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Abstract. In this paper, the behavior for commutators and maximal com-
mutators of a class of bilinear singular integral operators associated with non-
smooth kernels on the products of Morrey space is studied. By some maximal
operators and commutators, we proved that the commutators and maximal
commutators of singular integral operators and CMO functions are bounded
and compact.

1. Introduction

In recent years, considerable attention has been paid to the study of multilinear
singular integral. In this article, we will address the m-linear operators T which
defined on the m-fold product of Schwartz spaces and taking values into the space
of tempered distributions,

T : S(Rn)× · · · × S(Rn) 7→ S ′
(Rn),

and associated with kernel K(x, y1, . . . , ym) in the sense that

T (f1, . . . , fm)(x) =

∫
(Rn)m

K(x, y1, . . . , ym)f1(y1) · · · fm(ym)dy1 · · · dym, (1.1)
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where K(x, y1, . . . , ym) is a locally integral function defined away from the diago-
nal x = y1 = · · · = ym in (Rn)m+1, x /∈ ∩m

j=1supp fj and f1, . . . , fm are bounded
functions with compact supports. The corresponding maximal singular integral
operator T ∗ is defined by

T ∗(f1, · · · , fm)(x) = sup
δ>0

|Tδ(f1, · · · , fm)(x)|,

where

Tδ(f1, · · · , fm)(x) =

∫
|x−y1|2+···+|x−ym|2>δ

K(x, y1, . . . , ym)
m∏

i=1

fi(yi)dy1 · · · dym.

A kernel K is called of class m − CZK(A, γ) if there exist positive constants A
and γ ∈ (0, 1] such that K satisfies the size condition

|K(x, y1, . . . , ym)| ≤ A

(|x− y1|+ · · ·+ |x− ym|)mn
, (1.2)

for all (x, y1, . . . , ym) ∈ (Rn)m+1 with x 6= yj for some j ∈ {1, 2, . . . ,m}; and the
smoothness condition

|K(x, y1, . . . , yj, . . . , ym)−K(x′, y1, . . . , yj, . . . , ym)| ≤ A|x− x′|γ

(
∑m

i=1 |x− yi|)mn+γ
,

whenever |x− x
′| ≤ 1

2
max1≤j≤m |x− yj|, and also for each j,

|K(x, y1, . . . , yj, . . . , ym)−K(x, y1, . . . , y
′

j, . . . , ym)| ≤
A|yj − y

′
j|γ

(
∑m

i=1 |x− yi|)mn+γ
, (1.3)

whenever |yj − y
′
j| ≤ 1

2
max1≤j≤m |x − yj|. Then the operator T associated with

this kernel K is called the multilinear Calderón–Zygmund operator. For the
multilinear Calderón–Zygmund operator T , in [17], Grafakos and Torres obtained
the multilinear T1 theorem. Thus they show the boundedness of T on the
products of Lebesgue spaces. Moreover, in [16], the weighted estimates with
Ap weights for the operators T and T ∗ was considered. For more works about
multilinear Calderón–Zygmund operator, the reader can refer to [16], [17], [21],
[23] and the references therein.

In this article, we are interested in the commutators and the maximal commu-
tators of multilinear singular integral operators. For the sake of convenience, we
will only consider the bilinear setting, since the other multilinear case are quite
similar.

For b ∈ BMO(Rn), we define the following commutators

Tb,1(f1, f2)(x) = [b, T ]1(f1, f2)(x) = T (bf1, f2)(x)− bT (f1, f2)(x),

Tb,2(f1, f2)(x) = [b, T ]2(f1, f2)(x) = T (f1, bf2)(x)− bT (f1, f2)(x),

T ∗
b,1(f1, f2)(x) = sup

δ>0
|[b, Tδ]1(f1, f2)(x)| = sup

δ>0
|(Tδ(bf1, f2)− bTδ(f1, f2))(x)|,

T ∗
b,2(f1, f2)(x) = sup

δ>0
|[b, Tδ]2(f1, f2)(x)| = sup

δ>0
|(Tδ(f1, bf2)− bTδ(f1, f2))(x)|.

Also, for a vector function

~b = (b1, b2) ∈ BMO(Rn)× BMO(Rn),
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we consider the following two iterated commutators introduced in [24],

T~b(f1, f2)(x) = [b2, [b1, T ]1]2(f1, f2)(x),

T ∗
~b
(f1, f2)(x) = sup

δ>0
|[b2, [b1, Tδ]1]2(f1, f2)(x)|.

In the sense of (1.1), it is easy to see that

Tb,1(f1, f2)(x) =

∫
Rn

∫
Rn

K(x, y1, y2)(b(y1)− b(x))f1(y1)f2(y2)dy1dy2,

Tb,2(f1, f2)(x) =

∫
Rn

∫
Rn

K(x, y1, y2)(b(y2)− b(x))f1(y1)f2(y2)dy1dy2,

T~b(f1, f2)(x) =

∫
Rn

∫
Rn

K(x, y1, y2)(b1(y1)− b1(x))(b2(y2)− b2(x))
2∏

i=1

fi(yi)d~y,

T ∗
b,1(f1, f2)(x) = sup

δ>0

∣∣∣∣ ∫ ∫
|x−y1|2+|x−y2|2>δ

K(x, y1, y2)(b(y1)− b(x))
2∏

i=1

fi(yi)d~y

∣∣∣∣,
T ∗

b,2(f1, f2)(x) = sup
δ>0

∣∣∣∣ ∫ ∫
|x−y1|2+|x−y2|2>δ

K(x, y1, y2)(b(y2)− b(x))
2∏

i=1

fi(yi)d~y

∣∣∣∣,
T ∗

~b
(f1, f2)(x) = sup

δ>0

∣∣∣∣ ∫ ∫
P2

i=1 |x−yi|2>δ

K(x, y1, y2)
2∏

j=1

(bj(yj)− bj(x))
2∏

i=1

fi(yi)d~y

∣∣∣∣.
The commutator of multilinear Calderón–Zygmund operator has been exten-

sively studied in last decades. To know the history of this topic, the reader can
refer to [7], [23], [24], [25], [26], [28] and the references therein. Particularly, in
[24], the boundedness of iterated commutators of multilinear Calderón–Zygmund
operators on product of weighted Lebesgue spaces with multiple weights was
studied, and in [28], the weighted strong and end-point estimates of maximal
commutators of multilinear Calderón–Zygmund operators were considered.

However, for some multilinear singular integral operators including the Calderón
commutator, people found that their kernels do not satisfy (1.3) (see [12]). Here,
the Calderón commutator is defined by

Cm+1(f, a1, . . . , am)(x) =

∫
R

∏m
j=1(Aj(x)− Aj(y))

(x− y)m+1
f(y)dy,

where A
′
j = aj. For this reason, in [12], via the generalized approximation

to the identity, Duong et al. introduced a class of multilinear singular integral
operators whose kernels satisfy certain “smoothness conditions” that are weaker
than K ∈ m− CZK(A, γ).

For p1, . . . , pm+1 ∈ [1,∞] and p ∈ (0,∞) with 1
p

=
∑m+1

j=1
1
pj

, the following

weak type estimate was established in [12],

‖Cm+1(f, a1, . . . , am)‖Lp,∞(R) ≤ C‖f‖Lpm+1 (R)

m∏
j=1

‖aj‖Lpk (R).
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If min1≤j≤m+1 pj > 1, the strong type estimate was also established in [12]. Also,
the weighted case, including the multiple weights, of the maximal Calderón com-
mutator were considered in [11] and [15]. Moreover, there are a lot of works
related to singular integral operators with non-smooth kernels. The reader may
refer [11], [12], [13], [15], [18] and [19].

In this article, we are interested in the compactness of the commutator and
maximal commutator of bilinear singular integral operators with non-smooth ker-
nels and CMO functions on Morrey space, where CMO denotes the closure of C∞

c

in the BMO topology and C∞
c is the set of C∞ functions with compact support.

In particular, we will study the compactness on the Morrey space for the bilinear
singular integral operator T associated with a kernel K which satisfies (1.2) in
the sense (1.1), and

(1) T is bounded from L1(Rn)× L1(Rn) to L1/2,∞(Rn);

(2) for x, x
′
, y1, y2 ∈ Rn with 8|x− x

′| < min1≤j≤2 |x− yj|,

|K(x, y1, y2)−K(x
′
, y1, y2)| ≤

Cτ γ

(|x− y1|+ |x− y2|)2n+γ
, (1.4)

where C is a constant and τ is a number such that 2|x − x
′| < τ and 4τ <

min1≤j≤2 |x− yj|. It was pointed out in [19] that the kernel satisfying condition
(1.2) and (1.4) includes the non-smooth kernel introduced by Doung et al. in [11],
[12]. Hence, the study of the commutator and maximal commutator of bilinear
singular integral operators with above non-smooth kernels is significative.

Before stating our results, we briefly describe the background and our motiva-
tion. The Morrey space Lp,λ(Rn) (see Definition 1.1) which was introduced by
Morrey (see [22]) in 1938, is connected to certain problems in elliptic PDE. We
note that in the linear setting, the compactness of commutator on Morrey space
has been studied in [6]. Recently, Bényi and Torres posed a concept of compact-
ness (see Definition 1.2) in the bilinear setting in [2] which was equivalent to the
concept proposed by Calderón in [4]. Bényi and Torres then extended the result
of compactness for linear singular integrals by Uchiyama [27] to the bilinear set-
ting and obtained that [b, T ]1, [b, T ]2, [b2, [b1, T ]1]2 are compact bilinear operators
from Lp1(Rn)× Lp2(Rn) to Lp(Rn) when b, b1, b2 ∈ CMO(Rn). Later, Ding et al.
considered the compactness of the commutators of bilinear Calderón–Zygmund
operators and CMO functions on the products of Lp,λ(Rn) space (see [10]), as well
as the compactness of the maximal commutators of bilinear Calderón–Zygmund
operators and CMO functions on the products of Lp(Rn) space (see [9]). We note
that in [9] and [10], T is a Calderón–Zygmund operator. In the article, we will
consider the compactness of commutators and maximal commutators by assum-
ing that T is an operator associated with non-smooth kernel. This assumption
raises essential difficulties if we following the proofs in [9] and [10].

To formulate the main hypotheses on the commutators under consideration, we
need to define the John-Nirenberg space ([20]) of functions with Bounded Mean
Oscillation (BMO).
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Let f be a locally integrable function in Rn. We say that f belongs to BMO if

‖f‖BMO(Rn) = sup
B⊂Rn

1

|B|

∫
B

|f(x)− fB|dx < ∞

where B ranges in the class of balls of Rn. Hereafter, fB stands for the integral
average

1

|B|

∫
B

|f(x)|dx

of the function f over the set B.

Definition 1.1. For 1 ≤ p < ∞, n > 1 and 0 < λ < n, the Morrey space
Lp,λ(Rn) is defined by

Lp,λ(Rn) =

{
f ∈ Lp

loc : ‖f‖p,λ = sup
y∈Rn,r>0

(
1

rλ

∫
B(y,r)

|f(x)|pdx

)1/p

< ∞
}

,

where B(y, r) denotes the ball centered at y with radius r > 0. The spaces
Lp,λ(Rn) becomes a Banach space with norm ‖ · ‖p,λ. If λ = 0 and λ = n, then
Lp,0(Rn) and Lp,n(Rn) coincide with the space Lp(Rn) and L∞(Rn).

We denote the closed ball of radius r centered at the origin in the normed space
X as Br,X = {x ∈ X : ‖x‖ ≤ r}.

Definition 1.2. A bilinear operator T : X×Y 7→ Z is called compact if T (B1,X×
B1,Y ) is precompact in Z.

Definition 1.3. A weight w belongs to the class Ap, 1 < p < ∞, if

sup
Q

(
1

|Q|

∫
Q

w(y)dy

)(
1

|Q|

∫
Q

w(y)1−p
′

dy

)p−1

< ∞.

A weight w belongs to the class A1 if there is a constant C such that

1

|Q|

∫
Q

w(y)dy ≤ C inf
x∈Q

w(x).

Definition 1.4. Let ~p = (p1, p2) and 1/p = 1/p1 + 1/p2 with 1 ≤ p1, p2 < ∞.

Given ~w = (w1, w2), set ν~w =
∏2

j=1 w
p/pj

j . We say that ~w satisfies the A~p condition
if

sup
Q

(
1

|Q|

∫
Q

ν~w

)1/p 2∏
j=1

(
1

|Q|

∫
Q

w
1−p

′
j

j

)1/p
′
j

< ∞.

Here,
(

1
|Q|

∫
Q

w
1−p

′
j

j

)1/p
′
j

is understood as (infQ wj)
−1,when pj = 1.

The following theorems are our main results:

Theorem 1.5. Let T be a bilinear operator that bounded from L1(Rn)× L1(Rn)
to L1/2,∞(Rn) and its kernel K satisfies (1.2), (1.4). Assume b ∈ CMO(Rn),
0 < λ, λ1, λ2 < n, p1, p2 ∈ (1,∞), p ∈ (1,∞) such that 1/p = 1/p1 + 1/p2 and
λ/p = λ1/p1 +λ2/p2. Then T ∗

b,1, T ∗
b,2 are compact from Lp1,λ1(Rn)×Lp2,λ2(Rn) to

Lp,λ(Rn).
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Corollary 1.6. Let T be a bilinear operator that bounded from L1(Rn)×L1(Rn)
to L1/2,∞(Rn) and its kernel K satisfies (1.2), (1.4). Assume b ∈ CMO(Rn),
0 < λ, λ1, λ2 < n, p1, p2 ∈ (1,∞), p ∈ (1,∞) such that 1/p = 1/p1 + 1/p2 and
λ/p = λ1/p1 +λ2/p2. Then Tb,1, Tb,2 are compact from Lp1,λ1(Rn)×Lp2,λ2(Rn) to
Lp,λ(Rn).

Theorem 1.7. Let T be a bilinear operator that bounded from L1(Rn)× L1(Rn)
to L1/2,∞(Rn) and its kernel K satisfies (1.2), (1.4). Assume b ∈ BMO(Rn),
0 < λ, λ1, λ2 < n, p1, p2 ∈ (1,∞), p ∈ (1,∞) such that 1/p = 1/p1 + 1/p2 and
λ/p = λ1/p1 + λ2/p2. Then

‖T ∗
b,1(f1, f2)‖p,λ, ‖T ∗

b,2(f1, f2)‖p,λ ≤ C‖b‖BMO(Rn)‖f1‖p1,λ1‖f2‖p2,λ2 .

Remark 1.8. Theorem 1.5 and Corollary 1.6 are also true for the iterated com-
mutators T ∗

~b
and T~b, and their proofs are similar to those of Theorem 1.5 and

Corollary 1.6. We leave the detail to the interested reader. We will only write
out the proof of Theorem 1.5, because the proof of Corollary 1.6 is quite simi-
lar. From [3] and Lemma 2.3, we can see that Theorem 1.7 is also true for the
operators Tb,1(f1, f2) and Tb,2(f1, f2).

We make some conventions. In this paper, we always denote a positive constant
by C which is independent of the main parameters and its value may differ from
line to line. We use the symbol A . B to denote that there exists a constant
C such that A ≤ CB. For a measurable set E, χE denotes its characteristic
function. For a fixed p with p ∈ [1,∞), p

′
denotes the dual index of p. We also

denote ~f = (f1, · · · , fm) with scalar functions fj, j = 1, 2, ...,m. Let B(s, t)
denote the ball centered at s with radius t > 0. Given α > 0 and a ball B(s, t),
αB(s, t) denotes the ball which is centered at s with radius αt. Let us define
fQ as the average of f over Q and Q is a cube in Rn. Let M be the standard
Hardy-Littlewood maximal operator.

2. Proof of Theorem 1.7

The proof of Theorem 1.7 needs some maximal functions in the following. For
0 < η < ∞, Mη is the maximal operator

Mηf(x) = M(|f |η)1/η(x) =

(
sup
Q3x

1

|Q|

∫
Q

|f(y)|ηdy

)1/η

,

and M# is the sharp maximal operator defined by Fefferman and Stein [14],

M#f(x) = sup
Q3x

inf
c

1

|Q|

∫
Q

|f(y)− c|dy ≈ sup
Q3x

1

|Q|

∫
Q

|f(y)− fQ|dy,

and
M#

η f(x) = M#(|f |η)1/η(x).

Moreover, when 0 < p, η < ∞, w ∈ A∞(Rn), then there exists C > 0 such that∫
Rn

(Mηf(x))pw(x)dx ≤ C

∫
Rn

(M#
η f(x))pw(x)dx,

for every function f for which the left-hand side is finite.
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Now let b ∈ BMO(Rn), define the commutator Mb of the Hardy-Littlewood
maximal operator with b by

Mbf(x) = sup
B3x

1

|B|

∫
B

|b(x)− b(y)||f(y)|dy

for all x ∈ Rn. For Φ(t) = t(1 + log+ t) and a ball B in Rn,

‖f‖L(log L),B = inf

{
λ > 0 :

1

|B|

∫
B

Φ

(
|f(x)|

λ

)
dx ≤ 1

}
.

Define the maximal operator ML(log L) by

ML(log L)f(x) = sup
B3x

‖f‖L(log L),B,

where the supremum is taken over all the balls containing x. By the generalized
Jensen’s inequlity, we have

ML(log L)f(x) . Mηf(x) (2.1)

for any η > 1.

Lemma 2.1. Let b ∈ BMO(Rn), then for any 0 < η < 1
2

M#
η (Mbf)(x) . ‖b‖BMO(Rn)ML(logL)f(x),

for any bounded functions f with compact support.

This Lemma was proved in [1].
Furthermore, Grafakos, Liu, and Yang [15] introduced a kind of new bilinear

maximal operator which was defined as:

M2,1(~f)(x) = sup
B3x

∞∑
k=0

2−kn

(
1

|B|

∫
B

|f1(y1)|dy1

) (
1

|2kB|

∫
2kB

|f2(y2)|dy2

)
,

M2,2(~f)(x) = sup
B3x

∞∑
k=0

2−kn

(
1

|B|

∫
B

|f2(y2)|dy2

) (
1

|2kB|

∫
2kB

|f1(y1)|dy1

)
,

where ~f = (f1, f2) are locally integrable functions. And the following bounded-
ness for M2,1 and M2,2 were proved in [15].

Lemma 2.2. Let 1 < p1, p2 < ∞, 1
p

=
∑2

j=1
1
pj

, and ~w = (w1, w2) ∈ A~p(R2n).

Then M2,1 and M2,2 are bounded from Lp1(w1)× Lp2(w2) to Lp(ν~w).

Lemma 2.3. Let b ∈ BMO(Rn). Suppose that T is as in Theorem 1.5, then for
any x ∈ Rn, δ > 0 and 0 < η < 1/2,

|[b, Tδ]1(f1, f2)(x)| . Mb(f1)(x)M(f2)(x) + Mη(Tb,1(f1, f2)(x))

+[Mb(T (f1, f2)
η(x))][Mη(T (f1, f2)(x))]1−η

+Mη(Tb,1(f1χB(x,δ1/2), f2χB(x,δ1/2))(x))

+

(
[Mb(T (f1χB(x,δ1/2), f2χB(x,δ1/2))

η(x))]

×[Mη(T (f1χB(x,δ1/2), f2χB(x,δ1/2))(x))]1−η

)
,
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where f1, f2 are any bounded functions with compact support.

Proof. We adopt some ideas of [5] and [16]. Let δ > 0 and function ~g = (g1, g2)
which is chosen later. From the size condition (1.2), we deduce that

|Tδ(g1, g2)(x)| =
∣∣∣∣ ∫ ∫

|x−y1|2+|x−y2|2>δ

K(x, y1, y2)g1(y1)g2(y2)dy1dy2

∣∣∣∣
≤

∣∣∣∣ ∫ ∫
|x−y1|2+|x−y2|2>δ

max(|x−y1|,|x−y2|)<δ1/2

K(x, y1, y2)g1(y1)g2(y2)dy1dy2

∣∣∣∣
+

∣∣∣∣ ∫ ∫
max(|x−y1|,|x−y2|)≥δ1/2

K(x, y1, y2)g1(y1)g2(y2)dy1dy2

∣∣∣∣
. M(g1)(x)M(g2)(x) +

∣∣∣∣ ∫ ∫
max(|x−y1|,|x−y2|)≥δ1/2

K(x, y1, y2)g1(y1)g2(y2)d~y

∣∣∣∣
. M(g1)(x)M(g2)(x) +

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)≥δ1/2

K(x, y1, y2)g1(y1)g2(y2)d~y

∣∣∣∣
+

∣∣∣∣ ∫
|x−y1|>δ1/2

∫
|x−y2|<δ1/2

K(x, y1, y2)g1(y1)g2(y2)dy1dy2

∣∣∣∣
+

∣∣∣∣ ∫
|x−y2|>δ1/2

∫
|x−y1|<δ1/2

K(x, y1, y2)g1(y1)g2(y2)dy1dy2

∣∣∣∣
. M(g1)(x)M(g2)(x) +

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)≥δ1/2

K(x, y1, y2)g1(y1)g2(y2)d~y

∣∣∣∣,
where the last inequality holds because∣∣∣∣ ∫

|x−y1|>δ1/2

∫
|x−y2|<δ1/2

K(x, y1, y2)g1(y1)g2(y2)dy1dy2

∣∣∣∣
.

∫
|x−y1|>δ1/2

∫
|x−y2|<δ1/2

|g1(y1)||g2(y2)|
(|x− y1|+ |x− y2|)2n

dy1dy2

.
∫
|x−y1|>δ1/2

|g1(y1)|
|x− y1|n+1

dy1

∫
|x−y2|<δ1/2

|g2(y2)|
|x− y2|n−1

dy2

. M(g1)(x)M(g2)(x).

Denote

T̃δ(g1, g2)(x) =

∫ ∫
min(|x−y1|,|x−y2|)≥δ1/2

K(x, y1, y2)g1(y1)g2(y2)dy1dy2.

Fix δ > 0 and let z ∈ B(x, δ1/2

8
), we obtain∫ ∫

min(|x−y1|,|x−y2|)≥δ1/2

K(z, y1, y2)g1(y1)g2(y2)dy1dy2

= T
(
~g
)
(z)− T

(
g1χB(x,δ1/2), g2χB(x,δ1/2)

)
(z)− T

(
g1χB(x,δ1/2), g2χBc(x,δ1/2)

)
(z)

−T
(
g1χBc(x,δ1/2), g2χB(x,δ1/2)

)
(z).
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Because |z − y2| = |z − x + x− y2| ≥ |x− y2| − |z − x|, we know that

|T
(
g1χB(x,δ1/2), g2χBc(x,δ1/2)

)
(z)|

≤
∫
|x−y1|<δ1/2

∫
|x−y2|>δ1/2

|g1(y1)||g2(y2)|
(|z − y1|+ |z − y2|)2n

dy1dy2

.
∫
|x−y1|<δ1/2

|g1(y1)|dy1

∞∑
k=1

∫
2k−1δ1/2<|x−y2|<2kδ1/2

|g2(y2)|
|x− y2|2n

dy2

.
∞∑

k=1

2−kn 1

|B(x, δ1/2)|

∫
B(x,δ1/2)

|g1(y1)|dy1
1

|B(x, 2kδ1/2)|

∫
B(x,2kδ1/2)

|g2(y2)|dy2

. M2,1(g1, g2)(x),

similarly, we get

|T
(
g1χBc(x,δ1/2), g2χB(x,δ1/2)

)
(z)| . M2,2(g1, g2)(x).

On the other hand, by taking infimum over τ in condition (1.4), we have

|K(x, y1, y2)−K(z, y1, y2)| ≤
D|x− z|γ

(|x− y1|+ |x− y2|)2n+γ
,

when 8|x− z| < min1≤j≤2 |x− yj|. Thus,∣∣∣∣T̃δ(g1, g2)(x)−
∫ ∫

min(|x−y1|,|x−y2|)≥δ1/2

K(z, y1, y2)g1(y1)g2(y2)dy1dy2

∣∣∣∣
.

∫ ∫
min(|x−y1|,|x−y2|)≥δ1/2

|x− z|γ

(|x− y1|+ |x− y2|)2n+γ
|g1(y1)||g2(y2)|dy1dy2

. δ
γ
2

∫ ∫
min(|x−y1|,|x−y2|)≥δ1/2

|g1(y1)||g2(y2)|
(|x− y1|+ |x− y2|)2n+γ

dy1dy2

. M(g1)(x)M(g2)(x).

In summary, for z ∈ B(x, δ1/2

8
), we obtain

|Tδ(g1, g2)(x)| . M(g1)(x)M(g2)(x) +
2∑

i=1

M2,i(g1, g2)(x)

+|T (g1, g2)(z)− T
(
g1χB(x,δ1/2), g2χB(x,δ1/2)

)
(z)|.

For 0 < η < 1
2
. Raising the above inequality to the power η, integrating over

z ∈ B(x, δ1/2

8
), and dividing by |B(x, δ1/2

8
)|, we get

|Tδ(g1, g2)(x)|η .
[ 2∏

i=1

M(gi)(x)
]η

+
2∑

i=1

[M2,i(g1, g2)(x)]η

+
1

|B(x, δ1/2

8
)|

∫
B(x, δ1/2

8
)

|T (g1, g2)(z)|ηdz

+
1

|B(x, δ1/2

8
)|

∫
B(x, δ1/2

8
)

|T
(
g1χB(x,δ1/2), g2χB(x,δ1/2)

)
(z)|ηdz.
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Let g1(·) = (b(x)− b(·))f1(·) and g2(·) = f2(·), we have

|Tδ((b(x)− b)f1, f2)(x)|

. M((b(x)− b)f1)(x)M(f2)(x) +
2∑

i=1

M2,i((b(x)− b)f1, f2)(x)

+

[
1

|B(x, δ1/2

8
)|

∫
B(x, δ1/2

8
)

|T ((b(x)− b)f1, f2)(z)|ηdz

] 1
η

+

[
1

|B(x, δ1/2

8
)|

∫
B(x, δ1/2

8
)

|T
(
(b(x)− b)f1χB(x,δ1/2), f2χB(x,δ1/2)

)
(z)|ηdz

] 1
η

. Mb(f1)(x)M(f2)(x) +
2∑

i=1

M2,i((b(x)− b)f1, f2)(x)

+

[
1

|B(x, δ1/2

8
)|

∫
B(x, δ1/2

8
)

|T ((b(x)− b(z) + b(z)− b)f1, f2)(z)|ηdz

] 1
η

+

[
1

|B(x, δ1/2

8
)|

∫
B(x, δ1/2

8
)

|T
(
(b(x)− b(z) + b(z)− b)

×f1χB(x,δ1/2), f2χB(x,δ1/2)

)
(z)|ηdz

] 1
η

.

Hence, by Hölder’s inequality and the fact that

2∑
i=1

M2,i((b(x)− b)f1, f2)(x) . Mb(f1)(x)M(f2)(x),

we know that

|[b, Tδ]1(f1, f2)(x)| . Mb(f1)(x)M(f2)(x) + Mη(Tb,1(f1, f2)(x))

+[Mb(T (f1, f2)
η(x))][Mη(T (f1, f2)(x))]1−η

+Mη(Tb,1(f1χB(x,δ1/2), f2χB(x,δ1/2))(x))

+

(
[Mb(T (f1χB(x,δ1/2), f2χB(x,δ1/2))

η(x))]

×[Mη(T (f1χB(x,δ1/2), f2χB(x,δ1/2))(x))]1−η

)
.

�

Remark 2.4. Let b ∈ BMO(Rn), T is as in Theorem 1.5. Then for any x ∈ Rn, δ >
0 and 0 < η < 1/2, [b, Tδ]2(f1, f2)(x) has the similar estimate as [b, Tδ]1(f1, f2)(x)
in Lemma 2.3.

Lemma 2.5. Let 0 < λ, λ1, λ2 < n, p1, p2 ∈ (1,∞), p ∈ (1,∞) such that 1/p =
1/p1 + 1/p2 and λ/p = λ1/p1 + λ2/p2. Suppose that T is bounded from Lp1(w1)×
Lp2(w2) to Lp(ν~w) for ~w = (w1, w2) ∈ A1(Rn)× A1(Rn) and ν~w ∈ A1(Rn). Then
T is bounded from Lp1,λ1(Rn)× Lp2,λ2(Rn) to Lp,λ(Rn).
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Proof. For any fixed ball B = B(s, r) we decompose f1, f2 as f1 = f 0
1 +

∑∞
k=1 fk

1 =

f1χB+
∑∞

k=1 fk
1 χ2kB\2k−1B, f2 = f 0

2 +
∑∞

j=1 f j
2 = f2χB+

∑∞
j=1 f j

2χ2jB\2j−1B. Hence,(
1

rλ

∫
B

|T (f 0
1 , f0

2 )(x)|pdx

) 1
p

.
1

rλ/p

( ∫
B

|T (f 0
1 , f0

2 )(x)|pdx

) 1
p

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)
1

rλ/p

( ∫
B

|f 0
1 (x)|p1dx

) 1
p1

( ∫
B

|f 0
2 (x)|p2dx

) 1
p2

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)‖f1‖p1,λ1‖f2‖p2,λ2 .

Let max(λ1

n
, λ2

n
) < θ < 1, then (MχB(x))θ ∈ A1(Rn) (see [8]). By the fact that

MχB(x) . 2−jn when x ∈ 2j+1B \ 2jB, we have

∞∑
j=1

(
1

rλ

∫
B

|T (f 0
1 , f j

2 )(x)|pdx

) 1
p

.
∞∑

j=1

1

rλ/p

( ∫
Rn

|T (f 0
1 , f j

2 )(x)|p(χB(x))θdx

) 1
p

.
∞∑

j=1

1

rλ/p

( ∫
Rn

|T (f 0
1 , f j

2 )(x)|p(MχB(x))θdx

) 1
p

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)

∞∑
j=1

1

rλ/p

( ∫
B

|f1(x)|p1(MχB(x))θdx

) 1
p1

×
( ∫

2jB\2j−1B

|f2(x)|p2(MχB(x))θdx

) 1
p2

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)

∞∑
j=1

1

rλ/p

( ∫
B

|f1(x)|p1dx

) 1
p1

×2
−jnθ

p2

( ∫
2jB

|f2(x)|p2dx

) 1
p2

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)

∞∑
j=1

2
− j

p2
(nθ−λ2)‖f1‖p1,λ1‖f2‖p2,λ2

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)‖f1‖p1,λ1‖f2‖p2,λ2 ,

similarly, we get

∞∑
k=1

(
1

rλ

∫
B

|T (fk
1 , f0

2 )(x)|pdx

) 1
p

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)‖f1‖p1,λ1‖f2‖p2,λ2 ,

and

∞∑
k=1

∞∑
j=1

(
1

rλ

∫
B

|T (fk
1 , f j

2 )(x)|pdx

) 1
p

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)‖f1‖p1,λ1‖f2‖p2,λ2 .
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In summary, we obtain

‖T (f1, f2)‖p,λ . ‖T (f 0
1 , f0

2 )‖p,λ +
∞∑

j=1

‖T (f 0
1 , f j

2 )‖p,λ

+
∞∑

k=1

‖T (fk
1 , f0

2 )‖p,λ +
∞∑

j=1

∞∑
k=1

‖T (fk
1 , f j

2 )‖p,λ

. ‖T‖Lp1 (w1)×Lp2 (w2)→Lp(ν~w)‖f1‖p1,λ1‖f2‖p2,λ2 .

�

Remark 2.6. Lemma 2.5 is also true for the linear case.

Now, we are ready to prove Theorem 1.7.

Proof. We only write out the proof of T ∗
b,1(

~f)(x), the other can be obtained by
symmetry. From Lemma 2.3, we deduce that

‖T ∗
b,1(

~f)‖p,λ . ‖Mb(f1)(x)M(f2)(x)‖p,λ + ‖Mη(Tb,1(f1, f2)(x))‖p,λ

+‖[Mb(T (f1, f2)
η(x))][Mη(T (f1, f2)(x))]1−η‖p,λ

+ sup
δ>0

‖Mη(Tb,1(f1χB(x,δ1/2), f2χB(x,δ1/2))(x))‖p,λ

+ sup
δ>0

‖
(
[Mb(T (f1χB(x,δ1/2), f2χB(x,δ1/2))

η(x))]

×[Mη(T (f1χB(x,δ1/2), f2χB(x,δ1/2))(x))]1−η
)
‖p,λ.

By Hölder’s inequality, Lemma 2.1, Lemma 2.5 and (2.1), we know that, there
exists a η0 > 1 such that

‖Mb(f1)(x)M(f2)(x)‖p,λ

. ‖Mb(f1)(x)‖p1,λ1‖M(f2)(x)‖p2,λ2

. ‖Mb‖Lp1 (w)→Lp1 (w)‖f1‖p1,λ1‖f2‖p2,λ2

. ‖b‖BMO(Rn)‖Mη0‖Lp1 (w)→Lp1 (w)‖f1‖p1,λ1‖f2‖p2,λ2

. ‖b‖BMO(Rn)‖f1‖p1,λ1‖f2‖p2,λ2 .

where w ∈ A1(Rn). From [3] and Lemma 2.5, we get

‖Mη(Tb,1(f1, f2)(x))‖p,λ . ‖Tb,1(f1, f2)(x)‖p,λ

. ‖b‖BMO(Rn)‖f1‖p1,λ1‖f2‖p2,λ2 .

By Hölder’s inequality, Lemma 2.3 and Lemma 2.5, we have

‖[Mb(T (f1, f2)
η(x))][Mη(T (f1, f2)(x))]1−η‖p,λ

. ‖[Mb(T (f1, f2)
η(x))]‖p/η,λ‖[Mη(T (f1, f2)(x))]1−η‖p/(1−η),λ

. ‖b‖BMO(Rn)‖T (f1, f2)
η(x)‖p/η,λ‖Mη(T (f1, f2)(x))‖1−η

p,λ

. ‖b‖BMO(Rn)‖f1‖η
p1,λ1

‖f2‖η
p2,λ2

‖f1‖1−η
p1,λ1

‖f2‖1−η
p2,λ2

. ‖b‖BMO(Rn)‖f1‖p1,λ1‖f2‖p2,λ2 .
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Similarly, we obtain

sup
δ>0

‖Mη(Tb,1(f1χB(x,δ1/2), f2χB(x,δ1/2))(x))‖p,λ . ‖b‖BMO(Rn)‖f1‖p1,λ1‖f2‖p2,λ2 ,

sup
δ>0

‖
(
[Mb(T (f1χB(x,δ1/2), f2χB(x,δ1/2))

η(x))]

×[Mη(T (f1χB(x,δ1/2), f2χB(x,δ1/2))(x))]1−η
)
‖p,λ

. ‖b‖BMO(Rn)‖f1‖p1,λ1‖f2‖p2,λ2 .

�

3. Proof of Theorem 1.5

Lemma 3.1. Let 0 < λ, λ1, λ2 < n, p1, p2 ∈ (1,∞), p ∈ (1,∞) such that 1/p =
1/p1 + 1/p2 and λ/p = λ1/p1 + λ2/p2. Suppose that T is as in Theorem 1.5, then

for all 0 < η < 1/2, x ∈ Rn and all ~f in the product of Lpj ,λj(Rn),

T ∗(~f)(x) .
(
Mη(T (~f))(x)

)
+

2∑
i=1

M2,i(~f)(x) + M(f1)(x)M(f2)(x).

The proof of the Lemma 3.1 is similar to that of [16, Theorem 1] and Lemma
2.3, so we leave it to the interested reader. From Lemma 2.2, Lemma 2.5, Lemma
3.1 and [3], it is easy to find that

‖T ∗(~f)(x)‖p,λ . ‖f1‖p1,λ1‖f2‖p2,λ2 (3.1)

for λ, λ1, λ2, p, p1, p2 in Lemma 3.1.

Lemma 3.2. Let 1 ≤ p < ∞, 0 < λ < n and H ⊂ Lp,λ(Rn), if

(1) sup
f∈H

‖f‖p,λ < ∞;

(2) lim
A→∞

‖fχ{|x|>A}‖p,λ = 0 uniformly for f ∈ H;

(3) lim
t→0

‖f(·+ t)− f(·)‖p,λ = 0 uniformly for f ∈ H.

Then H is strongly precompact set in Lp,λ(Rn).

This Lemma was given in [6].
Now, we are ready to prove Theorem 1.5.

Proof. We will work with the commutator T ∗
b,1 first, and the proof of commutator

T ∗
b,2 can be got by symmetry. By Theorem 1.7, it suffices to show the result for

b ∈ C∞
c (Rn). Suppose f1, f2 belong to

B1(L
p1,λ1)×B1(L

p2,λ2) = {(f1, f2) : ‖f1‖p1,λ1 , ‖f2‖p2,λ2 ≤ 1}.

We need to prove the following three conditions hold:

(a) T ∗
b,1(B1(L

p1,λ1)×B1(L
p2,λ2)) is bounded in Lp,λ(Rn);

(b) For every s ∈ Rn and r > 0, lim
A→∞

1
rλ

∫
B(s,r)

|T ∗
b,1(f1, f2)(x)χ{|x|>A}(x)|pdx =

0;
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(c) Given 0 < ξ < 1/8, there exists a sufficiently small t0(t0 < ξ2) such that
for all 0 < |t| < t0, we have

‖T ∗
b,1(f1, f2)(·)− T ∗

b,1(f1, f2)(·+ t)‖p,λ ≤ Cξ. (3.2)

It is easy to find that the condition (a) holds because of the boundedness of T ∗
b,1

in Theorem 1.7. Now, we prove the condition (b) first. We pick A > 1 sufficiently
large so that |x| > A implies x 6∈ supp b. In particular, let R > 0 be large enough
such that supp b ⊂ B(0, R), A � max(2R, 1) and 1 < p0 < min{p1, p2},

|T ∗
b,1(f1, f2)(x)|

= sup
δ>0

∣∣∣∣ ∫ ∫
|x−y1|2+|x−y2|2>δ

K(x, y1, y2)(b(y1)− b(x))f1(y1)f2(y2)d~y

∣∣∣∣
. ‖b‖L∞

∫
|y1|≤R

∫
Rn

|f1(y1)||f2(y2)|
(|x− y1|+ |x− y2|)2n

dy1dy2

.
∫
|x−y1|≤R

∫
Rn

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n

dy1dy2

.
∫
|x−y1|≤R

|f1(x− y1)|
|y1|n/p0

dy1

∫
Rn

|f2(x− y2)|
(1 + |y2|)n+n/p

′
0

dy2

. Rn/p
′
1

( ∫
|x−y1|≤R

|f1(x− y1)|p1

|y1|np1/p0
dy1

)1/p1
( ∫

Rn

|f2(x− y2)|
(1 + |y2|)n+n/p

′
0

dy2

)
.

Hence, for every s ∈ Rn and r > 0, by Hölder’s inequality and Minkowski’s
inequality

(
1

rλ

∫
B(s,r)

|T ∗
b,1(f1, f2)(x)|pχ{|x|>A}(x)dx

)1/p

. Rn/p
′
1

(
1

rλ

∫
B(s,r)

( ∫
|x−y1|≤R

|f1(x− y1)|p1χ{|x|>A}(x)

|y1|np1/p0
dy1

)p/p1

×
( ∫

Rn

|f2(x− y2)|
(1 + |y2|)n+n/p

′
0

dy2

)p

dx

)1/p

. Rn/p
′
1

(
1

rλ1

∫
B(s,r)

∫
|x−y1|≤R

|f1(x− y1)|p1χ{|x|>A}(x)

|y1|np1/p0
dy1dx

)1/p1

×
(

1

rλ2

∫
B(s,r)

( ∫
Rn

|f2(x− y2)|
(1 + |y2|)n+n/p

′
0

dy2

)p2

dx

)1/p2

. Rn/p
′
1

( ∫
|x−y1|≤R

1

rλ1

∫
B(s,r)

|f1(x− y1)|p1χ{|x|>A}(x)dx
1

|y1|np1/p0
dy1

)1/p1

×
( ∫

Rn

(
1

rλ2

∫
B(s,r)

|f2(x− y2)|p2dx

)1/p2 1

(1 + |y2|)n+n/p
′
0

dy2

)
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. Rn/p
′
1

( ∫
|y1|≥A−R

1

|y1|np1/p0
dy1

)1/p1
( ∫

Rn

1

(1 + |y2|)n+n/p
′
0

dy2

)
×‖f1‖p1,λ1‖f2‖p2,λ2

. Rn/p
′
1(A−R)

n( 1
p1
− 1

p0
) → 0,

when A →∞.
So, it suffices to verify condition (c). Denote

Kδ(x, y1, y2) = K(x, y1, y2)χ|x−y1|2+|x−y2|2>δ.

To prove (3.2), we need to decompose the expression inside the Lp,λ(Rn) norm as
follows

T ∗
b,1(f1, f2)(x)− T ∗

b,1(f1, f2)(x + t)

. sup
δ>0

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)> |t|

ξ

Kδ(x, y1, y2)(b(x + t)− b(x))
2∏

j=1

fj(yj)d~y

∣∣∣∣
+ sup

δ>0

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)> |t|

ξ

(Kδ(x, y1, y2)−Kδ(x + t, y1, y2))

×(b(y1)− b(x + t))
2∏

j=1

fj(yj)d~y

∣∣∣∣
+ sup

δ>0

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)< |t|

ξ

Kδ(x, y1, y2)(b(y1)− b(x))
2∏

j=1

fj(yj)d~y

∣∣∣∣
+ sup

δ>0

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)< |t|

ξ

Kδ(x + t, y1, y2)(b(x + t)− b(y1))
2∏

j=1

fj(yj)d~y

∣∣∣∣
= I1 + I2 + I3 + I4.

It is easy to see that

I1 ≤ ‖∇b‖L∞ |t| sup
δ>0

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)>

|t|
ξ

|x−y1|2+|x−y2|2>δ

K(x, y1, y2)f1(y1)f2(y2)d~y

∣∣∣∣,
and ∣∣∣∣ ∫ ∫

|x−y1|2+|x−y2|2>δ

K(x, y1, y2)f1(y1)f2(y2)dy1dy2

−
∫ ∫

min(|x−y1|,|x−y2|)>
|t|
ξ

|x−y1|2+|x−y2|2>δ

K(x, y1, y2)f1(y1)f2(y2)dy1dy2

∣∣∣∣
=

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)<

|t|
ξ

|x−y1|2+|x−y2|2>δ

K(x, y1, y2)f1(y1)f2(y2)dy1dy2

∣∣∣∣
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≤
∫ ∫

min(|x−y1|,|x−y2|)<
|t|
ξ

|x−y1|2+|x−y2|2>δ

|f1(y1)||f2(y2)|
(|x− y1|+ |x− y2|)2n

dy1dy2

≤
∫
|x−y1|< |t|

ξ

∫
|x−y2|> |t|

ξ

|f1(y1)||f2(y2)|
(|x− y1|+ |x− y2|)2n

dy1dy2

+

∫
|x−y1|> |t|

ξ

∫
|x−y2|< |t|

ξ

|f1(y1)||f2(y2)|
(|x− y1|+ |x− y2|)2n

dy1dy2

.
∫
|y1|< |t|

ξ

∫
|y2|> |t|

ξ

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n

dy1dy2,

provided (δ/2)1/2 > |t|/ξ. Then for every s ∈ Rn and r > 0, by Hölder’s inequal-
ity, Minkowski’s inequality and (3.1), we have

(
1

rλ

∫
B(s,r)

|I1|pdx

)1/p

. |t|
(

1

rλ

∫
B(s,r)

( ∫
|y1|< |t|

ξ

∫
|y2|> |t|

ξ

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n

dy1dy2

)p

dx

)1/p

+|t|‖T ∗‖p,λ

. |t|
∫
|y1|< |t|

ξ

∫
|y2|> |t|

ξ

(
1

rλ

∫
B(s,r)

|f1(x− y1)|p|f2(x− y2)|pdx

)1/p
dy1dy2

(|y1|+ |y2|)2n

+|t|‖f1‖p1,λ1‖f2‖p2,λ2

. |t|‖f1‖p1,λ1‖f2‖p2,λ2

∫
|y1|< |t|

ξ

∫
|y2|> |t|

ξ

1

(|y1|+ |y2|)2n
dy1dy2 + |t|

. |t|
∫
|y1|< |t|

ξ

1

|y1|n−1
dy1

∫
|y2|> |t|

ξ

1

|y2|n+1
dy2 + |t|

. |t|.

We obtain

‖I1‖p,λ ≤ C|t|. (3.3)

Now, we estimate I2 using some ideas of [9], notice that

I2 ≤ sup
δ>0

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)>

|t|
ξ

|x−y1|2+|x−y2|2>δ

|x+t−y1|2+|x+t−y2|2>δ

(K(x, y1, y2)−K(x + t, y1, y2))

×(b(y1)− b(x + t))f1(y1)f2(y2)dy1dy2

∣∣∣∣
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+ sup
δ>0

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)>

|t|
ξ

|x−y1|2+|x−y2|2>δ

|x+t−y1|2+|x+t−y2|2<δ

K(x, y1, y2)(b(y1)− b(x + t))
2∏

i=1

fi(yi)d~y

∣∣∣∣
+ sup

δ>0

∣∣∣∣ ∫ ∫
min(|x−y1|,|x−y2|)>

|t|
ξ

|x−y1|2+|x−y2|2<δ

|x+t−y1|2+|x+t−y2|2>δ

K(x + t, y1, y2)(b(y1)− b(x + t))
2∏

i=1

fi(yi)d~y

∣∣∣∣
= I1

2 + I2
2 + I3

2 .

In order to estimate I1
2 , by a consequence of condition (1.4), we get

|K(x, y1, y2)−K(x
′
, y1, y2)| ≤

D|x− x
′|γ

(|x− y1|+ |x− y2|)2n+γ
,

when |x− x
′| ≤ 1

8
min{|x− y1|, |x− y2|}. Then

I1
2 . ‖b‖L∞

∫ ∫
min(|x−y1|,|x−y2|)> |t|

ξ

|t|γ

(|x− y1|+ |x− y2|)2n+γ
|f1(y1)||f2(y2)|d~y

. |t|γ
∫
|y1|> |t|

ξ

∫
|y2|> |t|

ξ

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n+γ

dy1dy2.

Hence, for every s ∈ Rn and r > 0, Hölder’s inequality and Minkowski’s inequality
give that(

1

rλ

∫
B(s,r)

|I1
2 |pdx

)1/p

. |t|γ
(

1

rλ

∫
B(s,r)

( ∫
|y1|> |t|

ξ

∫
|y2|> |t|

ξ

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n+γ

dy1dy2

)p

dx

)1/p

. |t|γ
∫
|y1|> |t|

ξ

∫
|y2|> |t|

ξ

(
1

rλ

∫
B(s,r)

|f1(x− y1)|p|f2(x− y2)|pdx

)1/p

× 1

(|y1|+ |y2|)2n+γ
dy1dy2

. |t|γ‖f1‖p1,λ1‖f2‖p2,λ2

∫
|y1|> |t|

ξ

∫
|y2|> |t|

ξ

1

(|y1|+ |y2|)2n+γ
dy1dy2

. |t|γ
∫
|y1|> |t|

ξ

1

|y1|n+γ/2
dy1

∫
|y2|> |t|

ξ

1

|y2|n+γ/2
dy2

. ξγ.

Therefore,

‖I1
2‖p,λ ≤ Cξγ.



COMPACTNESS OF COMMUTATORS OF SINGULAR INTEGRAL OPERATORS 223

For I2
2 , as min(|x − y1|, |x − y2|) > |t|

ξ
, |x + t − y1|2 + |x + t − y2|2 < δ, we have

|x− y1|2 + |x− y2|2 ≤ 1
(1−ξ)2

(|x + t− y1|2 + |x + t− y2|2) ≤ δ
(1−ξ)2

. It follows that

I2
2 . ‖b‖L∞ sup

δ>0

∫ ∫
δ<|x−y1|2+|x−y2|2< δ

(1−ξ)2

|f1(y1)||f2(y2)|
(|x− y1|+ |x− y2|)2n

dy1dy2

. sup
δ>0

∫ ∫
δ<|y1|2+|y2|2< δ

(1−ξ)2

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n

dy1dy2.

Thus, for every s ∈ Rn and r > 0, by Hölder’s inequality and Minkowski’s
inequality we obtain

(
1

rλ

∫
B(s,r)

|I2
2 |pdx

)1/p

. sup
δ>0

(
1

rλ

∫
B(s,r)

( ∫ ∫
δ<|y1|2+|y2|2< δ

(1−ξ)2

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n

d~y

)p

dx

)1/p

. sup
δ>0

∫ ∫
δ<|y1|2+|y2|2< δ

(1−ξ)2

(
1

rλ

∫
B(s,r)

|f1(x− y1)|p|f2(x− y2)|pdx

)1/p

× 1

(|y1|+ |y2|)2n
d~y

. ‖f1‖p1,λ1‖f2‖p2,λ2 sup
δ>0

∫ ∫
δ<|y1|2+|y2|2< δ

(1−ξ)2

dy1dy2

(|y1|+ |y2|)2n

. sup
δ>0

∫
|y2|2≤δ

∫
δ−|y2|2<|y1|2<δ/(1−ξ)2−|y2|2

1

(|y1|+ |y2|)2n
dy1dy2

+ sup
δ>0

∫
δ≤|y2|2≤δ/(1−ξ)2

∫
|y1|2≤δ/(1−ξ)2−|y2|2

1

(|y1|+ |y2|)2n
dy1dy2

. (1− ξ)−n − 1 . ξ.

We have

‖I2
2‖p,λ ≤ Cξ.

For I3
2 , we proceed in a similar way. It is easy to find that min(|x−y1|, |x−y2|) >

|t|
ξ
, |x+ t− y1|2 + |x+ t− y2|2 > δ, then we have δ

(1+ξ)2
≤ |x− y1|2 + |x− y2|2 ≤ δ.

Hence,

I3
2 . ‖b‖L∞ sup

δ>0

∫ ∫
δ/(1+ξ)2≤|x−y1|2+|x−y2|2≤δ

|f1(y1)||f2(y2)|
(|x− y1|+ |x− y2|)2n

dy1dy2

. sup
δ>0

∫ ∫
δ/(1+ξ)2≤|y1|2+|y2|2≤δ

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n

dy1dy2,
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consequently, for every s ∈ Rn and r > 0, by Hölder’s inequality and Minkowski’s
inequality we get(

1

rλ

∫
B(s,r)

|I3
2 |pdx

)1/p

. sup
δ>0

(
1

rλ

∫
B(s,r)

( ∫ ∫
δ/(1+ξ)2<|y1|2+|y2|2<δ

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n

d~y

)p

dx

)1/p

. sup
δ>0

∫ ∫
δ/(1+ξ)2<|y1|2+|y2|2<δ

(
1

rλ

∫
B(s,r)

|f1(x− y1)|p|f2(x− y2)|pdx

)1/p

× 1

(|y1|+ |y2|)2n
d~y

. sup
δ>0

∫
|y2|2≤δ/(1+ξ)2

∫
δ/(1+ξ)2−|y2|2<|y1|2<δ−|y2|2

1

(|y1|+ |y2|)2n
dy1dy2

+ sup
δ>0

∫
δ/(1+ξ)2≤|y2|2≤δ

∫
|y1|2≤δ−|y2|2

1

(|y1|+ |y2|)2n
dy1dy2

. 1− (1 + ξ)−n . ξ.

Therefore,

‖I3
2‖p,λ ≤ Cξ.

In summary,

‖I2‖p,λ ≤ Cξ. (3.4)

Next, we estimate I3

I3 . ‖∇b‖L∞

∫
|x−y1|< |t|

ξ

∫
|x−y2|> |t|

ξ

|f1(y1)||f2(y2)|
(|x− y1|+ |x− y2|)2n−1

dy1dy2

+‖∇b‖L∞

∫
|x−y1|> |t|

ξ

∫
|x−y2|< |t|

ξ

|f1(y1)||f2(y2)|
(|x− y1|+ |x− y2|)2n−1

dy1dy2

.
∫
|y1|< |t|

ξ

∫
|y2|> |t|

ξ

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n−1

dy1dy2,

provided (δ/2)1/2 > |t|/ξ, then for every s ∈ Rn and r > 0, Hölder’s inequality
and Minkowski’s inequality give that(

1

rλ

∫
B(s,r)

|I3|pdx

)1/p

.

(
1

rλ

∫
B(s,r)

( ∫
|y1|< |t|

ξ

∫
|y2|> |t|

ξ

|f1(x− y1)||f2(x− y2)|
(|y1|+ |y2|)2n−1

dy1dy2

)p

dx

)1/p

.
∫
|y1|< |t|

ξ

∫
|y2|> |t|

ξ

(
1

rλ

∫
B(s,r)

|f1(x− y1)|p|f2(x− y2)|pdx

)1/p
dy1dy2

(|y1|+ |y2|)2n−1

. |t|/ξ.
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We get

‖I3‖p,λ ≤ C|t|/ξ. (3.5)

Finally, for the last part I4, we estimate it as I3. By replacing the region
of integration {(x, y1, y2) : min(|x − y1|, |x − y2|) < |t|/ξ} with a larger one
{(x, y1, y2) : min(|x + t− y1|, |x + t− y2|) < |t|/ξ + |t|}. We know that

I4 . ‖∇b‖L∞

∫
|x+t−y1|< |t|

ξ
+|t|

∫
|x+t−y2|> |t|

ξ

|f1(y1)||f2(y2)|
(|x + t− y1|+ |x + t− y2|)2n−1

d~y

+‖∇b‖L∞

∫
|x+t−y1|> |t|

ξ

∫
|x+t−y2|< |t|

ξ
+|t|

|f1(y1)||f2(y2)|
(|x + t− y1|+ |x + t− y2|)2n−1

d~y

.
∫
|y1|< |t|

ξ
+|t|

∫
|y2|> |t|

ξ

|f1(x + t− y1)||f2(x + t− y2)|
(|y1|+ |y2|)2n−1

d~y,

provided (δ/2)1/2 > |t|/ξ, then for every s ∈ Rn and r > 0,(
1

rλ

∫
B(s,r)

|I4|pdx

)1/p

.

(
1

rλ

∫
B(s,r)

( ∫
|y1|< |t|

ξ
+|t|

∫
|y2|> |t|

ξ

|f1(x + t− y1)||f2(x + t− y2)|
(|y1|+ |y2|)2n−1

d~y

)p

dx

)1/p

.
∫
|y1|< |t|

ξ
+|t|

∫
|y2|> |t|

ξ

(
1

rλ

∫
B(s,r)

|f1(x + t− y1)|p|f2(x + t− y2)|pdx

)1/p

× 1

(|y1|+ |y2|)2n−1
dy1dy2

. ‖f1‖p1,λ1‖f2‖p2,λ2

∫
|y1|< |t|

ξ
+|t|

1

|y1|n−2
dy1

∫
|y2|> |t|

ξ

1

|y2|n+1
dy2

. |t|/ξ + |t|.
Consequently,

‖I4‖p,λ ≤ C|t|/ξ + |t|. (3.6)

Then inequalities (3.3), (3.4), (3.5) and (3.6) imply (3.2), and in this way, we can
conclude that T ∗

b,1 is compact. By symmetry, T ∗
b,2 is also compact. �
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