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Expansions are provided for the moments of the number of collisions X, in the B(2, b)-coalescent re-
stricted to the set {1, ..., n}. We verify that X,, /EX,, converges almost surely to one and that X,, properly
normalized, weakly converges to the standard normal law. These results complement previously known
facts concerning the number of collisions in B(a, b)-coalescents with a € (0,2) and b =1, and @ > 2 and
b > 0. The case a =2 is a kind of ‘border situation’ which seems not to be amenable to approaches used
fora # 2.
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1. Introduction and main results

Let £ denote the set of all equivalence relations (partitions) on N. For n € N, let g,,: € — &,
denote the natural restriction to the set &, of all equivalence relations on {1, ...,n}. For & € &,
let |&| denote the number of blocks (equivalence classes) of &.

Pitman [15] and Sagitov [17] independently introduced coalescent processes with multiple
collisions. These Markovian processes with state space £ are characterized by a finite measure
A on [0, 1] and hence are also called A-coalescent processes. For a A-coalescent {I1;:7 > 0}, it
is known that

BT P{lo,T1;| =k} _ n n—k—1 k—1
gnk-—}{%f—(k_l>/[\0’l]x (1 =x)""" A(dx) (H

for k,n e N with k < n. Let

-1
. 1=P{lo,TT;|=n} ¥
;= lim = E , eN,
8n 11\0 : k_lgnk n

denote the total rates. Recently, there appeared several papers [2—4,6,8—10] dealing with certain
functionals of the restricted coalescent process {0, I1; :# > 0} (for some particular choices of A).
Functionals under consideration in these papers are (i) the number X, of collision events (jumps)
that take place until there is just a single block, and (ii) the total branch length L, that is, the sum
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of the length of all branches of the restricted coalescent tree. Such functionals are important for
biological and statistical applications because they are closely related to the number of mutations
on the restricted coalescent tree, if it is assumed that mutations occur independently of the under-
lying genealogical tree (neutrality) on each branch of the tree according to some homogeneous
Poisson process with parameter r > 0 (coalescent with mutation).

In particular, the weak asymptotic behavior of the number of collisions X, is known for
B(a, b)-coalescents with a € (0,2) and b =1, and a > 2 and b > 0. We briefly recall the corre-
sponding weak convergence results because they provide insight into the role of the parameter a
of the beta distribution A = S(a, b) in this model.

If0 <a < 1and b =1, then (see [10])

X,—n(@—1) 4
(¢ — Dnl/e
where o := 2 — a and X is an a-stable random variable with characteristic function EeX =
exp(|t|*(cos(ma/2) +isin(mwe/2) sgn(t))), t € R. Gnedin and Yakubovich ([8], Theorem 9) used
analytic methods to generalize this result to A-coalescents satisfying A ([0, x]) = Ax% +O(x%*%)
asx | 0, wherea € (0,1), A>0and ¢ > max{(2 —a)*/(5 — 5a +a*),1 —a}.
If a = b =1 (Bolthausen—Sznitman coalescent), then (see [4,9,10])

(logn)?

X, —log(nlogn) 4 X,

where X is a 1-stable random variable with characteristic function Eel'X
teR.

If 1 <a <2 and b =1, then (see [10])

—X” 4 /ooe_Uf dr,
r2—oa)n” 0

— exp(it log 1| — Ft)),

where o :=2 — a and {U;:t > 0} is a drift-free subordinator with Lévy measure v(dt) =
e /% /((1 —e 0yt lydr, 1 > 0.
If a > 2 and b > 0, then (see [6])

X, — ,ul_l logn 4
(o logn)!/2

where X is a random variable with the standard normal law, | := WV (a — 2+ b) — ¥ (b), uy :=
W' (b) — W' (a —2+Db) and W(z) := (d/dz)logT'(z) denotes the logarithmic derivative of the
gamma function.

There is also very precise information available concerning the asymptotics of the moments
of X, for B(a, 1)-coalescents with a € (0, 1]. For more details, we refer to [10] and [14].

The convergence results above indicate, in particular, that the two special parameter values a =
1 and a = 2 play a kind of threshold role when studying the limiting behavior of X,. This paper
focuses on the asymptotics of X, for B(a, b)-coalescents with parameter ¢ = 2 (and arbitrary
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b > 0). To the best of our knowledge, no convergence results have yet been provided for these
particular beta coalescents.
From the structure of the coalescent process, it follows that {X,, : n € N} satisfies the recursion

X1:=0 and X, ZX,_, +1, ne(23, ..} Q)
where [, is a random variable independent of X5, ..., X,,_1 with distribution P{l,, =n — k} =
gnk/&n» k € {1,...,n — 1}. The random variable n — I, is the (random) state of the process

{lonI1;| : ¢ = 0} after its first jump.
As already mentioned above, our aim is to investigate the asymptotic behavior of X, for
B(2, b)-coalescents with b > 0. In this case, I, has distribution

T(n—k+b—DT(n+1)

P{I, =k} = , ke{l,...,n—1}, 3
=K = G D =T+ DY H (D) cth...n=1 )
where
b
Hn,b):=—+V¥Yb+n—-1)—VH) —1, neN,b>0.
b+n—1
Note that W (b +n — 1) =logn + O(1/n), n — oo (see (6.3.18) in [1]) and therefore
1
H(n,b):logn—\ll(b)—l—i—O(—), n— o0o. “4)
n

In the proofs, we will need the asymptotics of the total rates

. H(n,b) logn

= R — 00, (®)]
B(2,b) B(2,b)

n

where B(x, y) := fol w1 — )Y~ tdu, x, y > 0, denotes the beta function. Moreover, we will
use the Lévy measure 1 on (0, co) defined via

—bt
up(de) == 7 — dr, t>0,b>0. (6)
Note that ¢, has moments
1— b—1
m® = / ¢y (dt) =/ (—log(1 —x))’¢ dx
(0,00) (0,1) X

)
=T+ Der+1,b), r>0,

which follows from a Hurwitz identity (see, for example, (23.2.7) in [1]). Here, ¢{(z,b) =
Z?io(i + b)7*, Re(z) > 1, is the Hurwitz zeta function. Our first result presents the asymptotic
expansions of the moments of X,. For convenience, we use the notation logk n:.= (log(n))k ,
k,neN.
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Theorem 1.1 (Expansion of moments). As n — oo, fork e N,

1 2k(2k + 1)my + 6¢cmy)
Yk — loa2k
" Qmpyk " 32myEH

long*1 n+ O(logy‘*2 n,

where my := mgb) =¢(2,b) and my = mgb) =2¢(@3,b) (see (7)), and c := —V(b) — 1. In par-
ticular, the variance DX, has the asymptotic expansion

2¢(3,b)

=22 Jog® n + O(log® n).
3. p) 08 Ol

DX, = m—23 log3 n+ O(log2 n)=
3my

Remark 1.2. Let {S; :t > 0} be a drift-free subordinator with Lévy measure (6). Forn € N, let ¥},
(Z,) be the number of parts (with more than one point) of a regenerative composition arising from
throwing n independent (random) points, which are independent of {S; : # > 0} and all uniformly
distributed on [0, 1], on the closed range of the multiplicative subordinator {1 — e S > 0}.
According to (19) and (22) in [7], EY,, and IEYn2 admit almost the same asymptotic expansions
as EX, and EX%, the only difference being that our ¢ equals —W(b) — 1 and their ¢ equals
—W (b). According to (19) and Theorem 14 in [7], EZ, admits exactly the same asymptotic
expansion as EX,,. According to (24) in [7], DY,, has the same asymptotic expansion as DX,,.
These observations strongly suggest that X, and Y;,, may have a similar asymptotic behavior.

Remark 1.3. For t > 0, let {f;(¢):i € N} be the sequence (in some order) of the asymptotic
frequencies of the random exchangeable partition I1;. Note that fIO 1 x 1A (dx) < oo for A =

B(2,b), b > 0. Therefore, by Proposition 26 in [15], {TS‘\, = —log(1l — Z;’il fi@®):t >0}isa
version of {S; :# > 0}. We will come back to this remark later in the proofs.

Corollary 1.4 (Strong law of large numbers). As n — oo, X,/ 10g2n — 1/(2m1) almost
surely, with m defined as in Theorem 1.1.

Our last main result is a central limit theorem for {X, :n € N}.

Theorem 1.5 (Central limit theorem). As n — oo, the sequence

X, — (1/(2m1))log’n
Jma/Gm)log* n

weakly converges to the standard normal law, where m1 and my are defined as in Theorem 1.1.

Remark 1.6. The proof of Theorem 1.5 presented in Section 3 draws heavily from coalescent
theory and results on random exchangeable partitions. We leave open the question of whether it
is possible to deduce the asymptotic normality of X, from the recursion (2) alone, that is, without
using pathwise results available in the coalescent setting.
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2. Proofs of Theorem 1.1 and Corollary 1.4

Proof of Theorem 1.1. For k£ € N, set a,(,k) =EX ﬁ By induction on k, we will prove the as-
ymptotic expansion

a,(lk) =af 10g2k n—+r logzk_1 n+ O(long_2 n), keN, (8)
where & := 2m;)~! and
rg = %kak+1((2k + Dmy + 6cm1). 9

Recall that m; = m'? = £(2,b), my =m” =2¢(3, b) (see (7)) and ¢ := —W (b) — 1.

For k = 1, write a,, instead of a,gl), for simplicity. In view of (2), we have

n—1
a1=0,  ap=1+Y aiP{ly=i}, ne{23,..}. (10)

i=1
Put b, :=a, —« log2 n, n € N. From (10), it follows that b; = 0 and

n—1 n—1
by, =1 +a2(log2(n —i) —log?n)P{l, =i} + Zb,,_iIP{In —i)

i=1 i=1

an

n—1
=icp+ an_i]P’{I,, =i}, ne{2,3,...).

i=1
Using Lemma A.1 (with k = 1 and k = 2), we get

n—1

cn =1 —i—aZ(logz(l —i/n)+2lognlog(1 —i/n))P{l, =i}

i=1

o log’n logn
=1+ Hb) (mz +O<—nb/\l ) +210gn<—m1 +O<—nb/\1 )))

_ logn 4 my +O<logn)

" H(m,b)  2mH(n,b) nbAl
and, by (4),
. _I_H(n,b)+\ll(b)+1+0(1/n) mo logn
" H(n,b) 2m 1 H(n, b) nbAl

my/(2my) — V() — 1 logn Cy logn
= (@) =: .
H(n,b) <nb“) H(n,b) (n”“)
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Substituting this relation into (11) yields

Ci log
bn:H(n,b) ( bAl) an P, =i).

Setd, :=b, — (C1/m1)logn,n € N. Then, d; =0 and

—Zlog(l —i/n)P{I, =i}

logn
+O< b%l)"'zdn iP{I, =1}, nef{2,3,...}.
i=1

Another application of Lemma A.1 leads to

Cq Ci logn
d, = O
’ H(n,b>+m1H(n,b>( e (”“))
n—1

logn .
+O(nm > + Y dy P, =i}
i=1

(kji’f) Zdn PUL =1},

By Lemma A.2, d, = O(1). Therefore, a, = (xlogzn + r1logn + O(1), and we have already
proven (8) for k = 1.

The induction step from {1, ..., k} to k 4+ 1 works as follows. Using (2) and dropping terms of
lower orders (which is possible due to the assumption of induction), we get aka) =0 and

a®*V = (k + Da*log* n + (k + Drilog?*~'n

+ O(log*~ 2n)+2a(k+l)IP’{In—]} nel2,3,...).
j=1

Put b = 5D — k110622, € N. We then have bikH) =0 and

b+ = (k+1)+Zb(k+l)P{I =j}.  nef{23,...), (12)
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where

(k+1) _ak-‘rl Z 10g2k+2(n _]) 2k+2 )P{In :]}
j=1

+ (k + Da* log® n + (k + Drelog®* ' n + 0og®* =2 n).

Binomial expansion of log?**?(n — j) = (log(1 — j/n) 4 logn)?*2 leads to

oY = (k + Dot log® n + (k + Drilog™* =" n + O(log™~* n)

2k+1

n—1
+af Y P, = }Z (2k+2)1 2711 — /) log' n
j=1

= (k+ Da*log®* n + (k + Drilog?* = n 4+ 0log®* 2 n)
2k+1
2k +2
Y ( )log nZ]P’{I = j}og® 2= (1 — j/n).
i=0 j=1

Using Lemma A.1 gives

ef D = (k+ Da*log” n + (k + Drilog™ =" n + O(log™ ~? n)
+ Hd(’:lb) 221 (2ki+2)10 n((—lymggz l+o<logi"%>)
i=
= (k4 Da*10g% n + (k + Drilog® " n 4+ O(log?* 2 n)
" Ha(:lb) <_m1 (gi i %) log®* ' n +my (2]‘2;: 2) log?* n)

logn
= (k+ Da*logn(1 -
(et Dertloe ”< H(mb))

o
((k D + o 2k + D)k + Dmo H(g 5

) g "'n+ O(logzk*2 n)
= (k+ 1)(rk + k + Dok my — (W (b) + 1)aF) 1og% ' n + O(log® 2 n)
—: cxlog% ' i 4+ 0(log* 2 ).
. . . . (k+1) _
Plugging the last expression into (12) gives b; =0and

n—1
BED = g log ! n+0(og® ) + Y bR, = ). ne{2.3... )
j=1
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Set e(kH) b(kH) Cr log2kle n, n € N, where Cy := c/((2k + 1)m1). The sequence thus

defined is given by the recursion

e,(lk+l) =t 10g2k—1 n-+ O(long—zn)
n—1

+Ci Y (log® ! (n — i) — log” ! n)P{1, = i}
i=1

n—1
k+1 .
+Y e VP, = j)
Jj=1

= crlog® ' n + O(log* 2 n)

n—1

+CkZIP’{In_z}Z<2k]+]>log nlog?*+1=7 (1 = i /n)

i=1 j=0
+ Z (k+1)]P>{] jl.
Again using Lemma A.1 yields
e,(qkﬂ) =cy logzkf1 n+ O(logzk*2 n)

log?* n logn (k+1)
C 2k+1 0] P, =]
+Ch gy )( mi + ( >>+Z VP, = )

n—1
=0(log* 2 n) + Y el VP(I, = j),
j=1
by the choice of Cy. For sufficiently large n, we can choose My > 0 such that the O(log”* 2 n)
term is dominated by

My, (kozk_1 logzk_2 n+kri— logy‘_3 n+ O(logzk—4 n)).

Therefore, for large n, e(kH) < M a(k) By the assumption of induction, a = O(log** n).

Therefore, e( +) O(long n). Setting ry4+1 := Cy = cx/((2k + 1)m1), we obtain

a,gk-i-l) — C(k-i-l 2k+2

10g*2 n + rig1 log?* ! n + O(log n).

The sequence {ry : k € N} satisfies the recursion

Feel = (e + @k + D my — (W) + 1)a)

2k + 1)m;
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with initial condition

Cmy/@m) =) — 1 £(3,b)/5(2,b) — V(D) — 1
- m N £(2.b)

n

The unique solution of this recursion is given by (9). The proof of Theorem 1.1 is thus com-
plete. d

Proof of Corollary 1.4. Forn € N and ¢ > 0, set A,,(¢) := {|X,, — EX,| > ¢EX,,}. By Cheby-
shev’s inequality, P{A, (¢)} <DX,/ (¢EX,)2. From Theorem 1.1, it follows that

DX 4 1 1
no_ +0 .
(EX,)? 3mjlogn logzn

Therefore, replacing n by ny := |exp(k?)], it follows that Z}:o: 1 P{A,,(e)} < oo and hence
Xn, /EX,, — 1 almost surely as k — oo, by the Borel-Cantelli lemma. Thus, we have already
verified the result along the subsequence {ny:k € N}. For each integer n > n, there exists a
unique index k = k(n) € N such that ny <n < ng4;. By its definition, the sequence {X,, :n € N}
is almost surely non-decreasing. Therefore, the corollary follows from the standard sandwich
argument

Xnk ]EXnk < Xn < Xnk+1 EX"kH
EX,, EX,,,, ~— EX, ~ EX,., EX,,

almost surely

Nk+1 Nk+1

and from EX,,, /EX,,,,, ~ log® ni/log® nig1 ~k*/(k + D* — 1. O

3. Proof of Theorem 1.5

We will use Theorem 2.1 of Neininger and Riischendorf [13], which is written down below in
a modified form suggested by Gnedin, Pitman and Yor [7], Theorem 10. In the following, for
random variables X, we use the notation || X||3 := (E(|1X|?))!/3.

Proposition 3.1. Assume that a random sequence {U), :n € N} of scalar random variables satis-
fies the recursion

UoLU; + V. nefnpno+1,..), (13)

for some ny € N, where (J,,, V) is independent of {U,, :n > ng}, J,, takes values in {0, 1, ..., n}
and P{J, =n} < 1 for each integer n > ng. Suppose, further, that ||U, ||3 < oo and that for some
constants C > 0 and o > 0, the following three conditions hold:

(i) limsup,_, Elog(%) <0and sup,-, || log(J"nVI

(ii) for some A € [0, 2a) and some k > 0, as n — o0,

i3 < 00

1V — tn + 14, I3 = O(log” n), DU, = Clog** n + O(log" n),

where , == EU,;
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(iil) a > 1/3 + max(k, 1/2).

Then, as n — oo, the sequence (U, — 1,,)/(~/C log® n) weakly converges to the standard normal
law.

Remark 3.2. The recursion (2) is of the form (13) with random indices J,, :=n — I,,, where I,
has distribution (3). By Lemma A.1 and (4),

(b)

J n—1 .
Elog<—"> - Zlog(l — i)ﬂ»{zn =i}~ —lml .
n P n ogn

Therefore, lim,_, oo Elog(J,,/n) = 0. In particular, the first part of condition (i) in Proposition 3.1
is not satisfied. Hence, Proposition 3.1 is not applicable to the recursion (2).

Fix any T > 0. The total number X, of collisions is the sum of the numbers of collisions occur-
ring during the time intervals [0, T7') (denote this by X,,(T)) and [T, co) (denote this by 5(\,! (T)).

Since the coalescent is a Markov process, 5(\,1(T) 4 Xllgnl'lr\’ where (J,;, Vi) := (lon 7|, X, (T))

is independent of {X/, :n € N}, an independent copy of {X,, :n € N}. Thus, we have proven that
{X,, :n € N} satisfies another recursion of the form (13), namely

d
Xu £ Xjg,n171 + Xa(T). (14)

Proof of Theorem 1.5. Let us prove that the recursion (14) satisfies all of the conditions of
Proposition 3.1.

Since X, <n — 1 almost surely, || X, |3 < oo.

Recall that X, (T) is the number of jumps of the process {0,I1;:¢ € [0, T)}. If A has no
atom at the origin, then any A-coalescent can be constructed from a Poisson point process (see
page 1872 in [15]). From this construction, it follows that with probability one, X,,(T') is bounded
from above by a random variable with Poisson distribution with parameter 7g,. By (5), Tg, ~
(T/B(2,b))logn. Therefore,

X (T)l3 = O(logn), n— 0. 5)

Let O(T) := {ﬁ(T) :i € N} be the decreasing rearrangement of the asymptotic frequencies of
the random exchangeable partition IT7. According to Remark 1.3, 1 — "2, ﬁ(T) =¢ 57, The
elements of the set Q(T) U {1 — Zfi] ﬁ(T )} are the lengths of the intervals (from left to right)
comprising the partition of [0, 1]. Let Uy, ..., U, be independent random variables (points),
uniformly distributed on [0, 1] and independent of the lengths of the intervals. Let W, ; (T") be
the number of points falling in the interval of length ﬁ(T). Set

~

m(T) = |{i e{l,...,n}:U; > 1 —e 57}

bl

Gn(T) == {i = 1: W, i (T) > 0}, On(T) == 5u(T) + 1, (1)>0}-
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From the paintbox construction [12] of a random exchangeable partition, it follows that

10 TT7| L £,(T) + 0 (T).

Arguing in the same way as on page 592 in [7], we conclude that as n — oo, 1,(T)/n — e_§T
almost surely, which easily implies that

nl_i)n;()(—log(@)) :3’7 (16)

almost surely and that for each k € N,

k
lim E‘(log<7n"m Y 1))
n—00 n

Note that, in view of (7), the right-hand side is finite for each k € N. Interpreting the inter-
vals as “boxes” and the points as “balls”, the 8,(T) is just the number of occupied boxes in
the classical multinomial occupancy scheme. From the results on page 152 in [5], it follows
that lim,,_>oon_1]E(9n(T)|ﬁ(T):i € N) = 0 almost surely. This fact, together with Proposi-
tion 2 of the same reference (see also Theorem 8 in [11]), leads to lim,— 0 6,(T)/n = 0 al-
most surely conditionally on {ﬁ(T) i € N} and, hence, unconditionally. The latter implies that
limy,— o0 lon 17| /0 = e =57 almost surely and, hence,

I —~
lim (—log<M>> =5 (18)
n—o00 n
n Tyv 1
_10g<|Qn T|>S_10g(nn( )V )
n n

almost surely, (16)—(18) together imply that for each k € N,

1 N
lim E‘(log('gn T')) ‘:ES?, (19)
n

n—oo

=ESk. A7)

almost surely. Since

by a variant of Fatou’s lemma sometimes called Pratt’s lemma (see [16]).

Condition (i) of Proposition 3.1 follows from (19). The estimate |, — uy,|l3 = O(logn)
follows from Theorem 1.1 and (19). In view of this observation, (15) and Theorem 1.1, (ii) holds
with x = 1, « =3/2 and A = 2. Therefore, (iii) also holds. O

Appendix

The proof of Theorem 1.1 relies on the two following technical results.
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Lemma A.1. ForallkeNandb > 0, as n — 00,

n—1 . k
‘H(n, b)Y P{l, = i}(— log<l — ;‘)) —m®

i=1

logkn
=0( "5t ) 20)

where H (n, b) is the function defined after (3) and m,(cb) =k'¢(k + 1, D) is the kth moment (see
(7)) of the Lévy measure (6).

Proof. We first prove that

n—1 .\ b—1 . k k
) i 1 i ) loghn
Jn(b.K) = 2;(1—;) ;(—mg(l—;)) —my =0<nm @0
1=
and that
n—1 .\ b—1 . k k
i 1 i log“n
. w| _ g
L,(b,k):= 2(1—;) i+1(—log(1—;>> —m) _o< Py ) (22)
1=

Fix k € N. For b > 1, introduce the continuous non-negative function f;:[0,1] — R via
frx) :=x71(1 = x)’" (= log(1 — x))* for x € (0, 1), f5(0) := ly=1) and f(1) := 0. Pick
some § € (0, 1) such that f}, is non-increasing on [8, 1]. Then,

n—1 . 1
‘% > fb(;—>—/5 Jo(x)dx
]

i=[ns]+1
n—l1 (i+1)/n i ((n81+1)/n
= > / (n(—)—fb(x))dx— / fo(x) dx
i=[nd]41"1/" " 8
ol e D/n i i1 ([n81+1)/n
R L) e [
i=lns]+171/" " n 8

o)

It is easily checked that fj, is continuously differentiable on (0, 8) with supy_, _s | f,(x)| < 0o.
Therefore, exploiting the mean value theorem for differentiable functions, we have

() [ so-o(2)

Combining these two pieces and using the equality m,(cb) = fol fr(x)dx, we get J,(b, k) =
O(1/n), which is more than we need.

[nd]

1
;;fb
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Assuming that b € (0, 1], an application of the previous result to the function f541, which
satisfies

(1 =0 (=log(1 —x)*

Sor1(x) = T 1- x)b_l(— log(1 —x))k
for x € (0, 1), yields
”X“l ((1 —i/mP (= log(l —i/m)* (1 —i/m)*~ ! (—log(l — z'/n))k)
i n
i=1

| | (23)
—f fb+1(x)dx‘ =0(—>.
0 n

Note that [} fp1(x)dx =m” — ki/pk+1,
For all n € N with blogn > 1, we now use the inequalities

122t e! i\, . k! < (blogn)i
() (i) = [ entar g (1o
i=1 i=0

to conclude that, as n — oo,

1"‘11 AN AP ORAN
2 tmn) (Preelt=g)) e

Combining this estimate with (23) yields (21).
Let us now prove (22). If k € N\ {1}, then

0 < M, (b, k)

n—1 n

=y 4= i/~ (—log(l —i/m)* i (1 —i/m" 1 (—log(l —i/n)"

i i+1
i=1 i=1 +

i2

n—1 . b—1 . k
- Z (1 —i/n)”""(=log(l1 —i/n))
i=1

1/‘ (1 —x)P~1(—log(1 — x))*
~ = 5 dx
nJo X
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and the last integral is finite. Therefore, M, (b, k) = O(1/n), which, together with (21), proves
(22) under the current assumptions.

If k=1, then

0< M,k

n—1 . n—1 oo . ;
n(lfb)voz _IOg(lz— i/n) :n(pb)voz iz Z (i/n)!
i 2 4 j
i=1 j=1

i=1

/
<n0 b)vo; 2( > n(- b)vOZ 211_1”/”

n—1

1 1 1 1 2logn
n(1=b)v0 — ,(1=b)V0 _ ~ 5
Zz(n—l) " nZ<i+n—i> nbAl "

i=1

This relation, together with (21), proves (22).
For b = 1, the left-hand side of (22) coincides with that of (20). Thus, we only have to check
(20) for b # 1. To this end, keeping in mind (21) and (22), it suffices to show that

”l(r(n—i+b—1)r(n+1) ( i)b“> 1 ( < i))k
> : —(1-= : —log(1-=
. I'n—i)'(n+b) n i+1 n

i=1
logk n
_O< nbnl )

First, we will prove that for any b > 0, there exists a constant M > 0 such that for all n € N and
all jefl,...,n—1},

(24)

) .\ b—1 i\ b2
‘r(n—]+§—1)F(n+l)_<l_1> Sﬂ<1_i> 25)
I'n—j)I'(n+b) n n n
or, equivalently,
'r(j+b—1)l“(n+1)_ N oM iy 26
F()T (1 +b) (n) T (") ' o

The subsequent argument relies on the following inequality (see (6.1.47) in [1]). For ¢,d > —1,
there exists M. 4 > 0 such that foralln e N,

< Mc,dnc_d_l .

‘ Fnt+co) 4
C'(n+d)
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(26) now follows from the chain of inequalities
‘F(j +b—1DI(n+1) <j>b_1
r'(jHrin+>b)

_‘(F(jer—l) B .b1>r<n+1> AR S (1)“
= r() Y )Ta+b) " Twtb) p

_Te+D|TG+b-1 4,
“Tm+b)| T()

Fn+1) b2 | bl b
<— " M,_ M
= Tw+b) b—1,0]" "+ 1,61

<’F(n+1) L
~|T(n+D)

.\ b=2 .\ b=2 N
My pMp_10 Mp—_1,0 My p
<~ J 4+ o210 J + =L J
n n n n n n
.\ b=2
_M i\
“n\n

where M := M| pMp—1,0 + Mp—1,0 + M1 . Plugging (25) into the left-hand side of (24) gives

"_1<F(n—i+b—1)f‘(n+1) ( i)b_l) 1 < ( i))k
> : —(1-= —(—log(1-=
I'm—i)'(n+b) n i+1 n

i=1

n—1 .\ b=2 . k
M i 1 i
572 (I_E) i+1(_10g<1_2>> = Qn(b, ).

i=1

n

:b—1

Lo+
C(n+b)

Mp—10j°2 40" My 0772 4 7 My 0P

For b > 1, the function x > x~'(1 — x)?~21log"(1 — x) is integrable on [0, 1], which implies
that the latter sum is bounded and the right-hand side in (24) is O(1/n). If b € (0, 1), then noting
that the function x +— x‘l(—log(l —x)¥ is non-decreasing on (0, 1), we conclude that for

nef2,3,..},
n—1 . k
M i L (12 E
M ] i\
< ﬁg(n—l)b 2i/—n<_10g<1 — ;))

2M10gkn"_1 b2 logh n
<= =>wm-i?=0 .
< ;m i) o

Thus, (24) is established and the proof is complete. (]
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Lemma A.2. Fix k € N and b > 0, and suppose that {a, :n € N} is some sequence satisfying
a, =O0(n="1og" n). If the sequence {v, :n € N} is defined recursively by

n—1

v=0 ve=ant ) v Pll=i) ne(23.)
i=l

where P{1,, = k} is defined in (3), then v,, = O(1).

Proof. Since El, ~n/(blogn), there exists an M > 0 such that for all n € {2, 3, ...},

ﬁl@ln > %bgkn. 27)
It suffices to prove the following. If
up =0, un_Mk’g ”+Zun P, =i}, ne{23,..),
i=1
with M defined in (27), then
u, <2—n"b?  forallneN. (28)

We will use induction. For n = 1, (28) is obviously satisfied as u; = 0. Assume (28) holds for all
nef{l,...,m—1}. Then,

Mlogkm nl
m < ———+ Y (2= (m—i)"P)PI, =i}.
i=1

We will now verify that the right-hand side of the latter inequality is less than or equal to 2 —
m=b/2 or, equivalently, that

m—1 k
M1

S (0m = i)™ —m PR, =i} = e

i—1 m

=

The inequality (1 —x)™% > 14ax, x € (0, 1), a > 0 yields

m—1

Z((m — i) P2 TP, = i)

i=1
m—1
=m P2 Z((l —i/m)"* — 1)P{L,, =i}

b Mlogkm
= amtop =

by (27). O
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