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A statistic based on increment ratios (IR’s) and related to zero crossings of an increment sequence is defined
and studied for the purposes of measuring the roughness of random paths. The main advantages of this
statistic are robustness to smooth additive and multiplicative trends and applicability to infinite variance
processes. The existence of the IR statistic limit (which we shall call the IR-roughness) is closely related
to the existence of a tangent process. Three particular cases where the IR-roughness exists and is explicitly
computed are considered. First, for a diffusion process with smooth diffusion and drift coefficients, the
IR-roughness coincides with the IR-roughness of a Brownian motion and its convergence rate is obtained.
Second, the case of rough Gaussian processes is studied in detail under general assumptions which do not
require stationarity conditions. Third, the IR-roughness of a Lévy process with an «-stable tangent process
is established and can be used to estimate the fractional parameter o € (0, 2) following a central limit
theorem.

Keywords: diffusion processes; estimation of the local regularity function of stochastic process; fractional
Brownian motion; Holder exponent; Lévy processes; limit theorems; multifractional Brownian motion;
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1. Introduction and statement of main results

It is well known that random functions are typically “rough” (non-differentiable), which raises
the question of determining and measuring “roughness”. Probably, the most widely studied
roughness measures are the Hausdorff dimension and the p-variation index. There exists a con-
siderable body of literature on statistical estimation of these and related quantities from a discrete
grid. Hence, different estimators of the Hausdorff dimension have been studied, such as the box-
counting estimator; see [26] for stationary Gaussian processes or [31] for Gaussian processes
with stationary increments. To the best of our knowledge, the H -variation estimator, where H
is a measurable function, was first proposed by Guyon and Leon [25] for stationary Gaussian
processes where central and non-central limit theorems were established following the Hermite
rank of H and the asymptotic local properties of the variogram and its second derivative. Further
studies provided a continuation of this seminal paper in different ways. Istas and Lang [29] stud-
ied generalized quadratic variations of Gaussian processes with stationary increments. Coeurjolly
[12,13] studied £”-variations of fractional Brownian motion and ¢2-variations of multifractional
Brownian motion. Coeurjolly [14] discussed L-variations based on linear combinations of em-
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pirical quantiles for Gaussian locally self-similar processes. An estimator counting the number

of level crossings was investigated by Feuerverger et al. [21] for stationary Gaussian processes.
In the present paper, we introduce a new characteristic of roughness, defined as a sum of ratios

of consecutive increments. For a real-valued function f = (f(¢), t € [0, 1]), define recursively

1 .
=i ~1(3)
n
AP f = Al AP f)(—l)l’—i (”) f(ﬂ) (L.1)
j 7 g i n )’

p.n . J _ P
so that Aj f denotes the p-order increment of f at D= 1,2,...,j=0,1,...,n— p. Let

n—p—1 Ap,nf+Api1f|
RV (f) = —— Z ApanlApi,fl (1.2)

k+1

with the convention that 8 := 1. In particular,

1 rf |f((k+1D)/n) — fk/n) + f((k+2)/n) — f((k+ D/n)

Rl,n — .
) L= f((k+1D/n) = fk/mI+1f((k+2)/n) = f((k+1)/n)]

(1.3)

Note that the ratio on the right-hand side of (1 2) is either 1 or less than 1, depending on whether
the consecutive increments Ap " f and AL e " f have the same sign or different signs, respec-
tively; moreover, in the latter case, this ratio is generally small whenever the increments are
similar in magnitude (“cancel each other out”). Clearly, 0 < R?-"(f) < 1 for any f, n, p. Thus,
if lim RP"( f) exists when n — 00, the quantity R”""( f) can be used to estimate this limit which
represents the “mean roughness of f”, also called the pth order IR-roughness of f below. We will
show that these definitions can be extended to sample paths of very general random processes,
for instance, stationary processes, processes with stationary and non-stationary increments and
even L7-processes with g < 1.

Let us describe the main results of this paper. Section 2 derives some general results on
asymptotic behavior of this estimator. Proposition 2.1 states that, for a sufficiently smooth
function f, the limit lim,_, o RP"(f) = 1. In the majority of the paper, f = X is a random
process. Following Dobrushin [18], we say that X = (X;, ¢t € R) has a small scale limit y) g¢
point tg € R if there exists a normalization A% (8) — oo when 8§ — 0 and a random process
Yy — (Y,(m), 7 > 0) such that

A (8)(Xiy 405 — Xuy) - “ii Yo, (1.4)

where tdg stands for weak convergence of finite-dimensional distributions. A related definition
is given in [19,20], where the limit process Y () is called a tangent process (at ty); see also [9].
In many cases, the normalization A1) (§) = §H10) where 0 < H(fy) < 1 and the limit tangent
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process Y () ig self-similar with index H (f9) ([20] or [18]). Proposition 2.2 states that if X
satisfies a condition similar to (1.4), then the statistic R”-" (X) converges to the integral

RP(X) >

n—oo

g st .
0 ’ .

IAJY O+ [ATY O]

1 —i ®)
where AfY(t) = Af YO =37 (1P I(Ii))YjJri

the tangent process ¥ ®) at € [0, 1). In the particular case where X has stationary increments,
relation (1.5) becomes

, J =0, 1, is the corresponding increment of

RPM(X) -25 E

n—o0

p p
[légZLtjiLKL}, (1.6)

|APY|+1ATY|

Section 3 discusses the convergence in (1.5) for diffusion processes X admitting a stochastic
differential dX = a, dB(t) + b, dt, where B is a standard Brownian motion and (a;), (b;) are
random (adapted) functions. It is clear that under general regularity conditions on the diffusion
and drift coefficients (a;), (b;), the process X admits the same local Holder exponent as B at
each point 79 € (0, 1) and therefore the IR-roughness of X in (1.5) should not depend on these
coefficients and should coincide with the corresponding limit for X = B. This is indeed the case
since the tangent process of X at 7 is easily seen to be ¥ ) = g, B and the multiplicative factor
a; cancels in the numerator and the denominator of the fraction inside the expectation in (1.5).
See Theorem 3.1 for details, where the convergence rate On!'/3) (a.s.) in (1.5) with explicit limit
values A, (1/2) is established for diffusions X and p =1, 2.

Considerable attention is given to the asymptotic behavior of the statistic RP""(X) for “frac-
tal” Gaussian processes (see Section 4). In such a framework, fractional Brownian motion (fBm)
is a typical example. Indeed, if X is an fBm with parameter H € (0, 1), then X is also its own
tangent process for any ¢ € [0, 1] and (see Section 4)

RPM(X) =% Ap(H).  p=1.2, (17)

=1, 0< H <3/4,

n D i
Vr(RPM(X) = Ap(H)) —> N0, 2, (H)) lf{II;:z, 0<H<I,

(1.8)

D .. . . .
where — stands for weak convergence of probability distributions. The expressions for A , (H)
n—oo

and \/X,(H) (p=1,2) are given in (4.19) and (4.22), respectively, and their graphs in Figures 1
and 2, respectively.

The difference in the range of the parameter H for p = 1 and p = 2 in the central limit
theorem in (1.8) is due to the fact that the second-order increment process (A?BH, j€Z)is
a short-memory stationary Gaussian process for any H € (0, 1), in contrast to the first-order
increment process (A ; By, j € Z) which has long memory for H > 3/4.

Generalizations of (1.7) and (1.8) to Gaussian processes having non-stationary increments are
proposed in Section 4. Roughly speaking, R”"*(X), p = 1, 2, converge a.s. and satisfy a central
limit theorem, provided that for any ¢ € [0, 1], the process X admits an fBm with parameter
H (1) as a tangent process (more precise assumptions (A.1), (A.1)" and (A.2), are provided in
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Figure 1. The graphs of A (H) (left) and A, (H) (right).

Section 4). In such frameworks, the limits in (1.7) are fol Ap(H(t))dt instead of A,(H) and
the asymptotic variances in (1.8) also change. The case of Gaussian processes with stationary
increments is discussed in detail and the results are used to define a /n-consistent estimator
of H, under semi-parametric assumptions on the asymptotic behavior of the variogram or the
spectral density. Bardet and Surgailis [6] study a punctual estimator of H (fp) obtained from a
localization around 7o € (0, 1) of the statistic R>" (X).

The main advantages of estimators of the type (1.2) involving a scaling invariant function of
increments seem to be the following. First, the estimator R”"*(X) essentially depends on the
local regularity of the process X and not on possible “multiplicative and additive factors” such

042 r

AW == = — =
PN == ==

Figure 2. The graphs of /X, (H), p =1 (with a pole at 3/4) and p = 2 (with a pole at 7/4) (from [36],
with kind permission of the authors).
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as diffusion and drift coefficients in Section 3 or smoothly multiplicative and additive trended
Gaussian processes; see Proposition 4.1 of Section 4. This property is important when deal-
ing with financial data involving heteroscedasticity and volatility clustering. Such a robustness
property (also satisfied by the estimators based on generalized quadratic variations of wavelet
coefficients) represents a clear advantage over classical parametric Whittle or semi-parametric
log-periodogram estimators. Second, the estimators in (1.2) are bounded functionals and have
finite moments of any order. Section 5 discusses jump Lévy processes, with the Lévy measure
regularly varying with fractional index o € (0, 2) at the origin. Using a modification of (1.2),
we define a /n-consistent estimator of o, together with a central limit theorem, in a very gen-
eral semi-parametric framework. This result is new and interesting because there exist very few
papers providing consistent estimators of « (to the best of our knowledge, the only compara-
ble results have been established in [7] and [1], in a financial and somewhat different context).
Finally, in the Gaussian case, using the approximation formula provided in Remark 4.3, an esti-
mator of H based on R>"(X) can be extremely simply computed:

A9~ 1
0.1468

-3
9 < 1 nX: [ Xx+2)/n = 2X @+ 1y/n + Xijn + X@+3)/n — 2X k+2)/n + X k+1) /0l
2

n =2 =X w+2)/n = 2X 1y /n + Xijn| +1X w43)/n = 2X k420 /n + X1 /n]

—0.5174>.

In the R language, if X is the vector (X1/,, X2/n, ..., X1), then

H? ~ (mean(abs(dif£(di fE(X[—1]) + di ££(dif£(X[—Llength(X)])))
/(abs(dif£(if£(X[—1]))) + abs(diff(diff(X[—length(X)])))))
—0.5174)/0.1468.

Therefore, its computation is very fast and does not require any tuning parameters such as the
scales for estimators based on quadratic variations or wavelet coefficients. The convergence rate
of our estimator is /7, as for the parametric Whittle or the generalized quadratic variation esti-
mators and hence it is more accurate than most of other well-known semi-parametric estimators
(log-periodogram, local Whittle or wavelet-based estimators).

Estimators of the form (1.2) can also be applied to discrete-time (sequences) instead of
continuous-time processes (functions). For instance, Surgailis ef al. [38] extended the statistic
RZ"(X) to discrete-time processes and used it to test for 7(d) behavior (—1/2 <d < 5/4) of
observed time series. VaiCiulis [40] considered estimation of the tail index of i.i.d. observations
using an increment ratio statistic.

Remark 1.1. The referee noted that the IR-roughness might be connected to the level cross-
ing index; see [21]. To our surprise, such a connection indeed exists, as explained below.
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Figure 3. The proof of (1.9): this follows by (p2 AtV — njuy — Uy,

Let Y, (¢),r € [0,1 — %], be the linear interpolation of the “differenced” sequence A}’” X =
XY - Xy, j=0,1,....n—1:

o .
Yn(t)zn[<i—t>A1.’”x+( ——)AI"IX} te[i,J+ )
n J Jt n n

j=0,1,...,n— 2. Then, using Figure 3 as a proof,

meas{t € |:J It 1) Y, () > O}

—meas{t€|:J J+1):Y,,(z)<oH (1.9)
n n
n—2

(+D/n
> / (1(Ya () > 0) — 1(Y,,(t) < 0)) dr
J

j=017J/

RM(X) =

n

n—1

Let ¥ (x1, x2) == |x1 + x2|/(Jx1] + [x2]), Yo(x1, x2) := 1(x1x2 > 0). Clearly, the two quantities
1=y (Yu(), Yy, (J+1)) and 1 — Yo(Y, (L), Y, (JJrl )) are both strictly positive if and only if ¥,
crosses the zero level in the interval [’ T H ), but the former quantity measures not only the fact
but also the “depth” of the crossing so that 1=y (Y, ( ) Y, (ﬂ)) attains its maximal value 1 in

the case of a “perfect” crossing in the middle of the interval [J Thd] + ); see Figure 3.

1
1 P
o VoA X, APl X), measuring the number of zero crossings of the increment se-

quence Ap "X,k=0,1,...,n — p, and other similar statistics obtained by replacing the func-

It seems that similar asymptotic results can be obtalned for Rg "(X) = X

tions ¢ or Y by other scaling invariant functions. Let us note that R(l)’"(X ) is related to the
zero-crossings’ counting statistic studied in [27] for stationary Gaussian time series. Also, note



Measuring the roughness of random paths 755

that the Hermite rank of 1 is 2 and that the corresponding limit function 1o(r) = % arccos(—r)
is strictly increasing on the interval (—1, 1) similarly to the function A(r) in (4.20). On the other
hand, while the statistic Rg (X)) is certainly of interest, the statistic RP"(X) seems preferable
to it for the reasons explained above. In particular, in the case of symmetric Lévy processes X
with independent increments studied in Section 5, the latter statistic leads to an estimator of the
fractional index, while the former statistic can be easily shown to converge to 1/2.

The paper is organized as follows. Section 2 discusses some general (consistency) properties
of the estimators R”"(X). Section 3 deals with the case where X is a diffusion. The case of
Gaussian processes X is considered in Section 4, while the case of Lévy processes is studied
in Section 5. The Appendix contains sketches of the proofs of Theorems 4.1 and 4.2 and other
derivations. Complete proofs can be found in the extended version of the paper on arXiv (see
http://arxiv.org/abs/0802.0489).

Below, we write C for generic constants, the value of which may change from line to line.

2. Some asymptotic results

The definition of RP” f in (1.2) can be extended to more general increments (the so-called
generalized variations). Consider a filter a := (ao, ..., aq) € R4+ guch that there exists peN,
p < gq, satisfying

q
tlag=0  fori=0,...,p—1land Y €’a; #0. 2.1)
£=0 £=0

M=

The class of such filters will be denoted by A(p, g). For n € N* :={1,2, ...} and a function
f=(f@),t €][0,1]), define the generalized variations of f by

IREFTER . j+e o -
jf.—Zagf - ) j=0,1,...,n—q. 2.2)
=0

A particular case of (2.2) correspondingto g = p > 1, ap = (—1)7~¢ (‘z) is the p-order increment
Af’”f in (1.1). For a filter a € A(p, q), let

n—qg—1 a,n a,n
Ry =y AT AT
n—gq = 1AL IAL S

(2.3)

It is easy to prove that RLn( f) —> 1 if f is continuously differentiable on [0, 1] and the
n—0oo

derivative f’ does not vanish on [0, 1], except perhaps for a finite number of points. Moreover, it
is obvious that R ( f)=1if f is monotone on [0, 1]: the IR-roughness of a monotone function
is the same as that of a smooth function, which is not surprising since a similar fact holds for
other measures of roughness, such as the p-variation index or the Hausdorff dimension.
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We conjecture that RP*(f) — 1 and R*"(f) — 1 for any ¢ > p > 1,a € A(p,q) and
f:10,1] — R which is (p — 1) times differentiable, and the derivative f (=D has bounded
variation on [0, 1] with the support supp(f®~D) = [0, 1]. However, we can prove a weaker
result.

Proposition 2.1. Let f be (p — 1)-times continuously differentiable (p > 1) with P~ being
absolutely continuous on [0, 1] and having the Radon—Nikodym derivative g = (fP~1). As-
sume that g # 0 a.e. in [0, 1]. Then, RP"(f) —> 1 and R*"(f) —> 1 for any a € A(p, q),
q 2 p. n—oQ n— o0

Proof. We restrict the proof to the case p = 2 since the general case is analogous. Using sum-
mation by parts, we can rewrite A‘j’.’" f as

q
AY" = ZbiAffj f, (2.4)
i=0

where b; == Y4 oS4 _gari=0,1,...,q,bgo1 =b;=0and b:=Y0_ by =137 % #
0 in view of the assumption a € A(2, q).

Assume that n is large enough and, for a given ¢ € (0, 1), let k, () € {0, ..., n —2} be chosen so
that ¢ € [k, (t)/n, (k,(t) + 1)/n) and therefore k, (t) = [nt] — 1. We claim that for a.e. t € (0, 1),

. 2 a4, i . 244, 7
”ll)nolon Azn'z[)f =bg(t), nll)rrolon Azn'(‘t)Hf =bg(1). (2.5)
Using the fact that the function (x1, x2) — le] ]‘i&“ is continuous on R%\{(0, 0)}, we obtain

2 s 2 s - -
AL A AL 1 f] bg(t) +bg(1)]
— =1

ha’n(t) = 2 AN 2 AQN T A -
AL I+ AL o [hg ()] + 1bg(0)]

(2.6)

for a.e. t € (0, 1), where we have used the fact that 15g(t) #0 a.e. Since, for n > ¢, R*"(f) can

be written as R4 (f) = nfq fol h%" () dt, relation R4 (f) ”jgol follows by the dominated

convergence theorem and the fact that 0 < 24" (¢) < 1.

Relations (2.5) can be proven using the Lebesgue—Vitali theorem (see [35], Chapter 4, Sec-
tion 10, Theorem 1), as follows. Consider the signed measure © on Borel subsets of [0, 1 /2]2
given by

M(A)=/ g(x1 + x2) dx; dxs.
A

Note that Ai’"f =u(k/2n, (k+2)/2n] x (k/2n, (k +2)/2n]), k=0, ...,n — 2. Since rectan-
gles [x1, x1 +h]l x [x2, x20+h],0<x; <x;+h <1/2,i =1, 2, form a Vitali system on [0, 1/2]2,
the aforementioned Lebesgue—Vitali theorem implies that

(b1, 12) 1= nz,u((kn(tl)’ ky (t1) +2} 8 (kn(IZ)’ kn (t2) +2}> ,,jgog(tl +t2> 27)

2n 2n 2n 2n 2
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a.e.in [0, 1]2. Taking into account the form of the measure  and the limiting function in (2.7),
it follows the convergence n2Ai"Et)f =¢u(t, 1) —> g(t) a.e. on [0, 1]. Next, for any fixed i =

0,1, ..., the sequence of rectangles (k"(”H", k"(")+'+2] x (k"(ZZ)J”, k"(’zgji”], n=12
is regularly contracting to (¢1, ) € (0, 1)2 in the sense of [35], Chapter 4, Section 10. Hence,

using the lemma on page 214 of that monograph, it follows that nzu((W, W] X

(k"(;;n)ﬂ, /‘"(’22)#]) —> g(1F2) ae.in [0, 1]%, implying that
n—>oo

n? k (t)+lf—>g(t) a.e.on [0, 1], foranyi =0,1,....
Together with (2.4), this proves (2.5) and the proposition. ]

Let us now turn to the case when f(¢) = X;, ¢ € [0, 1] is a random process. Now and hereafter,
RP™(X), R*"(X) are denoted R”""*, R*", respectively. Below, we formulate a general condition
for the convergence of R”-" and R*" to a deterministic limit.

Assumption (A). For a.e. pairs (t1, t2) € (0, D21 # 1y, fori =1, 2, there exist:

(i) normalizations A% (8) — oo (§ — 0);
(i1) (mutually) independent random processes Y@ = (@ (7), 7 €0, 1]),

such that for § — 0, s1 — t1, 55 > B
(ADG) (X150 = X)), AP D) Ky — X)) 25 (Y@, ¥ @), 289)

Remark 2.1. Relation (2.8) implies the existence of a joint small scale limit (YD), y(2)) at
a.e. pair (1, 1) € (0, 1), with independent components ¥ ), Y2 Note that Assumption (A)
and Proposition 2.2 below are very general, in the sense that they do not assume any particular
structure or distribution of X.

Proposition 2.2. Let a = (ao, ..., a,) € A(p,q),1 < p <gq, be a filter and let X satisfy As-

sumption (A). Assume, in addition, that P(|A?Y(’)| >0)=1,j=0,1, forae.t e (0,1), where
AYZ = Aj‘rlz =39 @ Z(j + ). Then,

1 |A8y(l) + A‘l’Y(’)| 2
E|l RY" — E dt) — 0. .9
0 |Agy(t)| + |A7y(t)| n—00

Proof. The statement follows from

1 AGY® L A2y ©
ER%" —> / E A0 ki dt and E(R*" —ER“")? — 0. (2.10)
n—o0 J |A8Y(I)| + |Aclty(t)| n—00
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Write ER®" = 1 [ ER%" (¢) dt, where (cf. (2.6))

AOA/n) AT X + AL XD

AOA/m) (AL X+ 1AL 1 XD
D |ASYD + AYY D)

—>
n—00 IASY(’H + |Aﬂ11y(t)|

hE" (1) =

=:h(1)

for a.e. r € (0, 1), according to Assumption (A) and the continuous mapping theorem. Using the
fact that 0 < h‘;(" <1 and the Lebesgue dominated convergence theorem, the first relation in
(2.10) then follows. Moreover,

n

n—q

2 ,l pl
E(R®" — ER*")? = < > / f E[h%" (0ORS" (1)1 dt de’ — (ER™™)?
0 Jo

and, with the same arguments as previously and the independence of ¥ ) and Y@ when ¢ #t,

AGY O +AYOLAGY D + AfY )]
|AGY O+ A{Y O JAGY O] 4 ALY )]

ELA}" (Dh%" ()] — E[ ] = EBh%(t) - ER% (1)

and therefore (1) Jofo BIRS" (ORS™ (@)1 de di” — (i) ERG" (1) dt)> —> 0, thereby proving
n—oo

the second relation in (2.10) and the proposition. (|

The following easy, but interesting, corollary can also be added to this result. It proves that
smooth multiplicative or additive trends do not change the L.>-asymptotic behavior of R%". Let
CP[0, 1] denote the class of all p-times continuously differentiable functions on [0, 1].

Corollary 2.1. Let a € A(p, q) and X satisfy the conditions of Proposition 2.2 with A" (8) =
O~ (8 — 0) for each t € [0, 1]. Assume that a € C'[0, 1], B € CP[0, 1], inf,c(o.1j o (t) > 0
and SUPyeio, 1] |X(t)] < oo a.s. Define Z such that Z; = a(t)X; + B(t),t € [0, 1]. Then, (2.9)
holds with RP'"* = RP-"(X) replaced by RP""(Z).

Remark 2.2. By definition, the statistics R”*" and R*" fora € A(p, q), 1 < p < g, are invariant
with respect to additive polynomial trends of order less than p; in particular, R>" is insensitive
to a quadratic trend, while R>" does not have this property. On the other hand, Corollary 2.1
(see also Proposition 4.1) states that under weak additional conditions on X, any sufficiently
smooth additive or multiplicative trends do not affect the limit of R?", provided that p > 1.
In the important special case where the limit process YO = By in Assumption (A) and (2.9)
is a fractional Brownian motion with parameter H € (0, 1) independent of ¢, the statistic R”""

|A)By+AVBy| ) 8
AT By +1ATBa] — App(H)); cf. (4.19)—(4.21).

Numerical computations show that the correlation coefficient p,(H) is a monotone function
of H for any p > 1 and tends to the constant value —1 on the interval (0, 1) as p increases.
Therefore, for larger values of p, the range of A(p,(H)) is rather small and R”" seems less

converges in mean square to the expectation E
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capable of estimating H. A final reason for our concentrating on the “lower order” statistics
RP™* p =1,2, in the rest of the paper is the fact that R2" satisfies the central limit theorem in
(1.8) on the whole interval H € (0, 1).

3. Diffusions
Let
t t
XI=X0+/ anB(s)—i—/ by ds, te[0,1], 3.1
0 0

be a diffusion (or Itd) process on R. In (3.1), we assume the existence of a right-continuous
filtration F = (F;,t € [0,1]) and a standard Brownian motion B adapted to JF; moreover,
as, bs,s € [0, 1] are adapted random functions satisfying fol |bg|ds < oo, fol af ds < o0 a.s.
and X is an Fp-measurable r.v. Write E;[-] = E[-|F;] for the conditional expectation. Let
A1(1/2) = A(p1(1/2)) =~ 0.7206 and A2(1/2) = A(p2(1/2)) >~ 0.5881. The proof of the fol-
lowing Lemma 3.1 is given in the arXiv version of the paper; see http://arxiv.org/abs/0802.0489.

Lemma 3.1. Let ¥ (x1, x2) := |x1 + x2|/(|x1] + |x2]) (x1,x2 € R) and let Z;,i = 1,2, be inde-
pendent N (0, 1) rv.s. Then, for any random variables &, &,

|EY (Z1 + &1, Z2 + &) — By (Z1, Z2)| < 20;2%(%,-2)‘/3. (3.2)

Theorem 3.1. Assume the following conditions: there exist random variables K1, K> such that
0 < K; < 00 a.s. and such that, for any sufficiently small h > 0 and any 0 <t <t +h <1, the
following inequalities hold, a.s.:

la:| > K1, Ebly, <Ky and Ei(arin —a)® < Kah. (3.3)
Then,
RP" — A,p(1/2) =003 as. (p=1,2). (3.4)

Proof. We restrict the proof to the case p = 1 since the case p =2 is analogous. For notational
simplicity, assume that n is odd. Define

1,n
1Ay X+Ak+1
A" X |+ AT

X|

M (k) = 1y, (k) := B[ (0], My (k) := (k) — 1, (k) (3.5)

ehXl

and, correspondingly, write R = R, + R/ R, :=(n — H! Yo %n;(k) R = (n —

1) 1 Z(Vl 2)/2 ”(2]{) R . (}’l _ 1)—1 ]((I’l 04)/2 //(Zk + 1) As (n (2]() F(2k+2)/l’l’ k =
0,...,(n—2)/2)is a martlngale difference sequence, by Burkholder’s inequality, we have

(n=2)/2 4
E(R,’;I)SSCng( > El/“(n;(zk))g) <cn*

k=0
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and therefore

oo oo
Y P(Ry | >n"") =€) n*ln < oo,

n=1 n=1

implying that R}, = O(n~'/3) a.s. A similar fact holds for R’,. Thus, it remains to prove
R, —A1(1/2)=0(m""3)  as. (3.6)

Observe that

|Z1(k) 4+ §1(k) + Zo (k) + &2 (k)| ]—E[ |Z1 (k) + Z2(k)| }

k) = A (172) ZE"/"LZI(M & (0] + 1 Z2(k) + E2 ()] 1Z1(0)| + 1 Z2 (k)|

where

Zi(k) :=n'"?A"B, Zy(k) :==n"* A0 B,

(k+1)/n *k+D)/n
&1 (k) :=n1/2/ ( A _ 1) dB(s)—i—n]/z/ *ds,
k

k/n Ak/n /n Ak /n

(k+2)/n k+2)/n
£ (k) :=n1/2f ( A _ 1) dB(s)+n1/2/ S ds.
¢

(k+1)/n Ak /n k+1)/n Gk/n

According to Lemma 3.1 above, |1, (k) — A1(1/2)] <36 max,‘:Lz(Ek/,,’.;‘l.z(k))l/3 and therefore
IR, — A1(1/2)] <36 max{(Ex/n&? (k)i =1,2,k=0,1,...,n— 1},

whence, (3.6) follows from the following fact: there exists an r.v. K < oo, independent of n and
such that foranyn > 1,k=0,...,n —1,i =1, 2,

Ei/néf (k) < Kn™! a.s. 3.7)

Indeed, using (3.3),

) k+1)/n ag 2 (k4+1)/n by 2
Ex/néi (k) =n/ Ek/n< — — 1) dS-I—nEk/n(/ ds>
k/n Aak/n k/n Aak/n

) (k+1)/n 5 5 (k+1)/n s
<nK| / Ey/ulas —agm)”ds + K| / Ek/nby ds
k/n k/n
-2 -1
< KK "n a.s.

and the bound (3.7) for i = 2 follows similarly. This proves (3.7) as well as Theorem 3.1. U

Let us present some examples of 1t processes X satisfying conditions (3.3).
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Example 3.1. Let (X,,t € [0, 1]) be a Markov process satisfying a stochastic equation

t t
X,:xo—i—/ a(Xs)dB(s)—i—/ b(X;)ds, (3.8)
0 0

where xo € R is non-random, a(x), b(x), x € R, are real measurable functions and B is a standard
Brownian motion. Let 7, := o {B(s),s <t}, 0 <t <1, be the natural filtration. Assume that

la(x) —a(y)l = Kl|x —yl, |b(x) —b(y) = K|x —y| (x,y€R) (3.9

for some constant K < co. Equation (3.8) then admits a unique adapted solution; see, for exam-
ple, [23]. Let a; = a(X;), b; = b(X;). Assume, in addition, that |a(x)| > K| (x € R) for some
non-random constant Kj > 0. The first inequality in (3.3) is then trivially satisfied; moreover, the
second and third relations in (3.3) are also satisfied, with K» = C(1 + supy,-; X?) < 0o and
K3 = C, where C is non-random and depends on the constant K in (3.9) onlyi. -

Example 3.2. Let X, := g(t, B(t)), where B is a standard Brownian motion and g(¢, x) is a
(jointly) continuous function on [0, 1] x R, having continuous partial derivatives g;(¢, x) :=
dg(r,x)/0t, go(t, x) 1= 0g(t, x)/0x, gux (t, x) = 0%g(t, x)/0x%. By Itd’s lemma,

dX; = g (1, B()) dB(1) + (& (1, B1)) + 38:: (1, B(1))) dt

so that X admits the representation (3.1) with a; = g, (¢, B(?)), by = g,(¢, B(t)) + %gxx (t, B(1))
and the same filtration as in the previous example. Assume that

lex(t, )= K1, lgx(s,y) — g (6, ) < K(Is — 1|2+ |y — x])

for all (¢, x), (s, ¥) € [0, 1] x R and some constants 0 < K1, K < co. Then, X satisfies the con-
ditions in (3.3).

4. Gaussian processes

4.1. Assumptions

Let X = (X;,t € [0, 1]) be a Gaussian process with zero mean. Without loss of generality, assume

that Xy = 0. Define og,n(k), the variance of A,f "X, and 0p.n(k), the correlation coefficient
between A7 X and A,ff]X, that is,

E[A]" X AL X]
ap,n(k)ap,n(k + 1).

o7 (k) :=E[(A"X)?),  ppalk):= 4.1)
Let By = (By(t),t € R) be a fractional Brownian motion (fBm) with parameter 0 < H < 1,
that is, a Gaussian process with zero mean and covariance such that EBy (s) By () = %(ItIZH +
Is|*# — |t — s|?). Its pth order increments (A;’ By, j € 7Z) form a stationary Gaussian process
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for any p > 1. In particular, the covariance function of A;By = A}BH =Bpy(j+1)—Bp(j)

and A?BH =By (j+2)—2By(j+ 1) + By (j) can be explicitly calculated:
E[AoBuAjBul=27"(lj + 1P +1j — 112 —21j P, (4.2)
E[AGBy ATBy] =27 (—=|j + 2/ +4|j + 1P — 6]

. 12H _|: _~2H “.3)
+4[j — 1] [J—=2177).

From a Taylor expansion,
E[AOBHAJBH] ~ 2H(2H _ 1)]~2H727
E[A3By A% By | ~2HQ2H — 1)(2H — 2)(2H —3);2H 4

as j — oo and therefore the first increment, (A ; By), has a summable covariance if and only
if 0 < H < 3/4, while the second increment, (A?B H), has a summable covariance for any 0 <
H<1.

We now introduce the following conditions:

(A.1) there exist continuous functions H(¢) € (0, 1) and c(¢) > O for ¢t € [0, 1] such that

VjeN*,
E(X i — X 2
lim sup [FOHED Sy o i (44)
n=>0 e (0,1 (J/n)
1
lim sup |H(t) — H<t + —) logn = 0; 4.5)
n=>01¢(0,1) n

(A.1) there exist continuous functions H(¢) € (0,1) and c¢(¢) > 0 for ¢ € [0, 1] such that
VjeN*,

EX (nr1tjy/n — Xinty/n)?
(j/n)*H®

lim sup +/n =0 with (4.6)

=00 1¢(0,1)

—c(1)

lim sup
=00 te(0,1)

H() — H<t + %)‘\/ﬁlogn =0 and
| 4.7)
c(t) — c(t + ;)‘\/_ =0;

lim sup
n=09¢e(0,1)

(A.2), there existd >0, y > 1/2 and 0 <6 < y/2 such that for any 1 <k < j <n with
n € N¥,

[E[A7" X AT XT| < dopn(k)opn()) - n’|j—kl77. (4.8)

A straightforward application of assumption (A.1) (or (A.1)") implies that \/c(t) Bu(s) is the
tangent process of X for all € (0, 1) and, more precisely, the following property.
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Property 4.1. Assumptions (A.1), (A.1) respectively imply that, for any j € Z and p =1, 2,

p.n p.n
lim sup E[A[m]XAme]X] —c(®)| =0 4.9)
n—>00,c(0,1) E[A BH(t)A "Bu]

p.n p.n
lim /7 sup E[A["”XA’“”’ X —c()| = (4.10)
n—00 T 4e(0,1) E[A BH(:>A "Buw]

Moreover, forany t € (0,1) and p =1, 2,
H(1) A P:1t
( ()AJ+ [n1] )]eZ (V c()A; BH(t))]eZ

The proof of Property 4.1 (as well as the proofs of the remaining statements in this section)
is given in the arXiv version of the paper. Assumption (A.1) can be characterized as uniform
local self-similarity of (X;) (the uniformity refers to the supremum over ¢ € (0, 1) in (4.4)). Note
that for X having stationary increments and variogram V () = EX 12, assumption (A.1) reduces
to V() ~ct* (¢ >0,0< H < 1). For j =0, 1, relation (4.9) implies that for any ¢ € (0, 1),
the variance and the (1/n)-lag correlation coefficient of Aﬁltn]X satisfy the following relations:

1\2H®
of n([m]) ~ c(t)al (H(t)) = cOE[(AoBr()’] = c(t)(;) , (4.11)
pra(nt])) — p1(H(®) = corr(Bry (1), Bry(2) = Buy (1)) =277 —1, (4.12)
5 1 2H (1)

o3 (nt]) ~ c(t)az(H(t)) —c(t)E[(AOBH(,)) J=c)(4 —4”“))(;) , (4.13)
2.0 ([n1]) v p2(H (1)) = corr(Br 1) (2) — 2By, Buny(3) — 2Br)(2) + B (1)

[=8p1] _32H0) 4 2HO+2 _ 7 (@.14)

= 8 — 2H(D+1 ;

see (A.15). Moreover, relations (4.11)—(4.14) hold uniformly in ¢ € (0, 1). Condition (4.5) is a
technical condition which implies (and is “almost equivalent” to) the continuity of the function
t — H(t). Assumption (A.1)’ is a sharper convergence condition than assumption (A.1), required
for establishing central limit theorems.

Condition (4.8) specifies a non-asymptotic inequality satisfied by the correlation of incre-
ments A,f "X . The particular case of stationary processes allows this point to be better under-
stood. Indeed, if (X;) has stationary increments, then the covariance of the stationary process
(A ,f "X, k € Z) is completely determined by the variogram V (¢), for instance,

V(. (k—j+1 k—j—1 k=
ELAS" XA} X] = E{‘«L) + v(;> —2V<—]>}- (4.15)
n n n

In the “most regular” case, when X = Bp is an fBm and therefore V (t) = 27 it is easy to
check that assumption (A.2); holds with =0 and y =4 —2H > 2 (0 < H < 1), while (A.2);
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with 6 =0, y =2 — 2H is equivalent to H < 3/4 because of the requirement that y > 1/2.
However, for X = By, (A.2); holds with appropriate 6 > 0 in the wider region 0 < H < 7/8, by
choosing 6 < 2 — 2H arbitrarily close to 2 —2H and then y <2 — 2H + 0 arbitrarily close to
4 —4H. A similar choice of parameters 6 and y allows (A.2), to be satisfied for more general
X with stationary increments and variogram V () ~ c¢t?# (1 — 0), under additional regularity
conditions on V (¢) (see below).

Property 4.2. Let X have stationary increments and variogram V (t) ~ ct* (t — 0) with ¢ >
0,H €(0,1).

(i) Assume, in addition, that 0 < H <7/8 and |V"(t)| < Ct™* (0 <t < 1) for some C >0
and4 —4H >k >2—2H, k > 1/2. Assumption (A.2)| then holds.

(ii) Assume, in addition, that |V®(t)] < Ct™ (0 <t < 1) for some C >0 and 8 —4H >
k>4 —2H. Assumption (A.2), then holds.

The following property provides a sufficient condition for (A.2),, in spectral terms, which does
not require differentiability of the variogram.

Property 4.3. Let X be a Gaussian process having stationary increments and the spectral rep-
resentation (see, e.g., [15])

X,:/(ei’S —DfY2EWWg)  forallt eR, (4.16)
R

where W (dx) = W (—dx) is a complex-valued Gaussian white noise with zero mean and variance
E|W(dx)|?> = dx and f is a non-negative even function, called the spectral density of X, such
that

/R(l AEP) f(§) dE < oo. (4.17)

Moreover, assume that f is differentiable on (K, 00) and that
fE~cE?I g so0)  f@I=CEIT E>K) @419
for some constants ¢, C, K > 0. Then, X satisfies assumption (A.2); for 0 < H < 3/4 and as-

sumption (A.2); for0 < H < 1.

4.2. Limit theorems

Before establishing limit theorems for the statistics R”-" for Gaussian processes, we introduce
the following notation:

Ap(H) == Mpp(H)), (4.19)

1 1 /[14r 2
A(r) := —arccos(—r) + — log , (4.20)
b1 nyl1l—r 1+7r
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pp(H) := corr(A] By, AYBy), and 4.21)

APBy +AVB |A"By + A", Byl
| H HI o1 > @22)

Y,(H) = cov
p(H) Z <|APBH|+|APBH| IAPBHIJrIA Byl

JEZ Jj+1

It can now be proven (see the Appendix) that

1 APB +APB 1
/ E[ | o Hr) ! Hol }d,:/ Ap(H (1)) dr.
0 [AgBr@®| + 1A Br®)] 0

Straightforward computations show that assumptions (A.1) and (A.2), imply Assumption (A)
with AD(8) =8 HO vy = /c(t)By ). Therefore, Proposition 2.2 ensures the convergence
(in L2) of the statistics R”*" to fol Ap(H (¢))dz. Bardet and Surgailis [5] proved a.s. convergence
in Theorem 4.1 below, using a general moment bound for functions of multivariate Gaussian
processes (see Lemma A.1 in the Appendix). A sketch of this proof can be found in the Appendix.

Theorem 4.1. Let X be a Gaussian process satisfying assumptions (A.1) and (A.2),. Then,

a.s.

RP™" —>/ A (H@))dt  (p=1,2). (4.23)

Corollary 4.1. Assume that X is a Gaussian process having stationary increments, whose vari-
ogram satisfies the conditions of Properties 4.2 or 4.3. Then,

n 4

RP" E5 A(H)  (p=1,2). (4.24)

n—oo

The following Theorem 4.2 is also established in [5]. Its proof (see a sketch of this proof
in the Appendix) uses a general central limit theorem for Gaussian subordinated non-stationary
triangular arrays (see Theorem A.1 in the Appendix). Note that the Hermite rank of vy (x1, x2) =
[x1 + x2]/(|x1] + |x2]) is 2 and this explains the difference between the cases p =1 and p =2
in Theorem 4.2: in the first case, the inequalities in (A.8) for (Y, (k)), as defined in (A.5)—
(A.6), hold only if sup;eo,11 H (t) < 3/4, while in the latter case, these inequalities hold for 0 <
sup;epo,11 H () < 1. A similar fact is also true for the estimators based on generalized quadratic
variations; see [12,28].

Theorem 4.2. Let X be a Gaussian process satisfying assumptions (A1) and (A.2), with 6 = 0.
Assume further that sup;eo,11 H (1) < 3/4if p=1.Then,forp=1,2,

1 1
\/E(Rp’” - / Ap(H(t))dt> N N(o, / E,,(H(r))dr) (4.25)
0 n—0o0 0
with A ,(H) and ¥, (H) given in (4.19) and (4.22), respectively.

The following proposition shows that the previous theorems are satisfied when smooth multi-
plicative and additive trends are considered.
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Proposition 4.1. Let Z = (Z; = a(t)X; + B(t),t € [0, 1]), where X = (X;,t € [0,1]) is a
zero-mean Gaussian process and «, B are deterministic continuous functions on [0, 1] with
infze[()y]] a(t) > 0.

(1) Let X satisfy the assumptions of Theorem 4.2 and a € CP[0, 1], 8 € CP[0, 1]. The state-
ment of Theorem 4.2 then holds with X replaced by Z.

(ii) Let X satisfy the assumptions of Theorem 4.1 and a € C'[0, 1], B € C'[0, 1]. The state-
ment of Theorem 4.1 then holds with X replaced by Z.

Remark 4.1. A version of the central limit theorem in (4.25) is established in [5] with
fol A p(H(t))dt replaced by ER”" under a weaker assumption than (A.1) or even (A.1): only
properties (4.11)—(4.12) (for p = 1) and (4.13)—~(4.14) (for p = 2), in addition to (A.2), with
6 = 0, are required.

The particular case of Gaussian processes having stationary increments can also be studied, as
we shall now see.

Corollary 4.2. Assume that X is a Gaussian process having stationary increments and that there
existc >0, C > 0and 0 < H < 1 such that at least one of the two following conditions hold:

(a) variogram V(t) = ct* (1 + o(t'/?)) for t = 0 and |V@P)(t)| < Ct*"=2P4 for all t €

0, 11;
(b) spectral density f satisfies (4.17), (4.18) and f (&) = c&~2H=1(1 + o(6~V/?)) (€ — 00).

Then,
D Llp=1 0<H <3/4,
p.n _

\/E(R AP(H))njo)oN(O’ X, (H)) ’f{pzz, 0<H<l (4.26)

Moreover, with the expression and graph of s%(H ) given in the Appendix, we have

—1/p2,n D 2
V(A7 (R™") — H) — N(0,s5(H)). 4.27)
n—oo

The proof of Corollary 4.2 can be found in the Appendix. Therefore, ﬁn =A, Y(R%") is an
estimator of the parameter H following a central limit theorem with a convergence rate /n under
semi-parametric assumptions. Similar results were obtained by Guyon and Leon [25] and Istas
and Lang [29] for generalized quadratic variations under less general assumptions.

Remark 4.2. In the context of Corollary 4.2 and H € (3/4, 1), we expect that R Ln follows a
non-Gaussian limit distribution with convergence rate n>=2 .

Remark 4.3. Figure 1 shows that H — A,(H) is nearly linear and is well approximated by
0.1468 H 4 0.5174. Consequently, fol Ar(H (1)) dr ~ 0.1468 H +0.5174, where H = fol H(t)dt
is the mean value of the function H (-).
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Another interesting particular case of Theorem 4.2 leads to a punctual estimator of the function
H (1) from a localization of the statistic R%". For 1y € (0, 1) and « € (0, 1), we define

Ry = L S ALK AT K]
o (O) = e |A2’nX|+|A2*” X|
k=[nty—n%] k k+1

This estimator is studied in [6] and compared to the estimator based on generalized quadratic
variations discussed in [8] and [13].

4.3. Examples

Below, we provide some concrete examples of Gaussian processes which admit an fBm as the
tangent process. For some examples, the hypotheses of Theorems 4.1-4.2 and the subsequent
corollaries are satisfied. For other examples, the verification of our hypotheses (in particular, of
the crucial covariance bound (A.2),) remains an open problem and will be discussed elsewhere.

Example 4.1. Fractional Brownian motion (fBm). As noted above, an fBm X = By satisfies
(A.1) as well as (A.2); for0 < H <3/4if§ =0and0 < H <7/8if 0 <6 <2 —2H with
arbitrary close to 2 —2H so that y <2 —2H + 0 arbitrary close to 4 —4 H may satisfy y > 1/2)
and (A.2); (forO0 < H < 1) with H(t) = H, c(t) = c. Therefore, for fBm, both Theorems 4.1 (the
almost sure convergence, satisfied for 0 < H <7/8 when p =1 and for 0 < H < 1 when p =2)
and 4.2 (the central limit theorem, satisfied for 0 < H <3/4 when p=1andfor0 < H < 1
when p = 2) apply. Obviously, an fBm also satisfies the conditions of Corollary 4.2. Thus, the
rate of convergence of the estimator Ay ! (R2’") =: ﬁn of H is v/n. However, in such a case, the
self-similarity property of fBm allows the use of asymptotically efficient Whittle or maximum
likelihood estimators (see [22] or [17]). However, for an fBm with continuously differentiable
multiplicative and additive trends, which leads to a semi-parametric context, the convergence
rate of H, is still \/n, while parametric estimators cannot be applied.

Example 4.2. Multiscale fractional Brownian motion (see [4]), defined as follows: for £ € N*, an
(My)-multiscale fractional Brownian motion X = (X;, t € R) ((M,)-fBm for short) is a Gaussian
process having stationary increments and a spectral density f such that

2
loin
f(é):Wl(wj <|fl<wjs1)  forallE eR (4.28)

withwp:=0<w) <+ <wg <wpy1 :=00,0; >0and H; e R fori € {0, ..., £}, with Hy < 1
and H; > 0. Therefore, condition (4.18) of Property 4.3 is satisfied with K = w; and H = Hy.
Moreover, the condition f(£) = c& 2H=1(1 + o(6~1/2)) (¢ — o) required in Corollary 4.2
is also checked with H = H,. Consequently, the same conclusions as in the previous example
also apply for this process, in the respective regions determined by the parameter H, at high
frequencies x > wy. The same result is also obtained for a more general process defined by
f (&) =ce2H=1 for || > w and condition (4.17) is only required elsewhere. Once again, such
conclusions also hold in the case of continuously differentiable multiplicative and additive trends.
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Example 4.3. Multifractional Brownian motion (mBm) (see [3]). An mBm X = (X;,t € [0, 1])
is a Gaussian process defined by

eitx _
X = By = 5(H ) [ W) (429)

where W (dx) is the same as in (4.16), H (¢) is a (continuous) function on [0, 1] taking values in
(0, 1) and, finally, g(H (¢)) is a normalization such that Eth = 1. It is well known that an mBm
is locally asymptotically self-similar at each point ¢ € (0, 1) having an fBm By as its tangent
process at ¢ (see [9]). This example is studied in more detail in [6].

Example 4.4. Time-varying fractionally integrated processes. Philippe et al. [32,33] introduced
two classes of mutually inverse time-varying fractionally integrated filters with discrete time and
studied long-memory properties of the corresponding filtered white noise processes. Surgailis
[37] extended these filters to continuous time and defined “multifractional” Gaussian processes
(X¢,t>0) and (Y;,t > 0) as follows:

= t 1 H(t)—1.5_A_(s,7)
e /R{/o NGRS R df} dB(s), (4.30)

1 H(s)=0.5 — A, (s.1) H(s)=0.5_—A. (5.0)
Y, = e ——— ’ +8_(— ’ +5YEdB(s), (4.31
; fRF(H(sHO_S){( ) e (—s) e }dB(s), (4.31)

where sf‘ﬁ :=s5%1(s > 0), B is a Brownian motion,

t _ t _
71_1(“) H@ du, Ai(s,t):= —H(s) HQE) dv

A_(s,t):=
5 t—u 5 vV—sS

(s<t)

and where H (¢), t € R, is a general function taking values in (0, co) and satisfying some weak
additional conditions. Surgailis [37] studied small and large scale limits of (X;) and (¥;) and
showed that these processes resemble an fBm with Hurst parameter H = H (¢) at each point
t € R (i.e., admit an fBm as a tangent process) similarly to the mBm in the previous example.
That paper also argues that these processes present a more natural generalization of fBm than
the mBm and have nicer dependence properties of increments. We expect that the assumptions
(A.1), (A.1), (A.2), can be verified for (4.30), (4.31); however, this question requires further
work.

5. Processes with independent increments

In this section, we assume that X = (X;,t > 0) is a (homogeneous) Lévy process, with a.s.
right-continuous trajectories, Xo = 0. It is well known that if the generating triplet of X satisfies
certain conditions (in particularly, if the Lévy measure v behaves regularly at the origin with
index « € (0,2)), then X has a tangent process Y which is an «-stable Lévy process. A natural
question is how to estimate the parameter « with the help of the introduced statistics R?"".
Unfortunately, the limit of these statistics, as defined in (1.5) via the tangent process, also depends
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on the skewness parameter § € [—1, 1] of the «-stable tangent process Y and so this limit cannot
be used for determining « if 8 is unknown.

In order to avoid this difficulty, we shall slightly modify our ratio statistic, as follows. First,
observe that the second differences Ai’nX of Lévy process have a symmetric distribution (in
contrast to the first differences A}{’"X , which are not necessarily symmetric). For notational
simplicity, we shall assume in this section that n is even. The modified statistic

(n—4)/2
. |x + y
R2M = VA X, ASLX), Y y) =
nj2—1 kg 2k 7 T 2k+2 x|+ 1yl

is written in terms of “disjoint” (independent) second-order increments (Ag;(" X, A%}(’fﬂX ) having

a symmetric joint distribution. Instead of extending the general result of Proposition 2.2 to R>",
we shall directly obtain its convergence under suitable assumptions on X. First, note that
p2.n _ @) (1) ) 3)
ER n_Ew(Xl/n_Xl/n’Xl/n_Xl/n)’ 6.

where X© i =1,...,4, are independent copies of X.

Proposition 5.1. Let there exist a limit

lim ER*>" = A. (5.2)
n—oo
Then,
RZm L5 A (5.3)
n—oo

Proof. We write R>" = ER>" + (n/2 — 1)1 Q,,, where Q,, is a sum of centered 1-dependent
r.v.s which are bounded by 1 in absolute value. Therefore, E((n/2 — 1)~! 0.)*=0n"2) and
the a.s. convergence (/2 — 1)~' Q,, — 0 follows by the Chebyshev inequality. O

Next, we discuss conditions on X for the convergence in (5.2). Recall that the distribution of
X; is infinitely divisible and that its characteristic function is given by

. 1 .
EelfXr — exp{t(iy@ — 5a292 + / (" — 1 — iud1(|u| < 1))v(du)) } OeR, (54)
R

where ¥y € R, a > 0 and v is a measure on R such that fR min(u2, Dv(du) < oo. The triplet
(a, y,v) is called the generating triplet of X [34]. Let X @ i=1,2, be independent copies of X.
Note that W; := X t(l) - X ,(2) is a Lévy process having the characteristic function

Eel?Wr — exp{t(—a292 + 2/ Re(l — e”’")dK(u)> } 0 R, (5.5)
0
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where

K(u):= v((—oo, —ulU|u, oo))
is monotone non-increasing on (0, co). We introduce the following condition: there exist 0 <
o <2 and ¢ > 0 such that

K@)~ uia 0. (5.6)

It is clear that if such number « exists, then o := inf{r > 0: flx\sl |x]"v(dx) < oo} is the so-called
fractional order or the Blumenthal-Getoor index of the Lévy process X.

Let Z, be a standard «-stable r.v. with characteristic function EefZa = =101 and Z,gi), =
1,2, 3, be independent copies of Z,.

Proposition 5.2. Assume that either a > 0, or else a = 0 and condition (5.6) holds with 0 <
a <2andc>0.Then, t~1/* (Xt(]) — Xt(z)) 2) ¢Zgy with ¢ depending on ¢ and (5.2), (5.3) hold
with .

A=A() :=Ey(z", z2).

Moreover, with 52(a0) := 2var(W (ZL, ZP)) + dcovy (ZP, 2Py, v (22, z9)),

SR — Ekzv")n%O N, 5%(@)). (5.7)

. D . .
Proof. The relation ¢~ /W, = ¢/« (Xt(l) - X,(Z)) —()) CZy 1s an easy consequence of the as-
r—
sumptions of the proposition and the general criterion of weak convergence of infinitely divisible
distributions in [34], Theorem 8.7. It implies (5.2) by the fact that y is a.e. continuous on R2.
Since R>" is a sum of 1-dependent stationary and bounded r.v.’s, the central limit theorem in
(5.7) follows from convergence of the variance:

nvar(R*>") — 6% (a); (5.8)

see, for example, [10]. Rewrite R2" = (n/2 — )™ Y25 (), 7, (k) = y(AL'X,

A3 »X). We have

2nn/2 -2
var(1), (0)) + n(n/ )

nvar(R>") = " _—
n/2—1 (n/2 —1)2

cov(71,(0), 7 (1)),
where  var(ij(0)) —> var(¥(Zg, Z&), cov i (0), ila (1)) —> cov(y(Zg, 25™), ¥ (Z&”,
ZS))) similarly as in the proof of (5.2) above. This proves (5.8) and hence the proposition.  [J

The graph of [\(a) is given in Figure 4. Note that ]\(2) = A1(1/2) = 0.72: this is the case of
Brownian motion.
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Figure 4. The graphs of o = A(x) = EW (left) and @ = & () (right) for a process with inde-
o + o

pendent increments.

In order to evaluate the decay rate of the bias ER>" — A(«) we need a uniform convergence
rate in Lemma 5.1 below, for

IFy — Galloo := sup | Fy(x) — Go(x)],  Fu(x) :=Pn*W,,, <x),

xeR
Go(x) :=P(Zy < x),

where Z, := ¢Z, is the limiting «-stable r.v. in Proposition 5.2 and (W;, ¢ > 0) is the symmetric
Lévy process with characteristic function as in (5.5). The proof of Lemma 5.1 is given in the
arXiv version of the paper.

Lemma 5.1. (i) Let a = 0 and K satisfy (5.6). Define Ki(u) := K@) — cu™%, |K1|(u) :=
fuoo |dK1(v)|, the variation of K| on [u,00). Moreover, assume that there exist some con-
stants B, 8 > 0 such that

IKil@) =0 @ P+)  w—0), [Kil@)=0w")  (u— o),

where x4 :=max(0, x). Then

O(n~F/®), if<a,
1Fr — Galloo = O(n’llogn), fB=a,
omn™1, if B> a.

(i) Leta > 0 and K satisfy
Kuw)=0w™"  (u—0), Kw)=0wu™%  (u— o0)
for some 0 <o <2,5§ > 0. Then

O(n~11%/2), ifa >0,

F,—G =
IEn allos {O(nllogn), ifa=0.
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Proposition 5.3. Assume either a > 0, or else a = 0 and condition (5.6) holds. Then, for any
a€(0,2],

oo
ER" - A@I 2R - Goll: Ci= [ (4272 <00. (659)
0

Proof. Let ¥ (x, y) := |x — y|/(x + y),x,y > 0, and let F,,, G4 be the same as in Lemma 5.1.
Similarly as in the proof of [40], Theorem 1, we write

ER*" — Aa) =2 fo /O ¥ (x, y)(dF, (x) dF, (y) — dGq (x) dGy ()
=2(W1 + Wa),

where W == o7 ¥ (x, ) dF, () (dFy (y) — dGa(0), W2 == [7°fg" ¥ (x, ¥)dGa(y) x
(dF;(x) —dGy(x)). Integrating by parts yields

dy

Wil =2 dF, F, —Gg —
Wil /0 x| (x)/o 500 = G

SZIIFn—Galloo/ lean(x)/ ———— =CllF, — Gall
0 o (x+y)

since fooo dF,(x) =1/2. A similar estimate holds for W;. This proves (5.9). O

Propositions 5.2, 5.3 and Lemma 5.1, together with the delta method, yield the following
corollary.

Corollary 5.1. Let a and K satisfy either the assumptions of Lemma 5.1(1) with B > /2 or the
assumptions of Lemma 5.1(ii). Then,

V(R = M) 2> N0, 53().
Moreover, if we define @, := A~ (R>™M), then
Vi@, — @) > NO,5(@),

where §%(a) 1= [%(a)]’zéz(a), O<a<?2.

There exist very few papers concerning the estimation of « in such a semi-parametric frame-
work. Nonparametric estimation of parameters of Lévy processes based on the empirical char-
acteristic function has recently been considered in [30] and [24], but the convergence rates there
are (logn)* with ¥ > 0. Ait-Sahalia and Jacod [1] have proposed an estimator of the degree of
activity of jumps (which is identical to the fractional order in the case of a Lévy process) in
a general semimartingale framework using small increments of high-frequency data. However,
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from the generality of their model, the convergence rate of the estimator is not rate-efficient (in
fact, it is smaller than n'/3). A recent paper of Belomestny [7] provides an efficient data-driven
procedure to estimate « using a spectral approach, but in a different semi-parametric framework
from ours. Thus, Corollary 5.1 appears as a new and interesting result since the estimator @,
follows a /n-central limit theorem.

Appendix: Proofs
Sketch of the proof of Theorem 4.1

The proof of Theorem 4.1 is based on the moment inequality in Lemma A.l below, which
extends a similar inequality in [39], Lemma 4.5, to vector-valued non-stationary Gaussian
processes. The proof of Lemma A.1 uses the diagram formula and is given in [5]. To formu-
late this lemma, we need the following definitions. Let X be a standard Gaussian vector in
RY(v > 1) and let L2(X) denote the Hilbert space of measurable functions f:R” — R satis-
fying || £1I* := E(f (X)) < oo. Let L3(X) = {f € L*(X):Ef(X) = 0}. Let (X1,...,Xy) be a
collection of standardized Gaussian vectors X; = (X,m, e Xt(v)) € RY having a joint Gaussian
distribution in R"V . Let ¢ € [0, 1] be a fixed number. Following Taqqu [39], we call (X1, ..., Xy)
e-standard if |EXt(”)Xs(v)| <eforanyt#s,1 <t,s <N and any 1 <u, v <v. Finally, Z/ de-
notes the sum over all distinct integers 1 <1y, ...,1, < N,t; #t; (i # ).

Lemma A.1. Let (X4, ..., Xy) be an e-standard Gaussian vector, X; = (X,(I), R X;v)) cRY
(v>=1),andlet Gj; n € Lz(X), 1<j<p(p=2),1<t<N.For given integers m, N > 1,
define

:= max max |EX®x®|" A.l

QN 1<t<N Z lgu,vgv’ ! § ’ ( )
1<s<N,s#t

Assume that for some integer 0 < o < p, the functions G1; N, - .., Gu, N have a Hermite rank

at least equal to m forany N > 1,1 <t < N, and that ¢ < Uptl . Then,

— 2
S VEIG Ly N Xi) Gy v (Ko < Cle, pom,a, KNP 082,

where the constant C(g, p,m,a,v) depends only on e, p,m,x,v and where K =
P
[T maxi<i<n 1G]l

Sketch of the proof of Theorem 4.1. The convergence lim,_, o ERP" = fol Ap(H(t))dt is
easy (see the proof of Proposition 2.2). Hence, (4.23) follows from

RP™ .= RP" _ERP" 23 ), (A.2)

n—o00

Relation (A.2) follows from the Chebyshev inequality and the following bound: there exist
C, k > 1 such that for any n > 1,

E(RP™M* < Cn™*. (A.3)
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By definition, RP" = L0 P~" 7, k), where 7, (k) := ny(k) — Enu(k) and 7,(k) =

(AP X, AL] X)), ¥ (x, y) = |x + yI/(Ix| + |y]) are nonlinear functions of Gaussian vectors
(A" X, Af_fl X) € R? having the Hermite rank 2; however, these vectors are not e-standard and
therefore Lemma A.1 cannot be directly applied to estimate the left-hand side of (A.3) (with
p=1,...,4,v=2). To this end, we first need to “decimate” the sum Ié”’", as follows. (A sim-
ilar “trick” was used in [16].) Let £ = [n%/7] be the sequence of integers increasing to oo (at a

rate o(n'/?) by condition # < y/2) and write

-1 1 [(n—2—j)/¢]
R pP1 PPN L ~ .
Rp’”le_O:Rf D +o),  RP"()=—r k§_0 iin (K€ + ).

Then,
E(RP™)* < ¢* max E(R)" (j)*.
0<j<t
Write 7, (k) as a (bounded) function in standardized Gaussian variables:
M (k) = fien(Yn(k)), (A4)

where Y, (k) = (Y," (), Y,2 (k)) € R?,

PﬁnX
YD (k) = Zk i A5
w (k) 0 (A.5)
AP X k AP X 1
Y2 (k) = ——*& Ppnk) kel and  (A.6)

n = _Gp,n(k) /1 _ p;%,n(k) O'p,n(k + 1) /1 _ p;%,n(k)

opnk+1)
fin(xD, x@) = ¢<x<1), W(pp,n(k)x(l> +,/1— p%,’n(k)x(z))), (A7)

where og,n (k), pp,n(k) are defined in (4.1). Then, for each k, Y, (k) := (Y,fl)(k), Y,fz) (k)) has
a standard Gaussian distribution in R? and 7j, (k) = Jen(Yn(k)) — E fx.n(Yn(k)). Moreover, the
vector (Y, (k€+7),k=0,1,...,[(n—2— j)/t]) € R2O=2=)/E1+1) jg e_standard, provided that
£ is large enough. Now, Lemma A.1 can be used and it implies the bound (A.3) using assumptions
(A.1) and (A.2),,. The details of this proof can be found in [5]. O

Sketch of the proof of Theorem 4.2

The proof of Theorem 4.1 uses the following central limit theorem for Gaussian subordinated
multidimensional triangular arrays. Theorem A.1 is proved in [5]. It extends the earlier results in
[11] and [2]. Below, similarly as in Lemma A.1, X € R designates a standard Gaussian vector.
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Theorem A.1. Let (Y, (k))1<k<n.neN be a triangular array of standardized Gaussian vectors
with values in RY, Y, (k) = (YA (k), ..., YV (k)), EY," (k) = 0, BY\” (k) Y,V (k) = 8 4. For a
given integer m > 1, we introduce the following assumption: there exists a function p:N — R
such that forany 1 < p,q <v,

Vi b el ERPONP®| <0G -k with Y [p()" <oo. (A8)
JjEZ

Moreover, assume that for any t € [0, 1] and any J € N*,
. D .

(Yn([nt]—i_‘]))*ffjfl njo)o(WT(J))7]Sj§J’ (A9)
where (W< (j)) jez is a stationary Gaussian process taking values in R" and depending on pa-
rameter T € (0, 1). Let fk,,, € ]L(z)(X) (n>1, 1<k <n) be a triangular array of functions all
having Hermite rank at least m. Assume that there exists an IL% (X)-valued continuous function

er, T € [0, 1], such that
Sup [ fient = e = sup E(fen.n (%) = $(X))* — 0. (A.10)
7€(0,1] 7€[0,1] n—00
Then, with o2 = [} dv(Y ;7 Elde (W= (0)): (W (j))]) < oo,
n712 Y fen(Ya () —> N(O,0%). (A1)

k=1

Sketch of the proof of Theorem 4.2. It suffices to show that

1
Jn|ER™P —/ Ap(H())dt| — 0 (A.12)
0 n—0oo
and
1
JA(RP" —ERP™Y 3>/\/<0,/ zp(H(z))dr). (A.13)
n—0oo O

The proof of (A.12) uses assumption (A.1)" or (4.10) and the easy fact that for Gaussian vec-
tors (Z", z?) e R2,n € N, with zero mean, EZ{’ =0, i = 1,2, n € N and E(Z(()I))2 =
E(ZP)?=1,EZ"Z| <1

2
B0 (2 20) ~ (2. 20) < Y202 - 2070
i,j=1
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The proof of (A.13) is deduced from Theorem A.1 with the sequence of standardized Gaussian
vectors Y, (k) = (Y\" (k), ¥,2 (k)) (v =2) given in (A.5)—(A.6) and the centered functions

Fin(e® x@) = fin (2D, x®) = Efie (Y ().
e (x D, 2x@) = gy (x D, @) — Egp, (X)

with fi » RZ >R given in (A.7) and the (limit) function

¢e (xV,x@) =y (x D, o, (H@)x® + /1= p2 (H(x)x?).

Thanks to symmetry properties of these functions, it is clear that the Hermite rank of fk,n (for
any k and n) and q~>f (for any 7 € [0, 1]) is m = 2. Using assumptions (A.1)" and (A.2), (with
0 =0, y > 1/2), we can show that the conditions of Theorem A.1 are satisfied for the above
fn,k, é- and the limit process (W (j))jez in (A.9) is written in terms of increments of fBm

B () jez,

We(j) = (AT B ()s (=pp(H(@)ATBu) (J) + AV Buw (G + 1)/,/1 = p3(H(2))),

having standardized uncorrelated components. The details of this proof can be found in [5]. O

Proof of Corollary 4.2

(a) The argument at the end of the proof of Property 4.1 shows that V satisfies assumption (A.1)’,
while (A.2), follows from Property 4.2. The central limit theorem in (4.26) then follows from
Theorem 4.2.

(b) In this case, (A.2), follows from Property 4.3. Instead of verifying (A.1)’, it is simpler to
directly verify condition (4.10), which suffices for the validity of the statement of Theorem 4.2.
Using f(&) = c&~2H=1(1 + o(¢71/?)) (¢ — o0), similarly as in the proof of Property 4.3, for
j € N*, we obtain

N

o
n_ZHE[Ag’nXA;”"X] — c21+p/ (l — cos()c))pcos()cj))c_ZH_1 dx
0

:21+17 — 0

n—oo

/Oo(l —cos(x))” cos(xj) x /n(n* T (f(nx) — c(nx)72H 1)) dx

0

by the Lebesgue dominated convergence theorem since fooo [(1 — cos(x))? cos(xj) X
x2H=3/21dx < 0o. Therefore, condition (4.10) is satisfied and Theorem 4.2 can be applied.

Finally, the function H — Ay(H) isa C Lo, 1) bijective function and from the delta method
(see, e.g., [41]), the central limit theorem in (4.27) follows.
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Computation of A(r)

From the definition of A(r) and the change of variables x; = a cos¢, xo = asin¢, with |r| < 1,

/ lx1 + x2|
2na/ 1 —r2 Jr2 [x1] + X2
_ V1 =72 /” |cos¢ + sing|

B (Icosg| + |sing|)(1 — rsin(2¢))

A(r) = e~ (1/QU=r MG =2rx1x2+5D) 4y, dix,

d¢
=11 + I,
where

o7

= 1—r sm(2¢)) do

- / dr ! + ! arctan 4 ! arccos(—r)
— bl — —r .
1+ t2 2rt 2 = J1 =72 T

I, =

_ 2 rn/ —
241 r/ cos¢ — sing do

(cos¢ +sing)(1 + rsin(2¢))
vl—r 1—1¢
0 (l+t)(1+2rt+t2)
NI < 2 >
= log .
n(l—r) r+1

The function A(r) is monotone increasing on [—1, 1]; (1) = 1, A(—1) = 0. It is easy to check
that
_32H 22H+2 —7

pr(H)=2*1"1 1 py(H)= (A.15)

8 — 22H+1

are monotone increasing functions; p1(1) =1, p2(1) = 0 so that A,(H) = A(pp(H)) for
p =1, 2 is also monotone for H € (0, 1).

Expression and graph of s,(H)

From the delta method, s3(H) = [ (A2) ™1 (A2(H))1*Z2(H) and therefore

(8 — 22HHN2(1 — py(H))\/1 = p3(H)

2
H) =
2 <<1og2—1og<1+pz<H)>)(22H+29log2—32H16log3+62H4log<3/2>>

2
) Yo (H),

with the approximated graph (using the numerical values of X,(H) from [36]) provided in
Figure 5.
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3.6

Standard deviation s2(H)

1.8 . . . . . . . . .

Figure 5. The graph of s%(H ).
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