measurable provided pB
is W(C, [0, T])-measurable for all p > 0, and a scale-invariant measurable set
N is said to be scale-invariant null provided p(pN) = 0 for all p > 0. A prop-
erty that holds except on a scale-invariant null set is said to hold scale-invariant
almost everywhere (s-a.e.). A functional F is said to be scale-invariant mea-
surable provided F' is defined on a scale-invariant measurable set and F(p -) is
W(Co )0, T))-measurable for every p > 0. If two functionals F' and G defined on
Copl0,T] are equal s-a.e., we write F' = G.

Let L2 [0, T] be the space of functions on [0, 7] which are Lebesgue measurable
and square integrable with respect to the Lebesgue-Stieltjes measures on [0, 7]
induced by a(-) and b(-); i.e.,

L2,[0,T] := {v : /OT v?(s)db(s) < +o00 and /OT v?(s)d|al(s) < —1—00}

where |a|(-) denotes the total variation function of the function a(-). Then
L2 ,[0,T] is a separable Hilbert space with inner product defined by

(1 0)ap = / w(tyo(t)dmy o(t) = / w(tyo(t)dib(t) + [al(£))

where my,);, denotes the Lebesgue-Stieltjes measure induced by |a|(-) and b(-). In
particular, note that ||ul|lqs = /(u, u)qp = 0 if and only if u(f) = 0 a.e. on [0, 7.
Note that all functions of bounded variation on [0, T] are elements of L2 [0, T'.
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The following Cameron-Martin subspace of C,;[0, 7] plays an important role
throughout this paper. Let

[0, T] = {w € Copl0,T] - w(t) = /0 z(s)db(s) for some z € LZJ)[O,T]}.

For w € C!,,[0,T], with w(t) = [, z(s)db(s) for t € [0,T1], let D : C,,[0,T] —
L2 ,[0,T] be defined by the formula

(2.1)

Then C;, , = C,, [0, T] with inner product

(wl, wQ)C:z,b = /0 le (t)D’u)g(t)db(t) = /0 21 (t)Zg(t)db(t) = (Zl, 2’2)071)

is a separable Hilbert space.

Note that the two separable Hilbert spaces L2 ,[0, 7] and C, [0, T are homeo-
morphic under the linear operator given by equation (2.1). The inverse operator
of D is given by

(D7'2)(t) :/0 z(s)db(s), te€0,T].

Recall that above, as well as in papers [6, 7, 8], we require that a : [0,7] — R

is an absolutely continuous function with a(0) = 0 and with fOT la’(t)|2dt < oc.
Our conditions on b : [0,7] — R imply that ¢’ is continuous and § < ¥'(t) < A,
t € [0,T], for some positive real numbers 6 and A. Hence we have

/Ola’(t)de(t)Z/O ld' ()| (t)dt < oo.

In this paper, in addition to the conditions put on a(t) above, we add the condition

/0 ld’(t)2d|a|(t) < oo. (2.2)

Then, the function a : [0,7] — R satisfies the condition (2.2) if and only if a is
an element of Cy [0, T]. For more a detailed illustration for the condition (2.2),
see [9].

For each w € 7 [0, 77, the Paley-Wiener-Zygmund (PWZ) stochastic integral
(w,x)™ is given by the formula

for p-a.e. @ € Copl0, T] where {g;}32, is a complete orthonormal set in C}, ,[0, 7]
such that for each j € N, Dg; = «; is of bounded variation on [0, T7.
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Our definition of the PWZ stochastic integral is different than the definition
given in [6, 7, 8, 13]. But we will emphasis that the following fundamental facts
are still true:

(i) It follows from the definition of the PWZ stochastic integral and from
Parseval’s equality that if w € C7,[0,7] and x € Cy,[0,T], then (w, )~
exists and we have (w, )~ = (w,z)cr .

(ii) If Dw = z € L2,]0,T7] is of bounded variation on [0, 77, then the PWZ sto-
chastic integral (w, z)~ equals the Riemann-Stieltjes integral fOT z(t)dx(t)
for p-a.e. € Cypl0,T].

(iii) The PWZ stochastic integral has the expected linearity properties. That
is, for any real number ¢, w € (7 ,[0,T], and z € C,,[0,T], we have

(w,cx)” = c(w,z)” = (cw,x)™.

From this, it follows that for each w € C7 [0, T], (w,x)™ exists for s-a.e.
T e Ca,b[O,T].

(iv) For each w € Cy ,[0,T], (w, )~ is a Gaussian random variable with mean
(w,a)cr, and variance ||w||2q,lb. For all wy,wy € C7,[0,T], we have

/ (wn, ) (wny 2)“dpa(x) = (wr, wa)cr . + (wn, a)er (wn, @)y .
Cu.,b[o’T} 7 , ’

Thus, if {wy, ..., w,} is an orthogonal set in Cf, [0, T, then the Gaussian
random variables (w;, z)™’s are independent.
For more details, see [9].

Throughout this paper, let C, C, and ((Nj+ denote the set of complex numbers,
complex numbers with positive real part, and nonzero complex numbers with
nonnegative real part, respectively. For each A € C, A/? denotes the principal
square root of \; i.e., A1/? is always chosen to have nonnegative real part, so that
AY2 = (A"HY/2 isin C, for all A € C,. We then have the following: for A € C
with A = a +if,

A2 = (A2 2 [V on(B)y ] e e (2.3)

A7+ 57) ECE IR

where sign(5) = 1 if 5 > 0 and sign(8) = —1if 5 < 0.

3. (GAUSSIAN PROCESSES

For each t € [0,T], let Ij, denote the indicator function of the interval [0, ¢]
and for k € Cy, [0, T] with Dk = h and with [|k|¢c;, = [fOT R2(t)db(t)]/? > 0, let
Zi(x,t) be the PWZ stochastic integral

Zi(z,t) = (D’l(hl[oﬁt]), x)™. (3.1)
Let

t
0

t) = /0 D (u)da(u) — / h(u)da(u), (3.2)
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and let

B(t) == /0 (Dk(u))*db(u) = / h?(u)db(u). (3.3)

0

Then the stochastic process 2 : C, [0, 7] x [0,7] — R is Gaussian with mean
function

t
/ Zo(w, )dp(z) = / h(u)da(u) = v (?)
Cab[0,T] 0
and covariance function

/C 017 (Zk(x, s) — %(S)) (Zk(x, t) — ’Yk(t))d,u(x)

min{s,t}
_ / h?(u)db(u) = By (mins, t}).

In addition, by [27, Theorem 21.1], Zx(-,t) is stochastically continuous in ¢ on
[0,7]. If h = Dk is of bounded variation on [0, 7], then, for all z € C,,[0,T],
Zi(z,t) is continuous in t. Of course if k(t) = b(t), then Z,(z,t) = x(t). Further-
more, if a(t) = 0 and b(t) = ¢ on [0, 7], then the function space C,;[0, T reduces
to the classical Wiener space C[0, T and the Gaussian process (3.1) with k(t) =t
is an ordinary Wiener process.

Let C,[0,T] be the set of functions k in Cj, [0, T] such that Dk is continuous
except for a finite number of finite jump discontinuities and is of bounded vari-
ation on [0,7]. For any w € C7,[0,T] and k € C;,[0,T7], let the operation ©
between C7,,[0,T] and C; ,[0,T] be defined by

w® k= D"Y(DwDk), ie., D(w® k) = DwDE, (3.4)

where DwDFk denotes the pointwise multiplication of the functions Dw and Dk.
Then we observe the following algebraic structures:

o Copl0, TTx Cpi0.T] 3 (w, k) mwok =kow e Cp 0, T].
e For every w € C} ,[0,T] and every ki, ky € C;,[0,T7,

(WOk)Oky=w® (k1 ©k) and w O (k1 +k2) =w O k1 +w © ky.
e For every wy,wq € C; [0, T] and every k € C;,[0,T],

(w1 +wr) Ok =w Ok +wy O k.
e For every wi,wq € C; [0, T] and every k € C;,[0,T],

(w1, w2 © k)c{lyb = (w1 Ok, wQ)C;,b'
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We also observe that for w € C},,[0,7] and k € C; [0, T7,
1/2
lw© ey, = (wo k,wo k)

- / {Dw(t)}?{Dk(t)}?db(t)} "

(3.5)
T 1/2
< Dkl | [ {pute) a0
0
= 1Dkl llwlicy
where || - || denotes the essential supremum norm. Furthermore, (C;,[0,7],®)
is a commutative algebra with the identity b.
For w € € 4]0, T] and k € C;;,[0, T}, it follows that
(w, Zi(x /Dw (/Dk Ydx(s )
(3.6)

:/“Dw@ﬂm@mﬂw
= (w ® /{J,JJ)N

for s-a.e x € Cy[0,T]. Thus, throughout the rest of this paper, we require k to
be in C;,[0,T] for each process Z. This will ensure that the Lebesgue-Stieltjes
integrals

ok, = [ (DuOF DR,

and

(wOk,a)c / Duw(t)DFk(t)Da(t)db(t) / Duw(t)Dk(t)da(t)

will exist for all w € C [0, T] and k € C;; ,[0,T7.

Using equation (3.6), the change of variable theorem, and [7, equation (2.15)],
we obtain the following integration formula: for w € C} ,[0,T], k € C;,[0,T] and
¢eC,

2
/ o exp{¢(w, Zi(z, )~ Ydu(z) = exp {%Hw ® k”?}; t C(wok, a)Cé,b}‘
0,00, ’
(3.7)

4. GENERALIZED ANALYTIC FOURIER—-FEYNMAN TRANSFORM
WITH RESPECT TO (GAUSSIAN PROCESS

Let G be a stochastically continuous Gaussian process on C, [0, 7] x [0,T]. We
define the G-function space integral (namely, the function space integral with re-
spect to the Gaussian paths G(z, -)) for functionals F' on C, [0, 7] by the formula

I6F) = I, [F(G(z. )] = /C PGt inte)

whenever the integral exists.
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Definition 4.1. Let ¢ be a nonzero real number and let I' be a connected
neighborhood of —ig in C; such that (0,40c0) NI is an open interval of pos-
itive real numbers. Let G be a stochastically continuous Gaussian process on
Copl0,T] x [0,T], and let F' be a C-valued scale-invariant measurable functional
on C, [0, 7] such that

Jr(Gi A) = Igo[F(N2G(x, )]
exists and is finite for all A > 0. If there exists a function J5(G;\) analytic
on Int(T"), the interior of I' in C,, such that JE(G;\) = Jr(G;\) for all A €
(0,400) NI, then J5(G; A) is defined to be the analytic G-function space integral
(namely, the analytic function space integral with respect to the paths G(z,-)) of
F over C,[0,T] with parameter A, and for A € Int(I") we write

any

[P [F] = I [F(G(x,-))] E/ F(G(x,))dp(x) = Jp(G;A).  (4.1)

Ca,b[0,T)

Next let F' be a measurable functional whose analytic G-function space integral
I [F] exists for all A € Int(I"). If the following limit exists, we call it the gen-
eralized analytic G-Feynman integral (the generalized analytic Feynman integral
with respect to the paths G(z,-)) of F' with parameter ¢ and we write

anfy __ ganfy 1 an
1) = R FG ()] = T B2 F(G(, ) (12)
where A approaches —igq through values in Int(T").

Next we state the definition of the generalized analytic Fourier—Feynman trans-
form with respect to Gaussian process on function space.

Definition 4.2. Let F' be a scale-invariant measurable functional on C,;[0, 77,
and let G be a stochastically continuous Gaussian process on C,;[0,7] x [0, 7.
Let g be a nonzero real number, and let I' be a connected neighborhood of —ig
in C; such that for all A € Int(I") and y € C,;[0,T], the following analytic
G-function space integral

Thg(F)(y) =I5 [F(y + G(x,-))]
exists. For p € (1,2], we define the L, analytic G-GFFT (namely, the GFFT with
respect to the paths G(z, -)), Tq(f?g)(F) of F', by the formula,

TR(F)() = Lim. Tg(F)(y)
AeInt(T)

if it exists; i.e., for each p > 0,

lim [ Taa(F)oy) = TG (F)(ow)|” dp(y) = 0
>\_>_Zq Cu. b[OaT}
AEInt(T) ’
where 1/p + 1/p’ = 1. We define the L; analytic G-GFFT, Tq(}g) (F) of F, by the
formula .
1 . anty
LQ(F)(y) = i Tg(F)(y) = I8 [F(y + (e )] (43)
AInt(T)
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if it exists.

We note that for 1 < p < 2 T(p)(F) is defined only s-a.e.. We also note
that if Tq(fog)(F) exists and if F' ~ G, then T(p)(G) exists and Tq(fgg)(G) R~ Tq(,pg)(F).
Moreover, from equations (4.1), (4.2) and (4 3), it follows that

anfy __ ganfy 1
15" (F) = Iy [F(G(x, )] = Ty (F)(0) (44)
in the sense that if either side exists, then both sides exist and equality holds.

Remark 4.3. Note that if &k = b on [0,7], then the generalized analytic Z-
Feynman integral, I @R, and the L, analytic Z,-GFFT, Tq(jpz),b(F ) agree with
the previous deﬁmtlons of the generalized analytic Feynman integral and the

analytic GFFT respectively [0, 8].

Remark 4.4. When G = 2, we will simply denote Iz [F], IZ*[F], I;r;fq[F],
Ty z,(F) and Tq(fgk(F) by I[F], I} [F], ]anq [F], T\ x(F) and Tq(’l;c)(F) respectively.

5. FRESNEL TYPE CLASS

We next introduce a Banach algebra of functionals on C, [0, T]. Suppose that
M(C;,[0,T]) is the space of C-valued, countably additive measures defined on
B(Cgb[O T1), the Borel class of Cy [0, T] Then the measure f in B(C} ,[0,77)
necessarily has finite total variation || f||, and M(C%,,[0,T]) is a Banach algebra
under the norm || - || and with convolution as multiplication [15, 24].

The Fresnel type class F(C,,[0,T]) of functionals on C,,[0,T] is defined as
the space of all stochastic Fourier transforms of elements of M(Cy ,[0,T1); that
is, F' € F(Cap[0,T]) if and only if there exists a measure f in M(Cy, ,[0,TT) such
that

F(z) = /C” o exp {i(w, z)~ }df (w) (5.1)

for s-a.e. @ € Cy,[0,T]. More precisely, since we shall identify functionals which
coincide s-a.e. on Cyp[0,T], F(Cyp[0,T]) can be regarded as the space of all
s-equivalence classes of functionals of the form (5.1).

The Fresnel type class F(C,[0,77]) is a Banach algebra with norm

IPl=1at= [ difi)

cr 0,1

In fact, the correspondence f +— F' is injective, carries convolution into pointwise
multiplication and is a Banach algebra isomorphism where f and F' are related

by (5.1).
For a positive real number g, k € C;;,[0,T], and w € C} ,[0,T7, let
6o, ks w) := exp {(2q0)?|| Dkloc||wller, llalley, } (5.2)
and let

Ty = {A € Cy : Tm(AV?)| < (2¢9) V2. (5.3)
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Also, for A € Cy, k € C2,[0,T], and w € C', [0, T}, let

1 N
(A, k;w) == exp { — ﬁHw ©) kHQC;,b +iA 2 (w ok, a)CL,b}' (5.4)

Then, using Cauchy—Schwartz’s inequality and (3.5), we observe that for all A €
r

q0»
[\ K w)| < exp {[ImA2)[lw @ ke llaller, } < ¢(qo, k; w). (5.5)
We note that for all real ¢ with || > qo,

(—ig) 2 = —L_ 1 ;800

v2lq| 2|q|

by equation (2.3). Also a close examination of equation (5.3) shows that —iq
is an elements of the region I',,. More precisely, —iq is an interior point of the
region 'y, in @+. Furthermore, I';, is a connected neighborhood of —ig in <'é+,
and (0, +o00) C T'y,.

For a positive real number gy and an element k € C;; [0, T, we define a subclass
F of F(Cupl0,T]) by F € F if and only if

/ $(o, ks w)d| f|(w) < 400, (5.6)
C, ,10,7]

where f and F' are related by (5.1) and ¢(qo, k; w) is given by (5.2) above.

Remark 5.1. Recall that letting a(t) = 0 and b(t) = t on [0, T'], the function space
Cap[0,T] reduces to the classical Wiener space Cy[0, 7). In this case the Fresnel
type class F(Cyp[0,T]) reduces to the Fresnel class F(Cy[0,T]). Also, we see
that (w,a)cr, = 0 for all w € C [0, T] = C[0,T]. Hence for all A € C, and all
ke Ci0,T], [\ kiw)| < élqo, k;w) = 1 and so for any positive real number
qo, JT"]?O = F(C[)[O,T])

It is known that F(Cy[0,T) forms a Banach algebra over the complex field and
that F(Cy[0,T]) is isometrically isomorphic to the Banach algebra S(L?[0,T7)
introduced by Cameron and Storvick; see [4, 17, 20]. For a more detailed study

of Banach algebras of functionals on classical and abstract Wiener spaces, see
[18, pp.609-629].

Theorem 5.2. Let k be a nonzero element of C; [0, T], let qo be a positive real
number, and let F € F be given by equation (5.1). Then, for all real q with
lg| > qo, the Ly analytic Z,-GFFT, Tq(lk)(F) of F exists and is given by the formula
W = [ el Wi ko) 6D

C’g’b 0,7

Jor s-a.e. y € Coy0,T], where ¢ is given by equation (5.4).
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Proof. Let k € C;,[0,T] \ {0} be given. Using (5.1), (3.6), the Fubini theorem,
(3.7), and (5.4), we have that for all A > 0,

Jr+) (2 A) = Lo [Fy + A_I/QZk(% )]

[ e it - gk,
Cop[0T]

I }df(w)

_ / exp{i(w, y)™ } (A, k; w)df (w).
. L[0T

Next let Iy, be given by (5.3) and let Int(I',,) indicate the interior of the region
Iy, in C1. Also let

Tty (Zaih) = / expli(w, y)~ Yo (0 ; w)df (w) (5.8)

L[0T

for A € T'y;. Then, under the condition (5.6), Jg,, . (Zk;-) is well defined, as a
function of A, and Ji, 1 (Zk;A) = Jr+) 2k A) for all A > 0. Thus it suffices to
show that J3 (Z;€7 )\) is an analytic function of A on Int(I'y,) to establish the
desired result We will use the Morera theorem to show that J, +‘)(Zk; A) is an
analytic function of A on Int(I'y,). For each A € Int(T',), let {\}72; be a sequence

in C, which converges to A\. Then, for every [ € N, Re()\_l/z) > |Im()\l_1/2)| >0,
and so

| exp{i(w,y)~ (N kyw)| = [¥(A, ks w)|

1 N
e { = v by, + i3 wo ba,

exp { = 5 (R 2 = 2

+i2Re(\ A\ ) ) Jw © kI,

n i<Re(A %) film (N, 1/2))(11) ® k,a)o;b}‘

< exp { —TIm(\, ) (w ok, a>c;,b}

—1/2
< exp {[Im(A)|l|w @ kller, laller, }-

Since A, * = A7/ for given A € Int(T',,), there exists a sufficiently large L € N
such that |Im()\l_1/2)| < 1/4/2qp for every | > L, and so by the inequalities (5.5)
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and (5.6),

/ | exp{i(w, )™ (O, ks )] d) £ (w)

! 5[0.7]

< [ e (O e © Koy, lale, bl (5.9)
o.510,T]

- / 6o, ks w)d] f] () < +00
L 0,1]

whenever [ > L. Thus, applying the dominated convergence theorem, we see
that Jg, . (Zk;A) is a continuous function of A on Int(I'y,). Since g(A) =

exp{z(w y) (A, k;w) is analytic on Int(I',,), applying the Fubini theorem, it

follows that
[ Truo@ina= [ [ gjadr) -
N 0,011

for all rectifiable simple closed curve A lying in Int(I'y,). Thus by the Morera the-
orem, Jg, . (Zk; A) is analytic on Int(T'y,). Therefore, the analytic Zj-function
space integral Th,(F)(y) = L' [F(y + 2k(2,7))] = Jp,1(ZkA) exists and is
given by the right hand side of (5.8).

Finally, using (4.3), (5.8), and the dominated convergence theorem (the use of
which is justified by (5.9) for a sequence {\;} with A — —iq), it follows that for
s-a.e. y € Cgypl0, 7],

T (F)y) = lim Tx(F)(y)

AeInt(T)

=t [ ep(it) o k()

)\—>—zq C;,b[O’T}

A€Int(T)
[ eplitwy)) lim v kw)d ()
Capl0T] A€Int(T)

_ / expli(w, y)~ Yo(—ig, ks w)df (w)
. [0,

as desired. 0

By a careful examination of the proof of Theorem 5.2 and equation (4.4), we
obtain the following corollary.

Corollary 5.3. Let k, qo and F' be as in Theorem 5.2. Then,

(i) for each X\ inInt(T'y,), the analytic Z-function space integral of F', I} [F]
exists and is given by the formula

ir = R LTI

s and



MULTIPLE GENERALIZED ANALYTIC FOURIER-FEYNMAN TRANSFORM 71

(ii) for all real q with |q| > qo, the generalized analytic Z-Feynman integral
of F, ],?nfq [F] exists and is given by the formula

]-;':nfq[F] _ Tq(1k)<F)(O) — /c/ . T]w(—iq, k; w)df (w).

Theorem 5.4. Let k, qo and F be as in Theorem 5.2. Then for all p € (1,2]
and all real g with |q| > qo, the L, analytic Z,-GFFT of F, Tq(i)(F) exists and is
given by the right hand side of equation (5.7) for s-a.e. y € C,,[0,T].

Proof. Let I',, be given by equation (5.3). It was shown in the proof of Theorem
5.2 that T ,x(F)(y) is an analytic function of A throughout the domain Int(I'y,)
in C,. In view of Definition 4.2, it will suffice to show that for each p > 0,

i / T3k (F) (py) — T (F) (py)|” dply) = 0.
g Ca b[OvT}
AeInt(I) ~ 7@

Fixing p € (1, 2], and using the inequalities (5.5) and (5.6), we obtain that for
all p> 0 and all A € Int([',),

T\ (F)(y) — T2 (F) ()"

/

p
<

/(;/ o exp{i(w © k,y) (A, k;w) — op(—ig, k;w)]df (w)

/

< ( L, o O]+ oo k;w)\]d\f\(w))p

/

< (2/ cb(qo,k;w)dlfl(w)) < +o0.
C ,10.7]

Hence by the dominated convergence theorem, it follows that for each p € (1, 2]
and each p > 0,

Jim / [ T0i(F)(oy) = T3 (F) (py)[” dn(y)
)\EInt(qF) Cap[0.T]
= lim exp{i(w © k, py)~ Y (A, k; w)df (w)

:\\—>—“1 c’ ,10,T]

€Int(T)

p/
- / exp{i(w ® k, py)™ }l(—ig, k w)df (w)| du(y)
L 0.1)

X i B ks w) = (g, ksw) | df (w)
/\Glnt(qF)

/ exp{i(w © k, py)~'}
Cy, 10,71

/

p

du(y)
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and the theorem is proved. O

Remark 5.5. Let k, q¢o and I’ be as in Theorem 5.2. For a real number ¢ with
|| > qo, define a set function fy : B(C,,[0,T]) — C by

fon(B / b(—ig k;w)df(w), B e B(CL,[0,T]).

where f and F are related by equation (5.1). Then it is obvious that f,; belongs
to M(C},[0,T]), and for all p € (1,2], T(’L)(F) can be expressed as

q,

T (F)(y) = exp{i(w,y)"Ydf i (w)

H0.7]

for s-a.e. y € Cyp[0,T]. Hence T (F) belongs to F(C; ,[0,T]) for all p € [1,2].

6. ITERATED GENERALIZED FOURIER—FEYNMAN TRANSFORM WITH
(GAUSSIAN PATHS

For a positive real number gy, a finite subset {k1,...,k,} of C;,[0,7]\ {0},
and w € Cy ,[0,T7, let

n

@(QO, kla ) knaw) = H¢(q07k]7w)

j=1

[wlic: Naller , &
:exp{ = = g ||D/{;j\|oo},
V240 et

where ¢ is given by (5.2). Also, for At,..., Ay € Cy, ki, ..., ky € Cy [0, T]\ {0},
and w € Cy ,[0,T7, let

(6.1)

n

Un(Ar ooy A by ks w) = [ [0y by w)

Jj=1

:exp{ —22)\ lw® k; Hc' +Zz)\ 1/2 w@k-,a)q;,b}’

J=1 J=1

(6.2)

where 1 is given by (5.4). Then, using (3.5), we observe that for all Ay,... A\, €
r

q0°

|\I/n(/\1 ...,/\n,kl,...,kn;w)|

~1/2
<exp { 3 im0l © ke el
j=1
< D(qo, k1, - .., kn;w).
Given a positive real number gy and a finite subset {ki,...,k,} of C;,[0,T]\

.............

/‘ B(qo, b, - s w)d| | (w) < 400, (6.3)
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where f and F are related by equation (5.1) and ® is given by equation (6.1).

.....

subclass of }",3]9 for each j € {1,...,n}. Furthermore we have the chain
FE e =FE C FP C FP C---CF
ki,..., kn k‘/r(l) 7777 krr(n) kﬂ'(l) 7777 kﬂ'(nfl) kw(l) 7777 k‘ir(n72) k”(l)
for any permutation 7 of {1,...,n}.

In view of Theorems 5.2, 5.4, and Remark 5.5, we obtain the following theorem.

Theorem 6.1. Let {ki,...,k,} be nonzero elements of C;,[0,T], let qo be a

every p € [1,2], all real numbers ql,’.“..’.,qn with |g;| > qo, 7 € {1,...,n}, the

iterated GFFT, Tq(f?kn(- . (T;ﬁ)kl(F)) --+) of F exists and is given by the formula
T(p)

) (T () )W)

. ~ ) ) 6.4
= / eXp{Z(way) }\Ijn(_qua"'7_Zq27k1>"'7kn;w)df(w> ( )
Cy,[0.T)

Jor s-a.e. y € Coy0,T], where V,, is given by equation (6.2).

7. MULTIPLE GENERALIZED FOURIER—FEYNMAN TRANSFORM WITH
(GAUSSIAN PATHS

In this section, we define a multiple generalized analytic Fourier—Feynman
transform with respect to Gaussian processes (Multi-G’s-GFFT) of functionals
on C,[0,7T]. We then establish a relationship between the analytic Multi-G’s-
GFFT and the analytic G-GFFT.

Let F' be a scale-invariant measurable functional on C,[0,7] and let G;, j €
{1,...,n}, be stochastically continuous Gaussian processes on C, [0, 7] x [0, 7.
For A > 0 and y € C,[0, 7], define a transform M, (g, . g.)(F) as follows:

M)‘v(gl ----- gn)(F) (y)

::/ F(y+)\1/2zgj(xj,‘)>du"(x1,...,az’n).
Cz?,b[O?T] 7=1

Let ¢ be a nonzero real number, and let I' be a connected neighborhood of
—iq in C4 such that (0,+00) N T is an open interval of positive real numbers.
Let My (g,,..6.)(F)(y) again denote an analytic extension of My g, . g.)(F)(y)
as a function of A in Int(I"). For p € (1,2], we define the L, analytic Multi-

-----

~~~~~~

M«(f()gl o (F)W) = Lim. My, .g.,)(F)y)

""" A——iq
A€Int(T)

if it exists. We also define the L; analytic Multi-(Gy, ..., G,)-GFFT, ./\/lf;()g1 ..... o (F)
of F, by the formula

MU oy (D)) == lim My ,...00(F) ()

A——iq
AeInt(T)



74 S.J. CHANG, J.G. CHOI, AY. KO

if it exists.
Clearly, we have that

Moy (F)(y) = Tag (F)(y)
for all A € Int(I"), and

Mg (F)(y) = T3, (F)(y)

for nonzero real ¢ if the transforms exist.
For convenience, in this section we decided to work with p = 1; however, in
view of Remark 5.5, all of our results in this section also hold for 1 < p < 2.
Using the techniques similar to those used in the proof of Theorem 5.2, we
obtain the following theorem.

Theorem 7.1. Let ki and ky be nonzero elements of C;; ,[0,T1, let qo be a positive
real number, and let F' € ]:,ZikQ be given by equation (5.1). Then, for all real q

with |q| > qo, the Ly analytic Multi-(Zy,, Zx,)-GFFT , MS()Z]C 2, (F) of F eaists

and is given by the formula
Moz, 2 (F)y) = exp{i(w, y)~ }Wa(—iq, —iq, ki, ko w)df (w)  (7.1)
By Zr) Co 0T

for s-a.e. y € Cop0,T], where Uy is given by equation (6.2).

For ki, ko € Cp,[0,T] with [[kjllc:, > 0 and j € {1,2}, let Z;, and Zj, be the
Gaussian processes given by (3.1) respectively. Then the process

%kh]@ . Ca7b[O,T] X Caﬁ[(),T] X [O,T] — R

given by
%kl,kz (Il, X2, t) = Z’Cl ("L‘lv t) + Zk2 (x% t)

is also a Gaussian process with mean
maan(t) = [ o (o x ) o1, ) = () + a0
c2,[0.7)
and variance
2
Ok ko (F) 1 = /2 (X o (21, 2, 1) = Wy oy (1)) " X 1) (01, 222)
cz,[0.7)

= 61431 (t) + ﬂkz (t)

where v, and [y are given by (3.2) and (3.3) respectively. In fact, the covariance
of xk}l,k‘Q (:L‘la T2, ) is given by

/ (xkh]@ (Ilv T2, 8) — Mgy ko (S>) (%k17k2 ($1, T2, t) — Mgy ko (t))d(/vb X N) (Ilv x2>
2 ,0.7)

= Bk, (mings, 1}) + S, (mings, ¢})

= Ok, k, (min{s, t}).
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Let k; and k be elements of C; ,[0,T] (resp. C;,[0,T]) with Dk; = hy, j €
{1,2}. Then there exists a function s in C}, ,[0,T] (resp. C;,[0,71]) such that

(Ds(t))* = hi(t) + hy(t) = (Dky(t))* + (Dhks())* (7.2)
for myqp-a.e. t € [0,T]. Note that the function ‘s’ satisfying (7.2) is not unique.
We will use the symbol s(ky, ko) for the functions ‘s’ that satisfy (7.2) above.

Next we will consider a stochastic process associated with Zg, 1,). Define a
process

Rkl,kg : Oa’b[O,T] X [O,T] — R
by
Rkl,kz (J,’, t) = Zs(kl,kg)(x7 t) + 'A(kla kQ)@)v (73)

where
Ak, ko) () :== /0 (Dk;l(u) + Dky(u) — Ds(ky, kg)(u))da(u). (7.4)

Then Ry, i, is a Gaussian process with mean
[ Res(etdut
Ca,b[ovT]

— [ Zun (e dula) + Al k)0
Cq,p[0,T]

= Vi () + Vs ()
= My ko (t)

and covariance

/C 017 (Roy s (@, 8) — Wy 1oy (8)) (R (2, 1) — My ey (2)) dpa()

= / (Zs(k17k2)<x7 5) - 75(k17k2)(3)) (ZS(M,]CQ)(I? t) - Vs(k‘th)(t))d/L(x)
Ca,b[ovT]
= /Bs(k‘l,kz) (min{“;? t})

min{s,t}
_ /0 [Ds(Jey, ky) (u)]2db(u)

min{s,t}
- / (IDks (W) + Dk (w)]2) db()
= ﬁlﬂ (min{s, t}) + Bl@ (min{3> t})

= Ok, k, (min{s, t}).

Also, Ry, k,(+, 1) is stochastically continuous in ¢ on [0, 7.
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From these facts, one can see that the Gaussian processes Xy, r, and R, ,
have the same distribution and that for any random variable F' on C, [0, T,

/02 o F(Xg, ky (21, T9, ) dp? (21, 72)
a,bl™

E/ {/ F(Xky ko (21, 22, ) dp(z) | dp() (7.5)
Ca,b[07T] Ca.,b[o’T]

= [ PRyl )duo)
Co,b[0,T]
where by = we mean that if either side exists, both sides exist and equality holds.

Remark 7.2. In the case of a(t) = 0, we observe that A(ky, ke)(t) = 0 and so
Ry koo (7, 1) = Zg(y k) (2, ). Thus equation (7.5) can be rewritten as

/ F(%kl,kg(xbx% ~))d,u2(:c1, 952) = / F(Zs(kl,k2)<w7t))du(x)'
Cz,00,1] Ca[0,T]

Remark 7.3. In [13], the authors investigated a rotation property of the function
space measure . The result is summarized as follows: for a measurable functional
F', and all nonzero real p and ¢,

/ F(px, + q$2)d,u2(5171, )
C2,[0,1

2/0 [ }F(\/p2+q2:v+(p+q—\/p2+q2)a)du(w)-
a,bO,T

Let k1(t) = pb(t) and ko(t) = gb(t) on [0,T]. Then from equations (3.1), (7.3)
and (7.5), we can obtain equation (7.6). But, by the observation of equation (7.2)
above, we obtain the alternative result

(7.6)

/ F(pzy + quo)dp® (1, 22)
cz,0.7]

;/C [ T}F(— VP + x4 (p+ g+ VPP A+ ¢?)a)du(z).
a,b]0,

Remark 7.4. Note that if ki, ky € C;;,[0,T], then Ry, 4, is a continuous process.

Theorem 7.5. Let ki, ks, qo and F € ]:,ij,w be as in Theorem 7.1. Let s(kq, ko)
be an element of C; [0, T] which satisfies equation (7.2). Then, for all real q with

la| > qo, the Ly analytic Ry, x,-GFFT, Tq(,l7)2k1,k2
the right hand side of equation (7.1), i.e.,

1 1
Ty, (F)W) = Mz 5 (F)()

Jor s-a.e. y € Cyy[0,T].

(F) of F exists and is given by
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Proof. In view of the definition of the L; analytic G-GFFT and Theorem 7.1, it
suffices to show that for all A > 0,

TRy, 1y F) W) = M (24, .2,,) (F) ()

for s-a.e. y € Cop[0,T7.
First, using (7.3), (5.1), the Fubini theorem, and (3.7) with Z; replaced with
Zg(ky ks), it follows that for all A > 0 and s-a.e. y € C,,[0,77,

Ty Ry 1y (F) ()
- IRkLkz % [F(y + /\_1/2Rk1,k2 ($7 ))]

= / exp {i(w,y)~ + iNTY2 (w, Ak, k2))™}
050,71
X IZs(kl,kQ)J»‘ [exp {i)‘_l/z(w’ Zs(k17k2) (:B7 ))N}} df(QU)

= / exp {i(w, y)~ + i)\_l/z(w, A(ky, ko))~
r 10,17

1 S\
— ﬁHw © s(ky, k2)||%;7b + A2 (w @ s(ky, k:g),a)céyb}df(w).

(7.7)
Next, using (7.2), (7.4), and (3.4), we observe that
lw® stke ka)lE, = (w© sk, ko), w @ sk, ko))
:/ (Dw(t))Q(DS(kl,k2)<t>)2db(t)
0o . (7.8)
- /0 (Dw(t))*(Dky (t))2db(t) + /0 (Dw(t))*(Dky(t))2db(t)
= [lw © kllgy | + llw © ka2
and
(w © sk, ko), )y, + (w, Ak, k2))”
= (w O s(ky, ka), a)cr ,
+ /0 Du(t)d Uo (Dki(u) + Dka(u) — Ds(k, ks)(u)) da(u)
= (0 @ sk ka), ke, — [ Dult)Dsti, k) (o) 79

/ Duw(t) Dy (t)da(t) / Duw(t) Dks(t)da(t)

/Dw@kl)()Da( Bdb(t /Dw@kg)()Da( Vdb(?)
_<w®k1’ ) Cop <w®k27 ) Cop
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Finally, using equations (7.7), (7.8), (7.9), (6.2), and (7.1), it follows that

2
1
T F - ) e k; 2/
A,Rkl,kg( )(v) /Cg,b[o,T] exp {Z(way) I\ ;1 Jw® ]HC’a,b

2

S (w0 by, fa ()

J=1

:(/“ expli(w, y)™ }a(A A, ku, kos w)df (w)
L 0.7]

= My (2.2, (F)(Y)
for s-a.e. y € Cy[0, 7). O

The following theorem follows from the previous results, and the use of math-
ematical induction.

Theorem 7.6. Given k; € C;,[0,T1\{0}, j € {1,...,n}, let Z, be the Gaussian
processes given by (3.1), and let Ry, .k, : Cap[0,T] % [0,T] — R be the Gaussian
process given by

77777

where s(ky, ..., ky) is an element of C; ,[0,T] which satisfies the condition
[Ds(ky, ..., kn)]> = [Dk;)?
j=1
formyp-a.e. on [0,T]. Given gy >0, let F' € F? . be given by equation (5.1).
b -GFFT, T\ (F),

@Rk, kn,

(F) of F exist and

-----

..... Zk)
My ()W) = Tyz,, ., ()W) (7.10)
9(Zky 51 Zkp,) Y GREq ... kn Y :
for s-a.e. y € Cypl0,T]. Also, both expressions in (7.10) are given by the right
hand side of equation (6.4) with ¢ =q1 = -+ = qy.

Remark 7.7. When a(t) = 0 and b(t) = t on [0, 7], the function space C, [0, T
reduces to the classical Wiener space Cy[0, 7. In this case, equation (7.10) can
be rewritten as

(1) (1)
-/\/lq,(zk1 ..... zkn)(F)(y) = TQ:Zs(kl kn)(F)(y)

for all functionals F' € F(Cy[0,T]) and s-a.e. y € Cy[0, T in view of Remarks 5.1
and 7.2. Thus most of the results in [10] follow immediately from the results in
this paper.

Acknowledgement. The authors would like to express their gratitude to the
editor and the referees for their valuable comments and suggestions which have
improved the original paper.
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