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ABSTRACT. In this paper, we describe all maximal dissipative, maximal accre-
tive and selfadjoint extensions of the minimal symmetric direct sum differential
operators. Further using the equivalence of the Lax-Phillips scattering function
and the Sz.-Nagy-Foiag characteristic function we show that all eigen and asso-
ciated functions of the maximal dissipative extension of the minimal symmetric
direct sum operator are complete in L2 (), where Q = Q; U Q, Q1 = (0,¢)
and Qs = (¢, 00).

1. INTRODUCTION

In the operator theory, one of the main problems is to describe all the selfadjoint
extensions of a given minimal symmetric operator. This problem is closely related
with finding the dimension of the extended domain. In fact, in 1910 Weyl showed
that [19] at least one of the linearly independent solutions of the equation

—y" +q(@)y = Ay, © € [0,00),
is in squarely integrable space on [0, 00). This result comes from the convergence
of the corresponding nested circles. These circles either converge to a circle or a
point. If the primary case occurs, the operator generated by the above differential
expression is said to be of limit-circle case, that is, two linearly independent
solutions and any combinations of them belong to the squarely integrable space.
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Otherwise, the operator is said to be of limit-point case. Of course, a regular
differential operator is in limit-circle case. But a singular differential operator
may be in limit-point case. These analysis have been used to describe all the
selfadjoint extensions of a minimal symmetric differential operators (see [7, 12,

]). Namely, to describe the selfadjoint extensions of the minimal symmetric

differential operators, one can use the defect numbers of the minimal operator
L07

m = dim ((Loy — M) D(Ly)) ", n = dim (Lo — AT) D(Lo))*,

where D(Ly) is the domain of Ly and A is the complex number. These numbers
(m,n) are called the deficiency indices of Ly. It is well known that Ly is selfadjoint
if and only if m = n = 0 and Ly has selfadjoint extensions if and only if m = n.
(1,1) is known as Weyl’s limit-point case and (2, 2) is known as Weyl’s limit-circle
case for a second order operator. These are the Weyl’s alternatives.

On the other hand in Physics literature such operators having a singularity in
the interior of an interval have been investigated [3, 5]. In this case the operators
may be handled as direct sum of two operators such that one is defined on one
interval and the other is defined on the other interval. Then one may ask that
what the deficiency indices of the minimal symmetric direct sum operator are.
This question was answered in the paper of Everitt and Zettl [1] (further see [20]).
Everitt and Zettl generalized the results known for the deficiency indices theory
of the minimal symmetric operators defined on a single interval to two intervals.
They characterized all the selfadjoint extensions of a minimal symmetric direct
sum operator.

In 1984, Mr. and Mrs. Gorbachuk [¢] introduced the method how the non-
selfadjoint extensions of the minimal symmetric operator can be given. In fact, let
I’y and 'y be the linear mappings of D(A*) into the Hilbert space S where A is a
closed symmetric operator with equal deficiency indices acts in the Hilbert space
S1. Then (S,I',I'y) is called the space of the boundary values of the operator A
if

Z) for any f?g € D(A*>7 (A*f7 g)S1 o (f7 A*g)sl = (Flfa FQQ)S B (F2f7 F1g>57

i1) for every Fi,Fy € S, there exists a vector f € D(A*) such that I'yf = F}
and I'y f = F5.

Then they introduced the following theorem.

Theorem 1.1. [3] For any contraction K in S the restriction of the operator A*
to the set of functions f € D(A*) satisfying the boundary condition
(K-DTyf+i(K+1)Taf =0, (1.1)
or
(K- f—i(K+1)Tyf =0 (1.2)

s respectively, a maximal dissipative or a mazimal accretive extension of the
operator A, where A is the restriction of the operator A* to the domain D(A).
Conversely, every mazximal dissipative (mazimal accretive) extension of A is the
restriction of A* to the set of vectors f € D(A*) satisfying (1.1) ((1.2)), and the
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contraction K is uniquely determined by the extension. These conditions give self-
adjoint extension if K is unitary. In the latter case (1.1) and (1.2) are equivalent
to the condition (cosC)Dof — (sinC) 'y f = 0, where C is a selfadjoint opera-
tor (hermitian matriz) on S. The general form of the dissipative and accretive
extensions of the operator A is given by the conditions

K (Dyf +iTof) =1 f —ilof, T1f +ilsf € D(K), (1.3)

respectively, where K is a linear operator satisfying ||Kf|| < || fll, f € D(K).
The general form of symmetric extensions is given by the formula (1.3) and (1.4),
where K is an isometric operator.

It is well known that all eigenvalues of a dissipative operator lie in the closed
upper half-plane. But this analysis is so weak. To complete the analysis, there are
some methods. One of them is related with the equivalence of the Lax-Phillips
scattering function [ 1] and Sz.-Nagy-Foiag characteristic function [17]. In the
basic of the Lax-Phillips scattering theory there is a decomposition of the Hilbert
space Has H = D_® H & D, in which an unitary group U, has typical properties

i/) UtD_ C D_,t < 0, UtD+ - D+,t > 0,

i) UtZO UiD = Utgo UiDy = H,

it') ﬂtgo UD_ = ﬂtzo UDy = {0},

iw') D_ 1 Dy,
where the subspaces D_ and D, are called the incoming and outgoing spaces,
respectively. Then one can construct the scattering function acting from D, to
D_. On the other hand, Sz.-Nagy and Foiag defined the characteristic function
of a contractive operator 1T as

O(u) = =T + pDy- (I — uT*) ™ Dy,

where 11 is some complex number and Dy = (I — T*T)z and Dy« = (I — TT*)z
are the operators defined on some Hilbert space H. There is an equivalence
between the Lax-Phillips scattering function and Sz.-Nagy-Foiag characteristic
function (see [17], p. 280). This equivalence has been used in the papers [1] and
[2] to analyze the dissipative operators which are the extensions of the minimal
symmetric differential operators defined on the single interval.

In this paper we describe all the nonselfadjoint (dissipative, accretive) and self-
adjoint extensions of the minimal symmetric direct sum differential operator. In
particular, we consider the maximal dissipative extension of the minimal sym-
metric Bessel-type operator. We construct a selfadjoint dilation of the maximal
dissipative extension. To analyze this dissipative operator, we use the functional
model theory [17]. After showing that the characteristic function (scattering ma-
trix) given in the model is a Blaschke-Potapov product, we prove that all root
(eigen and associated) functions of the dissipative operator which is the extension
of the minimal symmetric direct sum operator are complete in the Hilbert space
L2 (), where Q = Q; UQy, Q1 = (0,¢) and Q3 = (¢, 00).
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2. MAXIMAL DISSIPATIVE OPERATOR
In this paper we consider the differential expression

e
4 A
y+q(x)y s JJGQ.—QlUQQ,

1
) = —— |~ +

w(x)
where € := (0,¢), Q3 := (¢,00), 0 < ¢ < 00 and 0 < v < 1. Throughout the
paper it is assumed that the points 0,c and oo are singular for the differential
expression £. Further we assume that w and ¢ are real-valued, Lebesgue measur-
able functions on €, locally integrable functions on €; and €y and w(x) > 0 for
almost all x € (2.

Let H .= Hl@HQ, where H1 = L?Ul (Ql)7 H2 = L’l2,U2(Q2>7 UJ(LU) = {

2

wy(z),x €Y
we(z), z €
and H = L2 (), be the Hilbert space consisting of all complex-valued functions
y such that [, w(x) ly(z)|” dz < oo with the inner product

WX = WX, + WX,

where
@mmZ/w@%@m@M,
Q
k=1,2and
_Jon(z), e  xi(@), zey
y(x) = { (), zeq, € x@)= { ale), z e, €H

Let A = Ay & A, denote the set of all functions y € H such that ¢y’ are
locally absolutely continuous functions on €2y and €2, and ¢(y) € H. The operator
L = L1 ® L, defined on A by the equality Ly = {(y) (z € Q) is called the maximal
operator [1].

For all y, x € A, Green’s formula is obtained as

W), X)g — W, ) g = ¥ Xle— =[5 Xlo + [¥: Xloo — [U X+

where [y, x]. = y(z)X' (z) — ¢/ (2)x(z) (z € Q). Green’s formula implies that
for all functions y,x € A at singular points 0, ¢ and oo, the limits [y, x]o :=
limy o+ [y, X, [Us X]ex := limgex [y, x|z and [y, X]oo := limy s 100 [y, X]o exist and
are finite.

Let Ao = Ag1 @ Aoz be the set of all functions y € A satisfying the conditions

W, Xle- = [, xlo =0, [y, X]oo — [¥: X]e+ =0,
for arbitrary x € A. The operator Ly = Lo @ Lo the restriction of the operator
L = Ly @& Ly to the set Ay is called the minimal symmetric operator with the
deficiency indices (r,r) (0 <r < 4) and the equality L§ = L holds [1].
We assume that w and q satisfy the Weyl’s limit-circle case conditions at sin-
gular points 0, ¢ and oco. This means that the deficiency indices of the operator
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Ly are (4,4). Weyl’s limit point/circle theory is well known and there are sev-
eral sufficient conditions in which Weyl’s limit-circle case holds for a differential
expression [9, 12, 18, 20].

Consider the solutions

o Ul(l’), T € Ql o Ul([E), x € Ql

U((L’) o { Ug(l’), x € QQ ’ U<x> o { UQ(ZE), x € QQ

of the equation ¢(y) = 0 (z € Q) satisfying the initial conditions
ui(k) =1, wi(k) =0, us(l) =1, wuy(l) =0,

vi(k) =0, vi(k)=1, va(l) =0, vy(l) =1,

where k € Q; and [ € Qy. We note that [u,v], =1 (z € Q).
Let I'; and I'y be the linear mappings from A into £ := C* as

I'y I

where

and

rav= (e ) mov= (Bl )

Lemma 2.1. For any complex numbers oy, P, Yk, Ox (k = 1,2) there is a function
y € A satisfying the conditions

[%U]o = g, [ya U]O = Qo, [y,U]c, = 617 [y,v]c, = 627 (2 1)
[y7u]c+ =7, [y,U]c+ = Y2, [yau]oo = 017 [Z/,U]oo = 92- ’

Proof. Let us denote by Ly, (L) and L, (L;) the minimal (maximal) operators

generated by the differential expression ¢ on the intervals I, and I} respectively
and Af, (A}) are the domains of Lg, (L), where k = 1,2 and

I =(0,d], I}t =[d,c), 0 <d<c,
Iy = (ce], I =[e,@), c<e < oo.

We first consider the equation ¢(y) = Ay, x € (0,¢). It is known [2] that there is
a function y € A} satisfying the conditions

yi (d) =m, y"(d) = n2, [y ulem = B, [y v]e- = Bo,
where 7, and 7, are complex numbers. Similarly there is a function y; € Ay
satisfying the conditions

yr (d) =m, yi'(d) = me, [y, ulo = aq, [y, v]o = as.
Now let

J (@), 0<z<d
yi(z) _{ yi(z), d<z<c’
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Since the function y; is continuous at the point x = d, the function y; € A; and
the first part of the condition (2.1) is satisfied.

Similarly it can be shown that there is a function y, € A, satisfying the condi-
tions

(Y2, Uetr =11, [Y2, V]er = Y25 (Y2, Uloo = 01, [y2, V]oo = ba.

Since y(x) = { g;g g : igg; , the proof is completed. O

Then we have the following theorem.

Theorem 2.2. The triplet (E,T'1,'y) is a space of boundary values of the operator
Lyg.

Proof. For y, x € A, we have

Loy, X)) — W Lox) g = [y Xle— — [¥s Xo + [V X]oo = [¥s Xerr (2:2)
On the other hand with a direct calculation we get that

T, Tox)p — T2y, Tix) g = [ Xle= — [ Xo + [¥: X]oo = [¥ Xt (2.3)

(2.2) and (2.3) complete the first part ¢) given in the introduction of the proof.
Lemma 2.1 completes the second part i7) given in the introduction. Hence the
proof is completed. ]

Then from Theorem 1.1, we can introduce the following theorem.

Theorem 2.3. Fory € D(L), the boundary conditions

[y, ulo + haly, v]o = 0, (2.4)
[y, vle— + haly, ule— = 0, (2.5)
WMW+%Wﬂw—Q (2.6)
[y, V]oo + haly, vl (2.7)
with Sh; > 0 or h; = oo (i = 1,2,3,4) descmbe all the maximal dissipative

extensions of Lo with separated boundary conditions.

In this paper we assume that K is a strict contraction in F, i.e., ||K|; < 1.
Let £ be the operator generated by ¢ and the condition

where R = —i (K + 1) (K —I), SR > 0, and —K is the Cayley transform of
the dissipative operator R.
If R is chosen as
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where Sh; > 0 (i = 1,2,3,4), then the boundary condition (2.8) coincides with
the separated boundary conditions (2.4)-(2.7).
We note that £ is the maximal dissipative operator in H.

3. CHARACTERISTIC FUNCTION OF L

Let us consider the Hilbert space H = L*(R_;E) ® H @® L*(R,; F), where
R_ := (—00,0] and R, := [0,00). The spaces L*(R_;F) and L*(Ry;FE) are
called the incoming and outgoing channels, respectively.

We denote by A the set consisting of all functions f = (p_,y,py) € H,
where o € W} (R_; E), y € A and ¢, € Wy (R,; E) (W3 is the Sobolev space)
satisfying the conditions

Loy + Ry = Cp_(0), Tay+ RTiy = Cpy(0), (3.1)

where C? := 23R, C' > 0.
We consider the operator N on the set A generated by the differential expression

N(p_,y,p4) = <idi U(y), dgg> (3.2)

as Nf = R f. Then we have the following theorem.

Theorem 3.1. The operator XN is selfadjoint in H.

PT’OOf. For f = <S0—7ya ()0+> g = <,¢—7X71/}+> S A7 we have

Nf, ) — (fiRg)g = [y, X]e- — [y, x]oﬂy Xoo = Y, Xlet (3.3)
+i (p-(0),9-(0)) g — i (»+(0),9:(0)) - '

Using the condition (3.1) one gets
i (-(0),9-(0)) g — i (p+(0),14(0)) p = T2y, I'ix) p — (T1y, Fax) o - (3.4)
Substituting (3.4) in (3.3) we obtain that X is symmetric in H.
Now let f = (p_,0,0.) € A, o= € WHRx; E), p+(0) = 0. Then for g =
(Y-, x;¥4) € A we have
_ dp— s dp
g = ((%2.0,0%) (o0 vs))

_ <(¢_,0,g0+),<zd;/’£‘,x dw+>>H' (3.5)

This implies that N*g = < e d¢+> , where ¥+ € W3 (R+), x* € H.
Again let f = (0,y,0) € A and put it in (3.5). Then we arrive at
dy_ d¢+>
N g = < A% , X €A

Consequently we obtain

[Ys X]e— = [¥, X]o + [¥s X]oo = [¥, X]ex + 7 (9-(0),-(0)) p — i (¢4(0),%1(0)) p = 0.
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Further solving the boundary conditions (3.1) we find that
Pay = Cp_(0) +iRC™ [1p-(0) — ¢+ (0)] .

Using (3.6) and (3.7) one gets that

i (90— (0)7 ¢— (O))E — (90-1-(0)7 ¢+(O))E = (Fan FIX)E - (Flya F2)()E

=i (p_(0),iCT1x + C 'R Tix+ C'Tax)p — i (04 (0), C'R*T1x + C'Tax) -

(3.8)
Since the values ¢+ (0) can be arbitrary vectors, comparing the coefficients of
©+(0), on the left and right of the equality (3.8) it is obtained that
FQX + er)( = C’QD_ (0), FQX + R*le = C?/L;,.(O)

This implies that D(X*) C D(R), and hence R=R*. O

Let us consider the operator family Z, := PU,P;, t > 0, where U, := exp(iRp)
(p € R) is a unitary group and P and P, are the linear mappings as

P: H — H P: H — H
(b= y04) = y 7 y — (0,5,0)
It is known that the operator family {Z;} (¢ > 0) is the strongly continuous
semigroup of completely nonunitary contractions on H [1, 2, 14, 15].
Let G denote the generator of the semigroup Z;

1
= lim —(Zyy —y).
Gy ti}JrrlO it( W)
The domain of GG consists of all the vectors for which the limit exists. The operator
G is a maximal dissipative operator [1, 2, 14, 15] and R is called the selfadjoint

dilation of G [10, 17].
Theorem 3.2. The operator X is a selfadjoint dilation of the operator L.
Proof. For y € H, g € A and S\ < 0, let us consider the equality

R=A)"'Py=g= (0 x,04). (3.9)
(3.9) is also equivalent to the equality (X —AI)g = Pyy. Therefore we have ¢(x) —
AX = 1, - (€) = - (0)e and . (C) = tb, (0)e . Since v_ € LA(R_; E) we
get that 1¥_(0) = 0. Hence x satisfies the condition I'yx + RI'yx = 0. Further
since a value A with S\ < 0 can not be an eigenvalue of a dissipative operator,
one obtains y = (£ — A)~'y. So we arrive at

(R= APy =(0,(L— )"y, C" (Tax + RT1x) e ). (3.10)
Applying the mapping P to (3.10), we get that
PR —=M\)"'Pyy = (L—- )"y (3.11)

On the other hand the equalities

PR —=M)"'P = —iP / Ue ™ dtP, = —i / Ziem™Mdt = (G — AI)™H (3.12)

0 0
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hold. (3.11) and (3.12) complete the proof. O

We shall remind that the linear operator B (with domain D(B)) acting in
the Hilbert space S is called completely nonselfadjoint (or simple) if there is
no invariant subspace M C D(B) (M # {0}) of the operator B on which the
restriction B on M is selfadjoint.

Lemma 3.3. The operator L is completely nonselfadjoint (simple) in the Hilbert
space H.

Proof. Let L be the selfadjoint part of £ in the subspace H C H with domain
D(L)=HnND(L). Fory € D(L) (also for y € D(L*))

0 = (Zy, y)H — (y, /jy>H = (T, Toy)p — T2y, T1y)

= (Fly, —ery)E - (—ery; Fly)E = ((R - R*) I'y, F1y)E
=2i (SRTy, ')

This implies that I'yy = 0. From (2.8) we get that I';y = 0. Hence y = 0. By
the theorem on expansion in eigenfunctions of the selfadjoint operator £ we have

H = {0} . This completes the proof. O
Let D_ = (L*(R_;E),0,0) and D, = (0,0, L*(R.; E)). According to the
Lax-Phillips scattering theory [11], the unitary group U; and the spaces D_ and

D, satisfy the properties ¢')—iv’) given in the introduction. To see that these
properties are satisfied, see the detailed proofs in [I, 2, 14, 15].
Consider the solutions

_ e N), mey | iz, M), ey
Pl A) = { pa(x, N), x € Qs V(@A) = oz, N), € Qy
of L(y) = Ay (z € Q) satisfying the initial conditions

[¢1, 01] U, ufo = 0, [Vh2,vo]et = 1, [tha, uo]eq = 0.
Let M;(\) and Ms(\) be the matrix-valued functions satisfying the conditions

MMy =5 ¢ My 02 = T30y

MyANT gy =T3¢ 7 | Ma(AT by =T3¢,
It is possible to find the entries of M;(A\) and My(\). Using these matrix-valued
functions we construct the matrix-valued function M (\) as

Y

{ [90171]1]0 - 07 [@17“1]0 — _17 { [80271]2]6—{- - 07 [9027/“2]0—{- - _]-7
o=1, [

Mmz(My)%%J.

Then we have

M () has the following properties
i") M(X) is meromorphic in C with all its poles on real axis R,
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”) SM(N) <0 for SA >0,
i7i") SM(X) > 0 for A <0,
") M*(X\) = M(X) for all A € R, except for the poles of M ().
Let

L=y — 77]31(337)‘% r € . . 9j71($,)\), r €
nj = n;(z,A) = { nia(z, ), T € Qy 05 = 0;(x,\) = 02(z, ), T €y

be the solutions of the equation ¢(y) = Ay (z € Q) satisfying the conditions

iy = (M(X) + R)™ Cey,
F10j = (M(/\) + R*)_l C@j,
where j = 1,2, 3,4, and e; are the orthonormal basis for E.
Now consider the functions 7, ; 1= my ;(z, ¢, () and 7T:\":j = 7r;:j(x, £,Q) as

My = (€ ™esm;, CTHMA) + RY) (M(X) + R) ™ Ce ;)
= <S(A)e‘“§ej, g;, e_i’\cej>,

’J
where j = 1,2, 3,4 and

SA)=CH(M(\)+R)(M(\) + R~ C. (3.13)
For all A € R, the functions WI ; do not belong to the space H but they satisfy
the equation NW? = Ay . ;- Using these functions we define the transformations

Foof o O and Fy o f o Fo(3) as

(F/)N) = fx(A Zf*
where

1
[\ = N (f 73 )
and f = (¢_,y,py) in which ¢_, ¢, and y are smooth, compactly supported

functions.
Let

H_=|Jup_, H. = JUD,.
>0 t<0
The transformation F_ isometrically maps H_ onto L?(R; E) and the transfor-
mation F isometrically maps H, onto L?(R; E). The detailed proofs were given
in [1, 2, 14, 15]. Further for all vectors f,g € H, the Parseval equality and the
inverse formula hold [1, 2, 14, 15]:

(f, )H—(f$>g:F L2 = f Zf:F (>‘>d)\ f= f ZW)]\F]f]:F< )dA

—OO] —OO]
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It is clear that the matrix-valued function S(A) given in (3.13) is meromorphic
in C and all poles are in the lower half-plane. Further it is possible to get that
ISVl <1 for A > 0 and S(\) is the unitary matrix for all A € R. Then for
A € R we have

4
T = SNy, (3.14)
k=1

where Sjp(N), (j =1,2,3,4) are the entries of the matrix S(A).

According to the Lax-Phillips scattering theory [11], F_ is the incoming spec-
tral representation for U, and F, is the outgoing spectral representation for U;.
From (3.14) we get that

f- =5+
Since the scattering matrix of the group U; with respect to the subspaces D_ and
D, is the coefficient by which the F_—representation of a vector f € H must
be multiplied in order to get the corresponding JF,—representation: f:r()\) =
S~Y(A)f-(\), we have the following.

Theorem 3.4. The matriz S~*(\) is the scattering matriz of the group U;.

From Lemma 3.3 one gets that [I, 2, 14, 15]

H_+H+:H.

Since the spaces H_ and H, are isometrically identical with L?*(R; E') we arrive
at

H =H,=H.

Hence under the transformation F_ we have the following mappings [!, 2, 11, 17]
1) H— L*(R; E),
) [ = f-(N),
) D_ — H?,
) Dy — S(\)HZ,
5) (0,H,0) — H} & S(\)HzZ,
6) U — (FUFZ'T) () = e (N,
where Hi is the Hardy class in L*(R; E) consisting of the vector valued functions
analytically extendible to the upper half-plane. These transformations 1) — 6)
show that the maximal dissipative operator L is unitary equivalent to the model

2
3
4

dissipative operator with characteristic function S(A) [10, 15, 17]. Since the
characteristic functions of unitary equivalent dissipative operators coincide with
each other [17], we can introduce the following theorem.

Theorem 3.5. The characteristic function of the maximal dissipative operator
L coincides with the matriz-valued function S(X).
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4. THE SPECTRAL ANALYSIS OF THE MAXIMAL DISSIPATIVE OPERATOR L

Characteristic function can answer the question of whether all eigenfunctions
and associated functions of a maximal dissipative operator span the whole space
or not. This analysis can be done with ensuring that the singular factor s (\) in
the factorization det S (A) = s (A) B(X) (B (A) is the Blaschke product) is absent

(see [10, 17]).

But, before the calculations we need to define a suitable form for the I'-capacity

[6, 16].
Let E be an m-dimensional (m < oo) Euclidean space. In E, we fix an or-
thonormal basis ey, e, ..., e, and denote by Fy (k=1,2,...,m) the linear span
of vectors ey, es,...,ex. If M C Ej, then the set of x € E,_; with the property
Cap{\: X € C,(z+ Xey) € M} > 0 will be denoted by T'y_1M. (Cap G is the
inner logarithmic capacity of the set G C C). The I'-capacity of the set M C Eis
a number I'-CapM = sup Cap{A: A € C,\e; C I'1[,...T,,, 1M}, where the sup
is taken with respect to all orthonormal basis in E (see [0, 16]). It is known that
[6, 16] every set M C E of zero ['-capacity has zero 2m-dimensional Lebesgue
measure (in the decomplexified space E), however, the converse is false.

Denote by [E] the set of all linear operators in E (= C*). To convert [E] into the
16-dimensional Euclidean space, we introduce the inner product (T, S) = trS*T
for T, S € [E] (trS*T is the trace of the operator S*T"). Hence, we may introduce
the T-capacity of a set of [E].

To reach our main aim we will use the following lemma (see [2]).

Lemma 4.1. The characteristic function S (X) of the operator L has the form
1 _ 1
S(N) = X1 (I = KuK7) 72 (0(6) = Ku) (1= K10(€) ™" (I = K{K1)? X,

where K1 = —K s the Cayley transformation of the dissipative operator R,
and 0 (&) is the Cayley transformation of the matriz-valued function M (\), £ =
A=) (A+4)~", and

(I— Ky) 7 (I — K K7)7

N

X1 = (%R)i

Xy = ([ — KIK) 7 (I — K2) (SIR)7, |det X;| = |det Xo| = 1.

It is known [0, 10] that the inner matrix-valued function S (A) is a Blaschke—
Potapov product if and only if det.S ()) is a Blaschke product. So from Lemma 4.1
we can infer that the characteristic function S () is a Blaschke—Potapov product
if and only if the matrix-valued function

1 _ N i
Xi (§) = (I = KuK) 72 (0(6) = K0) (1 = K{0(€)™ (I - K{K))
is a Blaschke—-Potapov product in a unit disk.

We will utilize the following important result of the paper [0].

Lemma 4.2. Let X (§) (€] < 1) be a holomorphic function with the values to be
contractive operators in [E] (i.e., || X (€)||z < 1). Then for I'-quasi-every strictly
contractive operators K in [E] (i.e., for all strictly contractive K € [E] with the
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possible exception of a set of I'-capacity zero) the inner part of the contractive
function

X (&) = (I = KE*) 3 (X (§) = K) (I = K*X (€)' (I = K*K)*
18 a Blaschke—Potapov product.

Showing the absence of the singular factor s(A) in the factorization det S (\) =
s(A)B(X) (B()) is the Blaschke—Potapov product) ensures the completeness of
the eigenfunctions and associated functions of the operator £ in the space L2 (Q)

(see [6, 10, 15, 17]).

Finally summarizing all the obtained results for the maximal dissipative oper-
ators L, we can introduce the following theorem.

Theorem 4.3. For I'-quasi-every strictly contractive K € [E] (i.e., for all strictly
contractive K € [E| with the possible exception of a set of I'-capacity zero), the
characteristic function S (X) of the mazimal dissipative operator L is a Blaschke—
Potapov product, and the spectrum of L is purely discrete and belongs to the open
upper half-plane. For T'-quasi-every strictly contractive K € [E], the operator L
has a countable number of isolated eigenvalues with finite multiplicity and limit
point at infinity, and the system of eigenfunctions and associated functions of this
operator is complete in the space L2 (Q).
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