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INDEX COMPUTATION FOR AMALGAMATED PRODUCTS
OF PRODUCT SYSTEMS
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ABSTRACT. The notion of amalgamation of product systems has been intro-
duced in [7] which generalizes the concept of Skeide product, introduced by
Skeide, of two product systems via a pair of normalized units. In this paper we
show that amalgamation leads to a setup where a product system is generated
by two subsystems and conversely whenever a product system is generated
by two subsystems, it could be realized as an amalgamated product. We pa-
rameterize all contractive morphism from a Type I product system to another
Type I product system and compute index of amalgamated product through
contractive morphisms.

1. INTRODUCTION

Arveson [1] associated to every Ey semigroup, a product system of Hilbert
spaces. He showed that this association classifies E, semigroups up to cocycle
conjugacy. In the context of product system of Hilbert modules, Skeide [14]
introduced spatial product of product systems as there is no natural tensor prod-
uct operation on product system of Hilbert modules and index is additive under
spatial product. At the 2002 AMS summer conference on ‘Advances in Quan-
tum Dynamics’ held at Mount Holyoke, R.T. Powers posed the following prob-
lem : Let B(H) and B(K) be algebras of all bounded operators on two Hilbert
spaces H and K. Suppose ¢ = {¢; : t > 0} and b = {¢)y : t > 0} are two
Ey semigroups on B(H) and B(K) respectively and U = {U; : t > 0} and

Date: Received: 7 April 2010; Revised: 7 June 2010; Accepted: 7 September 2010.
2010 Mathematics Subject Classification. Primary 46L57; Secondary 461L55.
Key words and phrases. Product systems, completely positive maps, inclusion systems, amal-
gamated products.
148



INDEX COMPUTATION 149

V ={V, : t > 0} are two strongly continuous semigroups of isometries which
intertwine ¢; and 1, respectively. Consider the CP semigroup 7, on B(H & K)
X Y o(X) UYVr?
defined by Tt ( 7z W = ( ‘/téUt?k ¢t(Wt)
(in the sense of [3],[1]) of T related to ¢ and 97 In fact, Powers was interested in
a more specific question. It is the following. Since the minimal dilation is unique
we might say that we are associating a product system to a given contractive CP
semigroup [3]. (This can also be done more directly as in [3]). The question was
‘What is the product system of the Powers’ sum 7 in terms of the product systems
of ¢ and 9. Is it the tensor product?’ Still during the workshop, Skeide [13] iden-
tified the product system as a spatial product through normalized units. It turns
out that though the index of product system of 7 is sum of indices of ¢ and v, it
is not the tensor product but the spatial product [10]. Definition of Powers’ sum
easily extends to CP semigroups and the product system of Powers’ sum in that
case also is the spatial product of the product systems of summands ([6],[14]).
In [7], amalgamated product of two product systems of Hilbert space through
general contractive morphism has been introduced which generalizes the spatial
product for product system of Hilbert spaces. The spatial product of product
system of Hilbert spaces may be viewed as amalgamated product through the
contractive morphism defined through normalized units. This answers Powers’
problem for the Powers’ sum obtained from non necessarily isometric intertwining
semigroups.

To begin with we briefly recapitulate the notion of inclusion systems introduced
in [7]. They were also introduced by Shalit and Solel, under the name subproduct
systems [12]. These are parameterized families of Hilbert spaces exactly like
product systems except that now unitaries are replaced by isometries. Every
inclusion system generates a product system via inductive limit procedure [8].
To every CP semigroup, an inclusion system can be associated and we have,
the product system associated to the minimal dilation of the CP semigroup is
isomorphic to product system generated by the inclusion system. Basic properties
of the product systems such as existence/non-existence of units, structure of
morphisms etc. can be defined at the level of inclusion systems and there is
a bijective correspondence with those in generated product system. Given two
inclusion systems and a contractive morphism between them, there is a natural
way to amalgamate them to get a new inclusion system. On product systems
level, this is called the amalgamated product of two product systems. All these
constructions can be found [7]. Loosely speaking amalgamation is nothing but
‘the construction of a product system which is generated by two given product
subsystems.” This is a kind of universality result (See Theorem 2.7). We use
this to show in Theorem 2.9, that under the assumption of separability, the
amalgamated product of type I parts is the type I part of the amalgamated
product.

In the last section, we parameterize all contractive morphisms from a type I
product system to another type I product system. In [7], the index of the amalga-
mated product through contractive units has been calculated. Here in Theorem

) . How is the minimal dilation
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3.8, we compute the index of amalgamated product of two spatial product systems
via a general contractive morphism. This is our main result.

We recall some results from [7]. From now on our product systems are algebraic
with no measurability conditions.

Definition 1.1. An inclusion system (E,(3) is a family of Hilbert spaces E =
{E;,t € (0,00)} together with isometries Bsi:Esyy — Es @ Ey, for s,t € (0,00),
such that ¥ r,s,t € (0,00), (Brs ® 1g,)0rist = (1g, @ Bst)Brsit. It is said to be a
product system if further every By, is a unitary.

Consider an inclusion system (F,(3). For t € Ry, let J; = {(tn,tn_1,...,t1) :
t; >0, Z?:l ti=1t,n> 1}
For s = (Sm, Sm—1,-.-,51) € Js, and t = (¢, t,—1,...,t1) € J; we define s — t :=
(Smy Sm—1y -+ S1, tnytu1, ..., t1) € Jsyy. Now fix t € Ry. On J; define a partial
order t > s = (S, Sm—1,--.,51) if for each i, (1 < i < m) there exists (unique)
s; € J, such that t = s, — 8,1 — -+ — 7. Fort = (t,,t,_1,...11) in J; define
Ee=FE, QF, Q- QFE,. Fors=(8,,...,5)<t=(sp — - —s1)in Jy,
define B¢s 1 Es — E¢ by Bis = Bspsm @ Bsm1.m Q@ -+ @ Bs, s, Where we define
Bss : s — Es inductively as follows: Set ;, = idg,. For s = (S, Sm—1,...,51),
Bs,s is the composition of maps:

(ﬁsm’sm—l ® I) (ﬁ5m+5m—1:57n—2 ® I) e (65m+"'+53732 ® I)ﬁsm+"'+52,31'

Theorem 1.2. Suppose (E, [3) is an inclusion system. Let & = indlimj, Es be
the inductive limit of Eg over J; fort > 0. Then & = {&; : t > 0} has the structure
of a product system of Hilbert spaces.

Definition 1.3. Given an inclusion system (E,[3), the product system (&€, B)
constructed as in the theorem above s called the product system generated by the
inclusion system (E, 3).

Definition 1.4. Let (E,[3) and (F,~v) be two inclusion systems. Let A = {A; :
t > 0} be a family of linear maps A; : By — Fy, satisfying || As|| < e for some
k € R. Then A is said to be a morphism or a weak morphism from (E,(3) to
(F.7y) of

Agyr = 744 (As ® Ap)Bsp Vs, > 0.

It is said to be a strong morphism if
VS,tAs,t = (As ® At>ﬂs,t VS,t > 0.

Definition 1.5. Let (E,3) be an inclusion system. Let uw = {u; : t > 0} be a
family of vectors with uy € Ey, for all t > 0, such that ||us]| < e* for some k € R
and u ). Then u is said to be a unit or a weak unit if

Usry = P (us @ uy) Vs, t > 0.

s,t

It is said to be a strong unit if

ﬁs,tus—i-t = Us Q Uy \V/S, t> 0.
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Theorem 1.6. Let (E,[3) be an inclusion system and let (€, B) be the product
system generated by it. Then the canonical map iy @ Ey — &, t > 0 is an
1sometric strong morphism of inclusion systems. Further i* is an isomorphism

between units of (€, B) and units of (E, [3).

Theorem 1.7. Let (E,[3),(F,7) be two inclusion systems generating two prod-
uct systems (€, B), (F,C) respectively. Let i,j be the respective inclusion maps.
Suppose A : (E, ) — (F,7) is a weak morphism then there exists a unique mor-
phism A : (€,B) — (F,C) such that A, = j*Agi, for all s. This is a one to one
correspondence of weak morphisms. Further more, A s isometric/unitary if A is
isometric/unitary.

2. UNIVERSALITY OF AMALGAMATION

Suppose H and K are two Hilbert spaces and D : K — H is a linear contrac-
tion. Define a semi inner product on H & K by

<(Zi )(’5 ) )y = (unus)+ un, Dun) + (Doy,ug) + (v, 00)
= ((n)e ()

Lo } . Note that as D is contractive, D is positive definite.

D* I

() ().

Then N is the kernel of bounded operator D and hence it is a closed subspace of
H& K. Set G as completion of (H @ K)/N ) with respect to norm of (.,.) . We

where D := {
Take

denote G by H ®&p K and further denote the image of vector ( Z > by [ Z } for
u € H and v € K. Now

Ui U9 . 0 0
<{ 0 ]’[ 0 :|>D:<u1’u2>H’ <[U1 :|’{U2:|>D:<U1’U2>K'
So H and K are naturally embedded in H &p K and their closed liner span is
H @p K but they need not be orthogonal. We call H &p K as the amalgamation

of H and K through D. It is to be noted that if range (D) is closed, then no
completion is needed in the construction, and every vector of G is of the form

l:j} foru e H andv € K.

In the converse direction, if H and K are two closed subspaces of a Hilbert
space G. Then by a simple application of Riesz representation theorem for Hilbert
space, there exists unique contraction D : K — H such that forue H,ve K

<u, U>G = <u, Dv>.

Now we consider amalgamation at the level of inclusion systems. Let (F,[3)
and (F,v) be two inclusion systems. Let D = {D; : s > 0} be a weak contractive
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morphism from F' to E. Define G := E,®p, Fs and 054 = i5,(0s: Bp V) Where
ist: (Fs ® Et) @p.ap, (Fs @ F;) — G5 @ Gy is the map defined by

. U1®U2 o U1 U2 0 0
slnen]=lo]elw][n]e[n]

and (ﬁs,t Dp P}/s,t) . E8+t EBDS_H Fs+t — Es X Et G91)3®1)15 FS X Ft is the map defined

by
seon | ] =[5

Lemma 2.1. The maps is; : (Es ® Ey) ®p,ep, (Fs @ F;) = Gs @ Gy and (Bs+ ®p
Ysit) © Esti ®p,,, Fspr — (Es ® Ey) @p,ep, (Fs ® F) are well defined isometries.

Proof. Proof can be found in [7], Section 3. O

Proposition 2.2. Let (G,d) = {Gs, 054 = s,t > 0} be defined as above. Then
{G, 0} forms an inclusion system

Proof. Proof can be found in [7], Section 3. O

Definition 2.3. The inclusion system (G, ) constructed above is called the amal-
gamation of inclusion systems (E,3) and (F,~) via the morphism D. If (€, B),
(F,C), and (G, L) are product systems generated respectively by (E, 3), (F,~), and
(G,9), then (G, L) is said to be the amalgamated product of (€, B) and (F,C') via
D and is denoted by G =: £ ®p F.

Remark 2.4. In this terminology, we have defined amalgamation of inclusion
system wvia contractive morphism to be an operation on the category of inclusion
systems. On the other hand, amalgamated product is an operation on the cat-
egory of product systems. More precisely, Given two product systems (€, W¢)
and (F,W7) and a contractive morphism D, first we form the inclusion sys-
tem (G, 8) which is the amalgamation of inclusion systems (€, W¢) and (F, W)
via the morphism D. Then the product system generated by the inclusion system
(G,0) is the amalgamated product € @p F of (€, W¢) and (F,W7).

Definition 2.5. Suppose (E,[3) is an inclusion system. Then a family of Hilbert
spaces F' = (F})y>o 18 said to be an inclusion subsystem of (E,[3) if Fy C Ey is
closed for every t >0, and Bs4|p,,,(Fsyt) C Fs @ Fy for every s,t > 0.

Definition 2.6. Suppose (€, W) is a product system. A family of Hilbert spaces
F = (F)e=0 18 said to be a product subsystem of € if Fy C & is closed for every
t >0, and W|g, ., is a unitary from Fsyy onto Fs @ F; for every s, t > 0.

Suppose H is a Hilbert space and let M and N be two closed subspaces of H.
We denote by M V N, the smallest closed subspace of H containing M and N.
ie.

MV N =span{z+y:z€ M,ye N}
Suppose G is a product system and let £ and F be two product subsystem of G.
Then we denote by £ \/ F, the smallest product system containing £ and F. The
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product system £ \/ F having the fiber: for each t > 0,
n
(5\/}"% = span{z, ®@- - @} : Zti =t o} €& o0 F,,i=1,2,---nn>1}

Note that for t > 0, & V F, # (E F)s.

Theorem 2.7. Suppose (£,W¢) and (F,W?%) are two product systems and let
C: (F,WF) — (E,W¢) be a contractive morphism. Suppose (G, W9) is the
amalgamated product of (£, W¢) and (F,W%). i.e. G =& ®@c F. Then there are
isometric product system morphism I : € — G and J : F — G such that the
following holds:

(1) (Is(x), Js(y)) = (z,Csy) for allx € & and y € Fs.

(1) G =1(E)V J(F).

Conversely, suppose £ and F are two product subsystems of a product system
(H,W). Then there is a contraction morphism C' : F — & such that the amal-
gamated product G of € and F wvia C' is isomorphic via ¢ to the product system
generated by € and F. i.e. E®c F ~ E\ F which is canonical in the sense that

¢({Z]):a+b,a68,be}" (2.1)

Proof. Let (G, §) be the amalgamation as inclusion system of (£, W¢) and (F, W7).
Let iy : &, — G, and j, : Fy — G, be the maps
is(a) = 8} , a €&
and )
. 0

Js(b) = b} , be F
Let g : Gy — G, be the canonical map. Set Iy = g,is and J; = g,js. As i, j and
g are isometries so are I and J. Suppose for a € Ey, WE(a) = 3, @ y. Now

ng,t18+t<a) = ng,tgertiert(a)
= (gs ® gt)ds,tisﬂf(a)

= (gs ® g1)is (WE, Bc W) { 0 }
- (gs®gt);is:t [ mT%Mr ]
_ (gs®gt)2{%r}®[gg}

r

= (gs & gt) Z is(xT) & it(yT)

= (9s ®g:)(1s ® it)th(a)
= (L, ® L)W (a).

S
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So [ is an isometric morphism of product systems. Similarly J, : Fy — G, is
an isometric morphism of product systems. For a € &4, Now for z € & and
y € Fs,

@ = g ] o))

Y
= (z,C4y).

So (i) is verified. As I(£) C G and J(F) C G, it implies that I(£)\ J(F) C G.

On the other hand, I and J maps £ and F into I(€)\/ J(F) isometrically and

(i) is satisfied. So from universal property of amalgamated product Proposition
a

18, [7], there is an isometric morphism A; : G — (I(€) \ J(F)): by Aig: { b } =

Ii(a) + Jy(b). For a € & and b € F, I;(a) = giir(a) and Ji(b) = ¢47:(b) implies
Aigi(ic(a) + 7:(b)) = ge(ir(a) + je(b)). We get that A, is the inclusion morphism
from G; into (I(£)\ J(F)):, for every t > 0. So G C I(E) \ J(F).

Now for the converse, let for every ¢ > 0, P& and P”* be the projections onto
& and F; respectively in H;. Then P¢ = {P% :t > 0} and P¥ = {P%* : t > 0}
are projection morphisms on (H,W). Define for every t > 0, C; = P& P%t|,.
Then clearly C' = {C} : t > 0} is a contraction morphism from F to £. Now set
for every t >,0 Gy = & B¢, Fi.

Claim 1: EV F = (& V Fi, Wlg,vx,) is an inclusion subsystem of (H, W)
which generates the product system & \/ F.

Proof of claim 1 : The first part of the claim is easy. Indeed for every s,t > 0,
EsitVFsit CERENVFsQRF, C (EsVFs)®(EVF). For the second part, let G’ be
the generated product system. As £ C G’ and F C G', we have E\/ F C G'. On
the other hand, & C (£ F); and F; C (£ F);, implies the inclusion system
EV F is an inclusion subsystem of £ \/ F. So G’ is a product subsystem of £ \/ F,
proving the claim.

Deﬁnelt:GtHStVftbylt{/Z =u-+v.

Claim 2 : [: G — £V F is a unitary morphism of inclusion systems.
Proof of claim 2 : Clearly [, is a unitary for each ¢ > 0. To prove that it is

a morphism, consider [ Z] € Gyt Decomposing W, (a) = >,z ® yi, and

. ®
Wei(d) = 5w @ vy, (1 ® 1)d [ i } = (I ® Ly )isy %c U ] =@

lt){%ﬂ@ [%’f]+2r(ls®lt)[f }® { V } =D Tk Y + D, U DU =

r Uy
Wsi(a) + Wir(b) = Weilsis { Z } , proving claim 2. Let ¢ : G — £\/ F be the
lift of /. Then (2.1 ) is satisfied. This proves the converse part. O

The theorem means that the amalgamation of two product systems is nothing
but a construction of a large product system containing the two product systems
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as subsystems such that it is generated by those product subsystems and the two
subsystems sit inside the amalgamated product by the defining condition (i) of
the theorem. So from now on we will always assume that £ and F are subsystems
of £ ®¢ F. This construction may lead to a non separable product system even if
the individual components are separable. If we choose our contractive morphism
to be a zero morphism, then the amalgamated product is always non separable
product system as the following lemma shows.

Lemma 2.8. Let G be a product system. Let £, F be nonzero subsystems of G
with the property that

(x,y) =0, forallz el  yeF
Then G is a non separable product system.

Proof. Choose ¢; € & and f; € F; with ||e;|| = || f:|| = 1 for all £ > 0. Consider the
uncountable set {gs == e;®f;_s: 0 < s <t} C G, Nowfor0 < s < s’ < t, we have
gs € 85 X f‘tfs and gs € gs’ ® ftfs" Decomposing gs ® ths = gs ® st’fs ® f‘tfs’
and E¢ @ Fi_gy = E R Eg_s @ Fi_y. Now it follows from the hypothesis that
(gs,gs) =0, for all 0 < s < s’ < t. Hence the lemma follows. O

Similar problem arises in dilation theory of CP semigroups. There are CP
semigroups which are not strongly continuous at 0, for which the minimal E
dilations act on non-separable Hilbert spaces. Though in this paper, we are not
concerned about solving the problem of classifying all contractive morphisms for
which the amalgamated product is a separable product system. As for most of
our examples, amalgamated product is always separable.

For a product system G, let 49 and G’ denote the set of all units and the type
I part of G respectively. i.e.

G' =span{u;, ® .. @up u' €U 1<i<n Y ti=tn>1}
Theorem 2.9. Let £ and F be two spatial product systems and C' : F — & be

a contractive morphism such that € @c F is a separable product system. Then
(€ ®c f)j =&'®c FL

Proof. Part of this theorem has been proved in [7],Theorem 24. Let G = (£®¢F).
As units of £ and of F are units of the amalgamated product, it follows that &7
and F! are contained in G’. So the smallest product system generated by £ and
F!is contained in G!. Hence right hand side is contained in left hand side. Now
for the converse, Choose any unit w € G. Denoting P and P% the projection
morphism respectively on £ and F, separability assumption on G implies that
Pfw and P7w are nonzero hence they are units of £ and F, hence units of G.
From the Theorem 2.7, we get

I9=\/{P!® ..P 6t =(ty,.t1) € S = {€,F}, 1 <i<nn>1}.

Now w = [9w € span{z, @ ..z;, : t = (t1,...,t,) € Jy,n > 1,2 = Péw, PPw} €
EN\ FI = & @¢ FI. Hence the theorem is proved. 0J



156 M. MUKHERJEE

Proposition 2.10. Let £ and F be two product systems and C' : F — & be a
contractive morphism. Then for every t > 0, Pf and P*t commute in B((€ ®¢
F)e) if and only if C is a morphism of partial isometries.

Proof. From the Theorem 2.7, we know that for every t > 0, Cy = P& P%t|, :
Fi — &.If P% and P7* commute, then for every t > 0, C;C; = P&t APTt = P&/
as a projection on F, and C,Cf = P& A P7t = P&t as a projection on &,
implying C' to be a morphism of partial isometry between F to £. Conversely,
assume C' is a morphism of partial isometry. Then for every t > 0, P7t P& P%t|f,
and P P7t P are projections on F; and & respectively. It implies easily that
PFtpP& pFi and P& Pt P& are projections on G,. Now for every ¢ > 0, writing
P& and P%* as a matrix decomposing it as P7* and [(¢®c%)t — p7t.

As B Ir, O
g _ t Dt Fi _ T
(s ) =5 0),

we get that P%t P& p7t = Igt 8 ) . It implies A% = A, for all ¢ > 0. From the
first matrix we get, for every A% + B;B; = A, for all t > 0, which imply B; = 0,

for all ¢ > 0. Hence for ever ¢t > 0, P® and P”* commute. O

3. CONTRACTIVE MORPHISMS

In this Section we will mainly concentrate on the category of product systems
as defined by Arveson [!],page 68. In particular, all Hilbert spaces are separable
and the product system has a measurable structure. By a contractive morphism,
we mean a contractive morphism of product systems in that category i.e. the
family of maps is a measurable family. We will call this category as category
of Arveson’s product systems. Contractive morphisms on product systems have
been studied since long time ago. Arveson [l], Theorem 8.8, characterized all
unitary morphisms on CCR flows. All positive contractive morphisms and pro-
jection morphisms on CCR flows have been parameterized in Bhat [5], Theorem
7.5. A complete characterization of morphisms on time ordered Fock modules has
been done in [2], Theorem 5.2.1. Here we give a complete parametrization of all
contractive morphisms from a type I product system to another type I product
system.

Let D; be a contractive morphism from a type I product system F to a type I
product system £. Thanks to Arveson, without loss of generality we may assume
E = Tyym(L?[0,1], K1) and F; = Ty (L?[0,1], K3) for some separable Hilbert
spaces Ky and Ky with corresponding unitaries

Wie(f) @ elg) = elg+ 8. f), f.g € L*([0,t], K1)
and

WEe(f) @ elg) = elg + S2f), fg € LA(0,1], K>)
where S and S? are usual shift semigroup respectively on L?*([0,0), K;) and
L3([0,00), K5) defined below. For f € L%([0,t], K1) and g € L*([0,1], K5),

1 ] fla—t) ift<z
Sp flz) = { 0 otherwise



INDEX COMPUTATION 157

and

S2(x) :{ glx—t) ift<zx

0 otherwise

Any unit has the form u(t) = e e(yyy) for some (p,y) € C x K;,i = 1,2. We
know that the morphisms D and D* sends units to units.
Hence for y € K», and z € K,

Dyie(yxy) = e P'e(Byxy)

Die(zxy) = e_qzte(Cth])
for some (p,, B,) € C x K; and (g,,C,) € C x K,. We claim that y — B, — By
and z — C, — Cy are linear. We have

<6(2Xt}),Dt€(th])> — e Putt{(zBy)t

= (Dje(2xy),e(yxy))

= <€7qzt€(Cth])ae(th])>
— e_qjt€<02’y>t.

Hence
—DPy + <Z, By> - _@_’_ <027y>

Put y = z = 0 to get py = ¢o. Putting only y = 0 gives —po + (2, By) = —.
Putting only z = 0 gives —p, = —py + (Co, y). Hence we have the following

(5B, — B} = (C.—Coy). (3.1)
Now for y,w € K5 and a € C,
(2, Baytw — Bo) = (C, —Cy,ay +w)
= a<Cz - CO>y> + <Cz - CO, ’LU>
= a(z, B, — By) + (2, B, — By)
= (z,a(By — By) + (B — By)).

This shows that the map y — B, — By is linear from K, to K;. Set Ay =
B, — By, for y € K,. Take u = By,xz = Cy,q = po. So ¢ = qop and from (3.1 ),
A*z = Cz — Cy. Hence

Die(yxy) = e 0% (Ayyy + uxy) (3.2)

Die(zxy) = e "2 e(A% 2y + ayy)
Now for y € Ko, | Die(yxq)|2 < le(ya)||?. This yields
e~ (@Dt y,a)t+{zy)t o (Ay+u, Ay+u)t < e<y,y>t7

which imply ¢ + ¢ — ||u||* — (y, A*u + z) — (A*u + z,y) + (y, (I — A*A)y) > 0.
With little bit of calculation this imply the following matrix

q+q—|lul* —(A*u+az)*
< —(Aruta) T-aa )20 (3:3)
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Now from [5] this matrix is positive if and only if A is a contraction, A*u 4 z €
Range(I — A*A)Y2, g+ @ > |Jul|*> + qo(A, x,u) where qo(A,z,u) = inf{||a]/? :
Az +u= (I — A*A)2a}.

Define C(K3, K1) C Cx Ky x K1 X B(K>, K1) as the set of all tuples (¢, z, u, A)
such that (3.3 ) holds. For (q,z,u, A) € C(K3, K;), define [q, z,u, A]; on the set

{e(f) : f € L*([0,1], K2)} by
[Q7 T, u, A]te(f) = eiqt+<xX|t]’f>e<Af + uXt])>

where Af € L?([0,t], K;) is defined by (Af)(s) = Af(s). From the fact that
{e(f): f € L*(]0,t], K3)} is total in gy, (L?[0,¢], K3), and are linearly indepen-
dent. we extend linearly [q, z, u, A]; to all of Ty, (L*[0,t], K3). Now we will show
that it is contractive which in turn shows that the extension is contractive. For
this we need the notion of conditionally positive definiteness.

Definition 3.1. An n X n matriz B = [b;;] is said to be conditionally positive
definite if it is self-adjoint and 2?,3:1 cicjby; > 0 for all ci,c0,--- ¢, € C with

ZCZ‘ = 0.

Lemma 3.2. For n x n complex matrix B, the following are equivalent
[1] [e®i] >0, for allt >0 ;
[2] B is conditionally positive definite;
[3] bij = b"‘b_i"_bj + ¢4, for some b € R, by, by, -+ ,b, € C and C = [¢;;] > 0.
Suppose B is conditionally positive definite then for any matriz D, [e®d] <
[etdid] for all t if and only if B < D.

Proof. See [9], [11] for equivalence of [1] to [3]. For the last statement, suppose
[efbii] < [e!ii] for all ¢. Let J be the matrix with all of its entries equal to 1. Then
we get, for every t > 0,

1 1

L)~ 0) < 1]~ ).
taking limit as ¢ | 0, we get B < D. For the converse,

[etdij _ etbz‘j] — [etbij] . [et(dia‘—bij) —J]

where - indicate the Schur product or entry wise product of two matrices. Letting
C = D—B > 0. We get [e!du=bu) — J] = tC+(¢2/2))C-C+ (3 /3))C-C-C+- - - > 0.
Now as B is conditionally positive, [e®4] > 0. The result now follows as Schur
product of two positive matrices is positive. O

Proposition 3.3. Suppose D is a contractive morphism from the product system
[(L?0,t], K3) to the product system T'(L?(0,t), Ky). Then there exists (¢, z,u, A) €
C(Ky, K1) such that Dy = [q,x,u, A];. Conversely, for any tuple (q,z,u,A) €
C(Ks, K1), [q,m,u, Al; defines a contractive morphism from T(L?(0,t), Ks) to
[(L%(0,t), Ky).

Proof. We have shown in the previous section that a contractive morphism D; :
[(L2[0,t], K3) — T(L?[0,t], K,) is of the form D; = [q, z, u, A]; for some (q, z,u, A)
C(Ky, K1). Conversely, for {q,z,u, A} € C(K,, K;), consider [q,z,u, Al;. We
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will show that it is contractive, indeed for ci,co, -+ ,¢c, € C, fi,fo,- -, fn €

L2([O7 t]v K2)7
||[Q7 T, u, A]t Z Cie(fi)H2

= 3 Gy T (e A o AT+ A A

0.J
Now from Lemma 3.2,
g, 2, u, ALY ce(f)I7 < 1D aelf:)l1?

is equivalent to [a;;(t)] > 0, where

aij(t) = (q+q—Jull®)t = ((z+ A*u)xy, fi) = (f, (x+ Au)xq) + (fi, (T = A"A) f;)
Set

bij(s) = (a+q—[[ull)—{(z+A ), fi(s) —{fi(s), (x+A"W))+(fi(s), (I—A"A) f;(s))
From (3.3 ), we have [b;;(s)] > 0, for every 0 < s < ¢. Then

aiy(t) = /O b (s)ds.

Hence [a;;(t) > 0].
Now we prove that [q,z,u, A]; : Deym(L?[0,¢], K3) — Ty (L?[0,¢], K1) is a mor-
phism of product system, indeed, for f € L*([0, s], K3) and g € L2([O, t], Ks),

g, 2,0, Alse W, (e(f) @ e(g))
= [qax7uaA]s+t€(g + Stf)
— e—(I(5+t)+<$X|s+t]7(9+Stf)>e(A<g + Stf) + UXs—i-t])

= e tHaxlngemaslexlagle(Ag + uxy) + Se(Af +uxy))
— Wite’“*(“‘ﬂ’”e(Af + uyy) ® efqt+<IX‘t]vg>e<Ag + uxy)
= Wit([an7uaA]se(f) ® [anauaA]te(g))'

OJ

We wish to compute the index of the amalgamated products of product sys-
tems. As noted before, to define index, we need separability and measurability
structure on the product system. A priori it is not clear whether the amalga-
mated product system has any measurable structure even if the components are
Arveson’s product systems. We will handle this technical problem by restricting
ourselves into a subclass where the amalgamated product is an Arveson’s prod-
uct system. Recalling Theorem 2.7, this is equivalent to the following assumption
that there is a big Arveson’s product system H which contains the two systems
& and F as subsystems. So now on we will always assume this setup.
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Let ¢ denote the units of a product system €. Then the measurability ensures
the existence a function

vUExUE — C
called the covariance function satisfying:

(ug, vg) = eV g,

for units u,v. The function 7 is a conditionally positive definite function [!],
Proposition 4.5. If Z is a non-empty subset of U¢, we may do the usual GNS
construction for the kernel v restricted to Z x Z to obtain a Hilbert space H,
which we call as the Arveson Hilbert space associated to Z. Note that the index
of the product system £ is nothing but the dimension of K := Hye (Arveson
Hilbert space of U¢). In [1], Theorem 4.7, it is shown that there exists a bijection
u— (A(u), u(u)) € C x K, between U and C x K, satisfying

Y, ') = Aw) + (') + (u(w), p(u)).

In the following, for simplicity of notation, though we have different product
systems, we will be using same A and p for the corresponding bijections. This
shouldn’t cause any confusion. We need couple of lemmas before we state our
main theorem.

For an operator A on a Hilbert space H, we denote N(A) = dim {z € H :
Ax = 0}.

Lemma 3.4. Let X be a linear operator from a Hilbert space H into K. Then
rank of the operator Z := ( gg ;1(1 > (K@ H) — (K® H) is dim(K) +
dim(H) — N(I — X*X).

Proof. 1If dim H or dim K is infinite dimensional then clearly the rank of Z is

infinite. So Assume dim H , dim K < oco. First assume H = K and dim H = n.
Then by polar decomposition of X = U|X|, where U is a unitary we get,

s s UXIN_(U 0 Iy |X| Us 0
“\xwr 1 )"\ o Iy IX| Iy 0 Iy )

Which implies that the rank of Z is same as the rank of ( |€1{{| |}X| ) .
H

By spectral theorem we write |X| = VDV*, where V is a unitary and D =
diag{z1,za, -+ ,x,}. Then

(o5 )= (o) (s o) (0 v

So the rank of Z is same as the rank of %’ ID . Conjugating by sequence
H
of permutation matrices we get that the rank of ( Ig I ) is same as the rank
H
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of
By 0 0
0 B, 0
0 . .. By 0
o . .. 0 B,
where B; = Il 3617, , for i = 1,2,--- 'n. Now rank (B;) = 2 if and only if

x;# 1, foreachi=1,2,--- nand {fi:2;, =1} = NI — |X]|), As (I + |X]) is
invertible, we have N(I — |X|) = N(I — X*X).
So we have rank (Z) = 2n — N(I — X*X). Now for different Hilbert spaces H
and K, consider
Iy 0 0 X
0 Ig 0 O
0 0 Ix O
X* 0 0 Iy

So by what we have proved, rank (2) =2 dim (H) + 2 dim (K) — N(I — X*X).
Clearly Z is conjugate via permutation matrices to

Z 0 0
0 Iy O
0 0 Ik
Hence rank (Z) = dim (H) + dim (K) — N(I — X*X). O

Lemma 3.5. Let X be a positive linear operator of rank k on a finite Hilbert space

H. Letx € H and o € C be fized. Define a linear operator o, x, X| := ( @t )

r X
on C® H via
oz BN\ _( aB+(z.h
r X h | Bx + Xh '
Then
k  if and only if x € range(X) and o = (z,y),
rank [o, z, X| = where Xy = x.

k+1 otherwise

Proof. If x ¢ range(X) then clearly rank of [, z, X] is greater than the rank of X.
Suppose that rank of [a, x, X| = k. It implies that x = Xy, for some y € H. So the

rank of the linear operator (z,X): C® H — H is k. Now ( g ) is in the range

of (z, X)* means there exists z € H such that (z, X)*z = ( (; ) which implies

(r,z) = aand Xz = x. Now if y, 2 € H such that Xy = Xz = x. Then X (y—z2) =
ORightarrowy — z € range (X)‘Rightarrow(z,y — z) = ORightarrow(z,y) =
(x,z). Conversely suppose z = Xy for some y € H and o = (x,y). Consider
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theoperators<(X> ) H—>C@Hand<<X)?;Jy>> :C —- Cao H. As

( (Xy ) ( (Xy,y) ) . We conclude the rank of [, z, X] is equal to

the rank of ( y)" ) which is equal to the rank of X as x € range(X). O

Lemma 3.6. Let £ be a spatial product system and Z C U be a subset of the
set of all units in £. Let Hy be the Arveson Hilbert space associated to Z. Then
dimHz = ind € if and only if span{u;, @ ui, @ ... @uy :1<i <k, >, t; =t u' €
Zk>1} = &L

Proof. [7, Lemma 23] O

Lemma 3.7. Let v be the covariance kernel on the set of all units in a spatial
product system E. Let Z C U be such that span{uy, @ uf, ® ... ® ufk 1< <
k0.t =t,ut € Z,k > 1} = &L Suppose there is a function a : Z — C such that
the function L : Z x Z — C defined by L(z,y) = v(x,y) — a(x) — a(y), =,y € U°
1s positive definite, then

rank L = mazimum rank{(L(z;, 2;))nxn : Ti,z; € Z,n > 1} = ind (€)

if and only if L is a non-constant function on Z X Z. Further if L is a constant
function on Z x Z, then ind (£) = 0.

Proof. Without loss of generality we may assume £ to be type I as index (£) =
index (£). We then represent our product system on Fock space. Then Z can
be identified with a subset of C x Hye and y((\, z), (@, y)) = A + a + (z,7). Set
A= {x € Hys : (\,x) € Z}. Fix xy € A. Now define ¢ : CoZ = {f : Z —
C : f is zero all but finitely many points ,)" ., f(u) = 0} — span(A — zy) by
o(f) = > s (A, 2)(z—20). Then ¢ induces a unitary from Hz onto span (A—zo).
This implies dim Hz = dim Span(A—x(). Now from Lemma 3.6, we get ind (£) =
dim span (A — zp). Hence dim Hye = dim Span (A — z). From positivity of the
function L we get that L((\, z), (o, y)) = b+ (z,y) for some b > 0. Now L is
a constant function if and only if A = {yo} for some y, € Hye. Consequently
ind (£) = dim span (A — yp) = 0. On the other hand if L is not a constant
function, then rank (L) = dim span (A). Hence rank (L) =ind (£). O]

Theorem 3.8. Suppose £ and F are two spatial Arveson product systems of index
k1 and ko respectively. Let D : F — £ be a contractive morphism such that EQpF
is an Arveson product system. Then D|zr : FI — E! is a contractive morphism.
So they can be represented as E! = Uy (L?[0,1], K1) and F} = Ty (L?[0, 1], Ks).
Then Dt\ftf = lq,z,y, A); for some (q,z,y,A) € C(Kq, K1) and

( 00 if k1 or ko is 00

ki+ky— N(I—A*A)  ifq+q— |y|l> = (x + Ay, a)

nd (5 ®p f) = where (I A*A)a =T+ A*

(ki +hko— NI —A*A) + 1 otherwise
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Proof. From the universality Theorem 2.7, we may assume that £ and F are
product subsystems of £ ®p F. Now from Theorem 2.9, we know that every unit
in the amalgamated product can be generated by units of £ and of F. So from
Lemma 3.6, to compute the index of the amalgamated product, it is enough to
compute the index on the set U |JUT. For u,u' € U* and v,v' € U7,

Y(u, u') = Au) + M) + (pu(u), p(u'))
Y(v,v") = Aw) + AV) + (u(v), p(v'))

Now
<utavt>(g®pj:)t = <ut7Dtvt>5t
= (X e(p(u)xly), e O e((y 1+ Ap(v))x]y))
o0t W) +AW)) (@, (0)) () y+ Ap(v))t
Hence

Y(u,v) = Mu) + AMv) — g+ (z, w(v)) + (p(w),y + Ap(v))
Now take Y = U¢ UU” and define a: Y — C by
() = A(w) + {y, u(u) — ) if u € U

and
a(0) = Nv) — 4+ (&, p(0)) + (0, 5y -+ Ap(o) it v €U

We will show that a : Y — C is well defined. Fix ¢ > 0. For z € & and y € F;, we
have |7—y||%q, ), = ll2=Deyll*+|yl*~ [ Dyl > [|[x—Dyyl*. From this it follows
that = and y are identified in (€ ®p F); if and only if = Dyy and ||y|| = || Dyl
So w € U NU7 if and only if there are u € U and v € U7 such that for every
t >0, uy = Dy and ||vy]| = || Dyvy||. Equating A(u) = A(Dv) and u(u) = pu(Dwv),
we get A(u) = —q+ (z, u(v)) + A(v) and p(u) = y+ Ap(v). Plugging those values,
we get a(u) = AMu) +(y, p(u) = 3y) = =g+ (z, p(v)) + A V) + (y, y + Ap(v) — jy) =
Av) — g+ (z, u(v)) + (y, 2y + Ap(v)) = a(v). This shows that a : Y — C is well
defined. Now define L : Y x Y — C by

Then by direct computation: For u,u’ € U and v,v' € U7,

L(u,u') = (p(u) =y, p(u') —y).
L(u,v) = (u(u) —y, Aup(v)).

L(v,v') = q+q—|ly|* = (o + Ay, u(v)) — (uv), 2 + A"y) + (u(v), u(v')).

If one of the product system has infinite index then it easily follows that the
amalgamated product has infinite index. So let us assume that ind & < oo,
ind F < oo.

We claim that L : Y x Y — C is a positive kernel and rank L = rank C. Set
f(:Kl@C@KQ. DeﬁneC’:f(—>I~(by
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I, 0 A
C=|( 0 qg+q—|yll® —(z+A%Y)
A* —(x 4 A'y) Ik,
Now
I 0 A 0 0 0
C=| 00 0 |J+|0qg+ta—[yl* —(Ay+a)
A* 0 A*A 0 —(A*y+z) TI-—-A*A

It follows from Equation (3.3 ) that C' is positive. For any finite choices of
{uy, ug, -+, }y € U and {v1, v, -+ , U} €~L{f, set a; = p(u;) —y®0d0 € K
fori=1,2,---,landa; =001 p(v;) € K for j=1+1,0+2,--- ,l+m. Then

((L(ui7uj)))l><l ((L(ui,vj)))le B . o
( ((L(Uhui)))mxl ((L(Uivvj)))me >(l+m)><(l+m) - ((<a270 J>))(l+m)><(l+m)~

This implies L is a positive definite kernel and rank (L) < rank (C). Choose
w €U, 1 <i<landv; €U, 1< j <m+1such that {u(ur) — y, u(uz) —
Y, p(uy) —y}is a basis of K7 and {u(va), pu(vs), -+, u(vme1)} is a basis of Ky
and choose vy such that p(vy) = 0. Let a;, 1 <i < I+ m+ 1 be defined as above.
Then {ay, as, -+ ,a4ms1} is a basis of K. So we have

rank (L) >
ran (L (i, ug)))ixi ((L(wiy 7)) ix (m+1)
(

L(vj, ui))mryxi ((L(0i, ) mes1)x (me+1) )(l+m+1)><(l+m+1)
= rank (C)

So the claim is proved. Observe that L is constant implies K; = {0}, Ky =
{0},g+3=0.%2z=0,y=0, A=0, u(u) = 0 for all u € U®, pu(v) = 0 for
all v € U”. Hence L is identically zero. So v(x,y) = a(z) + a(y). Consequently,
H,isop7 = {0}. In this special case, £ and F are two type [y product systems and
D = {D; = [q,0,0,0]: }+>0 is a contractive morphism. Then ind (£ ®p F) = 0
if and only if ¢ + ¢ = 0. Now assume L is a non-constant function. Then from
Lemma 3.7, it is enough to calculate the rank of L. Now rank of L is same as
the rank of the matrix C. Clearly C is conjugate via permutation matrix to the
following matrix,

g+q—lyl> 0 —(z+ A%y
C' = 0 I, A
—(x+ A*y) A* Ik,
Invoking Lemma 3.5,
rank (Z) if 0@ —(x + A*y) € range (Z) and
¢+7— > = 0@ —(x+ Ay),ea f),
rank (C') = where Z(e @ f) =0 —(x + A*y) (3.4)

rank (Z) + 1 otherwise
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where Z = < L, A ) . From Lemma 3.4, we know

A g,
Solving the equation, ( {41(*1 IA ; =\ +0A*y > , we get Af = —e
K>

and A*e + f = —(x + A*y), which imply (I — A*A)(—f) = = + A*y. Now this
holds as {q, z,y, A} € C(Ky, K,) and range (I — A*A)'/? = range (I — A*A). Now
it follows from equations (3.4 ) and (3.5 ) that rank (L) = rank (C) = rank (C") =
ki+ke—N(I—A*A)if g+q—||y||* = (x+A*y, — f) where (I—A*A)(—f) = z+A*y.
Setting a = — f our theorem follows. O

The following corollary has been proved in [7], Theorem 24, which answers that
the index of the amalgamated product through strictly contractive units is one
more than that of through normalized units.

Corollary 3.9. Suppose £ and F are two spatial product systems of index k;
and ky respectively. Let u® and v° be two units of €& and F respectively such that
a9l |09 < 1 for allt > 0. Set D; = |[ul){(v?|. Then Dy : Fy — & is a contractive
morphism and

ki+ ke if |lu]l = |Jve]| =1 for allt >0

ind (€ ®@p F) = { ki + ko +1 otherwise

Proof. Let (\,y) € C x K; and (u,z) € C x Ky be the parametrization of «° and
v respectively. Then D is given by D; = [\ — @i, x,y,0]. Now ||u)| = 1 implies
A+ A+ |ly[|? = 0. Similarly [[v?|| = 1 implies u+ i+ ||2||* = 0. So by the previous
theorem, ind (€ ®p F) = ki + k. O

Corollary 3.10. Suppose £ and F are two spatial product systems of index k;
and ko respectively. Suppose D : F — &£ is a morphism of partial isometries.
Then

ind (EQRp F) =k +ky— NI — A*A)

Proof. As DD* and D*D are projection morphisms, it follows that (I — A*A) is
a projection and ¢+ q — ||y||* = ||z + A*y||*. So (I — A*A)(x + A*y) = (z + A*y).
So the Corollary follows. O

Acknowledgment: [ thank the referee for pointing out substantial gap in
the proof of Theorem 3.8 and his valuable suggestion to improve the general
appearance of the paper.
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