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ABSTRACT. Some criteria for approximative compactness of every weakly™
closed convex set of Orlicz function spaces equipped with the Luxemburg norm
are given. Although, criteria for approximative compactness of Orlicz function
spaces equipped with the Luxemburg norm were known, we can easily deduce
them from our main results.

1. INTRODUCTION AND PRELIMINARIES

Let X be a Banach space and X* the dual space of X. Denote by B(X) and
S(X) the closed unit ball and the unit sphere of X. Let C' C X be a nonempty
subset of X. Then the set-valued mapping Po : X — C

Pe(z) = {2 € Ot ||z — z|| = dist(z, ¢) = nf [z —y][}
Y

is called the metric projection operator from X onto C'.

A subset C' is said to be proximinal if Po(z) # 0 for all x € X(see [3]). It is
well known that (see [5]) X is reflexive if and only if each closed convex subset
of X is proximinal.

Definition 1.1. A nonempty subset C' of X is said to be approximatively com-
pact if for any {y,, }2>; C C and any x € X satisfying ||z — y,|| — infyec |z — y|
as n — 00, there exists a subsequence of {y, }52, converging to an element in C.
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X is called approximatively compact if every nonempty closed convex subset of
X is approximatively compact.

Consider a convex subset A of a Banach space X. A point x € A is said to be an
extreme point of A if 2r = y+z and y, 2 € A imply y = 2. The set of all extreme
points of A is denoted by EztA. f, € S(X*) is called a supporting functional of
x e S(X)if fo(x) = 1. x € S(X) is called a smooth point if it has an unique
supporting functional f,. If every x € S(X) is a smooth point, then X is called
a smooth space. A Banach space X is said to be rotund if for any z,y € S(X)
with ||z 4+ y|| = 2 we have z = y. It is easy to see that FxtB(X) = S(X) if and
only if X is rotund. A Banach space X is said to be locally uniformly convex if
for any z € S(X) and {z,}°°, C S(X) with ||z, + x| — 2 as n — oo we have
|z, — x| — 0 as n — oo. The topic of this paper is related to the topic of [1]-]3]
and [7]-[12].

Throughout this paper, B,(z) = {y € X : ||y — x| < r}. 2, = = denotes that

{z,}0, is weakly convergent to z. z “", 2* denotes that {z}}0 | is weakly*

convergent to x*. The weak topology of X is denoted by o(X*, X) or (X, w). The
weak* topology of X* is denoted by o (X, X*) or (X*,w*). C(C®,C%") denotes
the closed hull of C'(weak closed hull, weak* closed hull), respectively. dist(x,C)
denotes the distance between x and C.

Definition 1.2. M : R — R is called an N—function if it has the following
properties:
(1) M is even, continuous, convex and M (0) = 0.

(2) M(u) > 0 for all u # 0.

(3) lin% @ =0 and lim Ml(tu)

uU—00

= Q.

Let M, N be a couple of complementary N—functions and (G, 3, i) be a finite
nonatomic and complete measure space. Denote by p and ¢ the right derivative
of M and N, respectively. We define

puta) = [ Malt)at
G
Ly ={z(t) : /M()\x(t))dt < oo for some A >0},
G

Eay = {a(t) - / MOw(t))dt < o for all A 0}.

It is well known that Lj; is a Banach space when it is equipped with the Luxem-
burg norm

. xr
ol = it > 0 par(5) < 1}

or with the Orlicz norm

1
0o _ . -
|l [I” = inf - (1 + pas (k).
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Ly, Ey denote Orlicz spaces equipped with the Luxemburg norm. LY, EY, denote
Orlicz spaces equipped with the Orlicz norm. We know (see [3]) that (Ex)* = LY,
(ERX)" = L

Definition 1.3. We say that an N-function M satisfies condition A, if there
exist K > 2 and ug > 0 such that

MQ2u) < KM(u) (u > ug).

In this case, we write M € Ay or N € V,. If M € Ay and N € A,, then
we write M € Ay NV, We know (see [3]) that Ly, is reflexive if and only if
M e Ay N Vs.

Let M be an N—function. An interval [a, b] is called a structural affine interval
of M, or simply, SAT of M, provided that M is affine on [a, b] and it is not affine
on either in [a — €,b] or in [a,b + ¢] for any € > 0. Let {[a;, b;]}; be all the SAIs
of M. We call

Su = R\[U(as, bi)]

the set of strictly convex points of M. A continuous function M : R — R is
called strictly convex if

< Laru) + %M(v)

M( 5

for all u # v.

We know (see [3]) that X is rotund if and only if (1) M € A, and (2) M is
strictly convex.

In 1998, H.Hudzik and B.X. Wang, (see [!]) proved that (L, || - ||) is approx-
imatively compact if and only if M € Ay N Vy and M is strictly convex, i.e,
(Lps, || - |]) is rotund and reflexive.

In this paper, we discuss approximative compactness of every weakly* closed
convex set of Orlicz function spaces equipped with the Luxemburg norm. We
prove that every weakly* closed convex set of (Lyy, || - ||) is approximatively com-
pact if and only if EY, is a smooth space and M € A,. By this result, it is easy
to see that the result of [I] mentioned above is true.

First let us recall some results that will be used in the further part of the paper.

Lemma 1.4. (see [3]) EY is a smooth space if and only if q is continuous.

Lemma 1.5. (see [3]) Let M € Ay and u,u, € Ly;. Then
par(n) = par(u) and un(t) = u(t) = [Jun — ul| = 0(n — o0),

where u,(t) 2 u(t) denotes that (u,(t))2>, is measurable convergent to u(t).

EO
Lemma 1.6. (see [1]) x € S(Lys) is an extreme point if and only if z, ——
0

E
z imply x, S x, where u,(t) —5 u(t) denotes that {u,(t)}>>, is ES-weakly
convergent to u(t).
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2. MAIN RESULTS

Theorem 2.1. The following statements are equivalent:

(1) Every weak® hyperplane of X* is approzimatively compact.

(2) If ¥ € S(X*), x € S(X) and z}(x) — 1 as n — oo, then {x}}2, is
relatively compact.
Proof. (1) = (2) If y£ € S(X*), zo € S(X) and y(z9) — 1 as n — oo, we define
the hyperplane

H={z":2%(x9) =1, 2% € X"}

We will prove that H is weakly* closed set. In fact, let z* € HY", then there
exists a net {2} such that z¥ — z*. Hence 2} (zo) — 2*(zo). Notice that

zi(xg) =1= 2"(xg) =1= 2" € H.
It is obvious that H is a convex set. Then H is a proximinal set. Hence there
exists 2} € H such that ||y; — 2| = dist(y}, H). Pick z§ € H N S(X™*). Since
lyr, = 2|l = dist(yy, H) = dist(y, — xo, H — 25) = wo(z5 = y,) = 1 = zo(y,) — 0,
we have
lzall < llynll + My — zull = 1 = dist(0, H) as n — oo. (2.1)

By virtue of ||z}]| > 1 and (2.1), one get |0 — z*|| — dist(0, H) as n — oo. This
implies that the sequence {z*}>°, is relatively compact. Consequently {y’}°°,
is relatively compact by y* = 2 + (y — 27).

(2) = (1) (a) First we will prove that every weakly* closed convex set is a
proximinal set. Let C* be a weakly* closed convex set and z* € X*\C*. Then
there exists {y;:}>°, C C* such that

|lx* — y:|| — dist(z*,C*) as n — oc.

We may assume without loss of generality that v # vy for any m # n. Since
B(X*) is weak* compact, there exists y; € B(X™) such that y; is weak* accumu-
lation point of {y*}> . Put

A = {Uy; : Uy is weak* neighbourhood of yg}.

We define a order by the containing relations. ie, Uy C Vi« if and only if
Ve > Uy Thus we define a order set A. Hence for any weak™ neighbourhood U,
of 0, there exists y; such that y;; € y; + U,. Let ¥}, = y;. Hence we now define a

net {y}taea C {y}22, and v, w—*>y§ Since C* is a weakly™ closed convex set, we
have y§ € C*. For any € > 0, there exists a xy € S(X) such that

(" —yo)zo > ||z* — Yol — €.

Since ¥ Rl Yg, we have z* — y* iy Y. Then there exists oy for which if
a > ap, then we have (z* — y})xg > (" — yi)xo — €. Hence

(@" —y)wo > (2" —yg)ro —e > |lo" —ygll —e —e = [|l27 —yll — 2¢
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and
2" — ol > (2" —y3 )20 > (2" —yg)wo —€ > ||2" —ygl| —e —e = [|2" — yg|| — 2e.

In view of the fact that weak® topology is a Hausdorff topology, it follows that
{y% }a>ap 1s infinite set. Then there exists a subsequence {m} of {n} such that
{1, CHyl asa,- S0 we have
2" =yl = (" = i)z > (27 —yg)wo —& > [la" —ypll —e —e = [la" — ygl| — 2¢
and
dist(z", C*) = lim [lz* —yp[| = [l2" — yg | — 2.
By the arbitrariness of € > 0, we have
dist(z*,C*) = lim ||z* =y || > ||z" — ¥
0,0 = i o gl = e gl )
" = yoll = dist(z”, C7).

Hence C* is a proximinal set.

(b) Let H* = {z* € X* : *(x) = k} be weak* hyperplane. For any z* ¢ H*
we may assume without loss of generality that x* = 0. We will prove that if
10 — yi|| — dist(z*, H*) as n — oo, then the sequence {y*}>° | has a subsequence
converging to a element in H*, where {y}}>°, C H*. Notice that H* is weakly*
closed set, so we have dist(0, H*) = r > 0. Pick y} € Pg+(0). Then

r = dist(0, Py (0) = ||lyill,  B,(0)NnH*=0, B.(0)NH* = Py (0).

Without loss of generality, we may assume and we do so that k£ < 0. Hence we
have

k=sup{a(y") : y" € H'} <inf{a(y") -y € B.(0)} = —[l] - llyo]l -
In fact, suppose that there exists y; € B,.(0) such that z(y;) < k. Then there
exists A € (0,1) such that z(A\yg) = k. It is easy to see that \y5 € B,(0) and
Ay € H*, a contradiction. Since yj € Py-(0) C H*, we have
—llzll - NIy ll < 2(yg) < supfa(y’) -y € H'}
< inf{z(y") 1 y* € B.(0)}
= =l - llwsll
and
=[]l - llwoll = =(yo) = sup{z(y”) : " € H}.
This means that the inequality z(yg) > () holds. Therefore
10 = ol = 2(0 — y5) < (0 = yz) < [0 —ypll — dist(0, H) = [|0 — 5l = [yl -
Hence
[yl = llwoll as n — oo
and
(0 —yp) = (10 — ygll as n — oo.
Furthermore, we have
Yn Yn 1 1
(i =

r(—7 . T — ) - 2(yn) — 0 as n — oo,
sl llwsll” sl gzl
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which shows that

Yn
x(— ) — 1lasn — 0.
Yl

By (a), we have that {—%}?:1 is a relatively compact set. Notice that ||y}| —

lygll as n — oo, so we obtain that {y%}>°, is relatively compact. This implies
that {y!}°°, has a subsequence converging to an element in H*. Hence we have
that weak® hyperplane H* is approximatively compact. 0

Theorem 2.2. Let (Lyy, || - ||) be an Orlicz function space. Then the following
statements are equivalent:

(1) Every weak® hyperplane of (L, | - ||) is approximatively compact.

(2) (a) M € Ay; and (b) if x is norm attainable on S(EY,), then x is an
extreme point of B(Lyy).

(3) E% is a smooth space and M € A,.

(4) q is continuous and M € A,.

In order to prove the theorem, we will give some auxiliary lemmas.

Lemma 2.3. X is a smooth space if and only if any x* € S(X*) is an extreme
point of B(X*) provided that x* is norm attainable on S(X).

Proof. Sufficiency. Suppose that there exist z € S(X) and two different z7, 23 €
S(X*) such that z7(z) = x3(z) = 1. Then (2} + 23)(x) = 1. This implies that
1(z} 4+ x3) € S(X*) is norm attainable on S(X). It is easy to see that 3(z} + z3)
is not an extreme point of B(X*), a contradiction!

Necessity. Let 2* € S(X™*) be norm attainable on S(X). Then there exists
x € S(X) such that z*(z) = 1. Suppose that z* is not an extreme point. Then
there exists x7, 23 € S(X*) such that 2* = 1(2} + 23). Hence we have

* 1 * * * *
zt(z) = 5(% +a3)(x) = 1= zi(z) = x3(z) = 1.
This implies that x is not a smooth point, a contradiction! |

Lemma 2.4. The following statements are equivalent:
(a) z € (LM, |- |) is an extreme point of B(Lyy);

(b) If x = Zt x; where x; € B(X), t; € (0,1) and Zt =1 belongs to S(Lys),
i=1
then the sequence {x;}52, is relatively compact.

Proof. (b)=-(a). We know (see [3]) that x € (Lys, || - ||) is an extreme point if and
only if (1) py(z) =1 and (2) u{t € G : x(t) ¢ Sy} = 0. If (1) is not satisfied,
then € := 1 — pps(z) > 0. Certainly we can choose F € ¥ and § > 0 such that

0< /M(Qx(t))dt < Z

and

1
= [ M(20)dt < —¢
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Decompose E into E}, Fy such that EiNE} =0, E}UE) = E, uE{ = pE;. Next,
decompose E} into E?, EZ such that E2 NEZ = @ E2 UFE2=FE!, ukE? = pE3.
Finally, decompose Ej into F%, E? such that E2 N Ef =0, E?UE? = Ej,
pE? = pE?. Generally, decompose E/" ! into Ej, |, E3, such that

Ey NEy=0, B UE;, =E'—1, pky = pkEy,

(n=1,2,---i=1,2,---,2"1),

Define
( xz(t), teG\E ( z(t), teG\E
x(t) -9, tekE} xz(t)+6, teky
un(t) = (t.)'J.r 0, te E] (1) = x(t').— 9, t eE2
x(t)—0, te€ Egn L x(t)+0, te Ep
L z(t)+4d, teEL, L xz(t) -9, teEL,
and

’

{yn(t)}zozl = (ul(t)vull(t>7u2(t>7ul2<t)7 e 7un(t>7un(t)7 e )

Then we have

pm(uy) = /M( dt+/M —5dt+/M
| o - [

/M ))dt + = /M2x)dt+ /M26dt+ /sz (t))dt

G\E

/M25dt+ +—/M2x ))dt+—/M25d

E™
/M2I ))dt + = /M25
_ /M )t + /sz ))dt+;/M(26)dt

G\E E

g/M dt—i— +4<1

IA

on—1

Similarly, we have pys(u,) < 1. Hence pa(y,) < 1. This implies that y,(t) €
B(LM). On the other hand, we have

L1
Z 3 it 3 2_n al ZQnJrl 2(t),

n=1 n:l n=1
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and
~.1 1 1 1 =1
L )= ) =1.

But {y, ()} is not relatively compact. In fact, taking any subsequence {u,(t)}5°,
of {yn(t)}52,, we have for m #n

pat (i — 1) = %/M(Qé)dt >0,
E

This implies that |u, — wy,| > min{l,3 [ M(26)dt}. Hence we obtain that
B

{yn(t)}22 is not relatively compact, a contradiction!

Suppose that (2) is not satisfied. Then p{t € G : x(t) ¢ Sy} > 0. Since R\ Sy,
is the union of at most countably many open intervals, there exists an € > 0 and
an interval (a,b) such that —oco < a < b < +00,

p{ite G :x(t) € (a+e,b—¢e)} >0

and that M is affine on [a,b], that is, M(u) = ku + (3, for u € [a,b]. Let
e={teG:x(t) € (a+eb—e)}. Decompose e into ef,es such that ej Nel =
0, el Uel =e, pej = pel. Next, decompose e} into e?, €3 such that €2 Ne2 = (),
e2Ues = ef, pe? = pei. Finally, decompose e} into €2, e2 such that €2 Ne2 = (),
e2Ue? = el pe2 = pe?. Generally, decompose e/ ' into e}, |, €3, such that

n n __ n n __ n n _ n
ey Ney; =0, eh_Ueh; = e —1, pey | = pey;

Define
( xz(t), teG\e ( z(t), teG\e
x(t)—e, tee} xz(t)+e, teey
u(ty={ "o ted =4 Woeted
z(t)—e, tE€eh, x(t)+¢e, te€eh 4
L z(t)+e, € e, ( z(t) —e, te€eb,
and
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Then we have

ar () = /M(x(t))dt+/M(x(t)—5)dt+/M(m(t)+5 dt

G\e

_|_...+/M(x(t)—e)dt—i—/M(x(t)—l—sdt

n
€on_1

= / M (x(t))dt + / (k(x(t) —e)+ B)dt + / (k(x(t) +¢)+ B)dt

G\e et €3

M / ((x(t) — &) + B)dt + / (k(x(t) + &) + B)dt

n
€2n

/M dt+/(k:a:()+ﬁdt—/ksdt+/ (ka(t +ﬁ)dt+/kzsdt

G\e e3

44 / (kx(t) + B)dt — / k:gdt+/(k:x(t)+ﬁ)dt+/k:gdt

n n n n
€on_1 €on_1 €on €on

/M dt+/(k;(x(t))+5)dt+/(k(x(t>>+mdt

G\e 24

s [ (k(x(t))+ﬁ)dt+/(k:(ac(t))Jrﬁ)dt
:/M(w(t))dt:

Similarly, we have py(u,) = 1. Hence pys(y,) = 1. This implies that y,(t) €
B(Lys). On the other hand, we have

o0

S5 ) 5 ot (0) = 3 s ) + (1)) = S () = (0,

n=1 n=1 n=1
and
.1 1 1 1 =1
L. )= —)=1.

But {y, ()} is not relatively compact. In fact, taking any subsequence {u,(t)}5°,
of {yn(t)}52,, we have for m # n

1
o (U — Up) = §/M(25)dt > 0.

This implies that |u, — w,| > min{l, 3 [ M(2e)dt}. Hence we obtain that

e
{yn(t)}52, is not relatively compact, a contradiction!
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The implication (a)=-(b) is obvious. O

Proof of Theorem 2.2. By virtue of Lemmas 1.4 and 2.3, we have (2) < (3) <
(4). (1) = (2) (a) Let vo(t) € S(EY), vo(t) < 0. By (EY)* = Ly and the
Hahn-Banach theorem, there exists (t) € S(Lys) such that [ z(t)ve(t)dt = 1. It

G
is easy to see that x(t) < 0. Pick a nonnull set E € X such that |z(¢)| < C on FE.
If M ¢ A, then there exist a sequence {u,}22, T and E,, C E such that
1
M((14 —)u,) > 3"M(uy,), M(up)uk, =27".
n

Define
Tn(t) = (1) - Xo\B, + UnXE,-
Then liminf ||z,|| > ||z||. On the other hand from
pm(n) < pu(x) + M(up)pE, <142" - 1asn — 0.
we deduce that ||z,|| — ||z|| =1 as n — oc.

Next, we will show that z,, - z as n — oo. In fact, for any v(t) € EY,, we
have

/ (a(t) — x(t))o(t)dt] = / (a(t) — x(8))u(t)dt

- /unv(t)dt—/x(t)v(t)dt

< / unv(t)dt| + / 2(t) - v(t)dt

., n
+pm(z - xgm,) — 0asn— oo.
By [ z(t)uo(t)dt =1, we have [ z,(t)vo(t)dt — 1 as n — oco. By Theorem 2.1, we
G G

obtain that {x,}52, is relatively compact. By x, 2 pasn — 00, there exists a
subsequence {z,, }32, of {z,}22, such that x,, — x as k — oco. Moreover,

par(L+ D)o —2)) > / M1+ )y — (e))

vV
—
=
_
_l’_
2
2
=

3" M (up)puEy,
3n . 2—7’L
> 1, (n € N).

This implies that ||z, — z|| > 3, a contradiction!

vV v
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(b) Let  be norm attainable on S(EY), i.e, [ z(t)vo(t)dt =1 for some vy(t) €
G

S(EY). It z =3 t;x;, then

=1

- /x(t)-vo(t)dt: /(Ztixi(t)) ~v0(t)dt:Zti/a:i(t) vo(t)dt,

G b =1 =1

where z; € B(LM) t; € (0,1) and Zt = 1. Hence for any i € N, we have
=1

f x;(t t)dt = 1. Which implies that {z;}52, is relatively compact by Theorem

2 1. By virtue of Lemma 2.4, we obtain that z is an extreme point.
(2) = (1), Let vo(t) € S(EY), a(t) € S(Ly) and [, (t)ve(t)dt — 1 as
a

n — o0o. Since the unit ball of a separable dual space is w*—sequentially compact,

. w*
there exists a subsequence {z,, }32; of {x,}>>, such that z,, — = as k — 0.
0

This means that x,, — x as k — co. Hence we have

T, (D)o (t)dt — [ x(t)ve(t)dt =1 as k — oo,
[t ]

G

which implies that z is norm attainable on S(EY). Hence we obtain that z is

an extreme point of B(Ly;). By Lemma 1.6, we have that z,, (t) % z(t). From
M € Ay we know that py(z,,) = pu(z) =1 for any k € N. By Lemma 1.5, we
have that x,, — x as k — oo, i.e, {z,}72, is relatively compact. This completes
the proof. O

Theorem 2.5. Let (Lyy, || - ||) be an Orlicz function space. Then the following
statements are equivalent:
(1) Every weak® hyperplane of (Lyy, || - ||) s approximatively compact;
(2) Every weakly* closed convex set of (L, || - ||) is approzimatively compact;
(3) Every proziminal convex set of (Lay, || - ) is approzimatively compact;
(4) E% is smooth space and M € Ay;
(5) q is continuous and M € A,.

In order to prove the theorem, we will give some auxiliary lemmas.

Lemma 2.6. Let X be a locally uniformly convexr space. Then every proriminal
conver set of X s approrimatively compact.

Proof. Let C' C X be a proximinal convex set. For any x ¢ C, we may assume
without loss of generality that x = 0 and d = dist(0,C) = 1. Let x,, € C and
|2,|| — 1. Pick y € Po(0). It is easy to see that ||y|| = 1 and (z, +y) € C.
Then

1
|

:cn+yH <
2

ot ) =
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This implies that ||z, + y|| — 2 as n — co. Moreover,

[l +yll —

“’H <l 43l + H

— X
H [ lzall "

— 2 as n — 00. Since X is a locally uniformly

HII ol

for any n € N. Then

ty
Toa
convex space, we obtain that ﬁ — gy as n — oo. This means that {z,}>°; has
a subsequence converging to an element in C'. This completes the proof. 0

Lemma 2.7. (see [3]) Ly is locally uniformly convex if and only if M € Ay and
M 1is strictly convex.

Proof of Theorem 2.5. (5)=(3) Since ¢ is continuous, we obtain that p is strictly
increasing. This implies that M is strictly convex. Since M is strictly convex and
M € Ay, by Lemma 2.7, we obtain that (Lyy, ||-]|) is locally uniformly convex. By
Lemma 2.6, (3) is true. By the proof of Theorem 2.1, (3)=-(2) is true. The impli-
cation (2)=-(1) is obvious. By Theorem 2.2, (1)< (4)<(5) is true. This completes
the proof. O
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