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We adapt the techniques in Stigler [Ann. Statist. 1 (1973) 472—477] to obtain a new, general asymptotic
result for trimmed U-statistics via the generalized L-statistic representation introduced by Serfling [Ann.
Statist. 12 (1984) 76-86]. Unlike existing results, we do not require continuity of an associated distribution
at the truncation points. Our results are quite general and are expressed in terms of the quantile function
associated with the distribution of the U-statistic summands. This approach leads to improved conditions
for the asymptotic normality of these trimmed U -statistics.
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1. Introduction and statement of results

Stigler [23] developed an asymptotic result for the trimmed mean without requiring continuity of
the underlying distribution function associated with the observations. This result was extended to
non-degenerate U -statistics based on trimmed samples in Borovskikh and Weber [4]. An alter-
native method for developing robust versions of U -statistics is to consider the statistic formed by
trimming the kernel values, rather than the observations upon which the statistic is based. This
idea is discussed in, for example, Serfling [18], Choudhury and Serfling [7] and Gijbels, Janssen
and Veraverbeke [10]. In this paper, we use the generalized L-statistic representation developed
in Serfling [18] to obtain an asymptotic result for trimmed U -statistics under quite general con-
ditions. We will not require continuity of the relevant, associated distribution at the truncation
points.

Let X, X1, ..., X,, be independent identically distributed random variables, taking values in
a measurable space (X, B(X)) and having common distribution F. Let & be a symmetric func-
tion from X" to R and denote by Hf the right-continuous distribution function of the random
variable h(X1,..., X,;). Set N = (::1) and let &y, ..., hy be an enumeration of the values of
h(Xi, ..., X;,) taken over the N m-tuples in 0,,,, = {(i1, ..., im):1 < iy <-- <i, <n}. Note
that these random variables k; are, in general, dependent. Let 4,1 < --- < h,, 5 denote the ordered
values of Ay, ..., hy.
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The original U-statistic is defined as an average taken over the N possible outcomes
h(Xi,...,X;,), 1 <it<--- <iy <n,thatis,

-1 N
U= (:1) Zh(Xl-l,...,Xim):N_lZhni=/den(x), (1)
i=1 R

Onm

where the empirical distribution function H, (x) of U-statistical structure is defined by

—1

Onm

and /{A} denotes the indicator of the set A. For any 0 <y < 1, let N, = [y N], where [a]
denotes the largest integer less than or equal to a. If 0 <@ < B < 1, then put Nyg = Ng — N,.
The trimmed versions of U are based on trimming the second sum in (1),

Np
Usp=Nog Y hui, 3)
i=Ng+1

or on trimming of the range of integration in (1),
Log = / xdH,(x), “)
[ha vh‘ﬂ)

with hy = hn]\?a and hg = hn}\?,g’ where ]\_/y = —[—yN], y = «, B. For the results that follow, it
is important to note that the lower bound for the integral in (4) is included and the upper bound
excluded. This is critical since H, is a step function. With this constraint, we are able to obtain
the asymptotic distribution of L,g without imposing any conditions on the nature of Hp. In

Lemma 2.3, we show that Lyg = N~! Z?Zal
divisors, and there are possible subtle differences in the number of summands.

A class of generalized L-statistics, which includes (3) and (4), was introduced by Serfling [18].
The trimmed U-statistics (3) and (4) are directly connected with generalized Lorenz curves,
which are important in financial mathematics (see, for example, Goldie [9], Helmers and Zi-
tikis [13]).

Clearly, H, (y) is an unbiased estimator of Hr(y). In the case m =1 and h(x) = x, H, re-
duces to the usual empirical distribution function. Define the left-continuous quantile function
Hy'(t) =inf{ly € R:Hp(y) > 1},0 <t < 1, H.'(0) = H;' (0+), for any distribution func-
tion Hr. The empirical quantile function H,~ 1(#) has the form

hpi. Thus, Uyg and Lyg differ in terms of their

N
_ i—1 i _
Hn](t):;hm'l{—N <t§ﬁ}’ Hn](O):hnl-

A large number of authors have studied the weak convergence of such L-statistics in the case
m =1, h(x) = x. A partial list consists of Chernoff et al. [6], Bickel [2], Shorack [19,20], Stigler
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[23,24], Csorgo et al. [8], Griffin and Pruitt [11], Cheng [5], Mason and Shorack [16]. For m > 2,
under various sets of regularity conditions, asymptotic normality of various types of generalized
L-statistics has been investigated by Silverman [21], Serfling [18], Akritas [1], Janssen et al. [15],
Helmers and Ruymgaart [12], Gijbels et al. [10] and Hossjer [14].

In the aforementioned papers, for m > 2, the results always assumed that Hr is continuous
or smooth. However, in modern statistical robust procedures and for bootstrap procedures, re-
sults allowing for the discontinuity of the underlying distribution function Hr are needed. We
study the asymptotic behavior of Uyg and Lyg for any Hp without imposing the requirement of
continuity.

The conditions of our theorem and the limit random variable are defined via the values of
quantile function H ! at the points « and . Existing results handle the cases where H ! y+) =

Hp ! (y),y = «a, B. Our main result is derived without this assumption of continuity. We represent
the trimmed U -statistic as a sum of classical U-statistics with bounded, non-degenerate kernels
plus some smaller terms and then we apply standard results to such statistics.

For convenience, in what follows, for the distribution function Hr, we denote the smallest
quantile H;l (y) and the largest quantile H ! (y+) as, respectively,

Ey_ :=inf{x € R: Hp(x) >y},
£} :=suplx € R: Hr(x) <y}

and Ag, =&} — &, withy =a, §. Let

N N
Ny =) Ihi<&).  Ny=) Ihi <),
i=1 i=1
Note that
Hy(§5-)=N"'Ny,  H,(&)=N"'N; (5)
and Hn_1 (y)=h, N, are valid for all 0 < y < 1 and the following events coincide:
H W >x)=y>HW),  (H' ) <x)={y<H®)}, xeR  (©
Introduce the functional & = 6 (HFr), where
9=/[((x —E ) {x <&} 4+ BEg ) — (v — g T{x <&} +a&) )| dHF (x)
R
and the following functions with x € X:

g) = [ENh(x, X2, ..., Xn) <Eg N (h(x, X2, ..., X)) — §5) + &5 ]
—[ENh(x, Xau o, X)) < EFV(h(x, Xou oo, X)) — &) + &S] — 6,
8a() = EI{h(x, X2, ..., X)) <&} =60, 6o =Hr(ES-), @)
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gp(x) = EIfth(x, X2, ..., Xm) <§g} — 0
=1-0g—EI{h(x, X2,.... X)) > &5}, 0p = Hr(5g).
Note that forall 0 <o < 8 < 1 and x € X, we have [g(x)| <4(|&| + |§ﬂ_|).

Letog = Eg*(X), 05 = Egg(X), 04, = Eg5(X), cgg, = EZ(X)ga(X), Cggp = Eg(X)gp(X)
and cg, 05 = Ega(X)gp(X).

Theorem 1.1. If ogz > 0, then for any underlying distribution function Hf, we have

B—«

= i(Uap = ) s 1y — AEy I (ty > 0)7y — Akgl (15 < 0)T5,

where (14, Tg, Tg) is a trivariate Gaussian random vector with mean vector zero and covariance
matrix
o2 c c
8o 88« 8a 8B
2
Coga  Og  Cggp
2
Csagp  Cggp  Ogp
Corollary 1.2. For any underlying distribution function Hp, we have, when (7{3 >0,
NG d
W(La/g —0) —> 1g — A&y I (1q > 0)1 — Aépl (15 < 0) 7,

where (14, Tg, Tg) is a trivariate Gaussian random vector defined as in Theorem 1.1.

Corollary 1.3. Suppose that the quantile function Hp Y(x) is continuous at the points o and f.
If crg > 0, then

B—«

m

d
Vn(Ugp — 6) == 1.

For the simple case m = 1, the functions in (7) reduce to
g = &S <h(x) <& Mh(x) — EI{E < h(X) < &5 }h(X)
+ & ga(x) —E5 8p(x),
ga(x) = I{h(x) <&} — 6o,
gp(0) = I{h(x) <E5} —0p =1 —6g — I{h(x) > & ).

A useful application of the theorem for the m = 2 case is for the kernel A(x, y) = %(x —y)2. This
provides the asymptotic behavior of a natural, alternative robust version of the sample variance.
We will now develop explicit expressions for the terms in a more interesting example.
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Example. Let h(xq,..., X)) = max{xp, ..., X} withm > 2 . Let F(¢) be the distribution func-

tion of X; and let Y = max{X», ..., Xu}. Then Hp(t) = (F(¢))™ and

8(x) = gap (x) + &5 8a (x) — &5 gp(x),

gep () = ET{&} < max{x, ¥} <&; } max(x, v} — / ydHz ()
& .65 ]

=g <x <& I (Fo)" ! —/ Y(F(y)™ 1dF(y)
&3 .55

+ / (I{x <y} = F(y—))yd(F(y))™ ",
(& .65 ]

ga(x) = I < EFYFEF )" = (F&F )",
gp(x) = Hx <& }(F (65 )™ — (F(g5 )™

In addition,
of = Egog(X) + El£; go(X) — &5 g (X)T?
+2Egap(X)Ey 8a(X) — €5 g5(X)],
g, = (FESN" ' (1-FE ), of,=FEN" (1= F(&)),

Ego(X)gp(X) = (F(EF ) F ()" ' FET (1= F(&p)),

Egap(X)ga(X) = (F (55 —)" /[.E+ S‘](l — F(y—))yd(F(y)" !
o Sp

— (F& )" f . YFEG)"THAF(),

65 651

Egap(X)gp(X) = (F(E5)" ' (1 - F (&) /[§+ ) Y(F)" AF ()
@5p

+FE" (1= FEp)) f§+ _ FO-)y d(F ()"

[a;fﬁ

Consider the distribution function
F(t):2t1{0§l < %oz]/m}—i—ot]/ml{%al/m §t<a1/m}
el /" <t < pUmy 4 pU B <1 <281
+3tr2ptm <t <2} + It > 2), t€R.
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Then

C(l/m, §+=al/m, Eﬁ_:ﬂl/m, S/;r:zﬂl/m’

o

B —

& =
FEf—y=d'™,  FEH=p"",  Foy=t, it/ g, 07>0
and the limiting behavior is given by

B—«a

1
T /n(Uyp — 6) 4, g — Eal/’"l(ra > 0)ty — B (z5 < 0)7p.
m

However, for the simpler distribution function
F)=tI{0<t < 1}+I{t > 1}, teR,
we have
- 1 - 1
b = =M gy =g =plm,
FEf—y=d'm,  FEH=g"",  Foy=t, tel/" ", 07>0

and we get the asymptotic behavior covered by Janssen et al. [15],

B—a

m

d
\/E(Ua'g —0) — 1.

2. Proofs

The following two lemmas are key results for the proof.

Lemma 2.1. The following representation holds:

Ng N
Do =) HEF <hi <&V +ET (NG = No) — &5 (Ng — Np)
i=Ny+1 i=1

— A& I{Ny < N YN — No) — AggI{N; < Ng}(Ny — Np)
+ Ly +Lg, (®)
where Ly = Jy — Jo with
N

No
Jo=I{Noy <N} Y (hni—&;).  Ju=I{Nj <N} Y (hi—&))
i=Ng+1 i=Ng +1
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and Lﬁ = J_ﬂ — J/g with

Np

Jp=HNg <Nz} Y (hi—Ep),
i=Ng+1

Ng
Jp=I{Ny <Ng} Y (hui—&)).
i=Ng+1

Proof. Fori=1,..., N, write
hni = (i + NE) I {hni < EFY + hpi I{ES < hpi <EZY + (hni — D&Y [{hni > E5 ).

Since hni = hni + A Ihni < &5} — AépIihn > E5), I{hn < &5} = I1i < N} and, by (6),
1{h,; > Sﬁ_} =1I{i > Nﬁ_}, we can write

Ng Ng
D b= Y hui— A&IINg < NV — No)
i=Ny+1 i=Ny+1

— A&gI{Ny < Ng}(Nj — Np). )

Note that /2, .+ < g < R, 5y and han; <& < hn,N5+1' From (6), we have I{&} < hy; <

gt = I{N‘;" <i = Ng}. Hence, in (9),

Ng Ng No
Z [lniz Z hni_I{NOj_SNa} Z hni

i=Ny+1 i=NF+1 i=Ng +1
N Ny
H Ny <N} Y i+ A&) = I{Ng < Ng} Y hi
i=Ny+1 i:Nﬂ-‘rl
Ng
+1{Ng <Ng} > (hui — A&p)
i:Nﬁ_+1

N
=Y HES <hi <& hi +E5 (NG — No) — &5 (N — Np)
i=1

+ Lo +Lg. (10)

Equation (8) follows from (9) and (10). This proves Lemma 2.1. O
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& =& & =& &

Figure 1. Plots of H() with & = é}',": (a) H(E;E—) =y = H(é;z); (b) H(E;-) <y= H(é}é:);
© HEF—) <y < HES).

Lemma 2.2. Note that

Ng N
N7V hi =N CHEF <hi <E5Vhi + 8] (HaE -) — @)
i=Ng+1 i=l

— &5 (Ha(55) — B) — bl {Ny < N Y (Ha (5 —) — @)
— A&I{Ng < Ng}(Ha(65) — B) +n" "0y,
where o, — 0 in probability as n — oo.

Proof. We shall estimate L, and LLg, taking into account the values of the distribution func-
tion Hp(x) at x = S;*L with y = «, B. Figures 1 and 2 illustrate the different situations that need

to be considered.

a)

[ [
[ [
[ [
[ [
[ [
[ [
! !

&8
Figure 2. Plots of H(-) with EV_ < S}',": (a y = H(Sy_) = H(SJ',"); (b) H(Sy_—) <y = H(éy_) =
HES ) < HED: © HE)) =y = HEF —) < HED.
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Estimating L. Noting that [{&;" > h,;} = I{i < N;/}, we write
Ng
Jo=T{Ny < NJ} D" (hni = EDIES > hui)
i=Ny+1
Ng
=I{Na < NS} > (hai — )16, <huwi <ETMIN, <i <NJ}
i=Ng+1
Ne
—I{Ny < N} D" Gy —haidI{ey = haidI{i <N}
i=Ny+1
=Jr-J,.
It is clear that if £, =&, then J =0 a.s. Let &, # &, as is the case in Fig. 2. In this case,
Hp(§;) =a = Hp(&}—) and we can write
N
0<JF <INy <NJY& —&) Y &y <hu <&
i=Ng +1

N
SAE Y ey <hi<g[)=0 as
i=l1

since EI{§, < h; <&'} = Hp(f—) — Hr(&,) = 0. Hence, we always have the relation
J;F =0a.s. To estimate J,,, we note first that if N7 > N, then the indicator /{i < N, } =0 for

alli=Ny, +1,..., N;‘ . Therefore, we have the inequalities
Ny
0<Jy <HNy <Ny} Y (o —ha)I{Ey = hni)
i=Ng+1
< I{Ny < Ny }(Ny — No) &y — hun)1{Ey = hun, ) (1D

Further, we shall apply the technique used in Smirnov [22] with a probability inequality from
Hoeffding [14] (or see, for example, Serfling [17], pages 75 and 201). Thus,

P&, —hun, > &) N (& = hun,))
< P{&, —hun, > €}
= P{H,(§; —&) = NNy}
= P{Hu(5, —&) — H(, —&) = NNy — H(§; —¢))

< crexp{—canf2(€;] . ¢)} (12)
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with some positive constants ¢; and c;, depending only on m and 6y(§,,€) = a —
Hp (¢, — ¢). Further, 6,(§,, €) > 0 for any small values of ¢ > 0, by the definition of the
smallest «-quantile &,. Under the conditions of the lemma, J/nN _1(Na_ — Ng) i) T, as
n — oo. Hence, /nN~ lJa — 0 in probability as n — oco.

Next, we consider J,. By definition, NJ* < N; and since I{h,; < &} =1I{i < N+} and
Ryt <&& <h, y+., it follows that the indicator Hhy =&y =1fori=N}+1,...,N
and we can write

0< Ju=I{NS < Na) Z (hni = &) hni > E5)
i=Ng +1
Ne
=I{NS <No} D (hui —EDHhi > &)
i=Ng+1
< I{N; < No}(No = N (han, = &) I hun, > £ ). (13)

In (13), we need to consider two cases: Hp(éj) =«a and o < Hp(éj). In the first case,

Hr(£)) = a and we have the weak convergence /N~ (N} — Ny) N 77 as n — oo and
the following estimates which are similar to (12):
P{(n, — & > &) N (han, > &,))

< P{hun, — &5 > ¢}

= P{N"'No > Hy(6] + )}

= P(HGES +&) — Hy() +e) > HES +6) — N7'No)

< crexp{—cand; (5. o)), (14)
where 84 (£, €) = Hp (€] + ) — a. In addition, 84 (&, €) > 0 for any small values of ¢ > 0
because of the definition of the largest -quantile ;. Hence, in the case Hr (§;7) = «, we have

VAN~1J, — 0 in probability as n — oo. In the second case in (13), 84 (&), 0) = Hr (&) —
a > 0 and we have the representation

VANTHNG — No) = Vn(Ha(€) — Hr(ED)) + V18, 0) + o (@), (15)

where /n(H, (&) — Hr(E])) LN t and w,(a) = /nN~(aN — [aN]) = O(n~'/?) as
n — 0o, but the positive term /18y (fa , 0) is unbounded. Therefore, in this case, we shall ap-
ply the estimate (14) with en—! instead of &, that is, P{(hnn, — & > en~H N (hun, > &)}
< crexp{— czn52 (é*, en 1)}. Since the distribution function HF is continuous from the right
at the point £, it follows that 8, (£;,0) < 84(&;, en~") for any small ¢ > 0 and sufficiently
large n. Hence, in the second case, o < Hr(£;5) and (14) is replaced by the inequality

P{(hun, — &5 > en™) N (hun, > £7)) < c1exp{—cand2 (&), 0)}, (16)
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which provides the desired convergence \/nN ! J, — 0 in probability as n — co. Thus, we have

proven that «/uN 'L, — 0 in probability as n — oc.
Estimating Lg. Noting that I{Sﬂ_ >hy}=1{i < Nﬂ_}, we write

-
0<—Jg=1I{Ng <Ny} Xﬂ: (g — hni)1{&5 = i}
i=Ng+1
< I{Ng < Ng)(Ny = Np)(E5 — hang) {55 = huny)-
Here, by analogy with (12), we have
P{(55 —hang > )N (55 = hany)) < PlES — hany > €}
= P{H,(55 —&) = N™'Ng)
= P{H,(§; —&)—H(; —e) = N~'Ng — H(E; —¢))
<crexp{—canfz (&g, ©)

with 6g (é/;, &)=p—Hf (Sf; — ¢) and by analogy with (15),

VANTYNG — Np) = /a(Hy(&5) — Hr ;) + Vs (5. 0) + wn(B).

a7

(18)

Here, we need to consider two cases: 8 — Hp (Sﬁ_ —)=0and 8 — HF (&‘ﬁ_ —) > 0. In the first case,
we apply the inequality (17) with sufficiently small ¢ > 0. In the second case, we use (17) again,

-1

but with parameter en™ ", as in (16), to get

P{(&5 — hany > en” )N (55 = hany)) < c1expl—canbf (65—, 0)

19)

since the distribution function Hr has a limit from the left at the point Elg and HF(E/; —-) >

HF(fE — en~1). In this result, we have \/ﬁN’l Jg — 0 in probability as n — 0.

Finally, we consider J_ﬂ. Since I{h,; > éﬁi} =1I{i > N/;E}, we write

Ng
Jp=1{Ng <Ng} > (hni — &) {hi > 5}
i:NE-‘rl
Ng

=—I{Ny <Ng} Y (& —ha)l{sg <hu <EJMNg <i <Ny}

i=Nﬂ’+1
Ng
+I{Ng <Ng} > (hui — &) i > E5Y{i > N}
i=Ng+1
N S o
= Jﬁ —i—Jl3 .
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If £ = &7, then J; = 0 a.s. Now, assume that £5 # &5 In this case, Hr (§5) = B = HF (55 —)
and we have
] i
0<Jy <I{Ny <NjY&5 —&;) Y 1&g <hu <EF}
i=N§+1

N
< A& Y IlEy <hi<&f}=0  as.

i=1
since EI{§; < hi < 53’} = HF@;—) — Hr(§5) = 0. Hence, we always have J_ﬂ_ =0 as. To
estimate J, /;r , We write

0<Jg <I{Ng < Ng}(Ng — Npg)(hni — &) [ {hni > &5}

and apply the estimates (13)—(16) with 8 instead of . We have \/nN~! J_ﬂ — 0 in probability as
n — oo and hence /nN~'LLg — 0 in probability as n — oo.
This proves Lemma 2.2. O

Proof of Theorem 1.1. Let U(g) be a U-statistic of the form (1) with the kernel

g1,y X)) = [IHh(xr, o, xn) <EFHR(x1, - xm) — €5 ) + BES ]
—[HhGers o xm) <&M (R, o xm) — E5F) + gt ]
We see that
N
U)=N""> IEr <hi <&5Vhi + & (Ha(E) —) — @) — &5 (Ha(€5) — B).
i=1

It is not difficult to verify for this function that Eg(Xy,..., X,;) =6 and g(x) = Eg(x, X», ...,
X)) — 0, x € X; in addition, E gz(X ) > 0, by the condition of the theorem. Hence, the kernel g
is non-degenerate and, by the central limit theorem for U -statistics with such bounded kernels,

we have the weak convergence 7, := m_lﬁ(U(g) —0) —d> Ty as n — o0 (see, for example,
Borovskikh [3]). By the same central limit theorem, we have

T = (Hy 6 ) — HEF ) >
and
tup = m = (Ha(€)) — HE) ~> 7

as n — oo. Under the conditions of the theorem, we have E|I{1\'7‘;r —Nyg>0}—I{ty, >0} >0
if A&y # 0 (in this case, H(§;f—) = &) and E|I{Nﬁ_ —Ng <0} —I{tpg <0} > 0if Aég#0
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(in this case, H (5/3_ ) = B). Further, it is easy to prove that the covariances Cov (T, Tnx) —
Cov(ty, Tx) as n — 00, where *, x = «, g, 8. Now, apply Lemma 2.2 to complete the proof of
Theorem 1.1. O

Lemma 2.3. The following representation holds:

}\_/ﬂ,1
Log = N1 Z hyi.
i=Ng

Proof. By definition, we can write

Log :/ I{hy <x <hglxdH,(x)
R

N
1
= D e < hni < hplhni

i=1

N N
1 1
= 2 Wi < hghhni = < > Ini < hobhni

i=1 i=1

| Ng—1 Ne—1

=% hni — l hni
N N

i=1 i=1

This proves Lemma 2.3. ]

The proof of Corollary 1.2 follows from Theorem 1.1 and Lemma 2.3.
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