Banach J. Math. Anal. 6 (2012), no. 2, 1-18

Banacn Journar or MaraemaTicar ANarysis
ISSN: 1735-8787 (electronic)
www.emis.de/journals/BJMA /

BANACH FUNCTION ALGEBRAS AND CERTAIN
POLYNOMIALLY NORM-PRESERVING MAPS

MALIHEH HOSSEINI'* AND FERESHTEH SADY?

Communicated by K. Jarosz

ABSTRACT. Let A and B be Banach function algebras on compact Hausdorff
spaces X and Y, respectively. Given a non-zero scalar aand s,t € N we
characterize the general form of suitable powers of surjective maps T, 7" : A —
B satisfying [|(Tf)*(T"g)* — ally = [|f*¢" — al|x, for all f,g € A, where || - ||x
and || - ||y denote the supremum norms on X and Y, respectively. A similar
result is given for the case where T' = T” and T is defined between certain
subsets of A and B. We also show that if T : A — B is a surjective map
satisfying the stronger conditionR.((Tf)*(Tg)"! — a) N R:(f*¢" — a) # & for
all f,g € A, where R;(-) denotes the peripheral range of the algebra elements,
then there exists a homeomorphism ¢ from the Choquet boundary ¢(B) of B
onto the Choquet boundary c¢(A) of A such that (T'f)%(y) = (T1)%(y) (fop(y))?
for all f € A and y € ¢(B),where d is the greatest common divisor of s and ¢.

1. INTRODUCTION

A generalization of the classical Banach-Stone theorem asserts that each surjec-
tive linear isometry between uniform algebras is a weighted composition operator
[17, 13]. A related problem, is the study of certain maps, not assumed to be
linear, between uniform algebras (or in general, semisimple commutative Banach
algebras) preserving multiplicatively some structures such as norm, spectrum or
certain subsets of the spectrum called the peripheral spectrum. The study of such
maps was initiated by Molnar in [16] by proving that for a first countable compact
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2 M. HOSSEINI, F. SADY

Hausdorff space X, a surjective map T : C(X) — C(X) preserving multiplica-
tively the spectrum of functions, i.e., T fTg(Y) = fg(X), for all f,g € C(X), isa
weighted composition operator. Then this result was extended in [5, 8, 10, 18, 19]
for more general algebras of functions rather than C'(X). In particular, it is shown
in [¢] that the same result is valid for maps between unital semisimple commu-
tative Banach algebras preserving multiplicatively the spectrum of the algebra
elements. Introducing the peripheral range and the peripheral spectrum for the
elements in a uniform algebra, surjective maps T : A — B between uniform
algebras A and B preserving multiplicatively the peripheral ranges were studied
by Luttman and Tonev in [15]. A similar result was given in [12] for a mapping
T : A — B between uniform algebras A and B, preserving peaking functions
such that the peripheral range of fg has a nonempty intersection with the pe-
ripheral range of T'fTg for all f,g € A. More results can also be found in [1 1, 24].

In [6] Hatori, Miura, Takagi characterized the general form of a surjective map
T : A — B between uniform algebras A and B on compact Hausdorff spaces X
and Y, respectively, satisfying || fg+ a||x = ||TfTg+ «l|y for all f,g € A, where
« is a non-zero complex number (i.e. & € C\{0}) and || - ||x and || - ||y denote the
supremum norms on X and Y, respectively. Then Luttman and Lambert in [14]
gave an alternative characterization for such maps. Similar results were obtained
in [2] for the pointed Lipschitz algebras and also by the authors in [9] for certain
subalgebras of C'(X) and C(Y) (for compact Hausdorff spaces X and Y') which
are Banach algebras under some norms. On the other hand, it was shown in [21]
that if s,t are positive integers, i.e. s,t € N, a € C\{0} and T : A — B is a
surjective map such that ||(Tf)*(T'9)" — a|ly = ||f°¢" — a||x for all f,g € A, then
there exist a homeomorphism ¢ from the Choquet boundary ¢(B) of B onto the
Choquet boundary ¢(A) of A and a clopen subset K of ¢(B) such that for each
feA,

f(@(y))j y € K,
flo(y)  yec(B\K,

where d is the greatest common divisor of s and ¢. Indeed, in [21], this result has
been obtained for maps defined between arbitrary subsets A and B containing
A=Y and B, respectively, satisfying the same condition. For further results see
also [3, 7, 22]. We also refer the interested reader to [1] for a recent survey on
these topics.

In this paper we consider the case where A and B are certain subalgebras
of continuous functions on compact Hausdorff spaces X and Y endowed with
some Banach algebra norms (not necessarily supremum norm) and extend the
latter result for surjective maps T, 7" : A — B satisfying ||(Tf)*(T"9)" — ally =
/59" — a||x for all f,g € A (Theorem 3.2). It should be noted that since the
maps under consideration are not necessarily linear we can not simply extend
them to the uniform closures of A and B and use the known results in uniform
algebra case. Indeed, the extension will be defined between appropriate subsets of
the uniform closures of A and B. We also show that for two-variables polynomial
p(z,w) = 2°w" — a, where s,t € N, and o € C\{0}, if Ay and By are subsets of A
and B containing all invertible elements and T : Aqg — By is a surjective map

(Tf)"(y) = (T1)*(y) {
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satisfying
Ip(Tf, Tg)lly = llp(f, 9)lx  (f.g9 € Ao),
then there exist a homeomorphism ¢ from the Choquet boundary ¢(B) of B onto

the Choquet boundary c¢(A) of A and a clopen subset K of ¢(B) such that for
each f € Ay,

f(@(y))j y € K,
flo(y)  yec(B\K,

where d is the greatest common divisor of s and ¢ (Theorem 3.7). In particular,
this gives the description of T" whenever d = 1. For A = A and By = B under
the additional assumption T'(f +1) =T f+ 1, f € A, we see that T'f = fop on
K and Tf = fop on ¢(B)\K. Furthermore, we obtain the representation of a
surjective map T : A — B satisfying the stronger condition

Re(p(Tf,T9)) N Rx(p(f,9) # 0 (f,9 € A),

where p(z,w) = z°w' — « and R,(.) denotes the peripheral range of algebra
elements and show that such maps are weighted composition operators if the the
greatest common divisor of s and ¢ is 1. This result gives a partial answer to the
Question 7 in [1] for the case where the Banach algebra norm is not necessarily
the supremum norm.

(Tf)"(y) = (T1)*(y) {

2. PRELIMINARIES

Let X be a compact Hausdorff space. By C(X) we mean the algebra of all
continuous complex-valued functions on X and |- || x denotes the supremum norm
on X. A subalgebra A of C'(X) is called a function algebra on X if A contains
the constants and separates the points of X. A Banach function algebra on X is
a function algebra on X which is a Banach algebra under a norm. A uniformly
closed function algebra on X is called a uniform algebra on X. The group of
invertible elements in a Banach function algebra A is denoted by A~

Let A be a Banach function algebra on a compact Hausdorff space X. We
denote the uniform closure of A in C(X) by A. A subset E of X is called a
boundary for A if every f € A attains its maximum modulus at some point of E.
The unique minimal closed boundary for A, denoted by 9A, is called the Silov
boundary of A. The Choquet boundary of A which is denoted by c(A) is the set
of all z € X such that the evaluation homomorphism ¢, at x is an extreme point
of the unit ball of the dual space of (A4, ||.||x). It is well known that ¢(A) is dense
in 0A (see [23, Corollary 7.24, Theorem 7.30] for uniform algebra case and |1,
Theorem 1] for general case).

For an element f in a Banach function algebra A on X, o(f) and r(f) denote
the spectrum and the spectral radius of f, respectively. The peripheral spectrum
and the peripheral range of f € A is defined by

or(f)={r€a(f): Al =r(f)}
and

Re(f) ={A € F(X) - |Al = ([ fllx}-
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We should note that the peripheral spectrum and the peripheral range of elements
in a uniform algebra are the same by [15, Lemma 1].

Let A be a Banach function algebra on a compact Hausdorff space X. A
function f € A is called a peaking function of A if R.(f) = {1}. We call
a subset K of X a peak set for A if there exists a peaking function f € A
such that K = {x € X : f(z) = 1}. For an arbitrary function f € A we set
My ={t e X :|f(t)l = |fllx} A point x € X is a strong boundary point
for A if for every neighborhood V' of z, there exists a function f € A such that
I fllx = f(z) =1and |f] <1on X \ V. It is easy to see that the function f in
this definition can be chosen to be a peaking function in exp(A). It is well known
that if A is a uniform algebra, then ¢(A) is, indeed, the set of all strong boundary
points for A (see [23, Theorem 7.30]).

The following generalizations of the classical Bishop’s Lemma may be used
frequently in this paper:

Lemma 2.1. [14, Corollary 1.1] Let A be a uniform algebra on a compact Haus-
dorff space X. If E C X is a peak set and f € A such that flg # 0, then
there exists a peaking function h € exp(A) such that M, = E and fh attains its
mazximum modulus exclusively on E.

Lemma 2.2. [5, Lemma 2.1] Let A be a uniform algebra on a compact Hausdorff
space X. Let f € A and xg € c(A) such that f(xg) # 0. Then there exists a
peaking function h € A with h(xg) =1 and R.(fh) = {f(zo)}.

We also use the following result, proved by Shindo, concerning the general
form of certain preserving maps between some subgroups of invertible elements
of uniform algebras:

Theorem 2.3. [21, Proposition 2.6] Let A and B be uniform algebras on compact
Hausdorff spaces X andY and let Ay and By be subgroups of A~' and B~ which
contain exp(A) and exp(B), respectively. Let S : Ay — By be a surjection
satisfying S(1) =1 and

S(f)

20 1.1

S(g) Y g

for all f,g € Ag. Then there exist a homeomorphism ¢ : ¢(B) — c¢(A) and a
clopen subset K of ¢(B) such that for every f € Ay,

[ flely) yeK,
Siy) = { Toly) e c(B\K.

We should note that the subset K given in the proof of the above theorem is
defined by K = {y € ¢(B) : S(i)(y) = i}.

f

X

3. MAIN RESULTS

_ Let A be a Banach function algebra on a compact Hausdorff space X and let
A be the closure of A in (C(X),||-|lx). For s,t € N and a nonempty subset E of
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X we set
Ef ={f € E: thereis an f' € E with f*f" =1}.

Clearly A; is a subgroup of A~ containing exp(A) and also A = (A™!);. More-
over, if F is a subgroup of A1, then E! = {f*: f € E}. The idea of considering
such subsets comes from [21].

Given s,t € N we use the notation A’ for the set of all invertible elements f € A
for which there exists a sequence {f,} in (A7)} such that lim,, , ||fn — fllx =0,
that is, A’ = (A)~' N (A$)L. We note that since exp(A) C (A$)! it follows easily
that exp(A) C A’. Moreover, it is obvious that A’ contains the subset (A$)! of
A~ For each = € ¢(A), we also set F, = {f € A" : |f(x)| =1=|fllx}

Remark 3.1. a) If A is a Banach function algebra on a compact Hausdorff space
X, then since A is a uniform algebra on X and ¢(A) = c¢(A) it follows that for
each point « € ¢(A) and open neighborhood V of = there exists a peaking function
f € exp(A) C A’ such that f(z) =1 = ||f||x and |f| <1 on X\V.

b) If A is a Banach function algebra on a compact Hausdorff space X, then for
each f € A and xy € ¢(A) with f(z¢) # 0 we can find a peaking function h € A’
with h(zg) =1 and R.(fh) = {f(xo)}. For this, it suffices to choose, by Lemma
2.2, a peaking function k € A with k(z¢) = 1 and R,(fk) = {f(z0)} and then,
using Lemma 2.1, choose a peaking function h € exp(A) C A’ with M, = M, and
My, © My. Then it is easy to see that h has the desired properties. Therefore,
the peaking function h given by Lemma 2.2 for the uniform algebra A can be
chosen to be an element of A’.

c) If f and g are elements of a Banach function algebra A on X such that
|fh—1]|x = |l|gh — 1||x for all h € exp(A), then since this equality also holds for

all h € exp(A), it follows immediately from [21, Lemma 3.1] that f = g.

Theorem 3.2. Let A and B be Banach function algebras on compact Hausdorff
spaces X and 'Y, respectively. Let s,t € N and o € C\{0}. If T : A — B and
T : A — B are surjective maps satisfying

(T (T) = ally = [f*9" = ellx

for all f,g € A, then there exist a homeomorphism ¢ from ¢(B) onto ¢(A) and a
clopen subset K of ¢(B) such that for each f € A,

5 [ He) ek,
e = rm{ A VIR

and

vt i § LWy e K,
o= FE VSl

Proof. Let 8 be a complex number with g = o. We first show that T'(Af) = B;.
For suppose that g € A?, then there exists a function ¢’ € A such that ¢°(¢')" = 1.
Hence

I(Tg)'T'(Bg')" — ally = lg°(Bg")" — alx =0,



6 M. HOSSEINI, F. SADY

and consequently (T'g)*(87'T"(B¢'))! = 1. This shows that T(Af) C B;. Con-
versely, if G € B and G*(G’)" = 1 for some G’ € B, then since there exist g, ¢’ € A
such that G = Tg, T'g’ = BG’, a similar argument shows that ¢*(871¢')! = 1,
that is g € A7. Therefore B C T'(Af) and consequently T(A7) = B;.
We should note that if f € A and g € A;j, then letting ¢’ € A such that
(g) =1 it follows from the above argument that

— TP T B —ally = (59l - \

Y | | Q

S

A

S

X
Hence

LA

-1 (feAgeA) (3.1)

(Tg)® Y ’ X
We prove the theorem through the following steps:

Step 1. There is a surjective map S : A" — B’ such that S((A?)}) = (Bf)!

and S(f*) = (5{)5 for all f € Af. Furthermore, S1 = 1 and Hg—g—l”y =

- 1HX forall f,g€ A'.
Proof. We first define the map S on (A$)! = {f*: f € A5} by

S(Y) = % (f € A7),

Note that by (3.1), S is well-defined. It is clear that S(f*) = E:TF{) e (B)CcH
for all f € Aj. Since B; is closed under multiplication and T(A;) = B; we
conclude that S((Af)!) = (Bf)!. Furthermore, it follows from (3.1) that

\ (fg € (A (3.2)

We now extend S on A’ as follows Let f € A’ be an arbitrary element and let
{fx} be a sequence in (A$)! converging uniformly on X to f. Since f is invertible
in A, it follows that there exist scalars ¢, d € RT such that ¢ < |f,(x)| < d for all
sufﬁciently large n € N and z € X. So we can assume that ¢ < |f,(z)| < d for
all n € Nand z € X. Let € > 0. Then since {f,} is a Cauchy sequence, there
exists N € N such that ||f, — fi||x < € for all m,n > N. Thus for all m,n > N
we have

i)

fn(x) € €
-1 < < - (x € X),
fn() [fm(@)| —c
and so ||« — 1f|x < £. Hence, by (3.2), Hg}{; =1y = ||J{—; —1f|x < ¢ for all

n,m > N. Therefore,
€ €

On the other hand, since for alln € N, [|Sf,|ly < ||Sfo—1lly+1 = | fu—1||x+1 <
| fullx + 2, it follows that {||.Sf.||y} is a bounded sequence. Hence {Sf,} is a
Cauchy sequence in the uniform closure B of B. Therefore, there exists an F' € B
with lim,, e ||Sfn — F|ly = 0. It is easy to see that the function F', obtained in
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this way, is independent of the choice of the sequence {f,} in (A)! converging

uniformly to f. We claim that F' is an element of B’. Note that since for each
neN,Sf, € S(A)!) = (By)! and ||Sf, — F|ly — 0 it follows that F is in
the uniform closure of (B;)!. Therefore it suffices to show that F' is invertible
in B. Assume on the contrary that F ¢ (B)~'. Then since {Sf,} converges
uniformly to F and for each n € N, Sf, € B~' C (B)~' we conclude that
1(Sf.) "ty — oo. Since S1 = 1 it follows from (3.2) that ||f; ' — 1||x — oo
and consequently || f||x — oo which is impossible, since f, — f in A and so
f' — f~lin A. Therefore, F € B'.

Using this fact we extend S on A’ in such a way that for each f € A’, Sf is
the element F' € B’ given in the above argument. As we noted before, for each
f € A’, the function F is independent of the sequence in (Af)! converging to f,
that is S is well-defined. It is easy to see that H% —1l|x = ||g—§ — 1||y holds for
all f,g € A’. We shall show that S : A’ — B’ is surjective. For suppose that
F € B'. Then there exists a sequence {F,} in (B{)! such that ||F, — F||y — 0.
Since S((A$)}) = (Bf)! it follows that for each n € N there exists a function f,

in (A7) such that F,, = Sf,. Hence, ||z~ — 1|y = ||}c—:; — 1]|x, by (3.2), and so
using the same argument as above, we conclude that {f,} converges uniformly
to a function f in A. A similar argument concludes that f € A’. Now by the
definition of S we have lim,,_, |[|F,, — Sf|ly = lim, 00 ||Sfn — Sf|ly = 0 and so

Sf = F. This shows that S : A’ — B’is a surjective map with S((A$)!) = (B;)!.

Since A, B are uniform algebras and A’, B’ are subgroups of (4)~" and (B)™'

containing exp(A) and exp(B), respectively, it follows from Theorem 2.3 that
there exists a homeomorphism ¢ : ¢(B) — ¢(A) such that

flely) ye kK,
S p—t
10 ={ 5 e
for every f € A, where K = {y € ¢(B) : S(i)(y) = i}. Put ¢p = ¢~'. Then
by the above description of S we have |Sf(¢(z))| = |f(z)| for all f € A" and
x € ¢(A). In the next steps we extend S to a function from A®*U A’ onto B* U B’

having similar properties and show that the above description is valid for every
feAUA.

Step 2. The map S : A — B’ can be extended to a surjective map S
AU A" — B*U B’ such that H%_lH = 5—1” for all f € AU A" and
Y X

ge A N
Proof. For each f € A" we set Sf =S f and for each f € A we set
3 (T'f)"
S(f°) = .
We first show that S is well-defined, i.e., g{; = g?; for each f,g € A with

f® = ¢® and, moreover, the two definitions of S coincide on the intersection
AN A’. For this, first assume that f,g € A such that f* = ¢° and let H € B’
be an arbitrary element. Then by Step 1, we can find a function h € A’ such
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that Sh = H. Let {h,} be a sequence in A{ such that lim,_, ||(h,)* — h||x = 0.
Then, using the definition of S and (3.1) we have

(Th)° (TF)° . .
e L | :an(Tf)s—1 :hmH -1
H y n—o00 (Tln)s n—o0o (Thn) v n—o00 (hn) X
Hence |- —1|| = lim, e Hﬁ — 1H . The same argument shows that
% " X
T g
T1)® .
1] = tim |- —1
H o H (hn)® X
and consequently ||~7— —1 y = |- —1 J since f° = ¢*. Therefore, by
Remark 3.1(c), ((Tf))s = g’l’g, since exp(B) C B’. Now assume that h € A° N A’

Then there exists a sequence {h,} in (A$)! such that ||k, — h|[x — 0 and there

S

exists a function f € A such that h = f°. For each n € N, since h, € (A5)! we
can find a function h], € A$ such that h,, = (h,)*. Hence by (3.1)

(Tf) ’ f
— = 1) —0.
‘(T%)s y o Rl
Thus (Tf)° = lim, ,o(Th,)® and consequently E:TF{)) = lim, oo S(h,) = Sh

which shows that the two definitions for S(h) are the same. This clearly implies
that S is well-defined.

We shall show that S is surjective. For this let G € B. Then by the surject1v1ty
of T, there exists a function f € A such that Tf = G - T'1. Thus ¢ (Tl = G*

and SO S (f*) = G*, that is S is surjective. The above argument also shows that
H g—lHX holds for all f € A*UA" and g € A,

Step 3. The map S is injective and || fg~ ||x = ||Sf(Sg)tly for all f €
ASUA and g € A'. In particular, ||§ny = |Ifllx and |[g7Y|x = [[(Sg)~ |y for
all fe ASUA and g € A’.

Proof. Let f,g € A* U A’ with §f = gg . Then for each h € A’,

If = 1lx = 1SF(Sh) " =1y = [1Sg(Sh)™ = 1lly = [lgh™" = 1|,

in particular, ||fu — 1||x = |lgu — 1||x for all u € exp(A). Hence, by Remark
3.1(c), f = g, that is S is injective.

Now we show that || fg~*||x = |Sf(Sg) |y forall f € AUA’ and g € A". Let
feA*UA and g € A’ and let {g,} be a sequence in (A$)! converging uniformly
to g. For each n € N, set k, = (S(n"'g,))"'S(g,). Then k, € B and

enlly =1 < Ik = 1lly = [(S(n""ga)) " S(gn) — 1lly = Ingy "9 — Lllx =n - 1.
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Hence ||k,|ly < n for all n € N. Therefore,

nllg, ' flx =1 < llng, f = 1lx = 1(S(n"g.)) 'S f = 1y
< Nkallyll(Sg2) 7" Sflly +1 < nll(Sga) ' Sflly + 1.

Thus [|g, " fllx < [[(Sga)*Sflly + 2 for all n € N. Letting n — oo, we get
g™ fllx < [|(Sg)"*Sf]ly. Since (S) " has the same properties as S, it follows
that [|(Sg)~'Sflly < [lg™" fllx. Therefore, || fg~"[lx = [|S£(Sg)~"[ly-

Step 4. The equality |Sf(¢Y(z))| = |f(x)| holds for all f € A* U A" and
x € c(A).

Proof. Let f € A*UA" © € ¢(A) and set y = ¢(x). We shall show that
|f(x)| = |§f(y)\ If §f(y) = 0, then for each € > 0 we can easily find a function

g € A" such that Sg € F, and ||SfSg|ly < €, where F, is defined as in the
beginning of this section for the Banach function algebra B. Take ¢’ € A’ such
that S¢’ = (Sg)~!. Then, using Step 3, we have

[f(@)g @] < N1fgHx = 15/ Sglly <e. (3.3)
Now by Remark 3.1(b) we can choose u € F, with R.(¢'~'-u) = {¢"'(x)}. Then
it follows from the description of S on A’ that, Su € F,, and hence

9 (@) = llg" ullx = ISgSully = |Sg(y)Su(y)| = 1.
Thus |¢""'(z)| = 1 and consequently [f(z)| <, by (3.3). Since € is arbitrary it
follows that f(z) =0 = Sf(y), as desired.

Now suppose that Sf(y) # 0. Choosing G € F, with R,T(gf -G) = {gf(y)}
a similar argument as above shows that there exists a function g € A’ such that
lg7*(z)] = 1 and Sg = G~!. Therefore, by Step 3, we have

F@) =g @) < Nfg M Ix = I15F - Glly = IS/ ()]
that is |f(2)] < ISf(y)|. A similar argument shows that [Sf(y)| < |f(z)| and
consequently |5 f(y)| = [f(x)]

Step 5. Let f € A°U A" and g € A'. Then —1 € R.(fg™') if and only if
—1€ R.(Sf(Sg)™).
Proof. Assume first that —1 € R,(fg™"), then

IS£(Sg)™ = Uy = llfg = 1lx =2
and N
1SF(Sg) "y = fg Ix =1,
by Step 3. Thus —1 € R,,(g f(Sg)™1). The converse statement is obtained in a
similar manner.

We now show that the description given earlier for the map S is valid for the
extended map S. The proof of the next step is basically a modification of [9,
Lemma 3.8].
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Step 6. For each f € AU A" and yy € ¢(B) we have

S _ fle(yo))  wo € K,
Sf{wo) = { Folwo)) o€ c(BI\K.

Proof. Let f € AU A’ and yo € ¢(B). Assume first that yo € K and set
20 = @(yo). If either f(zo) = 0 or Sf(yo) = 0, then since by Step 4, |f(xo)| =
1S f(yo)| it follows that f(zo) = Sf(yo). So we may assume that f(z9) # 0 and
gf(yo) #0. Put a = f(xp) and b = §f(y0). Let U be an arbitrary neighborhood
of zp and set V = ¢(K) N U. Then clearly V is an open subset of ¢(A) and
consequently there exists a neighborhood V’ of 2 such that V' Ne(A) = V. We
now claim that there exists a function h € A’ with M;, C V' and R,(fh) = {a}
and, moreover, fh attains its maximum modulus exclusively on M. For this we
first choose, by Remark 3.1(b), a peaking function hy € A’ such that hy(z) =1
and R.(fh1) = {a}. Then since the set £ = {z € X : fhy(x) = a} is a

peak set of A, using Lemma 2.1 for the peak set E and the function fh;, we
can find another peaking function hy € exp(A) C A’, with My, = E and
My, = E. Moreover, since V' is a neighborhood of the strong boundary point
xo we can choose a peaking function hy € A" with hz(zg) = 1 and |h3| < 1 on
X\V'. Setting h = hihghs, it is easy to see that h € A', M, C E NV’ with
R, (fh) = {a} and, in addition, fh attains its maximum modulus exclusively on
My, as we claimed. Hence R,(—a'fh) = {—1} and so by the previous step,

—1 € Ro(Sf (S(—ah™1))™1). Therefore, there exists a point y € ¢(B) such that

Sf(y) (S(=ah™) M (y) = —1. (3.4)
_Let 2 = p(y). Then z € ¢(A) and by the above equality \f(x)a th(x)| =
1Sf()(S(=ah™")) "M (y)| = L. Hence [|fh]lx = |a| = [f(x)h(x)|. In particular,
x € My, C M), and consequently

|(S(=ah™) ()l = la"h(@)| = |a"| = Ja"hllx = [(S(=ah™) |y,

which implies that —1 € R, (—v(S(—ah™))™), where v = S(—ah™)(y). We note
that since z € M, Nc(A) C ENV C p(K), it follows that y € K and so by the
description of S we have S(—v)(y) = —v. Hence —1 € R.(S(=7)(S(—ah™1))™)
and by Step 5, —1 € R.(ya~'h) = {ya~'}. This clearly shows that a = —v,
that is, f(zo) = —S(—ah™)(y). Therefore, f(zo) = Sf(y) = Sf(¥(z)), by (3.4).
Since U is an arbitrary neighborhood of x, the continuity of f, S f and ¥ conclude
that f(z0) = Sf(¢(x0)), i.c., a = b. One can use a similar argument to show that

for each yo € ¢(B)\ K, Sf(yo) = f(o(y0))-
Step 7. For each f € A,

(TF)(y) = (Tl)s(y){ fle)® veK,

fle(y)) yecB)\K,

and

L El N it fley)' yeK,
L) =TV { o) e cdB\K.
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Proof. Let f € A. Then by the definition of s, §(fs) = g{;j Hence, by Step
6,

. . flel): yeK,
T = e { RESL VR

Interchanging the role of s and ¢, the same argument shows that there exist a
homeomorphism ¢’ : ¢(B) — ¢(A) and a clopen subset K’ of ¢(B) such that for
each f € A,

N 11\t f@Ww) yekK,

o= 750 Vel e
We now show that K = K’ and ¢ = ¢/. Let y € K and y € ¢(B)\K'. Then for
each f € A,

(Tf)*(y) = (T () f(e(y))®
and .

(T 1) (y) = (T'))" (W) (' () -
Now let f € A?. Then there exists g € A with f*g" =1 and since

(T f)(T'(Bg))" — ally = [If*(Bg)" —allx =0

it follows that (T'f)*(T"(8g))! = a. Therefore

(1) () (T W) f (1)) 9 W) @ = o
Obviously (T1)¥(T'3)" = a which concludes that

T (T (y)a =«

Consequently f(;(y))*g(¢/(y)) = 1. Since by assumption f(¢'(y))°g(¢(y))" = 1
we get f(o(y)* = (¢ (y)) forall f € A7 which is impossible since A} contains
the constant functions. This shows that K C K’. In the same way K’ C K, that
is K = K'. Now assume that there exists y € K with p(y) # ¢'(y) and let f € A;.

Then since (T£)*(y) = (T1)*(y) f(p(y))* and (T'g)"(y) = (T'"1)!(y)g(¢ () where
g € A is such that f5g' =1 we get easily

Fle)9(¢'(y) = 1.

Therefore, f(¢(y))® = f(¢'(y))® for all f € A7. Now since A separates the point
of X we can choose an element h € A with h(p(y)) = 0 and h(¢'(y)) = 1. Then
f =-exp(h) € A7 while f(¢(y))® # f(¢'(y))*, a contradiction. Hence ¢ = ¢’ on K
and a similar argument shows that ¢ = ¢’ on ¢(B)\ K as desired. This completes
the proof of the theorem. O

Corollary 3.3. Let A and B be Banach function algebras on compact Hausdorff
spaces X and Y and let a € C\{0}.

(i) If p: B— B and T : A — B are surjective maps satisfying ||Tf-p(Tg)—
ally = ||fg — a|lx for all f,g € A, then there exist a homeomorphism ¢ from
¢(B) onto ¢(A) and a clopen subset K of ¢(B) such that for each f € A,

_ flely) yeK,
Tily) =T1) { o) yec(B\K.
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(i1) For two variables polynomial p(z,w) = az*w + bz* — o, where s € N and
a,b are complex numbers with a # 0, any surjective map T : A — B satisfying
\p(Tf, Tg)lly = |lp(f, 9)|lx has the following representation:

~fwly) - (af(ey) +b) -2 yekK
Ti) = { w(y) - (af(p(y) +b) — L yec(B)\K,

where ¢ and K are as in (i) and w = T(:=2) + 2.

Proof. (i) It is immediate from Theorem 3.2 by considering the case where s =
t=1land T =poT.

(i) It suffices to apply Theorem 3.2 for ¢ = 1 and the surjective map 7" :
A — B defined by T'(g) = aT(gT_b) + 0. Then by this theorem there exist a
homeomorphism ¢ : ¢(B) — ¢(A) and a clopen subset K of ¢(B) such that

) o glely) yeK
Tgly) =T'1) { 0o(y) v e cBI\K.

Let w(y) = %, for all y € Y. Then w € B and for each f € A by considering
the above description for g = af + b it follows that

Jw(y) - (af(e(y) +b)—L yeK
Tiw) = { wly) (@flew) 15— b yecB\K

OJ

Corollary 3.4. Let A and B be Banach function algebras on compact Hausdorff
spaces X and Y. Let s,t € N, « € C\{0} and T : A — B be a surjective map
satisfying ||(Tf)*(Tg)" — ally = || f*9" — al|x for all f,g € A, then there exist a
homeomorphism ¢ from c(B) onto c¢(A) and a clopen subset K of ¢(B) such that
for each f € A,

ﬂwwg yeK,
flo(y)  yec(B\K

where d is the greatest common divisor of s and t.

(Tﬂﬂw=ﬂTUWw{

Proof. 1t is immediate from Theorem 3.2 since d = sc + tc¢’ for some integers ¢
and . O

Remark 3.5. We should note that a similar description to the one given for the
power d of T" in Corollary 3.4 may not be valid, in general, for T itself. For
example, if A is a Banach function algebra on a compact Hausdorff space X and
a € C\{0}, then a map 6 : A — {1, —1} can be chosen such that the self map
T:A— Adefined by Tf =0(f)f, f € A, is a surjective map which is neither
R-linear nor multiplicative while it clearly satisfies the condition

I(TF*(Tg)* —aly = If*g" —allx  (f.9€4)

or even the stronger quality R.((Tf)*(Tg)? — a) N R.(f?¢> — a) # O for all
f,g € A. Hence T does not have the representation given in this corollary for the
power one instead of d. However, the next result shows that this is the case, if we
impose an additional assumption on 7'. In particular, in this case T is injective
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and R-linear. The proof of the next theorem is a modification of [3, Corollary
4.1].

Theorem 3.6. Under the hypotheses of Corollary 3./, if, furthermore, T satisfies
the equality T(f +1) =T f +T1 for all f € A, then for each f € A,

B fop onkK,
Tf—Tl{ Fop onc(B)\K.

Proof. Let f € A. Since T(f + 1) = T(f) + T'1, it follows, by induction, that
T(f+k)=Tf+kT1 for each k € N. For each y € K, by Corollary 3.4 we have

(Tf+kTHYy) = (T(f+k) @)= (TDW)((f+k)op)(y)’
= (TDY)((fo@)(y) + k),

ie., (Tf+kT1)4(y) = (T1)%y)((fop)(y) + k) for all f € A. Similarly for each
y € c(B\K, (Tf+kT1)%y) = (T1)y)((f o ¢)(y) + k)% holds for all f € A. Let

ag, ..., ,, be real numbers such that

d
ab®t = Z ax(a + kb)?,

holds for all real numbers a and b (cf. [3, The proof of Theorem 1.3]). Then for
each y € K and f € A,

Tfy)(T1)"( Zak (Tf +kT1)(y))"

- Z ar(THYy) - ((f o @) (y) + k)

— (T ) o 9) ().

Hence T'f(y) = (T1)(y)(f o )(y). Similarly for each y € ¢(B)\K, Tf(y) =
(T1)(y)(f o p)(y) for all f € A, that is

B fop on K,
T —Tl{ Fop onc(B\K,
for all f € A. O

The next theorem shows that similar descriptions can be obtained for the case
where the maps are defined between certain subsets Ay and By of A and B rather
than whole A and B.

Theorem 3.7. Let A and B be Banach function algebras on compact Hausdorff
spaces X andY and Ay and By be subsets of A and B containing A~' and B~!
respectively. Let a € C\{0} and T : Ay — By be a surjective map satisfying

I(Tf)(Tg)" —ally = 9" — allx
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for all f,g € Ay. Then there exist a homeomorphism ¢ : ¢(B) — ¢(A) and a
clopen subset K of ¢(B) such that for each f € Ay,

f(@(y))j y € K,
flo(y)  yec(B\K,

where d is the greatest common divisor of s and t.

Proof. We first note that (Ag)f = (A1) = Af and (By); = (B™'); = B; and,
moreover, (Ag)f, (By)i are subgroups of A™' and B~! containing exp(A) and
exp(B), respectively. An argument as in Theorem 3.2 implies that T'(A]) = B}
and

(Tf)"(y) = (T1)*(y) {

|z o

(Tg) g
Moreover, similar arguments show that there is a surjective map S : A’ — B’
such that S((A5)Y) = (B:)! and S(f*) = TIL for all f € A

S - (Tl)s

Set B" = {g{;: cf € A} = {% : G € By}. Since, by assumption, A,

and By contain A~! and B!, respectively we can use the proof of Step 2 in
Theorem 3.2 to extend S to a surjective map S : (Ag)*UA" — B”"U B’ satisfying

]%é—wy:Hg—Hufmaﬂfe@%fUA%mdgeAﬁhﬁ%¢ﬂxemhf€Ao

it suffices to define S (f%) = E:TFJS Then it is easy to see that S is well-defined

and surjective. For this latter, let G € By, then, by the surjectivity of T, there
exists f € Ag such that Tf = G. Thus S(f*) = TH” — G Furthermore,

(f € Ao, g € A)). (3.5)

el

> TDF — [T
S1=51=1 and it follows easily from (3.5) that

Sf Hi _1

Sg |, lg lix

for all f,g € (Ag)*UA and g € A'.

Now one can apply the same argument as in Theorem 3.2 to define a homeo-
morphism ¢ : ¢(B) — ¢(A) and a clopen subset K of ¢(B) such that for each
[ € Ay,

in e | Fle@) yE K,
(Tf)*(y) = (T1) (y){ @) yedB\K,

where d is the greatest common divisor of s and t.

O

Most recently, some studies have been done to analyze a polynomially spec-
trum (respectively, peripheral spectrum) preserving map, i.e. a map 7T sat-
istying o(p(T'f,Tg)) = o(p(f.g)) (vespectively, o-(p(T'f,Tg)) = ox(p(f.9)))
for some polynomial p(z,w). For instance, in [25] (respectively [20]) surjective
maps T : A —> B between uniform algebras A and B on X and Y satisfying
ITf+Tglly = || f+gllx (respectively or(T f+Tg) = or(f+g)) forall f,g € A, are
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discussed. Hatori, Miura and Takagi in [7] proved that for certain two-variables
polynomials p, every surjective map 1" between unital semisimple commutative
Banach algebras A and B is an algebra isomorphism if o(p(Tf,Tq)) = o(p(f,g))
holds for all f,g € A. They also look for two-variables polynomials p for which
the above equality implies that 7" is linear and multiplicative. Moreover, for two
variables polynomial p(z,w) = z%w', s,t € N, surjective maps T : A — B
between uniform algebras A and B satisfying R,(p(T'f,Tq)) C R.(p(f,g)) for
all f,g € A have been characterized in [3]. In particular, it was shown that if
the greatest common divisor of s and ¢ is 1, then 7T is linear and is, in fact, a
weighted composition operator. The case where t = s = 1 was proved by Lam-
bert, Luttman and Tonev in [12]. In the next result, we consider a surjective map
T between Banach function algebras A and B satisfying the weaker condition

R.(p(Tf,Tg)) N R(p(f,9)) #2  (f,g€A),

where p(z,w) = z*w' — a for some s,t € N and o € C\{0}. It should be
noted that in general such a map need not be injective, linear nor multiplicative
(see [3, Example 3.3]). But the next result shows that if the greatest common
divisor of s and t is 1, then T is a weighted composition operator. Hence, in
particular, complex-linearity and injectivity of 7" are concluded. In particular,
for the polynomial p(z,w) = z5w' — a, a # 0, if the greatest common divisor of s
and t is 1, then every surjective map T' : A — B between uniform algebras A and
B satisfying T'(1) = 1 and o(p(T'f,Tg)) = o(p(f,g)) is an algebra isomorphism.
This gives a partial answer to the Question 7 in [1] for Banach function algebras.

Theorem 3.8. Let A and B be Banach function algebras on compact Hausdorff
spaces X and Y, respectively. Let s,t € N, a € C\{0} and T : A — B be a
surjective map satisfying

R-((Tf)(Tg)' = ) N Re(f*g" — ) # @

for all f,g € A. Then there exists a homeomorphism ¢ : ¢(B) — ¢(A) such that
for each f € A, (T y) = (T1)4(y) (f o (y))?, where d is the greatest common
divisor of s and t.

Proof. Clearly the assumption implies

(T (Tg) —ally =g —alx  (f.g€A).

Therefore, by Theorem 3.2, there exists a homeomorphism ¢ : ¢(B) — ¢(A) and
a clopen subset K of ¢(B) such that for each f € A,

s o Iy ve K
i) = e { RESL R

As it was shown in the proof of this theorem, there exists a surjective map
s S
S : A' — B’ such that S((4;)}) = (B})} and HS—’; —1ly = H% — 1||x for all
f,g € A" and also

[ flely) weK.
SIy) = { foy) yec(BN\K.
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Let 8" = acand let hy, hy € (Af)L. Then hy = k§ and hy = kS for some ky, ko € A3.
Since ko € A$ there exists k € A with k3k' = 1. Hence by the argument at the
beginning of the proof of Theorem 3.2 and the definition of S we have

Sh (Th1)* 1

(G =) = R =1 = Rl (T8~ )

and also RW(Z—; -1) = RW(% — 1) = 2R.(k;(Bk)" — @). Therefore, for cach
h17h2 € (Af);?

Shy ha
Ri(=—-1NR;,(——-1 ,
(G- DN R =1 20
and, in particular, since S1 =1,
R.(Shy —1)N Ry (hy — 1) # 0. (3.6)

A minor modification of the proof of [9, Theorem 3.9] can be applied to show
that K = ¢(B). For the sake of completeness we state it here. Assume on the
contrary that K # ¢(B) and let yy € ¢(B)\ K. Then we can find easily a function
F € B’ such that F(y,) =4, |F| < 3 on K, and Im(F) > 0 (see the proof of [9,
Theorem 3.9)).

Since S(A’) = B', there exists a function f € A" with Sf = F. Now let {f,}
be a sequence in (A$)! such that ||f, — f|[x — 0. Then ||Sf, — F|ly — 0, by
the definition of S. Clearly F'(y) = f(p(y)) for each y € K and F(y) = f(¢(y))
for each y € ¢(B)\K. Since Im(F') > 0, it follows that a <Im(F') < b for some
a,b > 0. Choose now 0 < € < a small enough and let c € (% +¢€,v/2 —¢). Then
we can find a sufficiently large N € N such that for each n > N, ||Sf, — Flly =
sup{|fn((y)) — f(e())| : y € ¢(B)} < e. Since Im(F) > a it is easy to see that

R.(Sf,—1)C{z e C:Im(z) >0},

for alln > N.

Since |fog| = |F| < 1/3 on K and |[Sf, — F| = |foop — foy| < € for
all n > N it follows that |f.(p(y)) — 1| < cfor all y € K and n > N. On
the other hand, it is easy to see that |f,(¢(vo)) — 1] > ¢ for all n > N. Thus
R.(fn—1) C (fu—1)(e(c(B)\K)) for all n > N. Hence for each zy € R,(f,—1)
there exists a point 2y € ¢(c(B)\K) such that zo = f,(z9) — 1. Therefore,
20 = S fn(p~(z)) — 1 which implies that

Im(f,,(20)) = —Im(S (¢ (20))) < € — Im(F (¢ (z9))) < e —a < 0.
Consequently, Im(f,(x¢)) — 1 = Im(f,,(xo)) < 0. This shows that R.(f, — 1) C
{z € C : Im(2) < 0} which is a contradiction to (3.6). Therefore, K = ¢(B) and
consequently for each f € A and y € ¢(B),

(TF)(y) = (T1)"(y) fle(y))".
0
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