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REFINEMENTS OF QUASI-ARITHMETIC MEANS
INEQUALITIES FOR HILBERT SPACE OPERATORS

JADRANKA MICIC

Communicated by M. Fujii

ABSTRACT. In this paper some inequalities involving quasi-arithmetic means
for a continuous field of self-adjoint operators, a field of positive linear map-
pings and continuous strictly monotone functions are refined. These refined
converses are presented by using the Mond-Pecari¢ method improvement. Ob-
tained results are applied to refine selected inequalities with power functions.

1. INTRODUCTION

Let T be a locally compact Hausdorff space and 1 be a Radon measure on 7.
Let A be a C*-algebra of operators on some Hilbert space H. We say that a field
(x¢)ier of operators in A is continuous if the function ¢ — x; is norm continuous
onT.

Assume further that there is a field (¢;);er of positive linear mappings ¢; :
A — B from A to another C*-algebra B of operators on a Hilbert space K. We
say that such a field is continuous if the function ¢ — ¢;(z) is continuous for
every r € A. Additionally, if the C*-algebras include the identity operators and
the function ¢ — ¢;(1y) is integrable with [ ¢,(1g) du(t) = 1, we say that a
field (¢y)ier is unital.

Let B(H) be the C*-algebra of all bounded linear operators on a Hilbert space
H. We define bounds of a self-adjoint operator z € B(H) by

my = inf (z€,€) and M, := sup (z§,¢&)
€ll=1 llgll=1
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for £ € H.
The absolute value of z € B(H) is defined by |z| := (z*z)/2.
We observe the quasi-arithmetic operator mean

m(x.6) =~ [ ortetenann). (1)

where (z)ier is a bounded continuous field of self-adjoint operators in a C*-
algebra B(H) with spectra in [m, M| for some scalars m < M, (¢;)ier is a unital
field of positive linear mappings ¢; : B(H) — B(K) and ¢ € C[m, M] is a strictly
monotone function. This mean is briefly denoted by 9,,.

In [6] the monotonicity of these means is presented:

m, <M, (1.2)

for all strictly monotone functions ¢, ¢ € C[m, M|, such that one of the following
conditions holds:

(i): o' is operator convex and ¢ ~! is operator monotone
(ii): o~ is operator concave and —¢~! is operator monotone
(iii): ¢! is operator convex and ¢! is operator concave

Monotonicity (1.2) without operator convexity is presented in [5], but with con-
ditions on the bounds of z;, t € T. Improvements of some operator means
inequalities are, for example, considered in [4].

The purpose of this paper is to consider converse of (1.2). We study refining
of these inequalities without operator convexity or operator monotonicity and
without conditions on spectra of the operators. Applying the obtained results we
further refine selected inequalities involving power means.

2. QUASI-ARITHMETIC MEANS

For convenience we introduce some abbreviations. For f: I — R and m, M € I,
m # M, we denote

57 = 8;(m, M) == f(m) + F(M) — 2f (m : M)
and
by = kgt by o= OO I g g, 2, gy o 27 = I (O)

so the linear function through (m, f(m)) and (M, f(M)) has the form h(z) =
k)f zZ+ lf.
2.1. Auxiliary results. To prove our main results we need the following lemmas.

Lemma 2.1. (a special case of [7, Lemma 4]) Let A be a self-adjoint operator on
a Hilbert space H such that mly < A < M1y for some scalars m < M. If f is a
convez function on [m, M], then

FA) <kfA+l;—6;A<k; A+, (2.1)
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where
~ 1 1 A m+ M

A= —
2 M —m 2

If f is concave, then the reverse inequality is valid in (2.1).

I |-

Proof. For the sake of completeness, we give a direct proof here. We prove the
convex case only. We use known result (see [7, Lemma 3]): If f is a convex
function on an interval I, m, M € I and py,pe € [0, 1] such that p; +py = 1, then

f (prm + pa M) (2.2)
< pif(m) +pof (M) — min{p;, p2} [f(m) + f(M) —2f (%)] : '

Let functions py, py : [m, M] — [0,1] be defined by pi(2) = 22 py(z) = &2

m’ b2z M—m"
Then for any z € [m, M] we can erte f(2) = f(p1(z)m+ p2(2)M) . Using (2.2)
and since z —mln{M :171\3%} :5— Mlm ’z—m;M , we get
1) S S m) + = 1) = 7 | )+ £(00) =2 ("5 2) |
(2.3)

Now since Sp(A) C

obtain LHS of (2.1).

[m, M], then by utilizing the functional calculus to (2.3) we

Since mly < A < M;m gy < A-— erMl < M;m 1. It follows
A—miMy ) < Momy, g5 A > (. Also, since f is convex then d; > 0. Therefore,
2 2 f
drA >0 and RHS of (2.1) holds. O

In the following lemma a refinement of inequalities [1, Theorem 2.9 and Theo-
rem 2.21] is given.

Lemma 2.2. Let A be a self-adjoint operator on a Hilbert space H such that
mly < A < M1y for some scalars m < M. Let mj be the lower bound of the
operator A = 31y — — #51y|. If f is a convex function on [m, M], then

for every unit vector y € H, where

C(m, M, f,c) = llla<XM{ku+lf—C—f<Z)}, ceR. (2.5)

Additionally, if f > 0 on [m, M|, then

f((Ay, ) < (f(A)y,y) (2.6)
< K(m, M, f,6pmz)f((Ay,y)) < K(m, M, f,0)f((Ay,y)) '
for every unit vector y € H, where
K(m,M, f,c) = rgiXM{IW;(—g_C}’ ceR. (2.7)

If f is concave, then the reverse inequalities are valid in (2.4) and (2.6) with
min instead of max in (2.5) and (2.7), respectively.
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Proof. We prove the convex case only. The first inequality in (2.4) is obvious. By
using (2.1) and since 0 < m;1y < A we have

(F(A)y,y) < kp(Ay,y) + 1 — (05 Ay,y) < kp(Ay,y) + 1 —dymg. (28)
It follows

(f(A)y,y) — f({Ay,y)) < max {kpz+1p—dpmz— f(2)}

and hence we have the second inequality in (2.4). Since d;m; > 0 we have the
third inequality in (2.4).
If f> 0 on [m,M], then divide inequalities (2.8) by f({(Ay,y)) we get

(f(Ay,y) _ kr(Ay,y) + 1y —oymy i kpz+1lp—dpmy
(A = F(Aug) <m<z<M{ ) }IH

and we have the second inequality in (2.6). Since d;m ;7 > 0 we obtain the third
inequality in (2.6). O

By using the improvement of the Mond-Pecari¢ method given in Lemma 2.1
we present an auxiliary result for quasi-arithmetic means.

Lemma 2.3. Let (x1)ier, m, M and (¢¢)ier be as in the definition of the quasi-
arithmetic mean (1.1) and @, € C([m, M]) be strictly monotone functions. If
o~ is convex, then

Y (My) < k(M) + Ll — 617, < ko (M) + 41k, (2.9)

where ki = kyop-1(p(m), p(M)), li = lyop-1(0(m), p(M)), 01 = dyop-1(p(m),
w(M)), and

7, = %1K o |/¢t< ) du(t). (2.10)

If o o=t is concave, then the reverse inequality is valid in (2.9).

p(m) + (M) |
2

Proof. We prove the convex case only. Setting f = 9o ! and A = ¢(z;)
n (2.1), and since Sp(p(z:)) C [@(m), (M)] if ¢ is increasing or Sp(p(z;)) C
[o(M), p(m)] if ¢ is decreasing, we obtain

1 1 p(m) + (M)
¢(37t) < ]ﬁ%@(xt) + L1y — 51 <§1H - |S0(M) — @(m)| ‘SO(xt) - leD

Applying a positive linear mapping ¢, integrating and using [, (1) dp(t) = Ix,
we obtain LHS of (2.9). Since 6, Z, > 0, RHS of (2.9) holds. O]

2.2. Ratio type inequalities. In this subsection ratio type inequalities involv-
ing quasi-arithmetic means are given. In the following theorem is given a com-
plementary result to (1.2) without operator convexity of 1) o !

Theorem 2.4. Let (x;)ier, m, M and (¢;)ier be as in the definition of the quasi-
arithmetic mean (1.1), 0 < m < M and p,9 € C([m, M]) be strictly monotone
functions. Let ki, 11, 61 and z, be as in Lemma 2.3. If one of the following
conditions
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(4-1) : Yo ! is convexr and ¥~ is operator monotone
(4-ii): 1ot is concave and —p~! is operator monotone
18 satisfied, then
My < Ki(my, My, mz,) M, < Ki(my, My, 0) MM, < Ki(m, M,0)M,, (2.11)

where mz,, is the lower bound of the operator z,, m, and M, are the lower and
upper bounds of the mean M., respectively, and

Ki(n,N,c) := max {w_l(/ﬁgo(z) th= ey } . (2.12)

n<z<N z

If one of the following conditions
(4-iii) : ¢ ot is concave and ¢~ is operator monotone
(4-iv): Yot is conver and —~t is operator monotone
is satisfied, then the reverse inequalities are valid in (2.11) with min instead of
max in (2.12).

Proof. We prove only the case (4-i). Applying operator monotone function =1
to inequalities (2.9) and since 0 < mz, 1x < 7, we have

My < ' (ko (M) + hilg — 6T,) <" (ke (M) + Ll — dimz, 1x)
< P (ke (M) + hlk) .
It follows
M, < max w-l(kleo(z)Jrll—alm@)} m,
my<z<My, z
< max w-l(kw(zwn} M, < max {w—%w(z)m)} Mm,,
my<z<M, ? m<z<M Z

since mlxy < mylg <M, < M, 1g < M. Hence we have the desired inequali-
ties (2.11). O

In the following theorem a complementary result to (1.2) is presented without
operator monotonicity of 1)1,

Theorem 2.5. Let (x4)ier, m, M and (¢;)ier be as in the definition of the quasi-
arithmetic mean (1.1), 0 < m < M and ¢, € C([m, M]) be strictly monotone
functions. If one of the following conditions

(5-1) : o is operator convexr and ™' is increasing convex
(5-ii): v o @t is operator concave and ™! is decreasing convex

is satisfied, then
M, < Ko(my, My, mz,) My, < Ky(my, My, 0) Ny, < Ky(m, M,0)9,, (2.13)

where my, and M, are the lower and upper bounds of the mean M., respectively,
mz,, 1s the lower bound of the operator

_o1 1 () + (M)
Tow = 3% T L) — dmy) ¥ ) 2

1K7
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by = ky-1(d(my), ¥ (My)), Iy = ly=1 (¢ (my), p(My)), 03 = by—1(1h(my), b(My)),

and

L k)g Z+ lQ - 652
KQ(TI,, N, C) = r?g[X {W} y (214)

where I is the closed interval between 1p(n) and p(N).
If one of the following conditions
(5-iii) : o ! is operator convexr and ! is decreasing concave
(5-iv): o o™t is operator concave and ¥~ is increasing concave
is satisfied, then the reverse inequalities are valid in (2.13) with min instead of
max in (2.14).
If one of the following conditions

(5-v) : oot is operator conver and =1 is decreasing convex
(5-vi): o ! is operator concave and ¢~ is increasing convex

18 satisfied, then
mw < Kg(m¢, Mw, mgd) g.nw < Kg(mw, Mw, O) Em@ < Kg(m, ]\/[7 0) Sﬁw, (215)

where my, and My are the lower and upper bounds of the mean 9y, respectively,
mg,, 18 the lower bound of the operator

~ 1 1 _
o= 3~ | )
k3 = ky-1((my), v(My)), ls = Ly-1(¥(my), ¥ (My)), 03 = dy-1(P(my), P(My)),

and
L k‘3 zZ + l3 - 0(53
Kg(?’L,N, C) = IElEaIX {W} s (216)

where I is the closed interval between 1p(n) and p(N).
If one of the following conditions

Y(my) + (My) I
2

Y

(5-vii) : o ! is operator convexr and ™' is decreasing concave
(5-viii): 1 o ! is operator concave and ™! is increasing concave
is satisfied, then the reverse inequalities are valid in (2.15) with min instead of
max in (2.16).

Proof. (5-1): Replacing f by a convex function ¢~! and A by ¢ (9M,) in RHS of
(2.6), we obtain
My, y) = (7" (0 (M) y,y) < Ka(mg, My, mz,) 0~ (Y (M) y, ) (2.17)
for every unit vector y € H, where
K2<m307 Mg&» mip) = K(¢<m¢)7 ¢(M¢)v @0717 mi(p)

ko z+1o—02 mg(p
= max W > 0.
Y(me) <2< (M)

By using Jensen’s operator inequality for an operator convex function o o=t we
have

G,) = pop! ( [ o1t du(t)) < [ it dutt) = v @n,). 219
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Replacing f by ¢~ and A by ¢ (9M,,) in LHS of (2.6), we obtain
O (M), y)) < (Myy, y) (2.19)

for every unit vector y € H. Finally, we obtain

oy My, y) <o ((WMy)y,y) by (2.17)
2( @V, Izp)
< ((p(My)y,y)) by (2.18) and increase of )~
< (Myy, y) by (2.19)
for each unit vector y € H and hence we have the first inequality in (2.13). The
remaining inequalities in (2.13) are obvious.
(5-ii)-(5-iv): We obtain these results by a similar method as in (5-1).
(5-v): Replacing f by a convex function ¢»~! and A by ¢ (9,) in RHS of (2.6),

we obtain

My, y) = W (@ (M) y,y) < Ka(my, My, mz,) ¢ (¢ (M) y,9))  (2.20)

for every unit vector y € H, where
Ka(my, My, mz,) = K(p(my), v(My), v, mz,)

k3 z+13—03 mid’
= max {W} > 0.
w(mcp)SZSTZ’(Md))

Replacing f by ¢~! and A by ¢ (9M,,) in LHS of (2.6), we obtain
O (DM, ) < My, y) (2.21)

for every unit vector y € H.
Finally, we obtain

Rty (YY) 2/}‘1((1#(93%)3/,@) by (2.20)
o

((w(M,)y,y)) by (2.18) and decrease of ¥~
(Mey, ) by (2.21)

for each unit vector y € H and hence we have the first inequality in (2.15). The
remaining inequalities in (2.15) are obvious.
(5-vi)-(5-viii): We obtain these results by a similar method as in (5-v). O

INIA A

In the following theorem we point out another complementary result to (1.2)
without operator monotonicity of ¥~

Theorem 2.6. Let (x;)ier, m, M and (¢)er be as in the definition of the quasi-
arithmetic mean (1.1), 0 < m < M and ¢, € C(m, M]) be strictly monotone
functions.

(6-1) : If o~ ! is convex and ¢~ is operator convex, then
My < Ky(my, My, mz,) M, < Ky(my, M,,0) M, < Ky(m, M,0)M,, (2.22)
where mgz,, is the lower bound of the operator T, defined by (2.10), m, and M, are
the lower and upper bounds of the mean M., respectively, ky = ky-1(p(m), p(M)),

ly =ly-1(p(m), (M), 04 = dp-1(p(m), p(M)), and
kap(2) + 1y — 054} .

z

K4(n,N,c) := max { (2.23)

n<z<N
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(6-ii) : If o1 is concave and ¢~ is operator concave, then the reverse
inequalities are valid in (2.22) with min instead of max in (2.23).

(6-iii) : If o1 is conver and ™' is concave, then
K4(m¢,M<p,m5¢)
v = K5(m¢,M¢,M5w)

where mz,,, my, My, ks, l5, 05 are as constants in (6 —1) with replacing ¢ by 1,

m m,, (2.24)

and 5
k l5 —
Ks5(n,N,c) := min { sP(e) +l—c 5}.
n<z<N z
(6-iv) : If o' is concave and 1=t is operator convex, then
1 1
My < M, < m M, (2.25)

< -

Ke(my, My, mz,) 7= Ke(my, M,,0) "7~ Kg(m, M,0)
where my, and M, are the lower and upper bounds of the operator o(IM.,), respec-
tively, mgz,, 1s the lower bound of the operator

T :11[(_ 1 —m¢+M¢

¢ =75 M, —m, @ (M) — 5
ke = kp1(p(my), (M), ls = ly-1(p(my,), (M), d6 = dp-1(p(my,), p(M,)),

and " l 5
Kg(n, N, c) := min {M} : (2.26)
zel ©~ (Z)
where I is the closed interval between ¢(n) and p(N).

Ik

b

(6-v) : If ¢! is convex and ™! is operator concave, then the reverse
inequalities are valid in (2.25) with max instead of min in (2.26).

Proof. (6-1): Using (1.2), we obtain
M, < My, (2.27)

where Z is the identity function. Replacing ¢ by Z in Theorem 2.4 (i), then (2.11)
gives

9311 S Kg(m¢, .2\4907 m“x‘w) E)inw S K3(m@7 Mtpa 0) mw S Kg(m, M, 0)9}290 (228)
Combining (2.27) and (2.28), we have the desired inequality (2.22).

(6-ii): We obtain this result by a similar method as in (6-i).

(6-iii): We obtain (2.24) by combining (i) and (6-ii).

(6-iv): Replacing f by ¢! > 0 and A by ¢ ("M,,) in

F(A)y, ) > K(m, M, £,6;m5) f((Ay,y)) (see (2.6)), we obtain

(Myy,y) = <90‘1(90 () y,y> > Kg(my, My, mz, ) 90‘1(<90 (9,) y,y>>
(2.29)
for every unit vector y € H.

Next, we consider the mapping ®: CB(T,A) — M(B) C B(K) from normed
involutive algebra of of bounded continuous functions on 7" with values in A to the
multiplier algebra M (B) acting on K defined by setting ® (X) = [, ¢(x;) du(t),
where X = (z¢)ser. Note that @ is a unital positive linear map. Also ¢ ( [, z; du(t))
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= Jr@(x)du(t) for every linear functional ¢ in the norm dual A*, cf. [3].
Stinespring decomposition theorem ensures that & can be written in the form
O(X) = V*n(X)V, where 7 is a *-homomorphism to B(H), and V is an isome-
try on H. It follows that for each unit vector y € H

90‘1(@ (9,) y7y>> = w‘1(<@(90(X))y7y>> = 90‘1<<7T(90(X)) Vy,Vy>)

Z<g0_1 (7 (p(X))) Vy, Vy> by ||[Vy|| = 1 and concavity of ¢~
=((X) Vy,Vy) = (2(X)y,y) = (Mzy,y).
So,
o ({0 OM,) .)) > (Mry,v). (230)
Combining (2.29) and (2.30), we have
M, > Ke(my, My, mz,) M. (2.31)

Now combining (2.31) and (2.27), we have the the first inequality in (2.25). The
remaining inequalities in (2.25) are obvious.
(6-v): We obtain this result by a similar method as in (6-iv). O

2.3. Difference type inequalities. Similar to the above, in this section differ-
ence type inequalities involving quasi-arithmetic means are given. The proofs are
similar to the above proofs and we omit details.

Theorem 2.7. Let all assumptions of Theorem 2./ hold, except that m can be
negative or 0.
If (4-1) or (4-ii) is satisfied, then

m¢ S m(p”_cl(mg@; Mcpa mac‘@)lK S mgp+01<mgp7 M@) 0)1K S m(p+01(m7 Ma O>1K7
(2.32)
where

Ci(n,N,c) = max {v " kip(z) + 1y — coy) — 2} . (2.33)

If (4-iii) or (4-iv) is satisfied, then the reverse inequalities are valid in (2.32)
with min instead of max in (2.33).

Theorem 2.8. Let all assumptions of Theorem 2.5 hold, except that m can be
negative or 0.
If (5-1) or (5-ii) is satisfied, then
M, <M +Co(my, My, mz, ) 1x < My+Co(my, My, 0)1x < M, +Co(m, M, 0)1g,
(2.34)
where
Cy(n, N, c) = max {kyz+1—chy— ¢ '(2)}, (2.35)
zEe

where I is the closed interval between 1p(n) and p(N).
If (5-iii) or (5-iv) is satisfied, then the reverse inequalities are valid in (2.34)
with min instead of max in (2.35).



120 J. MICIC

If (5-v) or (5-vi) is satisfied, then

m¢ S mcp+03(m¢a M¢7 mi,/))]-K S m¢+03(m¢a M7/)7 0) 1K S map+c3(m7 Ma O)1K7
(2.36)

where

Cs(n, N, c) = max {ksz+13—co3— ¢ '(2)}, (2.37)

where I is the closed interval between 1(n) and Y(N).
If (5-vii) or (5-viil) is satisfied, then the reverse inequalities are valid in (2.36)
with min instead of max in (2.37).

Theorem 2.9. Let all assumptions of Theorem 2.5 hold, except that m can be
negative or 0.
If (6-1) is satisfied, then
97% < 9ﬁ¢+04(m@, M(p, mgw)lK < 9)?¢+C4(m¢, Mgoa 0) 1K < 931@+C4(m, M, O)l[(,
(2.38)
where
Cy(n,N,c) = max {ksp(2) + 1y — ¢y — 2} (2.39)

If (6-ii) is satisfied, then the reverse inequalities are valid in (2.38) with min
instead of max in (2.39).
If (6-iii) is satisfied, then
gﬁ¢ < mt@ + C'4(m¢, Mgoa m;w)lK — C5(m¢, Mw, m;w)lK,
where
Cs(n, N, c) := nglélN {ks(2) + 15 — cd5 — z}.
If (6-iv) is satisfied, then

97% < 93?¢—Cﬁ(m¢, Mcpa mgkp)l}( < E)Jt@—C’f;(m@, M@’ 0)1[( < 9ﬁ<p—06(m, M, O)l}(,
(2.40)

where
Cs(n, N, c) := I?el}l {kez + 1l — cds — ¢ ' (2)}, (2.41)

where I is the closed interval between ¢(n) and p(N).
If (6-v) is satisfied, then the reverse inequalities are valid in (2.40) with max
instead of min in (2.41).
3. POWER MEANS

In this section we refine selected inequalities involving power means defined as
follows

(x,¢) = ([eauwn)” . rero.
P (/T o logay) du(t)) , =0,

where (z;)ier is a bounded continuous field of strictly positive elements in a
unital C*-algebra A with the spectra in [m, M|, 0 < m < M, defined on a
locally compact Hausdorff space T" equipped with a bounded Radon measure p

(3.1)
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and (¢;)ier is a unital field of positive linear mappings ¢, : A — B between
C*-algebras. The mean M, (x, ¢) is briefly denoted by 9,.

In the following theorem we obtain a refinement of some inequalities given in
[2, Theorem 4.4]. Also, in this case we give the explicit formula for the constant
K given in Theorem 2.4.

Theorem 3.1. Let ()i, m, M and (¢;)er be as in the definition of the power

mean (3.1). Let m, and M,, m, < M,, be the bounds of M,., respectively, and mz,

be the lower bound of the operator T, = %1K_U\4r—£m7”| Sy & (|2 — 221 )) dudt).
If0£r<s,s>1o0orr<s<-—1, then

_ ~ M
ms < A(mr;Mr;T73am§r)mr < A<mraMT7T73aO> m’r < A<_7Ta370>mra
m

where
N VP o
(kl mr+7::661>1 Zf f ll;i(sl Z (1 - E) ]%1’
A(mT,MT,r, S7C> = A (%,T’,S,C) /Lf f [1;251 (1 - 7§~) ]%1 < f Zl;/[igla
WoMIh—c5) L T o
BdERd) g shoh < (1-9)E,

B B B (3.2)
with the abbreviations: ki = %T:z” = Mrﬂi:’nrf;Ms, 0y = ms—i-MS—Ql‘f(mH—
M"Y+ and A(h,7,s,c) is a generalized Specht ratio A(h,r,s) defined by

L r hs_hr+c(hr_1)[1+hs_21—s/r(1+hr)s/r} 1/8
% {L hr_hs_c(hr_l)[1+h5_2175/r(1+hr)5/r] }_ /T
r—s hs—1 ’
Proof. Setting ¢(t) = t" and ¢(t) = t* in Theorem 2.4, we obtain
O S ms S Kl(mr7 Mmmir) mr S Kl(mra Mra O) mr S Kl(ma M7 O)mtra
where
= - = = = <\ /s
Ki(n,N,c) = max (ka2 +h — 651)1/8 = max Mz + L — oo, /
125 n<z<N z n<z<N 28 ’
(3.4)

We have (according to [7, Corollary 13])

]% r l_ — g _
max { B 1} - K(mmMr,mT?Mr,va) for s > 1, (3.5)
r

n<z<N 28

where

k1 mI+li—cd . li— 7.
1My+l1—co1 if sh cd1) Z(l—ﬁ)/ﬁ,
my r r

S _ _ _
K(mr,Mr,m’",M’”,;,c) =0 K(m", M",2,¢) if 219 < (1— 2)fy < 2l

my r M,
];‘1 M:+[1—Cg1 .
7 if

11 —cdy S (1 - i) ]%1
(3.6)
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and K (a,b,p,c) is a generalized Kantorovich constant

ab? —baf + ¢ (af + P — 2'P(a + b)P)) (b — a)

K(a,b,p,c) =

R TEICE p
p— —a”
% ( P abp—bap+c(ap+bp—21P(a+b)P))(b—a)) ’

(3.7)
for a # b, p € R and 0 < ¢ < 0.5. Similarly, we have

{]51270 + l_l - Cgl

min
n<z<N

} = k(m,, M,,m", M", f,c) if s < —1, (3.8)
28 T

with k(m,., M,,m", M", 2, mgz,) which equals RHS in (3.6) with reverse inequality
signs.
Using (3.4), (3.5), (3.8) and monotonicity of a function ¢~(t) = t+ we obtain

n<z<N A

1/s
}) :K(mraMramraMrvfaC)l/s>
r

Ki(n,N,c) = (max {klz b = e

which gives our constant (3.2), because we can check directly that

T T S 1/5 _ M
K(m,M,;,c) —A(E,r,s,c>. (3.9)
]

Using that A(m,., M,,r,s,¢) < A (%, T, s, c) and letting » — 0 in Theorem 3.1
we obtain the following result.

Corollary 3.2. Let m,, M,, m, M be as in Theorem 5.1 and mz, be the lower
bound of the operator Ty = %1K_m fT o3 (\ log(x;) — whl) du(t).
If s > 1, then

Mr 1/s Mr 1/s M 1/s
i):RSSS( 787m50) i):Tt()g‘s’(,rn 7870> SIROSS(EvaO) SIn(h

o T

where

et (1-e(h*/2=1)?)
S(h,s,c) =

e log h#—T (3.10)

is a generalized Specht ratio S(h,s) := —2"—— (see [2, §2.6] ).

eloghh®—1

To prove Corollary 3.2 it is sufficient to prove the following lemma.
Lemma 3.3. Let h > 0. Then
lim A(h, 7, s,¢) = S(h, s,c)"*,

r—0

where A(h,r,s,c) and S(h, s, c) are defined by (3.3) and (3.10), respectively.
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Proof. In the proof we use (3.9): A(h,7,s,¢) = K(h",2,¢)"/*. We have

h* —h" +c(h" —1)(h* +1 =215 (1 + h")%/"
lim K (1", 2, ¢) = lim —— - &t ) (7" + ( )*")

r—0 r r—08 —r hr—1

' S h — hs + C(l o hr)(hs + 1— 21—%(1 + h’r‘)s/r) —s/r
x lim . .

r—0\r—s hs —1

r h® —h" + c(h" — 1)(hS +1-— 21_5(1 + hr)S/T)
=05 — 1 hr —1

1 b =R : C(hr — 1) s 1-2 r\s/r
= iy (i T i TR 2
1 h—1 h—1
= - 0-(h*+1—2h*7%) ) =
log h ( s +0- (" )> slogh

r__ 1S T s _9l-= r\s/r
lim<—§>10g<rs B =B (1= B (ke 1= 2R (L A ))

r—0\ 7 —s hs —1
=14 (=1+ch+1-2h?)) slogh
B hs —1
B _1+slogh_c(h5+1—2h5/2)slogh
B hs —1 hs —1

s —s/r
h" — h® 1—h")(h*+1 =27 (14 hm)s/r

I L + ¢( ) (h* + (1+h7)°/7)

r—0\ 1 —35 hs —1

1 hw=T

e hsc(h’fs/i—l)z
Combining (i) and (ii), we have
RRPT (1—c(h/2-1)?)

lim K(h", 2, ¢) = = S(h,s,c).
r—0 r e log hwr=1

Then, by using (3.9), we obtain
liH(l) A(hyr,s,¢) = lirr(l] K(h", f, c)V* = S(h,s, )5
r— r— T
]

In the following corollary we give the explicit formula for the constant K, given
in Theorem 2.5.

Corollary 3.4. Let (x;)ier, m, M and (¢;)ier be as in the definition of the power
mean (3.1). Let m, and M, be the lower and upper bounds of the mean 9M,,
respectively, and mz, be the lower bound of the operator

- 1 1 mS + M?

s= ol o = e T ]
TR T | [ 2
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If0<s<—1ror0<r<s<2rorr<s<0a0, then

m, < Fg(mr,Mr,m,M,mgs)imr

< Kolmn, My, m, M,0)M, < K (m, M,1/s,0)0,,

where
EQ mr+227032 - 127032 1\ 7.
i/s /[/f Sy Z (]- - ;) kQ?
7 . lo—ch 1\ 7. lo—ch
Ko(my, My,m,M,c) = < K(m,M,1/s,c) if 202 <(1— ) kg <2572,
EQ MT+ZQ—032 - iQ—CSQ 1\ 7.
bMetheds g bod < (1- 1),
y P . 7. _— My.—m, 7 MImy—miM, < _
with the abbreviations: ko = M ly = s 0y = m, + M,

S S 1/8
2 (%) and K(m, M,1/s, c) is the generalized Kantorovich constant defined
by (3.7).

Proof. We obtain this corollary by setting ¢(t) = t" and ¢(¢) = t* in Theorem 2.5.
We omit the details of the construction constants. OJ

Remark 3.5. Similar to the ratio case we can obtain difference type inequalities
involving power means by using Theorem 2.7-Theorem 2.9.

For example, if 0 #r < s, s >1orr <s < —1, then

S):ns S mtr—i_él(mrmeTasamffr)]-K

< mr + Cl(mr7 MT7Ta S, O)].K < mr + C_’1<m7 M’ r,S, 0)1K; (311)

where

Cl(”? N7 r, 370) = max {(]2‘1 2" + Zl _ 051)1/5 _ Z}

n<z<N
and m,, M,, k1, l1, 67 and mg, are as defined in Theorem 3.1.
Finally, we present some examples which illustrate some of the above inequal-
ities.

Example 3.6. Setting r = 1/3 and s = 1 in Theorem 3.1 we observe inequal-
ities involving power means 9 /3(x, ¢) and M (x, ¢). There is no general re-
lation between these means under the operator order. Really, if T = {1,2},

D ((ai)1<ij<s) = 5(aij)i<ij<o, p({k}) =1, k = 1,2 and

6 1 1 242 45 45

1 01 45 8 9

10 -1 -1\° 1047 —142 —157
Xy = -1 2 1 = -142 31 37 ,

-1 1 3 —157 37 53
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then
e <(D1(X11/3) e (X21/3)>3 - <5(1)2 3.??75) :
o) )= (a5 ')
and

—48.5 16.625

Furthermore, 0.247 [, < X; < 258.753 5, 2.562 1, < X5 < 1091.310 I and let
m = 0.247, M = 1091.310 (rounded to three decimal places). Also, 91,3 has the

bounds my 3 = 3.375 and M3 = 512. Further, X3 = ( 0.195 0.050 ) 7

1325 —48.5
zml—sml/g:( )20.

0.050 0.078
mg, ,, = 0.059. Also, §; = 765.723. Taking all these into account we obtain

A ml/g,Ml/g,l/B,l,le/S) — 15.836
A ml/g,M1/3,1/3,1,0> — 29.241
A %,r,s,()) — 42729

and hence we have ratio type inequalities:
oM, < 15.836 97(1/3 < 29.241 9)?1/3 < 42.729 9)?1/3.

Similarly, applying (3.11), we obtain

Cy (s, Majs, 1/3,1,my, ) — 486.683
Cy ml/g,M1/3,1/3,1,0> zé’l(m,M,l/B,l,O) — 532.049.

and hence we have difference type inequalities:

Example 3.7. Under the same assumptions as in Example 1, we obtain in-
equalities involving means 9, /3 and M, (constants are rounded to three decimal
places):

9321/3 < My < 59.289 E)ﬁl/g < 97.127 93?1/3 < 290.967 91711/3,
9)?1/3 <My < ml/g + 564.026 I, < 9)?1/3 + 609.902 I,.

We remark that there is no general relation between 9,3 and 91 under the
operator order.
’ 2 -1 -1\’
and Xo=(—1 1 0 |, then M3 Z My,
-1 0 3

100
1

[ S
O O
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