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ABSTRACT. By using a certain operator S™, we introduce a class of holomor-
phic functions S,,(3), and obtain some subordination results. We also show
that the set S,,(8) is convex and obtain some new differential subordinations
related to certain integral operators.

1. INTRODUCTION AND PRELIMINARIES

Denote by U the unit disc of the complex plane :
U={z€C: |z|] <1}
Let H(U) be the space of holomorphic functions in U and let
A, ={feHU): f2)=2+an 12"+, 2€U}
with A; = A. For a € C and n € N, let
Hla,n) = {f e HU): f(2)=a+anz" + an 12"+, 2€ U}

Let

zf"(2)
f'(2)
denote the class of normalized convex functions in U.

A function f, analytic in U, is said to be convex if it is univalent and f(U) is
convex.

K:{fGA:Re +1>O,ZGU},
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If f and g are analytic functions in U, then we say that f is subordinate to g,
written f < g, if there is a function w analytic in U, with w(0) = 0, |w(z)| < 1,
for all z € U such that f(z) = glw(2)] for all z € U. If g is univalent, then f < g
if and only if f(0) = ¢g(0) and f(U) C g(U).

Let 1) : C3 x U — C be a function and let h be univalent in U. If p is analytic in
U and satisfies the (second-order) differential subordination

(i) U(p(2), 20/ (2), 2°p"(2);2) < h(z) (2 € U)

then p is called a solution of the differential subordination.

The univalent function ¢ is called a dominant of the solution of the differential
subordination, or more simply a dominant, if p < ¢ for all p satisfying (i).

A dominant ¢, which satisfies ¢ < ¢ for all dominants ¢ of (i) is said to be the
best dominant of (i). (Note that the best dominant is unique up to a rotation of
U).

In order to prove the original results we use the following lemmas.

Lemma 1.1. [3] Let h be a convex function, with h(0) = a and let v € C* be a
complex number with Rey > 0. If p € H|a,n] and

p(z) + %ﬂ(z) <h(z) (z€U)

then
p(z) <q(z) < Mz) (2€U),

where

g(z) = — A%@ﬂ*ﬁ (z € U).

nzv/mn
Function q is convex in U and s the best dominant.

Lemma 1.2. [I] Let Rer > 0 and let
R+ — |k —r?
B 4kRer '
Let h be an analytic function in U with h(0) =1 and suppose that

Re (ZZ;S) + 1) > —w.

If
p(2) =1+ pp2" 4 por 2™ -
1s analytic in U and

p(z) + %zp/(z) < h(z),
then p(z) < q(z), where q is a solution of the differential equation
a(z) + =24/ (2) = h(=), q(0) =1,
given by
q(z) =

Moreover q is the best dominant.

r S
tn " h(t)dt.
- / (t
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Definition 1.3. [2] For f € A, n € N*U {0}, the operator S™f is defined by
St A— A

f(z)=z+ Zajz]
j=2
then -
S"f(z) =2+ j'a;z (2 €U).
j=2

Definition 1.5. [I] If 0 < § < 1 and n € N, we let S,,((3) stand for the class of
functions f € A, which satisfy the inequality

Re(S"f)(z) >0 (z€U).
2. MAIN RESULTS
We start this section with the following theorem.
Theorem 2.1. The set S, () is conver.
Proof. Let the function

fi(z) = z—l—Zakizk, i=1,2 (z€U)
k=2

be in the class S,(3). It is sufficient to show that the function

h(z) = pfi(2) + paf2(2)
with g7 and po nonnegative and py + g = 1 is in S, (5).

Since .
h(z) =z+ Z(ulakl + poage)2® (2 € U)
then =
S"h(z) = z+ Y K" (ag + poar)2" (2 € U). (2.1)
k=2

Differentiating (2.1), we get

[S"h(2)) = 14+ > K" (paags + paara) 2"
k=2

whence

Re[S"h(2)] = Re |1+ Z K" (agy + poage) 2! (2.2)
k=2
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=14+ Re |/ Z k"M a2 + Re | o Z k”“akgzkll .
k=2 k=2
Since fi, fo € Sn((), we obtain
Re |pu; Zk"“akizk_l] >u(B—-1) (i=1,2). (2.3)
k=2

Using (2.3) in (2.2), we obtain
Re[S"h(z)] > 1+ m(B—1) +p(B-1) (2€U),
and since p1 + po = 1, we deduce
Re[S"h(z)] >
i.e. S,(0) is convex. O

Theorem 2.2. Let q be a convez function in U, with q(0) = 1, and let

hiz) = q(z) + ——2q

where ¢ 1s a complexr number, with Rec > —2.
If f € S,(B) and F = I.(f), where

'(2) (z€U),

F(z)=1.(f)(z) = 02;1;12 /OZ t°f(t)dt, Rec> -2, (2.4)
then
(S"f(2)] < h(z) (z€U), (2.5)
implies

[S"F(2)] < q(z) (z€U),
and this result is sharp.
Proof. From (2.4), we deduce
2ME(2) = (c+ 2)/ t°f(t)dt, Rec>-2 (z€U). (2.6)
0

Differentiating (2.6), with respect to z, we obtain
(c+1)F(2)+2F'(2) = (c+2)f(z) (2 €U)

and
(c+ 1)S"F(2)+ z[S"F(2)]' = (c+2)S"f(2) (z€U). (2.7)
Differentiating (2.7), we get
[S"FE)) + 5" PR = 5" (e D). (28)
Using (2.8), the differential subordination (2.5) becomes
(S FEN + e STEG) <) = ale) + —sad (). (29)
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Let

p(z) = [S"F(2)]" =

) !/
z+ Zj"ajzj]
=2

=1+piz+p2*+---, peHIL.
Using (2.10) in (2.9), we have

P(2) + ——=2p(2) < h(2) = q(2) + ——=2q(2) (z € D).

c+2
Using Lemma 1.1, we obtain p(z) < ¢(2), i.e.

[S"F(2)] <q(2) (2 €U),

c+ 2

and ¢ is the best dominant.
1
Example 2.3. If we take ¢ =1+ and ¢(z) = T then
—z
(94
h(z) = 341 ' 2(2+1)
(B3+1i)(1—2)?
and from Theorem ,we deduce that if f € S, () and F' is given by

3+i (7 .
F(z) = z%iué U f(t)dt

then

z%fF@):(3+¢X/zﬂ”f@Mt (z € U).

0

Differentiating (2.12) with respect to z, we obtain
(2+0)F(2)+ zF'(2) = (3+14)f(2)
and
(244)S"F(2)+ z[S"F(2)] = (34+1)S"f(z) (z€U).
Differentiating (2.13) we have

[S"FE)] + =S PRI =[S (zeU)
and we deduce ( )
n , 3 +i—z(2+1
S < G g GV
implies
STEE)) < (€ ),

where F'is given by (2.11).
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Theorem 2.4. Let Rec > —2 and let

14 e+2)2 — | +4e+ 3

4Re (¢ +2)
Let h be an analytic function in U with h(0) = 1 and suppose that

zh"(2)
h'(z)
If f € S,(B) and F = I.(f), where F is defined by (2.4), then

[S"f(2)] < h(z) (2€U), (2.15)

(2.14)

Re

+1>—w.

implies
[S"F(2)]" < a(z) (2 €U),

where q is the solution of the differential equation

q(2) + —=24'(2) = h(z), n(0) =1,

c+2
given by

c+2 : c+1
q(z) = v /0 " h(t)dt (ze€U).

Moreover q is the best dominant.

Proof. In order to prove Theorem 2.4 we will use Lemma 1.2. The value of w is
given by (2.14). From (2.10) we have

p(2) = [S"F(2)] =1+ piz+p22+--, peH[L] (z€U).

Using Lemma 1.2, we deduce £ = 1. Using (2.8) and (2.10), the differential
subordination (2.15) becomes

o (5) < h(2) = () + —

From subordination (2.16), by using Lemma 1.2, we deduce r = ¢ + 2 and

p(z) <q(2) (2€U),

p(z) + 2¢'(2) (z€U). (2.16)

where
q(z) = poeee /0 th(t)dt (2 € U),

[S"F(2)] < q(z) = ct2 /Oz tHh)dt (2 €U).

Zc+2

Moreover it is the best dominant. O

Remark 2.5. If we put

h(z) 1+(12i;1)z

in Theorem 2.4, we obtain the following interesting result.
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Corollary 2.6. I[f0 <3 <1, neN, Rec> —2 and I. is defined by (2.4), then
Le[Sn(B)] C Sn(9),

where § = minj; -y Req(z) = 0(c, B) and this results is sharp. Moreover
d=0(c,B)=20—-14(c+2)(2—-208)0(c), (2.17)

where

o(z) = /0 A (2.18)

1+t
Proof. 1f we let

14+ (26—-1
hz) = LH 20Dz
142
then A is convex and by Theorem 2.4, we deduce
c+2 [7 1+ (28— 1)t
nE()] - - el — A7 T 2.1
SR <) = S [ e (2.19)
(c+2)(2—20) /Z tett
=260—-1 dt
p * zet+2 o 1+t
(c+2)(2-20)

where ¢ is given by (2.18).

If Rec > —2, then from the convexity of ¢ and the fact that ¢(U) is symmetric
with respect to the real axis, we deduce

Re[S"F(2) > minReq() = Req(1) = 3(c. )
=28—-14(c+2)(2-208)0(c),
where o is given by (2.18).
From (2.19), we deduce
Le[Sn(B)] € Sn(9)

where ¢ is given by (2.17). O
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