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ABSTRACT. We present some spectral radius inequalities for nonnegative ma-
trices. Using the ideas of Audenaert, we then prove the inequality which may
be regarded as a Cauchy—Schwarz inequality for spectral radius of nonnegative
matrices

p(AoB) < [p(Ao A)]?[p(B o B)|?,
In addition, new proofs of some related results due to Horn and Zhang, Huang
are also given. Finally, we interpolate Huang’s inequality by proving
pAroAzo o dy) < [p(Ardz- Al Ep((Aro Ar)-- (A o Ap)]E
< p(AlAQAk)

1. INTRODUCTION AND PRELIMINARIES

Let M, denote the set of complex matrices of order n. For matrices A =
(a;j), B = (bi;) € M, we denote by p(A) the spectral radius of A, by Ao B =
(a;jb;;) the Hadamard product of A and B. The notation A < B means that
B — A is entrywise nonnegative.

Zhan [10] conjectured that p(Ao B) < p(AB) for nonnegative matrices A, B €
M,,. This conjecture was confirmed by Audenaert in [1] by proving

p(Ao B) < pi((Ao A)(BoB)) < p(AB). (1.1)
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These inequalities were established via a trace description of the spectral radius.
Using the fact that the Hadamard product of two matrices is a principal submatrix
of the Kronecker product, Horn and Zhang proved [5] the inequalities

p(Ao B) < p2(AB o BA) < p(AB). (1.2)

Huang [0] generalized the inequality p(A o B) < p(AB) to an arbitrary number
of nonnegative matrices:

p(AroAyo---0AL) < p(A1Ay--- Ag). (1.3)
Recently, Peperko [3] proved the inequalities for nonnegative matrices A, B,
p(Ao B) < pi(ABo BA) < pi(ABo AB)pi(BAo BA) < p(AB).  (1.4)

The paper is organized as follows. Using the similar idea due to Peperko,
we first give a new proof for (1.3). We then prove the inequality which may
be regarded as a Cauchy—Schwarz inequality for spectral radius of nonnegative
matrices

p(Ao B) < [p(Ao A)2[p(B o B)]z. (1.5)

In addition, new proofs of some related results due to Horn and Zhang, Huang
are also given. Finally, we interpolate Huang’s inequality by proving

p(AroAyo -0 Ay) < [p(A1Ay- - ARk [p((Ar o Ar)(Ay 0 Ay) -+ (Ay o Ap)]*

<

Note that the inequality (1.1) corresponds to the case k = 2 of the above inequal-
ities.

2. MAIN RESULTS

The two inequalities in the following lemma are classical and can be found in

[4, 11].
Lemma 2.1. Let A, B € M, be nonnegative matrices.

(1) If A< B, then p(A) < p(B).

(2) (A0 B) < p(A)p(B).

The following result appeared in [2, 7, &]. A new and straightforward proof is
presented. The similar manner can be found in [9].

Lemma 2.2. Let {Ain} 1, {Aom 1y s {Aan 1 be nonnegative matrices
of order n. Then

(An0A21O"'OAsl)(A120A220"'OAsz)"'(AltOAzto'“OAst)
< (A A+ Ar) o (Ao Ao -~ Agp) o0 (A Asa -+ - Ast).

(pq)

Proof. For p =1,...,s, ¢ =1,...,t, we denote by a;;" the entry of the matrix

A, in the position (7, 7). The (i, j)-th entry of
(AIIOAQIo"'OAsl)(A12oA22O"'OASQ)"'(AltoAQtO"'oAst)
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equals
(11) (21) (s1) (12) (22) (s2) (1¢) (2t) (st)
Z (@i, ai,” - agg )(ag, 5055, - a5,5,) -+ (ag, a5 - ag ).
j17j27“"jt71
Denote
_ (11) (21)  (sh)y, (12) (22)  (s2) (1) (20) (st)
L= Z (@i, g, - iy )ag, 5,055 - @g) -+ (@5, 505,05+ a7 )
jl7j2"“7jtfl
Then
_ (11) (12) (1t) (21) (22) (2t) (s1) (s2) (st)
L = Z (@i, g5, -~ ag, )@, gy, - ag ) - (ag, a5, - - a5 )
1,925 Jt—1
(11) (12) (1¢) (s1) (s2) (st)
< Z (aij, g5 - a5, 5) Z (aij, aj - aj” ;)
J1,525--Jt—1 71,9250t —1

Note that for p=1,...,s, each term
(p1) (p2) (pt)
Z (aih Ajrja ~ .ajtflj)
j17j27“'7jt71

is the entry in the (4, j)-th position of Ay Ay - - - Ay This completes the proof. [

It should be noted that its proof of (1.3) is included for the sake of completeness,
since some of the proofs below can be proved by using similar ideas. The same
proofs were given in [3, Th.3.16] in greater generality for sets of matrices. In the
present paper only the special case for usual spectral radius is presented with the
same proof.

Proof of Huang’s Inequality (1.3). Since the Hadamard product is com-
mutative, we have

(AjoAgo--0AL)F = (Aj0Ay0---0A;)(Ago--- AroAy)--- (Ao Ajo---0Ar_ )
< (A1Ay - Ap) o (Ay - AgAy) oo (ARAr - Ap_y),

where the inequality follows from Lemma 2.2. By Lemma 2.1, we have

pH(AoAyo-- 0 Ay p((Ay o Ayo---0 Ap)M)

p((AlAQ"'Ak)o(AQ"'AkAI)O"'O(AkAl"'Ak—l))

p(A1As - A)p(Ag - ApAr) -+ p(AgAr -+ Ay_1)

In the last equality above we use the fact that

This completes the proof. [

Denote by ||A| the spectral norm of A € M, which equals to the largest
singular value. The following interesting inequality is also due to Huang [0,
Corollary 6]. We give a new proof.

VARVAN

Corollary 2.3. [0] Let A, B € M, be nonnegative. Then
|Ao Bl < p(ATB). (2.1)
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Proof. Note that p(CTC) = ||C||*>. Then

|40 Bl = p2((AT 0 BT)(A0 B)) = p*((AT 0 BT)(B 0 A)).
By Lemma 2.1, we have

p((AT 0 BT)(B o A)) < p((A7B) o (BT A)) < p(ATB)p(BT A) = p*(A” B).
This completes the proof. O
The next inequality refines the inequality due to Huang [0]:
1410 Ayo -0 Ayl < p2 (A1 AT A AT -+ ALAY).

Proposition 2.4. Let Ay, A, ..., Ay € M,, be nonnegative matrices. Then

[ 410 Azo -0 Ayl < pH((A1AT) 0 (ApAT) 0 -0 (A AD)).
Proof. Note that for any nonnegative square matrix C, p(CTC) = ||C||>. Then

A1 0 Ago -0 Ay|| = p2((Ay 0 Ay o0 Ap)(Ay o Ay oo A)T).

Since
(AjoAyo---0A)(AjoAso-0 A = (AjoAyo---0A) (AT 0 AT 0.0 A]),
by Lemma 2.2, we have

(A1oAyo---0Ap)(Af 0 A7 0+ 0 Ap) < (A1A]) o (AzA7) 0 -+ o (ArAy).

Therefore
[A10Azo -0 Al = P%((AlOA2O"'OAk)(A{OAgO"'OA;}F))
< p((MAT) o (A2AT) 0 - o (AeAT)).
This completes the proof. O

We need the following lemma whose proof can be found in !, Lemma 1].

Lemma 2.5. [1] Let A € M, be a positive matriz. Then p(A) = lim (TrAm)%.

m—00

Next, using Lemma 2.5 we prove the inequality which may be regarded as
a Cauchy—Schwarz inequality for spectral radius of nonnegative matrices. This
inequality is a consequence of a well known result for nonnegative matrices due
to Elsner, Johnson and Silva [3], i.e.,

(AR 0 BR)) < p(A)2p(B)?,

where A® denotes the Hadamard-Schur power. It should be noted that a new
proof is included for the sake of completeness.

Proposition 2.6. Let A, B € M, be nonnegative matrices. Then
p(Ao B) <[p(AcA)]2[p(B o B)]z. (2.2)
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Proof. Without loss of generality we may assume that A, B € M, are positive,
(aij), B = (bij) € M.

since the spectral radius is continuous in matrices. Let A =

For any positive integer k, we have

Tr((Ao B)*) = > (aiisbiria)(Gisiybisiy) - (i, biggi,)

11,82,0-y02k

= E (@iyiyQinis = * iggiy ) (DiyinDigyiy Digis -+

11,82,0-y02k

IN

11,82,00050

1
2
2
( E (aimaizis'“aizkil)> ( E:
2k

11,02, 02k

bizkil)

(BiyinDigis - - - bi2ki1)2>

— E 2 2 2 :
- < ail’iga’igi[g 221&1) ( bll’LZ 2213 ’L2k7fl>

11,225+ 2k

= [Tr(A o A)%*)2[Tr(B o B)*z.

11,82, y02k

N

=

The above inequality follows from the Cauchy—Schwarz inequality. Taking the

2k-th root, we have

[Tr((A o B)2F)|2r < [Tr(A o A)?¥]3%[Tr(B o B)**]r,
Taking the limit & — oo, and invoking Lemma 2.5 we obtain the inequality (2.2).

This completes the proof.
Remark 2.7. Recall that Audenaert [1] proved

p(Ao B) < p2((Ao A)(Bo B)).

O

We remark that the above inequality and the inequality (2.2) are not comparable

in general. Here are two examples. Consider

=[5 8] e (1)

V2 V2 0 0
Then
p2((Ao A)(BoB))=v2>0=[p(Ao A)z[p(B o B)z.
But for
0 O 10
a=o ] 2=lo 0]
then

p*((Ao A)(Bo B)) =0 < V2= [p(Ao A)]2[p(Bo B)]>.

Combining Lemma 2.2 and Proposition 2.6, we obtain the inequality due to

Peperko [4].

Corollary 2.8. [3] Let A, B € M,, be nonnegative matrices. Then
p(Ao B) < p2(ABo BA) < pi(AB o AB)pi(BA o BA) < p(AB).

Finally, we interpolate Huang’s inequality (1.3) by proving
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Theorem 2.9. Let Ay, As, ..., Ay € M,, be nonnegative matrices. Then

plAroAso-0dy) < [p(Ards- - A] R [p((Ar 0 A1)(As 0 Ag) -+ (A 0 Ap)]F
< p(AlAgAk)

Proof. 1t suffices to prove this theorem for the case of positive matrices. Because
of the continuity of the spectral radius, the theorem follows for the case of non-
negative matrices as well. Next, we assume that all the matrices Ay, ..., A, are
positive.

Denote by ag) the entry of the matrix A; in the position (7, j), for t =1,... k.
Then

Tr((AjoAgo---0A)™) = Tr[((Ajo- - Ag)(Ago---0A;) -+ (Ago---0A; 1))

< 3 @e a0l (@0l el

1192 1142 1142 1243 1213 1213 Ik tmkl Ikl

11,8250y bmk

_ 1 (2 (k) (2) (3 (1)
= § [(ai1i2ai2i3 e 'aimkil)(ailigai2i3 T aimkh)
11,82, imk

(@ a® - a® Yoo (@) g gDy

1192 1213 Imktl 1192 1213 Tmktl

1 2 k 2 3 1
S @, o )@, all)

11,92, 5mk
@) 4 (2) (k) (1) (k—1)
Z (ailizai2i3 U a’imkil) e Z (ailizai2i3 e aimkil )

11,82, mk 11,8250 mk

(3) (4 2 (k) (1) (k=1)
Z (@73 Qi " Qi) " Z (@43 Qi+ i)
012, ik i1yi2,em i
= Tr((A3A4 cee Ag)m)Tl”((A4A5 tee A3)m) tee TI'((AkAl cee Ak_l)m).
The expression Z (a(l) al?) - al® )(a(2) al®) g ) is the standard Eu-

1142 1213 Imki1 1142 0213 Imki1

IN

Note that

11,02, 5 0mk
clidean inner product of two nonnegative vectors in R”" ", one with components

al a? ... az(-i)kil and the other with components al? a® ... al(;)kil.

ivia Figis iris Qinis One sees that
these two vectors have the same sets of components (which can be seen by per-
forming a cyclic permutation on the indices 4,14, ..., imk). Thus both vectors
have the same Euclidean norm. Applying the Cauchy—Schwarz inequality then
. 1) (2 k 2) (3 1
gives Z <a§132a§233 e agm)ki1>(a2(1’22a§22)3 T a’gm)k’il)
21,82, sbmk
1 2 k m
< Y (@)@l () = Trl((AroAr)(Ago Ag) -+ (Ago Ay))™).
11,82,y mk
This proves that the following inequality holds for any positive integer m:

Tr((A; 0 Ay o -0 Ay)™F)
< Tr((AsAyg- - Ag)™)Tr((AgAs -+ - A3)™) -+ - Tr((AgAy -+ - Ag_1)™)
XTr[((A1 0 Ay)(Az 0 Ag) -+ (Ag 0 Ag))™].
Taking the mk-th root on the above inequality, taking the limit m — oo, we have

p(AyoAyo---oAy) Sp%(ASAA;"‘AQ)P%(AALAE;‘"AS)“'p%(AkAl“'Ak—l)
X [p((Ay 0 A})(As 0 As) -+ (Ay 0 A)]F.
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Using the fact

p(A3A4“'A2)ZP(A4A5"'A3)='--=p(AkA1-“Ak71) :p(AlAQ"'Ak)>

we obtain the first inequality.

On the other hand, by Lemma 2.2,
(Al o Al)(AQ O Ag) e (Ak O Ak) S (A1A2 s Ak) O (A1A2 s Ak)

Applying Lemma 2.1 we have

[p((A1 0 Ap)(Az o0 Ag) -+ (Ag o Ak))]% < pt (4145 Ay)).

This completes the proof. |

Remark 2.10. The inequality (1.1) corresponds to the case k = 2 of Theorem 2.9.
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