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ABSTRACT. We consider the Edmunds—Triebel logarithmic spaces Ag(logA)p 4
produced by a Banach couple A = (Ag, A;), as special cases of extrapolation
spaces and get estimates of a measure of weak noncompactness of the unit balls
of these spaces in terms of the measures of weak noncompactness of the unit
balls of the spaces Ag and A;. We obtain also estimates of the n-th Jordan—
von Neumann constant C} ; and the n-th James constant .J,, of the spaces
Ag(logA)p,q in terms of the corresponding constants of the spaces Ag and A;.

1. INTRODUCTION AND PRELIMINARIES

For two Banach spaces Ag and A;, such that Ag is densely and continuously em-
bedded in 4;, 0 < 0§ <1, 1 < g < ooandb e R\ {0}, Edmunds—Triebel [¢]
defined the logarithmic space Ay(logA)s 4. Nikolova, Persson and Zachariades [10]
proved that these spaces satisfy the (p,p’) Clarkson inequality for suitable p,
1 < p <2, as well as some properties about the types and the cotypes of these
spaces. Nikolova and Zachariades [15] proved that if one of Ay and A; is uni-
formly convex, then the logarithmic space Ay(log A),, is also uniformly convex
and they gave an estimate of the moduli of convexity of Ayp(log A)p, in terms of
the moduli of convexity of Ay and A;.
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Kryczka, Prus and Szczepanik [13] defined a new measure of weak noncompact-
ness y(M), for every M nonempty and bounded subset of a Banach space, as
well as the measure of weak nonocompactness I'(T") for every bounded operator
between two Banach spaces.

A logarithmic space can be considered as a special case of an extrapolation
space [9]. Using this consideration of a logarithmic space, in this note we get
an estimate of the measure of weak noncompactness of an operator 1T between
two logarithmic spaces Ag(log A)y, and By(log B),, in terms of the measures
of weak noncompactness of the restrictions of 7" such that T : Ay — By and
T : Ay — Bj. As corollary of this result we get an estimate of the measure of
weak noncompactness of the unit ball of the space Ay(logA),, in terms of the
measures of weak noncompactness of the unit balls of the spaces Ay and A;. Also,
using the consideration of a logarithmic space as extrapolation space, we get esti-
mates of the n-th Jordan—von Neumann constant C7}; and n-th James constant
Jyn of Ap(logA),, in terms of the corresponding constants of the spaces Ay and
Al-

Jawerth and Milman [9] defined the ¥, and A, extrapolation methods for 1 < ¢ <
00. According to their definition, a family (A;);cz is called strongly compatible
if there exist two Banach spaces A and ¥ such that A — A; — 3 (continu-
ous embeddings) for every i € Z. The norms of the inclusion maps A — A;
and A; — X are denoted by Ma@y and My, respectively. Let 1 < ¢ < oo. If
Y (Mx))? (resp. > (Magy)?) is finite, then the extrapolation spaces ¥4((A;)icz)
i€Z i€z

(resp. Ay((A;)iez)) are defined as follows:

The space ¥,((A;)icz) is the space of all & € ¥ for which there exists (a;)iez €

[,z Ai such that >~ [Ja(i)||% < oo and ) a; is (absolutely) convergent to o
i€t

iE€Z
1
q
q
A,L) ?
where the infimum is taken over all representations («q;);ez of « as above.
The space Ay((Ai)iez) is the space of all @ € (., A with 7 [lof|% < co. The
i€Z

1
norm in A,((A;)iez) is defined by |lafla,((a,)ics) = (Z Ited ?42,) )
i€Z

For every strongly compatible family (A;)icz we have A — ¥ ((Ai)iez) — X
and A — A ((A)iez) — 2. Let (A;)iez and (B;);ez be two strongly compatible
families with spaces ¥, and g, respectively. We write T : (A;)icz — (Bi)icz if
T :%, — Xp is a linear operator such that T'(4;) C B; and ||T|A4;|| < 1 for every
i €Z. When T : (A;)icz — (Bi)icz, then

T(Xg((Ai)iez)) € Xg((Bi)iez),  T(Aq((Ai)iez)) € Ag((Bi)iez)

and the operators T'|X,((A4;)iez) and T|A,((A;)iez) are bounded.

Let Ag and A; be two Banach spaces such that Aj is densely and continuously
embedded in A;, and [Ay, A1), be the complex interpolation space for 0 <7 < 1.
For every 0 < # < 1, 1 < ¢ < oo, and b € R\ {0} the logarithmic space
Ay(logA),4 was defined in [3]. These spaces can be regarded as a special case of

in ¥. The norm in X,((A;)iez) is defined by ||a|s,(4:)ier) = inf <E || v
i€z
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extrapolation spaces X, and A, as follows:

For b > 0 the logarithmic space Ag(logA)s,, is the space ¥,((A;)iez), where A; =
{0} for i < J and A; = 2"[Ay, Ay],; for i > J, where J € N such that §—277 > 0
and n(i) =60 — 27 for i > J.

For b < 0 the logarithmic space Ag(logA)s, is the space A, ((Ai)iez), where
A; = Ay with norm ||a|| = 0 for i < J, and A; = 2®[Ay, Ay for ¢ > J, where
J € N such that 6 + 277 < 1 and 0(i) =0 + 27 for i > J.

It is clear that different J define isomorphic spaces.

In [3] the following properties of the family of logarithmic spaces were proved.
() If0<by<O<b0 <1, —c0o<by<0<b <1land]l<gq<infty, then

Ay, C Ap(logA)p, 4 C Ag(logA)p, 4 C Ap,-
(i) f0<f <1, —co<bhy<0<b <land1l<gq<q< oo, then
Ag(logA)p, 4 C Ag(logA), 5 C Ag C Ag(logA)p,q C Ag(logA)p, -

As it is noted in [3] the index ¢ is comparatively not so important. Note also that
if0<f <1, —oco<by<b <ocoand1l<gq, ¢§<oo,then

Ag(lOQA)bhq C Ag (lOgA)bO@.

Many classical spaces are isomorphic to logarithmic spaces. For instance, if €2 is
a bounded open subset of R™ with Lebesgue n-measure u(2) < oo, 1 < p < oo
and b € R, then the usual Zygmund space L,(LogL),(2) (i.e. the set of all
measurable functions f : Q — C such that [, |f(z)[Plog™ (2 + |f(2)])dx < o0) is
isomorphic to the logarithmic space Ay(logA)y,, where Ay = Loo(2), A1 = L1(Q)
and 6 = p~!(see [3]). This space was used in certain limiting situations in spectral
theory in [%]. Sometimes it is more convenient (for instance if 1 < p < 2) to take
Ay = Ly(2), A1 = L1Q), 0 = % and a slightly modified variant of Ag(logA)s,,
to get L,(LogL)y(2). For instance, if b < 0, then L,(LogL),(2) is the space
Ap(A(2)), where A(i) = [Ag, Ailu@y, p(i) = 5 +27% =1 <1, i > J such that
§+ 277 <1, and A(i) = A; with norm ||a|]| = 0 for i < J . In [3] also the related
logarithmic Sobolev spaces H(LogH ),(€2) are considered, as well as the spaces
H3(LogH )y,4(S2), Hy(ALogH )y 4(€2) and By (ALogB),4(€2), where A is related to
Laplacian and its iterates.

Let X be a Banach space and Mx the family of all nonempty bounded subsets of
X. If (2,)nen is @ sequence in X and uy,us € X, then u; and uy are said to be a

pair of successive convex combinations (scc) for (z,)pen if uy € conv{zy,--- 2z}
and us € conv{x,41, Tyry9, -} for some integer r > 1. For every M € My the
measure of weak noncompactness (M) defined in [13] is given by

(M) = sup{csep(xn)nen : (Tn)nen € convM},

where csep(xy, )neny = inf{||u; — usl| : uy, us are sce for (x,)nent}-

The measure of weak noncompactness 7 is related to the well-known James cri-
terion:

A weakly closed M C X is not weakly compact iff there exists 6 > 0 and a se-
quence (,)nen in M, such that dist(conv{zy, -, x.}, conv{z, 11, T2, -+ }) >0
for every r € N.
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From this criterion it is clear that v(M) = 0 iff M is relatively compact.
The measure 7 coincides with the function measuring the deviation from relative

weak compactness based on the double-limit criterion, considered in [3]. Namely,
(M) = sup{lim lim f,(z,)— lim lim f,(z,):

(@n)nen C M, (fim)men C Bx+ and the limits exist }.

So, v(M) is the worst distance between iterated limits for sequences in M and
sequences in the dual unit ball Bx-.

Another measure of weak noncompactness was introduced by de Blasi [1]. This
measure is given by the formula

w(M) =inf{t >0: M C C+tBx,C C X is weakly compact}

for each M € Mx. Hence, w(M) is the worst distance from M to weakly compact
sets of X. This measure was successfully applied to operator theory and to the
theory of differential and integral equations. Logarithmically convex estimates
for the measure of weak noncompactness w have been established by Askoj and
Maligranda [2], Cobos and Martinez [0, 7]. In [1] relations between the measures
of weak noncompactness v and w were proved.

While the ~ is a counterpart of separation measure of non compactness, de Blasi
measure appears as a counterpart for the weak topology of Hausdorff measure of
noncompactness. We have v(M) < 2w(M) in general, but ~ is not equivalent to
w (see [1, 3, 12]). They coincide in co( [13]), and if M is a nonempty bounded
subset of Ly(u), where p is a finite measure, then (M) = 2w(M).

For every bounded operator T' : E — F the number I'(T') = ~(T(Bg)) is
called measure of weak noncompactness of the operator T. For weak topolo-
gies Gantmacher established that the operator T' : E — F' is weakly compact
iff T is weakly compact. The quantitative result is v(T(Bg)) < v(T*(Bp+)) <
2v(T(Bg)) [!]. From [3, theorem 4] we obtain that there are no constants m
and M, such that mw(T(Bg)) < w(T*(Bp+)) < Mw(T(Bg)) for any bounded
operator T': £ — F.

For more details about the measure of weak noncompactness v see [1, 12, 13].
The following result was proved in [12].

Theorem 1.1. Let A = (Ay, A)) and B = (By, B1) be two Banach couples,
0<@<1landT:A— B. Then

Lo (T) < To(T)-9T(T)°,

where T'g)(T) and T';(T'), j = 0,1, are the measures of weak noncompactness I' of
the operators T : [Ag, A1]lg — [Bo, Bilg and T : A; — Bj, j = 0,1, respectively.

If (A;)icz and (B;)iez are two strongly compatible families, T : (A;)iez —
(Bi)iez and 1 < ¢ < o0, then we denote by I's, (T') (resp. ', (7)) the measures
of weak noncompactness I' of the operator T : £,((A;)icz) — 2q((Bi)icz) (resp.
T @ Ay((A)iez) — Ay((Bi)iez)). Then, we can write Theorem 4.1 in [11] as
follows.

Theorem 1.2. Let (A;)iez and (B;)icz be two strongly compatible families, T :
(Ai)iez — (Bi)iez and 1 < ¢ < 0o. Then
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(i) I's (T) < sup{I'(T': A; — B;) :i € Z}, and
(ii) Ta,(T) < sup{l'(T': A; — B;) :i € Z}.

Let X be a Banach space and n = 2,3, ---
(i) The n-th James non-square constant J,,(X) of X is defined by

Jn(X) = sup {QIinl:Itll || Z;QZIEZH PXy, Xy € Bx} .

Note that Jo(X) is just the James constant J(X). Moreover, we note that 1 <
Jo(X) < n; if dim X = oo, then J,(X) > n'/?; J,(¢') = J,(£1) = n for m > n.
It is clear that X is uniformly non-¢! if and only if J,,(X) < n and X is B-convex
if and only if .J,(X) < n for some n > 2. For more information see [14].

(ii) The n-th Jordan-von Neumann constant C](V"}(X) of X is defined [10] by

PO DA

n ;=41 j=1 -
CN(X) = sup : o € X, Y g # 0
20> [l 1? i=1
j=1
This constant has been studied also in [17, 11]. Note that C’](@(X) = (K3,)*(X),

where K3, is n-th Khintchin constant; 1 < C’](\?}(X) <n,n>2; C](\;L}(X) =1

for some (resp.any) n > 2 iff X is Hilbert space; C](\;Z}(X ) < n iff X is uniformly
non-/..

2. THE MAIN RESULTS

Using Theorems 1.1 and 1.2 we can prove the following result concerning an
estimate of the measure of weak noncompactness of an operator between loga-
rithmic spaces.

Theorem 2.1. Let Ay, Ay, By, Bi be Banach spaces such that Ag is densely
and continuously embedded into Ay and By is densely and continuously embedded
into By, 0 <0 <1, 1<qg<ooandbe R\ {0}. Let also T : Ay — By be a
bounded operator such that T'(Aog) C By and I';(T), j = 0,1, be the measures of
weak noncompactness I' of the operators T': A; — B;, 7 =0, 1.

(i) If To(T) = 0, or I'1(T") = 0, then I'(T : Ag(logA)pqy — Be(logB)s,) = 0.

(i) If To(T)T1(T') # 0, then

a) forb <0
op. (Y (1))
D(T : Ag(logA)yy — Be(logB)s,) < To(T) T (T)? max | 1, ( ) ,
T'o(T)
and
b) forb >0

(T : Ag(logA)sy — Bo(logB)se) < To(T)~"Ty(T)’ max (17 (FO(T)>2 ) ;

where J is the integer from the definitions of Ag(logA).q.
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Proof. (i) If I'o(T') = 0, or I'y(T") = 0, from Theorems 1.1 and 1.2 we obtain that
L(T : Ag(logA)y, — By(logB)y,,) = 0. 4
(ii) Let To(T)T1(T) #0, b <0, J € N, such that 0 +277 < 1, and 0(i) = 0 + 27
for i > J. We put A(i) = [Ao, Ai]eq), B(i) = [Bo, Bilow) and C' = sup;, {I'(T

6(J)
A(i) — B(i))}. By Theorems 1.1 and 1.2 we get C' < <£1g§> Lo(T). It

0
RO <1, then ¢ < (RE) To(T) = To(M)O0(T). 1 RO > 1, then
0+2—7 2—J
C<(BE) 1) =To(n) -0y (1)° ()
So, the result follows from Theorem 1.2.
The proof for the case b > 0 is analogue. OJ

From Theorem 2.1 we obtain the following Corollaries.

Corollary 2.2. Let Ay and Ay be two Banach spaces such that Aq is densely and
continuously embedded in Ay, 0 <0 <1, 1 <qg<ooandbe R\ {0}.

(i)Y(Bayogay,,) < ¥(Bay)=7(Ba,)’
(i1) If Ay or Ay is reflexive, then the space Ag(logA)s, is also reflezive.

Corollary 2.3. Let Ay, Ay, By, By, T, 0,b and q be as in theorem 3.1. If one
of the operators T' : A; — Bj, j = 0,1, is weakly compact, then the operator
T : Ag(logA)y, — By(logB)y,, is also weakly compact.

In order to estimate the n-th Jordan-von Neumann constant of a logarithmic
space we prove two Lemmas concerning estimations of the n-th Jordan - von
Neumann constants of interpolation and extrapolation spaces.

Lemma 2.4. If (Ao, A1) is a couple of Banach spaces and 0 < 0 < 1, then
N5 ([Ao, Ailo) < CF(A0) O34

Proof. Let T : [(2(Ao) @ ¢2(A1)]1 — [(3.(Ao) P £3.(A1)]1 be defined by

T((x1,- - ywn) (Y1, yn)) = ((Z?:l Qixi)(ei)gzle{—m}n ’ (Z? 1 ezyZ>(6 i e{-1 1}n> :
Then T(¢2(4;)) S 2. (A;) and ||T|2(A;)| = \/2°C U (A;) for i =0, 1.

Since [£3(Ao), £ (A1)]o = €7 ([Ao, Ai]p) and [(3.(Ao), 5. (A1)]p = 3. ([Ao, Ai]p) we

obtain that
T(62([Ao, Ailo)) E 03n([Ao, Arp)

and

171 (Ao, Adlo)]| < /22C) (Ao)1=0CG) (AP

But || T¢2([Ag, Ai]e)|| = \/Z”C]\Z([AO,Al]g). Thus

OV ([Ao, Aile) < OV (Ag) 00 (A1)’
]

Lemma 2.5. Let (A;)icz be a strongly compatible family of Banach spaces, 1 <
q < oo and X4((Ai)iez), ANg((As)iez) be the extrapolation spaces. Then for any
n>2
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(i) CUNE ((A)iez)) < n2'sup O (AN and

€L
(i1) ) (Dg((Aiien) < /' sup O (A",
1€

where t = min{q, q'}.

Proof. We put C; = C](\?}(Al) for i € Z and C' = sup C;. From [10] we obtain
€7

N (La((A))) < P/ 1CI

(i) Let n > 2, ay,-- ,an € Bg((Ai)iez) with Y7, [layll # 0, and & > 0. For

every j = 1,--- ,n there exists a representation (;(7));ez of ; such that

1
q
(Z ||Oéj(i)||?4i> —llliz, <e
1EL

Then
2
n 2 n q q
)OI DI D DD BN § DB
0;€{-1,1} Il j=1 =, 0;€{—1,1} i€Z j=1 A,
n 2
= 2 |20
0;,e{—1,1} || j=1 t(A)
< 2NN gl oy
j=1
j=1
So, we get
n 2 n
Do Do) <2ty oyl
0,{—1,1} || j=1 5, =
(ii) The proof of (ii) is similar to the above. O

Using Lemmas 2.4 and 2.5 we obtain an estimate of the n-th Jordan—von Neu-
mann constant of a logarithmic space produced from the couple (A, A1) in terms
of the n-th Jordan—von Neumann constants of the spaces Ay and A;.

Theorem 2.6. Let Ay and Ay be two Banach spaces such that Ag is densely and
continuously embedded in Ay, 0 <0 <1, be R\ {0}, 1 <q<oo, t=min{q,q}
and J be the integer from the definition of the logarithmic space A = Ap(logA) .
(i)If b < 0, then

o—J+1

2(1—6 2 no(A =
Oy (A) < O3y (A0) 7 Oy (A1) ¥ max { 1, ('C—T( 1)>
Cis(Ao)
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(i1) If b > 0, then

Cny(A) < n2/t_lC]@J(AO)#CJT\Z[J(AI)%? max { 1, (CZHVJ(AO)> |
O (A1)

The proof is similar to the one of Theorem 2.1, using the Lemmas 2.4 and 2.5.
In the following we estimate the n-James constant of an interpolation space
[Ag, A1]p in terms of the n-th James constants of the spaces Ay and A;.

Theorem 2.7. Let (Ag, A1) be a couple of Banach spaces, 0 < 0 < 1 and Ay =
[Ag,Al]g. Then

Lﬁ%)g(%gm)bf(hgﬂ)&

Proof. We put By = J,(Ap), B1 = Jn(A1). Let 0 < ¢ < 1. We will prove that for

any i,...,T, € By, there exist ¢q,...,¢g, = £1 such that
a-9e 53 -k
Hzg’kaH < B, =0" B S

k=1

Then considering ¢ — 1, we will get the assertion of the theorem. Consider first
the case By < n and 3; < n. Let € > 0, be such that 3y + ¢ < n and 3; + ¢ < n.
By contradiction, let there exist @f,...,2% € By, such that || >")_, ex2l|| > B,
for every e1,---,6, = £1. As in the proof of Casini and Vignati [5], for fixed
n > 0and k =1,...,n we note that there exist functions f, € F(A) such that

1‘0
Je(0) = 135 = @), and
| frll = max(sup || fr(j +dt)[la, < 1.
J=0,1"¢eRr

For j = 0,1 and every choice of ¢, = +1 we define

) +e
By = {teR: 123 it +inl, < 25,
k=1
From the inequality
1 n
1 - /
og nzék% < / log Zﬁkfk (it)||  po(0,t)dt
k=1 0 Ao
1
1 — 1+t 0,t)dt
oy n;ekfk< +a) .
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where p;(60,t), j = 0,1 give the Poisson kernel for the strip, we obtain

Bn
lo n < lo ex fr(it)
st < [ e zkfk
0

+/’ log %Z%fk(it) po(6,t) dt

5 REEEY) En k:]_ AO

:U’O(ev t) dt

I ,
+/El log ﬁzgkfk(“j) pi(0,t) dt

€1 5ens en k=1 Al
1 & ,
+/El,c log gzgkfk(lt) p1(0,t) dt.
€100y en k—1 Al

Since we have ||X 30 e fi(j +it)][a, <1, j=0,1 for every ¢t € R, we get

% Bo+ ¢ By + ¢
log
1+ n n

<(1-0)E, .l

Since 7 is an arbitrary positive number we have

&< ﬁ0+€ (1-6)|E?| ﬁ+€ 0|EY|
n — n n ’

where E/ = EI . Replacing B, we get

(1-60) (55 —1E°|) 0(5&—IE)
(ﬁ0+8> <ﬂ1+6) <1.
n n

At least one of the multipliers should be < 1, let for instance this be the first one.
Then since fy +& < n we get |E°| < L. Then ||[JE? . | < - = g( the union
is taken over all permutation of signs ). This means that

(UES.....) #0

i.e. there exist ¢y such that for every choice of signs ¢4, ..., ¢, we have

ﬁ te
H_ngfk ito)l| 4 > =

+0|E;

€1s--€n ’

This leads us to the inequahty

max min € zt > +¢€
lax: i, HZ kfi(ito)l| 4 = Bo

which gives a contradiction.

If one of By, (; is equal to n, then the proof goes similarly. If for example 5 = n
we consider only the sets EY and we use that log H% Yonei Erfe(1+it)][4, <0
for every t € R.

If both Sy = n, 31 = n the result is obvious. The proof is complete. O

1yees€n?
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By using the same technique of the proof of Theorem 2.1 we also have the
following result:

Proposition 2.8. Let n > 2, (Ag, A1) be a couple of Banach spaces and 0 < 6 <
1.
(i) If ; = 0+ 277, J € N such that  + 277 <1 and Ay, = [Ao, A1)y, then

y P (BT (BN ()L

sup
(i) If nj =0 — 277, J € N such that 6 — 277 > 0 and Ay, = [Ao, Arly,, then

e ()7 () e ()}

Using Lemma 2.5, Proposition 2.8 and [, Theorem 4] we obtain an estimate
of the n-th James constant of a logarithmic space produced from the couple
A = (Ao, A1) in terms of the n-th James constants of the spaces Ay and A;.

Theorem 2.9. Let n > 2, Ay and A; be two Banach spaces such that Ag is
densely and continuously embedded in Ay, b € R\ {0}, 0 <0 <1, 1<gq<
oo, t = min{q,q'}, A = Ag(logA), and J be the integer from the definitions of
A= Ag(lOQA)byq.
(i) If b < 0, then

on—1 n—1 A 27J7n+1 1/t/
{1 ot 1= ()™ (2w [y, (23) L

(i) If b > 0, then

1 L 1 Jn(Ao) T Jn(A7) ) 271 | ((2a40) g—J—n+1 1/t
I R max§ L\ 7. .

Proof. From [141, Theorem 4] we get

3

Ka(A) <237 27 n— 1) +¢,] %,
where ¢, = ([J5(A) =n+1]1)? + 2" =1 < (Ju(A) —n+1)* + 2" — L.
In

Since J,(A) < n we have J,(A) —n+1< (A) and we get
1/2
K3,(A) < 93" [2" n—1+ (@)2 /
Since (K3,(A))* = C% ;(A), we get from [14, Theorem 4] the inequality
B _ o ) gy B

n on—1p2 '
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When b < 0 from the above and Lemma 3.5 we obtain that

Jg A n — n !
) < LU yen)) < 2 sp(C) (A0, <
J=Z

J2 A, 2/t
< ¥t {n — 217" + sup al 19J2)] :
j>J1 2"In

We put Gy = J,(Ao), /1 = Jn(A1). Then, from Proposition 2.8 we have

5 1o 0 2/t
Ja(A) < p2/t1 [n _gl-n | gl-n (@) e (ﬁ) e ] 7
n n n

and since % + t—l, = 1 we obtain

1-0 6Ty 2/
R
n 2n—1lp n n

The proof for the case b > 0 is similar so we omit the details.

O

Corollary 2.10. Let Ay, A1 0, q and b be as in Theorem 2.9. If one of the
spaces Ay and Ay is uniformly non- £, then the logarithmic space Ag(logA)y,, is

uniformly non- £}.

Proof: A space X is uniformly non- £} iff J,(X) < n. So, J,(4g) < n or
Jn(Ay) < n. Therefore, from Theorem 3.9 we obtain M < 1. Thus the

space Ag(logA)y,, is uniformly non- £}.

Corollary 2.11. Let Ay, Ay 6, q and b be as in Theorem 2.9. If one of the spaces

Ay and Ay is B- convex, then the logarithmic space Ag(logA)y, is B-conver.

About the classical James constant J(X), using [18], we get a sharper and

simpler estimate of J(Ag(logA)s).

Theorem 2.12. Let Ay, A1 0, q, b, t, A and J be as in Theorem 2.9.
(i) If b < 0, then

1

= (J(;‘h)>‘”/ max 1(?&3) t/

J(Ag(logA)p ) J(Ap)
0 ’ b S( . >

(ii) If b > 0, then

J(Ag(logA)g) (J(Ao)>‘”’ <J(A1))4f’ max 1, <J(A0)) v

2 2

0 o0 g—J—2
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Proof. Let b < 0. For any Banach space X we have Cy;(X) < J(X) (see [18]).
So, by using Proposition 2.8 for n = 2 we obtain that

J}A 1 1 /
4(1 ) < §ONJ(A) < 52%_1 sup(Cy.s(Ag,))*"
jzJ
1 , J(Ag )\
< 32 sl s (152)
2 J>J ! i=J 2
T(A)\ 7 [ J(A)\* J(A)\ T
2t/ 2t/ Yy
o (YT gy L
2 2 J(Ap)
The proof for the case b > 0 goes in the same way so we omit the details. U
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