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Integrated volatility and round-off error
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We consider a microstructure model for a financial asset, allowing for price discreteness and for a diffusive
behavior at large sampling scale. This model, introduced by Delattre and Jacod, consists in the observation
at the high frequency n, with round-off error «;;, of a diffusion on a finite interval. We give from this sample
estimators for different forms of the integrated volatility of the asset. Our method is based on variational
properties of the process associated with wavelet techniques. We prove that the accuracy of our estimation
procedures is o V n~1/2, Using compensated estimators, limit theorems are obtained.
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1. Introduction

Nowadays, a massive amount of high frequency financial data is available. This large quantity of
data has paradoxically complicated some problems in statistical finance. Among them, one of the
most relevant is the estimation of the integrated volatility of an asset. To fix ideas, let us consider
an asset whose theoretical, efficient price (X;)¢[0,1] follows an Itd process of the form

dXt = Ut dt + oy th,

where W; is a Brownian motion, u; the drift process and 012 the instantaneous volatility. From
market price observations, we wish to estimate the quantity

1
/ g(X)?o? dt,
0

where g is a known deterministic function. The case g(x) = 1 corresponds to the absolute inte-
grated volatility of the asset and the case g(x) = 1/x to its relative integrated volatility, that is,
the integral of the squared diffusion coefficient of the logarithmic price.! Assume first that we
observe the efficient price data with frequency n, that is, the sample

(Xijn i =0,...,n).

In this setting, a common convergent estimator of the integrated volatility, with rate n~1/2 and

feasible asymptotic theory, is given by the realized volatility, that is, for the absolute integrated

INote that the usual notion of integrated volatility refers to the relative integrated volatility.
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volatility

n
> (Xijn = Xi-tyn)’
i=1

and for the relative integrated volatility

n

Z(log(xi/n) - 10g(X(i—1)/n))2,

i=1

see Jacod and Protter [16], Barndorff-Nielsen and Shephard [7], Meddahi [22] and Gongalves
and Meddahi [12].

However, it is a well-known fact that high frequency financial data do not behave like an Itd
process. In the literature, this gap is often considered to be a “contamination” of the theoretical,
efficient price and is called microstructure noise. This microstructure noise increases with the
sampling frequency and is due to several reasons, one of the most obvious being price discrete-
ness.

To get rid of this noise, the first solution is to sample our data over a longer period. But,
if we imagine we collect one unit of data per second and consider five minutes as the finest
period we can tolerate to make the noise insignificant, we throw away a lot of data, which is
hardly acceptable. Consequently, dealing with these high frequency noisy data has become a
challenging issue. Many recent papers treat this problem, especially for the purpose of estimating
the integrated volatility; see in particular Barndorff-Nielsen et al. [6]; Bandi and Russell [4];
Jacod et al. [15]; Zhang [30]; Zhang, Mykland and Ait-Sahalia [31]; Hansen and Lunde [13];
Ait-Sahalia, Mykland and Zhang [1]; and Gloter and Jacod [11]. For a comparison between
several estimators, see Andersen, Bollerslev and Meddahi [3]; Bandi, Russel and Yang [5]; and
Gatheral and Oomen [23].

In most of these works, one observes at some deterministic times tl.", i=0,...,n,alog-price
Y, . composed of a theoretical, efficient log-price X m, coming from the classical continuous-time
mlathematical finance theory, contaminated by an aélditive microstructure noise EZ,,, that is,

v v n
Y[’?’ = Xt[” + Stin s

where X ¢ 1s, for example, an Itd process. In these additive microstructure noise models, the
developed technologies often aim at reducing the impact of the noise.

Nevertheless, although price discreteness is largely accepted as one of the main reasons for
microstructure noise, these models rarely allow for it; see Large [19] and Robert and Rosenbaum
[25,26] for models considering discrete prices. In this paper, we study the problem of estimating
the integrated volatility of an asset when assuming that the efficient price data are observed with
round-off error.
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2. Model and results

2.1. Description of the model

We consider the model of a diffusion observed with round-off error. Let o, be a positive decreas-
ing sequence tending to zero as n goes to infinity and B, = a;,+/n. On a filtered probability space
(2, (F)tero,17, P), we consider a one-dimensional Brownian semi-martingale (X,);¢[0,1], taking
values in an open interval (v, ©), —00 < v < u < +00, of the form

t t
x,=xo+f o (X,)dW, +f as ds, ()
0 0
where (W;)se(0,17 is a (F;)-standard Brownian motion, (a;)se[o,1] is a progressively measurable
process with respect to (F;)se0,1], X — o (x) is a real deterministic function that is not known
and xg is a real constant. We observe the sample

(X i=0,....n), 2)

where

X{on = | Xijn/atn).
Thus, X [(7:) is the observation of X;,, with round-off error . This model has already been
studied by Delattre and Jacod [9] when B, tends to a constant finite value and by Delattre [8] in
the other cases. Based on the sample (2), our goal is to estimate the random parameter

1
0= / 2(X5)?0 (X)? ds,
0

where g is a known deterministic function on (v, w).
Note that for the Black—Scholes specification of the model

o(x)=ox,

the problem of the estimation of the constant parameter o has been partially treated by Li and
Mykland [20] in the case where 8, tends to zero.

We denote by CX(I) the set of k times continuously differentiable functions on I C R.
We write Clg (1) if all the derivatives are bounded. We will consider the following assump-
tions:

Assumption A.

supa, (logn)? < oo.
n>0

Assumption Al. There exists p > 0 such that sup, - a,lfp (log n)?% < oo.
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Assumption B.
(i) Forall x € (v, u), o(x) >0,
(i) x = o (x) € C3((v, ),
(iii) fol a’ds < +oo, almost surely.
Assumption C.

x — g(x) € C*((v, w)) and for all x € (v, ), g(x) > 0.

Assumption C1.

(i) x = g(x) € C>((v, u)) and for all x € (v, ), g(x) > 0,
(ii) x — g’(x) is of constant sign on (v, 1) and x — |g’(x)|1/2 e C2((v, n)).

By convention, if x ¢ (v, ), we set g(x) = g’(x) =0.
Note that on (0, 400), the functions defined by x — 1 and x — 1/x satisfy Assumption CI.

These functions are those respectively associated to the absolute integrated volatility and to the
relative integrated volatility.

2.2. First estimator

Our estimation method is based on the theory of wavelet methods for quadratic functionals es-
timation; see, for example, Gayraud and Tribouley [10]. Throughout the paper, for k € N and
Jj €N, we set

Lik(s) = ]l(k/zj,k+1/(2/')](s)v Y(s) =—10,1/21(8) + Lc1/2,17(5),
Vji(s) =272y 27s — k).

We define the coefficients ¢y, jo € N, k € [0, 2J0 — 1] and djk, j €N, k €0, 27 —1] by

C ok = 290/ / 1k()g(Xs)o (X)ds,  djx= / Vik(s)g(Xs)o (Xy)ds.

Hence, the ¢ and dj; are the coefficients of s — g(X;)o (Xy) in the Haar basis. Consequently,
we have

2J0—1 +o0 2/ -1
_ 2 2
0= Gut+ D > di
k=0 Jj=jo k=0

We set
R T 2j0/2 n

— . . (an) (an) (o)
Cjok = 5—\/’; = ﬂ./ok(l/”)g(X(i—n/n)\Xi/n - X

@i—1/nl"
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Thus, in the case g(x) = 1, ¢, can be seen as a rescaled local average of the increments of the
rounded diffusion over a window of size 2770, We define our first estimator 6, of 6 by

290 1
3 A2
6” - Z ]Onk
k=0

with jo.u = Llog, (e, ' A V).

2.3. Convergence in probability

1/2

We set r, = a,, vV n~'/=. We have the following theorem:

Theorem 1 (Convergence in probability). In model (1)-(2), under Assumptions A, B and C,
the sequence

Y ()
is tight.

2.4. Compensated estimators

It seems difficult to obtain a central limit theorem for the previous estimator (see the proofs for
details). Consequently, we introduce compensated estimators. We set

2/ -1

_ 2
=2 dji
k=0
and define
5 v 1 ¢ - (en) (@) _ e
djk = Eﬁ ijk(l/n)g(x(l 1)/n)|Xz7n X(tx /nl*
i=1

We denote by S the set of all triples (a, (j1,1), (j2.n)), Where a is a real number with 0 < a < 1
and (j1,,), (J2,n) are two sequences of integers such that

supal ™ (logn)? < oo, rp222n =t 5 0, ro 120102 (@2 logn 4 1/n) — 0,
n
20 — 0, rn*12*3jl,n/2 -0, 2J2an=Jn 5 (), rnflzf(jl,n‘i‘jln/z) 0.
Under Assumption Al the set S is not empty. For example, if one takes j; , = [log,(r, 3/ 4)J

and jp , = LIng(rn /3], then (p, (J1,n) (J2,n)) € S. For S = (a, (j1,n), (j2,n)) € S, we set

Q/2n Zdjz k
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and consider

[(1+a)logy r; "]
R,(S)= Y. = 2PiQy, .

J=itin

For S = (a, (j1.n), (j2.n)) € S, our final estimator of 0 is

2‘“ n—1 2j0~” -1
0u(S)= > & (R Ty —Ty=0) Y & 4.
k=0 -
where
~ 2]0}1/2 n @) ) 1/2 @ .
Clonk = Z]ljo,lk(z/n)|g(X(, /)8 (X2 1)/n)| | X = X" 1)/n

and 1/~ indicates whether x — g’(x) is non-negative or not.

2.5. Convergence in law

We state in this section some limit theorems. In this context, it is convenient to use the notion
of stable convergence in law; see Rényi [24], Aldous and Eagleson [2], Jacod and Shiryaev [17]
and Jacod [14].

Definition 1 (Stable convergence in law). A sequence of variable (X,),eN converges stably
in law to a variable X (X, — g5 X) if X is defined on an appropriate extension (Q, F, P) of
(2, F,P) and if for any F-measurable bounded variable Y and any bounded continuous func-
tion g, E[Yg(Xn)] — E[Yg(X)].

For B > 0, we define the function Ag by

" 2
Ap(x) = lir{nE|:n_1/2 (Z Zi) j|,
i=1

Zi =B/ VU + B o)W1} + B Lo () (W; — Wi )] — o (x),

where W is a Brownian motion and U a uniform random variable on [0, 1], independent of W.
From Delattre [8], we get that the function Ag is well defined. We have the following theorem:

with

Theorem 2 (Convergence in law). In model (1)—(2), under Assumptions Al, B and C1, for
S € S, we have the following stable convergences in law, where B is a standard Brownian motion,
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independent of F:
1
FBe— 0. n(Bn(S) —0) > 1y V2M— D)2 / ¢(X)?0 (X)) B,
0
1
ifBr— B>0,  /n(0,(S)—0)—>rs2 /0 (X))o (X)[As(X)]1V*dB,,

. 2 !
if B — 400, ay (0(S) = 0) —> 15 ﬁ/o g(X)?o(X,)dB;.

3. Discussion

3.1. Comments on the results

e Our microstructure model with round-off error is obviously built to face the problem of price
discreteness. Indeed, market price increments have to be multiples of the tick size. Moreover, it
is striking to see how high frequency financial data do look like diffusions with round-off error;
see, for example, [28]. In particular, the well-known bid-ask bounce is reproduced in this model.
Furthermore, if the sampling period becomes large, the round-off error becomes insignificant.
According to the theory and the empirical studies, this is also the case on the markets where it is
often admitted that low frequency financial data can be modeled as data coming from a diffusion
process. Hence, this model is relevant because it is clearly linked with market observations and
financial theory.

e Our point of view is different from those of an additive microstructure noise. We do not make
assumptions on the difference between the observed log-price and the theoretical log-price but
on the observed price itself. Hence, our method is not a denoising method. We directly use the
properties of the noisy data. Moreover, Li and Mykland [21] have proved that estimators built
for additive noise, like the two scales estimator of Zhang, Mykland and Ait-Sahalia [31], are not
robust in the case of a “quite big” rounding error.

e The estimation rates are the same as those obtained by Delattre [8] for other procedures on this
model. In particular, if the order of magnitude of the round-off error is smaller than n 12 we
find the classical parametric rate.

e More general forms of stochastic volatility seem difficult to treat with our wavelet technique.
Indeed, our proof of the central limit theorem relies on the fact that under an equivalent measure,
the process can be written as a function of a Brownian motion, which is not the case for general
stochastic volatility models. Nevertheless, Theorem 1 remains true in the case where the instan-
taneous volatility is of the form o (x, ) = g1(x)g2(¢), with g1 and g, as two positive functions
such that g; € C2(R) and g» € C! ([0, 1]); see [28].

o The integrated volatility cannot be recovered in a pure rounding framework where the sequence
o, is supposed to be constant as n goes to infinity. Nevertheless, it can be done for some particular
rounding procedures; see Jacod et al. [15].
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3.2. Intuition for the results and important ideas

To give some intuition for the results, introduce important ideas used in the proofs, and explain
why methods based on the quadratic variation do not work here, we recall and explain an inspir-

ing result of Delattre [8] when , tends to infinity.

3.2.1. The behavior of the p-variations

Let & be the density of a standard Gaussian variable and

1
niop)= [ au [ avholgu+on®)”

It is shown in Delattre [8] that if 8, tends to infinity, that is, if the round-off error is quite big, for
p >0, we have

n 1

- — n n 1-

an " Bun Y |X [ = XN = T /O yp(o(Xy). Bu) ds
i=1

tends to zero in probability. The stable convergence in law of this sequence normalized by «,,; !
has also been proved in [8].

3.2.2. Remarks and explanations

The point is to remark that if p =1,

1 1
.7 /O Vp(o(Xy), ) ds = (2/m)!/? /0 o (X)ds

and that if p > 0,

1 1
,i"’/o Vp(G(Xs),ﬂn)ds—(Z/TE)l/Z/O o (Xy)ds

tends to zero in probability. So, in the case B, tends to infinity, if p is not equal to one, contrary
to what happens when considering non-noisy data, o (X;)? does not appear in the limit of the
sum of the rescaled rounded increments to the power p. Thus, estimating

1
/ o?(Xy)ds,
0

seems more complicated than estimating

1
/ o(X;)ds.
0
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We now give an intuition for this surprising behavior of the p-variations through a non-rigorous
argument. Introducing several important ideas, we explain why, when g, tends to infinity,

Eoxm | Xi5w = X&) "]~ el B @/m) 2o (X —1ym),

where Eq(x;_,,,,) denotes the expectation conditional on o (X (—1y/n). We define the fractional
part of X, by {X,} = X, — | X,]. First we have to remark that

X = X = {Xa—vym/an} + (Xisn = Xa—1yn) /o ]. 3)

Kosulajeff [18] and Tukey [29] have established that when « is small, {X/«} is almost inde-
pendent of X and approximately follows a uniform law on [0, 1]. More precisely, the following
result has been shown by Delattre and Jacod [9].

Lemma 1 (The fractional part of a variable). Let k be a function on R, C" (r > 1), integrable

with integrable derivatives. Let f be a function on R x [0, 1], C" in the first variable and such
that for 0 <1 <r, M; = sup, fol |83—;,f(x, u)|du < +oo. Then

1
‘ / k(x)[f(x,{x/a})— f f(x,u)du] dx
R 0

Thus, since

1

)
ﬁk(x) dx.

< Q)" sup M; supf
R

o<i<r o<i<r

Xin— Xi—1y/n =0 (Xi=1y/n) Wijn — Wi—1)/n)-
we have
EU(X(i—l)/n)[‘ijtz) - Xéfti)l)/n‘p] ~ a'Il)EU(X(i—l)/n)H |_U + ﬁn_lcr(X(,»_l)/,,)YJ |p]’

where U is a uniform variable on [0, 1], independent of X, and Y is a standard Gaussian variable,
independent of X and U. Therefore, if B, tends to infinity,

]EU(X(i—l)/n)HXi(;x;;) - ngz)l)/n |p] ~ aﬁ_lEU(X(iq)/n)HXi(%) - ngf)n/n |]

We conclude our argument using the simple but nice fact that if U is a uniform variable on [0, 1]
and Z is independent of U, with a density with respect to the Lebesgue measure,

E[ILU + Z][1 =E[Z]].

4. Proofs

In all the proofs we use the previously defined notation. For technical reasons, we suppose with-
out loss of generality that for given j, n27/ is a positive integer. In the following, ¢ and c;, denote
constants not depending on n, j or k and that may vary from line to line.
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4.1. Preliminaries for the proofs of Theorems 1 and 2

4.1.1. Localization procedure

We slightly adapt here a classical localization procedure used, for example, in Delattre [8]. It will
enable us to replace Assumptions B, C and C1 with much stronger assumptions in the proofs of
Theorems 1 and 2. We fix two sequences (v)4>1 and (f14)4>1 such that (v,) is strictly decreasing
to v, (ug) is strictly increasing to u and (g — v,) > 0. We also fix a sequence of functions
Xg R — [0, 1] such that x, € C2(R), (x,)"/? € C}(R) and

Xgx)=1 on [vg,puq] and x,(x)=0  on (=00, v44+1]1U[1g+1,+00).

For g € N, we define on R the real functions o, and g, by

04 (x) =0 (x)xg(x) + (1 — xq (1)), gq(X)=g(vq)+/ g () xq(s)ds.

Yq

We finally set
t
Tq:inf{te[O,l],X,qu+aqorX,z,uqor/ aszdszq}/\l.
0

Under Assumption B, T, tends almost surely to 1 and P(T, = 1) — 1 as ¢ — +o0. Let
(W,q, t > 0) be defined by W,q = W, +na1 — Wr, and (qu)tzo be the solution of

v =o,(¥Hdwi,  Y{ =Xz,

Consider now the process (X{);e0,1] defined by X{ = X, for ¢ € [0, T,] and X] = qu_Tq for
t € (Ty, 1]. This process satisfies

dX! = oy (X])dW, +af dt,

where a? =a, fort € [0, T;] and a,q = 0fort € (Ty, 1]. The process X7 coincides with the initial
process X on [0, T;]. Let g0 = inf{g, gy > vy + g }. For g > go, on [0, T,;], gq(X;’) coincides
with g(X;) and for n > ¢, g, (X7@)y coincides with g(X*"). Finally, under Assumption C1,
(g4)' is of constant signon R, |(g4)’| 172 ¢ Cg(R) and on [0, 7,1, (gq)’(X,q) coincides with g’ (X;).
Furthermore, for n > ¢, (g4)’ (X?(a")) coincides with g’(X t(a”)).

Hence it is enough to prove Theorems 1 and 2 for the processes X4, for all g > gg, and so it
is enough to prove Theorem 1 under Assumptions B’ and C’ instead of Assumptions B and C
and Theorem 2 under Assumptions B’ and C1’ instead of Assumptions B and C1, with Assump-
tions B/, C’ and C1’ defined the following way:

Assumption B’'.

(i) There exists ¢ > 0 such that for all x € R, o(x) > c,
(ii) x — o (x) € C2(R),

(iii) sup,cq fol atds < +oo.
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Assumption C'.

x—>gx)e C,%(R) and there exists ¢ > 0 such that for all x € R, g(x) > c.

Assumption C1'.

(1 x—>gkx)e CZ(]R) and there exists ¢ > 0 such that for all x e R, g(x) > c,
(ii) x — g’(x) is of constant sign on R and x — |g’(x)|'/% € CE(R).

4.1.2. Change of probability

Under Assumption B’, by the Girsanov theorem, we can construct a probability I’ on (2, F),
absolutely continuous with respect to I and a Brownian motion under P, (W/, t > 0) such that

1 d
dX; =0 (X)) dW/ + =0 (X;)—o (X,)dr.
2 ax
Assumption B’ holds for this representation. We define the following supplementary hypothesis:
Assumption D.
1 0
ar = EU(Xt)aU(XJ

The convergence in probability and the stable convergence in law being preserved by an ab-
solutely continuous change of probability, it is consequently enough to prove Theorem 1 under
Assumptions A, B/, C’ and D and Theorem 2 under Assumptions Al, B’, C1” and D. Under
Assumptions B’ and D, X; = h(W;) with h:x — S~ (x + S(x0)) and

ol
S:x—>/ ——dy.
0o o)

For simplicity, we suppose now that xo = 0. Note that X is a homogeneous Markov process with
transition densities

pi(x, y) =0 () @) exp[— 207N (S() — S0))].

Moreover, the following inequalities hold; see, for example, Delattre and Jacod [9].
ity i/
/’mp,(x,y)‘dysa(’ﬂ)/ , i+j=<2, 4

9! .
\/'ﬁqt(x’ }’)'|Y|pdy Scptp/za 1527 (5)

with g;(x, y) = p;(x, x + y). We now give the proofs of Theorems 1 and 2.
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4.2. The behavior of the sampling functions

We give in this section a key proposition for the proofs of Theorems 1 and 2. As in Delattre [8],
we consider the following assumption:

Assumption E. Let (x,u,y) — f,(x,u,y) be a sequence of real functions on R x [0, 1] x R.
The sequence f; satisfies Assumption E if the functions f;, are twice continuously differentiable
with respect to the first variable and if there exists y > 0 such that for all n > 1,

D fa@rou, I <yA+BDA+ 1Y),

(i) fo 1o, ) du <y (14 |y17),

(i) |7 fu v, NI < y (L4 BDA+1y17) i = 1,2,
@) fo |2 fuCewp) du <y (L4 [y").i =1,2.

Notation. For some sequences of real functions x — g, (x) on R and (x, u, y) - f,(x,u, y) on
R x [0, 1] x R, we define

" 22
VI gn) = = Y Ljuli/mgn(X-1y/n)
i=1
and
" 2J/2 " .
VI%(n, fu) = - Z]ljk(l/”)fn (Xt AXi=vyn/an} Nn[Xim — Xi=1)/n]).

i=1

Let h, be the density of a centered Gaussian variable with variance o2. For a real function
(x,u,y) —> f(x,u,y)onR x [0, 1] x R, we set

1

mf(x,u)Z/Rha(x)(y)f(x,u,y)dy, Mf(X)Z/O mf(x,u)du.

The following proposition is a general result on the behavior of the sampling functions.

Proposition 1 (Behavior of the sampling functions). Let (x,u,y) — f,(x,u,y) be a sequence
of real functions on R x [0, 1] x R satisfying Assumption E. Under Assumptions A, B" and D,

1 2
E[(vik(n, fa) = 2072 / ﬂjk(s)an(Xs)ds> ] <cr?
0

for 0 < j < |logyr, '] and 0 <k <2/ — 1. This holds for 0 < j < [ (1 + p)log, ;'] under
Assumptions Al, B’ and D.
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4.3. Proof of Proposition 1

In this proof, we widely use the methods and results developed by Delattre in [8]. We set p to
zero if only Assumptions A, B’ and D are satisfied and write E £, for the conditional expectation
with respect to F;.

4.3.1. Fundamental decomposition

Notation. Letsj; = R77nk+1,..., 2_jn(k + 1)]. We use the following notation:

1
mnfn(xvu)Z/QI/n(x»y)fn(xau»ﬁy)dyv Mnfn(x)zfo my fn(x, u)du,

My frn(X) = mp fu(x, {x/an}) — My fr(x), llnfn(x) =/pi/n(x’ yImy fu(y)dy.

We set
Fioy = Fa(XisnoAXijn/otn}, V[ X ir1y/n — Xisn])s
n?(fn) = fln - Mnfn(x(i—l)/n),
nAG+1—1)
S =Y (Bg, O —Ex,_,, ()
and

2012 &
MOy (fa D) = ==Y L/ m3} (fo, D,

i=1

2i/2
;lk(fnsl) = T Z [m_nfn(Xi/n) - ’ﬁnfn(X(i—l)/n)]

i€sji

2//2
Z (n—i)A(— 1)fn(X(z 1)/n)]12<(n DINGEVE

16311(

(n—i—1)A(I-2)

Ge(fn D) = — Z Z (2 fu(Xiyn) =12 fu(Xi—1y/n) ]-

i€sjk z=1

Remark that for given n and z € s,

2i/2 2
Miy===3 1 /md} (f.])

i=1

is a (F;)-martingale in y. The following fundamental decomposition will be constantly used.
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Proposition 2 (Fundamental decomposition).
V&, fu) - 277 / Ljk () Mf (Xs) ds
0
= M (fus D) + VI, My f = Mf)
1
+ V&0, M) — 2/”/0 Ljk()Mf(X5)ds — Hjy (for ) = K (fa, D)
Proof. We have

8 (fur ) = 0 (fu) = Mo fu(Xiyn) + My fu(Xi-1y/n) = EFyy) L1+ B, L]

nAG+1—1)
Bz, a1+ Y. (B, (01— Ex,_,,, W (f0]).
z=i+2
Using that
E]:i/n [fl’fH] = / q1/n(Xi/na ) fu (Xi/n, {Xi/n/an}a ﬁY) dy,
we get

Sl‘n(fnv D= n?(fn) +”/ann(Xi/n) - n'znfn(X(i—l)/n) - E]-—(,-_l)/n [E]‘—/n 77,+1(fn ]

nAG+l— 1)
+ Z Fi/n Ef(< 1)/n[nZ(f”)]] E-r(i—l)/n[]E}—(z—l)/n[n’;(f”)]])
z=i+2
=07 (fn) +1in fu(Xign) = 0 fu (X i—=1)/n) = Bry_y) 0 [0 fu(Xijn)]
nAG+1— 1)
+ > EBru[rinfa(Xemnm)] = Exyulrin fa(Xe—nm)])-
z=i+2
Since
E]-'/,,[mnfn(x(z 1)/n)]:/p(z—l—i)/n(Xi/n»)’)’ﬁnfn(y)dy’
we obtain

87 (fur 1) = 0! (f2) 4 M fro(Xiyn) — 1on fr(X (i~ 1)/n)
(n—i)A(—1)

=0 fu(Xi—1y/n) + Z [ fuXipn) = I fu(Xi—1y/m) |-

z=2
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Thus,
5,’1(fn) = n;l(fn) +m_nfn(Xi/n) - "’infn(X(i—l)/n)
— iy a1y Sn(Xi—1y/n) L2<-iyaa-1)
(n—i—1)A(I=2)
+ Z [l?fn(xi/n) _l?fn(X(ifl)/n)]
z=1
We finally get

4 4 0i/2 M
Vika, fu) — Vikn, My, f) = n ;1ik(i/n)77?(fn)

= M (fu. D) — Hj (fu. D) — K5 (fu, D). U

4.3.2. Technical lemmas
We prove here some useful lemmas. In particular, they will enable us to control the different

terms of the decomposition. We begin with a usual Riemann approximation.

Lemma 2 (Riemann approximation). Let f € C,} and

2J/2 " ) 1
An= == Y /) f i) =27 / 1546(5) f (Xs) ds.

i=1

Then,
E[A2] <27 /n™!
Proof. Let
. . i/n
g =22 / [10(5) £ (Xs) — LG /) £ (X /)] ds.
@i—1)/n
‘We have

. ) i/n
&1 521/2f( . | f(Xs) — f(Xi/n)lds.
i—1)/n

Since f € C}, using the Burkholder-Davis—-Gundy inequality, we get E[(£1)?] < c2/n~3. Now,
Ap=3"7, E,i with n27/ terms in the sum. Thus,

E[A;] < ZZ (ELEDHELE ) > < c2in . ]
i=1i'=1

The following lemma is a consequence of Assumption E together with Lemma 1 and inequal-
ities (4) and (5). Details can be found in Delattre [8].
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Lemma 3.

I fu G, w)| < (14 B2,

_lmnfn(xa u)|du + ‘8_Mnfn(x)

. <c, 0<i<2,
dx!

axt

[

|M fu(x) — My (x)] < en™ V2,
11 fu(x)] < caz(l+n/i).

We end this section with the following bounds for H ;?k and K 7,{.

Lemma 4.
| (fan DI < 27207 4 2/ Pag[1 4+ n277 (1= 1) + (logm)Ty—pi 1,

K" (far DI < c2/%a; Togn.

Proof. From inequalities (6) and (9), we get

nlHy (f, DI < 272+ B2 + 272 Y " n[( = D7 + (0= ) o< ].

L€Sjk
We also have

n
n|K.7k(f"v D= 2j/22 Z Ti<z<@m—i—1)A(=2) [l?fn(X,'/,,) — l?fn(X(i—l)/n)]

z=li€sjg

n
< c2j/2oz5 Z(l +n/z7) < c2j/2a5n logn.

z=1

4.3.3. End of the proof of Proposition 1

(6)
)

®)
®

Until the end of Section 4.4, we take ! = n and omit this index in the notation. We now
bound the different terms of the fundamental decomposition. By Lemma 4, since 0 < j <

L1+ p)logy ry '], we get
|H(f) + K2 ()] <277 + g logn) < cry.

Inequality (7) together with Lemma 2 on Riemann approximation give

1 2
]EHV-/’"(n,an)—zf'/Z/ 1 ()M f(Xs) i|502_-/n_1.
0

Inequality (8) gives
(VK My fo = M) < 27720712,
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We now turn to the approximation term M, (f,). We have
2J
EIMj ()1 =5 D EI} ()]
i€sjk
From the results of Delattre [8], Chapters 7 and 8, we can show that
E[8 () < c(neg + (1 + (1 +an(n/i)'/?)).
Since Y7, i~1/2 <2./n, we have
]E[M;!k(fn)z] < cai +c(1+ ,3,%)(11_1 +2/q,n™h
§c(a5+n71 +2/2q,n! +2j/2a3). (10)

Putting all the inequalities together, we obtain Proposition 1.

4.4. Proof of Theorem 1

Using the remark on the change of probability in Section 4.1.2, the following proposition implies
Theorem 1.

Proposition 3 (L! convergence, absolute integrated volatility). Ler 6, be the estimator defined
in Section 2.2. Under Assumptions A, B, C' and D,

E[16, — 611 < cra,
with ¢ a constant not depending on n.
For expository purposes, we first treat the case g(x) = 1.

4.4.1. Proof of Proposition 3 in the case g(x) =1

We assume here that g(x) = 1 and set

Furu,y) = /) 2Byl Lu+ By
This specification implies
Mfu(Xs) =0 (Xy).
We begin with a lemma on the behavior of the wavelet coefficients. Let ¢k, djx and ¢y« be as
defined in Section 2.2. Thanks to the vanishing moment of v/, we easily get the following result:
Lemma 5.

i <2, Eld}] < c27%.
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Let
2/ -1 21
Z;= Y My(fcie.  Zj= Y K% (e
k=0 k=0

We have the following lemma:

Lemma 6. Let 0 < j < [(1+ p)log,r, '], then
E(Zjl+1Zjl] < ern.

Proof. We have Z; =Z; | + Z; , with

271 (k+1)/2)

Zii=) 21/2</ o [o(Xy) —U(szi)]ds>M?k’
k=0 ki

2/-1
1
Zj,2 = ; Z G(X]dfj)ds Z 51‘.
k=0 i€sjk
We easily get E[|Z; 1|] < cry. For Z; >, we have
1 2/ —12/—1
EUZjoP =530 )0 30 D Blo(Xie-)o (Xea-)id]].
k=0 k'=0 i€sjki'es
For i # i’, conditioning by Fax (i,i"y—1/n> WE get

Therefore,

2/ -1
1
B12)a1= 5 3 B0, | 47|
k=0

1E€Sjk
2/ -1
=27 Y E[o(X0-) B IM]] < cry.
k=0

For Z j» recall that

2i/2 .
Ky () === 3 1jx(i/méi,

i€5j)
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with
n—i—1
3= [l?fn(Xi/n)_l?fn(X(ifl)/n)]
z=1
and that
I foXifn) =Bz, [0 fo (Xi+2/m)]-
The same method gives the result. U

We now end the proof of Proposition 3. From Proposition 1 and equation (3), we can write
6j0,nk = CjO,nk + M}}O’nk(fn) + VjO,nk(n, Mnfn - an)

. . 1
VK, M) — 20012 /0 Lo kM fa(X)ds — HE L (f) = K™ ()

and
E[1¢jo,.k — Cjok|*] < cry.
‘We have
+00
En@l—eusdE[ o> dn+ Zc,o,,,mz]+c(rn+2f'°’nr,%>,
j=jon+1 k k

where R} is equal to

1
Virk(n, My fo — Mfy) + V0rk(n, Mfy) — 2700/ / Ljo, k()M f(X)ds — H},  (fa)-
A ,

By Lemma 5, we have

+00
IE|: > Zdﬁ} < 2 don,

J=jon k

Moreover, using the preceding computations, it is easy to see that

]EI: Z Cj(),nlek,’

k
The result follows.

i| < c(2j°v”n_l + 2j°-”oc,% +n 124 C(,Zl logn).
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4.4.2. Proof of Proposition 3 in the general case

Let

2]071/2
A (otn) (atn)
}k()nk 2 :EJOnk(’/”)g(X(l—l)/n)‘Xz/n X(f:l)/n

We easily get the result in the same way as in the previous proof, remarking that
T 2j0.n/ 2

A T 2/0n/%
(Conk = Cp k| = COny[ 5 7

Consequently, using Proposition 1, we obtain

Lk /)| XS0 = X .

2

A 2 A 2
E[I¢ o ik = ook |I71 = cEllC o W1+ CEIIET, & = Cionkl 1 < cry

On On

and

A _ . Ak o
Z CjO‘nk(CJ'O,nk - Cj(),nk) - Z C./O,nk(cjo,,,k CJO,nk) + Z’
k k

with E[|Z|] < cay,. The result follows.

4.5. Proof of Theorem 2

In this proof, Assumptions A1, B” and D are in force for o, and X. We also assume until the end
of Section 4.5.2 that g(x) = 1.

4.5.1. Compensator
We have

Z - / o(Xs) ds =) @k — Cjok)* +2 Y cioh@jok —cjpr) — ¥ > _diy
k k

j=jo k

The central limit theorems will be derived from the double product term. If, as previously, we
choose j such that 2Jo is of order ry 1 re-normalized by r, 1 the two other terms do not tend to
zero. Hence, we can either choose 2/ > ;! and compensate the first term or choose 2/ < r,!
and compensate the last term. The first method is classical in quadratic functionals estimation.
However, it seems difficult here. Indeed, a compensator of Zk Cjk—c jk)2 requires an accurate
enough estimation of the function x — o (x). Consequently, we compensate the last term. This
is unusual, but possible in our specific setting. Of course, a one-by-one estimation of the coeffi-
cients d i is probably not suitable for building the compensator. This is simply because the error
between the coefficient djzk and its estimation is of the same order as the error between the coef-

ficient c?k and its estimate. That is why we use here the following scaling property of the wavelet
coefficients.
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Lemma 7. Let

u 1
QjZde.k, G(u):f Vu)du and c(¢)=/ G (u)du.
% 0 0

"

Proof. We briefly give the main steps of the proof. Details can be found in Rosenbaum [27].
First we define

We have

1
270 - c(wf B (W,)* du
0

i| 562_j/2.

d}k = / YWy de.

We easily get that the d ; « are independent centered Gaussian variables such that
2 .
Eld";]=c(y)27.

Let g:[O, 1]. — R be a deterministic bounded function, vanishing outside the interval
[k2770, k'27701 C [0, 1] and define

'T(Z-/.—l) . .
TiE) =2 Y (2d% - )2

k=0
One can show that

E[X;(£)*] < esup(ED) |k — k|27 0.
t

Using a decomposition of the function 4’ 2 in a wavelet basis, these results enable us to prove that

i

Since ¥ has a vanishing moment,

213 (@d% — e ) (Wip-i)?
k

} <2172, (1)

/ ViR ORW) i ~ 1 (W) / Vin(OW, dr
and so
dj2k ~ h/(sz—j)zd/ik.

We conclude using equation (11) together with a Riemann-type approximation. (]

The following lemma shows that our method enables us to estimate the remaining coefficients
accurately enough.
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Lemma 8. Let S =[a, (ji.n), (on)] €S. Then,

rn_l [Z(éjlﬂk - le.nk)z - Z dek + Rn(S)i| - 0

k jzjl,n k

Proof. We want to compensate

L(1+a)logy ry; ')

X 9

J=jin

We know that for big enough j and j, < j, Q; is close to 22n=1Q Jj»..- Therefore, we estimate
the preceding quantity by

L(1+a)logy r !

Z 2/2,;1_J Qj2.n’

J=jtn

with
A _ 532
Qj2~" - Z de,nk
k

for appropriate ji , and j» ,. Let

L(+a)logy 7y ') L(+a)logy ;')
U= Y. Qj— Y 2Pigy,
j:jl.n j:jl-”

and Y = c(y) [y h'(W,)? du. We have

L(4a)logy ;!
U= ) Q=271 +27/(¥ =220, ) +22077(Q),, = Q).
j:jl.n

Using the same arguments as for Proposition 1, for ji , < j < [(1 +a)log,r, 1], we get
Elldjk — djxl*] < er.
Hence, we also obtain

Elldjxlldjx — djx|] < 27 r,.

Consequently, we have

]E[|Un|]SC(273jl,n/2+2*(jl.n+j2,n/2)+22].2,n7j1,nr3+2j2.)17j1,nrn).
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As a > 0, it is clear that

rn_l Z QJ—>0

Jj>1(+a)logy ry ']
4.5.2. Limit theorems
We prove in this section Theorem 2 in the case g(x) = 1. Let
Fulru, y) = @/2) 2Bl Lu+ By v ]I,
1
q; = ;fn(X(i—l)/nv {Xi—1yn/an} N/n[Xijn — Xi—1y/n))
and 7} =gq;' — (ll/_" 1/ M f,(X;). We begin with some intermediary lemmas.

Lemma 9. Let

Tl(jnvn):Z|:2jn/2/]]_jnk(s)[o'(xs) _U(sz—.iil)]ds:| [2]n/2 Z ZZ’L:|

k i€5j,k
—n 12021 4 2 n —LT (i) S
If 27 4y 22 (n™" 4o logn) + 2/, — 0, then v, T1(j,,n) — 0.

Proof. We write M i (I,) for M i (fn,In), T1 for Ty (j,, n) and j for j,. We use the decompo-
sition 71 = T11 + Ty with

T = Z[zi/z / 1jk(s)[o (Xy) —o(xkz-.o]ds}M jk ().

k

We easily get
E[|Ti2]] < 27/ 2r, 4+ 272 (' 4+ o2 logn 4+ o2n277/1,).

We take [, = |n/logn] and therefore rn_lE[|T12|] tends to zero. We set F(x) = o[h(x)].
The term T can be written as

n

. 5:(1, .
=Y Z[zf [ 0 = Wi F W) )ds} +202 3 R M),
k

k i€sjk

with IE[|Rk|2] <274, Following Delattre [8], Chapters 7 and 8, there exists 5, (1) such that for
I, = |n/logn]
E[|8; (In) — 8i (n)1*] < cnryy /logn,
E[8i 12)°] < c(1 4+ B (1 + auln/il'/?).
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Hence,

E[M jk(n)*] = ZES(ln | <crl.

lEA]k

Consequently, we obtain that the expectation of the second term of 77; is less than 2=/ 2rn
The first term can be written as A + Ay + A3 + A4 + As with

(i—1)/n 5 l
A= ZZZ’/ (Ws = Wio- i) F'(Wip-) == () 5.

k i€sjk k2
( )4

Ay=>"%" 2ff — Wia-i)F' (Wip-j) —=ds,

k iesjk (i 1)/n

(k+1)2~ J 5 (l )

As—Zzzf/ (Wy = Wi F (W) 2 g

k i€sjk

di (l )

Ag=) " 2k + 127 —i/n)(Wijn — Wa—1y/n) F'(Wip-j) —=ds,

k i€sjk

. i 8i (In)
As = J J_ . _ Y 24 2

s Z_Zz[<k+1)2 /(Wi = Wia=s ) F'(Wip-) == d

k i€sjk
We easily get that E[A% + Ag] < c2_fr,%. For A;, we have
2i/2 5\ 1/2 19 )
E[|Az[] < = (sup(El6: ()™D)) = c2/(1/n+a).
4

We now turn to A3. We write here §; for §; (/,). We easily obtain that IE[A%] is equal to
(k+1)277 /-(k+1)2-i

” ]E|:F/(Wk2j)2(Ws - Wi/n)(Ws’ - W’/n) i|ds ds’.
i'/n

We consider the quantity
/ 2 8i b
ui =Bz, | F'Wia-1)"(Ws = Wipn)(Wy — Wi’/n);; .
Suppose that i > i’ and s’ > i /n. Then

255

up = F'(Wip-5) Er, [(Ws = Wi/n) Wy — Wirjn)]

= F’(szfnz;’;iﬂf[(wy — Wipm)(Wy — Wi /)],
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Suppose that i > i’ and s’ <i/n. Then

§; 5
i = F'(Wya-)*—— Bz, [(Ws = Win)(Wyr = Wi ja)] =0,
Finally,
5 (k+1)277 p(k+1)277 5 8i 2
A<ZJ E| F'(W,,—; — dsds’.
AN [ [ e[ () Jasa
k i€sjk
Hence,

E[A3] <2772,

For A4, consider the function ¢ defined on [0, 1] by ¢(t) = 1 — ¢ and ¢ (t) = 2//2¢(2/x — k).
We have

8i(ly) — 8i(ly)

n

Ag= " "2k + 127 —i/nF' (Wig-i)(Wijn — Wi—1)/n)

ko iesjk

~I—ZF(sz /)22 iz ik /m)(Xijn — Xi=1y/n)o (Xi=1)/n) +R,

zes,k

_18: ()
n

with E[|R|] <c(1/n + oz,%/z). Using that the function f;, verifies in our case

[fo(x,u, )| < c(1+ B+ 1y,

following Delattre [8], Chapter 6, we can show that the quantity

Vn(Xim — X(i—l)/n)O’(X(i—l)/n)ilgi )1+ )"

can be written as g, (X—1y/n, {X(i—1)/n%n}, ﬁ[Xi/n — X(i—1)/n]). The function g, satisfies
Assumption E. Therefore, since Mg, (x) = 0, using the same arguments as in the proof of Propo-
sition 1, we can prove that

2

] <cr2,

1
EH; Z ik /m)gn (Xi—1y/ms { X =1y} V[ Xijn — Xi=1)/n])

i€sjk

Consequently,

{3

8 (ln> ds

Cjk(l/l’l)( l/n_X(l 1)/n)

:|§c2j/2r3.

i€s; ik
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For the first term, we use that

- <
— 2 ElIi(n) = 8 () *] < e/ logn

i=1

and finally
o

Lemma 10. Let

8i () — 8: (L) dsu
n

DO 2k + 127 —i/n)(Wipn = Wa—1y/n) F' (Wya-)

k iesjk

fcrn(logn)_l/z. O

Ty(n) = Z / N [0(X5) = (X(i—1y/n) | M fu(Xs) ds.

We have rn_ng(n) E) 0.

Proof. We write 7> for 7>(n) and set ¢, = (2/m)'/2. We have

Tg_an/ o [0(Xs) — o (Xi—1)/n)]o (X) ds.

We can write

Ty =c, Z/ [0(X) =0 (X—1yn) [P ds

(i—1)/n
+en Z/ [0(Xs) =0 (X(i-1y/n)]o (X(i-1y/n) ds.

1t6’s formula gives

T =cy Z/

S
dso(Xoonp) [ oo aw,
(i—1)/n (i—1)/n

i/n s
+an/ dw(Xa_wn)/ (20 (X0%0 (X)) + o(X,>2 ’/(Xz>)dr+R,
(i—1)/n (i—1)/n

with E[|R|] < c¢/n. Finally, we obtain

Tz—R+anf

(i—1)/n

s
dS(T X(l 1)/,,)/ o' (X))o (X,)dW; + R/,
(i—1)/n
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with E[|R|] < ¢/n. Let

i/n K
771'2/ dsa(X(F])/n)v/ o' (X))o (X;) dW;.
(i—1)/n @i—=1D/n

Fori’ <i, Ej.‘i,/n [7:] = 0. Hence, for given n, M]' = Z;:l n’} is a martingale. Consequently,

E[(M)* 1= Eln}].

i=1

) 1 i/n K 2
ni = ;/( dS<U(X(i1)/n)/ U/(Xt)a(Xt)th> ,
l

i—1)/n (i—=D/n

Since

we get
E[(M!)?] < c/n?. B
Lemma 11. Let

T3(jn,n) = Z Z [0 (Xia-in) = 0 (Xi=1y/n) ]27 -

k i€sjk
—in 4 =120 /2(p=1 4 o2 Jn 17 (i L
If2 +r,; 2 (™" +oaylogn) +2/r, — 0, then r,, " T3(ju, n) — 0.
Proof. We write T3 for T3(j,, n) and j for j,. We have
i (ln)
~T3=>_ > [o(Xi-1yn) —0(Xs-1)] +ri+R;
ko iesjk

with

1
11 = [ fu i) = i fo (X 1)7)]

ntl

1
- = Z U2 o (Xiyn) =12 fu (X i 1)/n)]_ i fa(X—1y/n) Li<n—2

z=1

and |R;| < cn™3/%. We easily get

In
[ZZ o (Xi-1y/n) — 0 (Xyo- /)]8 )

2]
k iesjg

i)\
[ZZ o (Xi—1y/n) — 0 (Xpp- J)] ( " )

k i€sjk




714 M. Rosenbaum

The second term of the decomposition can be written as

ZZ o (Xi-1y/n) — 0 Xpa-i)]ri

ko iesjk

=B1+ B+ B3

with

=Y o i) — o (Xa-1y/)]ris

k i€sjk
By=) [o(Xgs1p-1) —0Xpp-] D ris
k L€Sjk
= _Z Z o (X g1y2-1) — o (XD)]ri.
ko iesjk

Using Lemma 4, we obtain
. 1
E[|B,|] < 21/2<— +a? logn).
n

For By we consider the decomposition B; = B — By with

B = Z[O‘(X,/,z)_O'(X(t 1)/”)] >

81’ ln
By = Z[O’(Xi/n) - O’(X(i—l)/n)]<% + R,-).

Using the same method as for A4, we get E[|Bj2|] < crn(logn)_l/2. We have for the other
term

Bii =Y (Xi/n— Xi-1)/n)0’ (Xi-1)/n)q]

i
X
+ Y (Xipm - X(i—l)/n)U/(Xa—n/n)w
i
+R

with E[|R|] < ¢/n. Therefore, we easily get that E[|B11]] < cron~Y2. We now treat Bs.
The quantity

ZZ o (X er1y2-7) —U(Xz/n)] (10 fo (Xin) — 1w fu(Xi=1)/n) ]

k i€sjk
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can be written as

ZZ X(k+1)2 J —U(Xz/n)] mnfn(Xz/n)

k iesjk
_ZZ X(k+1)2 j)—o(X;- l/n)] mnfn(X(z 1)/n)
k iesjk
1
—i—ZZ o(Xi/m) —o (X 1)/n)];’ﬁnfn(x(i—l)/n)-
k iesjk

This is equal to

_Z[ (X(k+1)2 J) — 0 (X r)] My fn(Xpr-i)

k

1
+Z Z(Xi/n_x(i—l)/n) "(Xi=1y/n)— mnfn(X(t /n)

k iesjk

+R

with E[| R[] < cr . Eventually this term is equal to

1 _
R + Z Z (Xi/n - X(i—l)/”)o/(x(i—l)/n);mnfn (X(i—l)/n) + R,

k iesjk
with B[|R'|] < ¢2//?r2. The quantity

N (Xisn — Xi—1y/n)o” (X i=1y/n)mn fu(Xi=1y/n) (1 + B!

can be written as g, (X —1)/n, {(X(i—1)/n%} ﬁ[Xi/n — X(i—1y/x]). This function satisfies As-
sumption E. Hence, since Mg, (x) = 0, we obtain

|

1
ZZ(Xi/n_X(i—l)/n) "(Xi=1y/n) = mnfn(X(l 1y/n)

k iesji

<ecr2,

We now treat

(n—i—DA(In—2)

22 oK) —o K] D0 [E A =L fa(Xa1ym)]

k i€sjk z=1
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This can be written as

ZZZ o (X121 —a(x,/n)] 1 o (Xi /)

Z lES‘/k
_ZZZ o (X gy10-1) — 0 (Xi l/n)] l?fn(Xafl)/n)
4 lesjk
1
+ZZZ o (Xi/m) — 0 (Xi- 1>/n)];l?fn(X<i—1>/n)-
< IES]k

Hence, it is equal to

1
_ZZ o (X es1)2-7) G(XkZ—f)];l?fn(x(i—l)/n)
1
+ ZZ > (Xipn = Xinym)o! (Xa-vym) <L fu(X—1yyn) + R,
z iQesjk

with E[|R|] < ca? logn. This is finally equal to

1
R'+ ZZ Z (Xi/n - X<i—1)/n)"/(X(i—l)/n);l?fn(Xa—l)/n) + R,

z  k iesj
with E[|R'[] < c2//2a2 logn. The quantity

Vi (Xign = Xi—1yyn)o’ (Xi—v/n) 2 fa (X(ifl)/n)(a,z,[l +n/z)!

can be written as g, (X —1)/n, ﬁ[Xi/n — X(i—1)/n]). This function satisfies Assumption E.
Hence, since Mg, (x) =0,

1
E[ Z Z (Xi/n - X(,»,l)/n)o/(X(,-,l)/n)—l?f,, (X(ifl)/n)
k iesjk n
Eventually,
1
E[ DD (Xipw = Xi—1y/n)o” (Xi—1y/n) =12 fu(Xi=1)/n)
T k iesjk n
It is also clear that

i

We finally have the following result:

] <cn~ a2(1 +n/z).

i| < caﬁ(l + logn).

1
[o(X1y2-5) — U(Xi/n)];l,'l_ifn(Xo'—l)/n) ] < cap(1+logn). 0
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Lemma 12. Let

Cjn = Z Cjnk(cjnk - Cjnk)’
k

If2=in 4 1’,1_12/"‘/2(71_1 + 053 logn) + 2771, — 0, then we have the following stable convergences
in law, where B is a standard Brownian motion, independent of F:

. | !
B0, VG g -2 /O o(X,)2dB,
1

if Bn > B>0,  /nCj, ws/ o (X)[Ap(X)]1"/?dB,,
0

) _ 1 !
if Bp — 00, a,'Cj, aﬁsﬁfo o (X,)dB;.

Proof. We have

D ik @ik = cj) = Z|:2j”/2/:ﬂ-,/nk(s)a(Xs)dsj| [2];,/2 > z?}
k

k [€Sj,k
with

Tu(n) = ZU(X(ifl)/n)qin - / o (Xs)M fr(Xs)ds.
i
We get the result by applying the results of Delattre [8], Chapter 2, to the term 74 and using that
Ty YT\ + T» + T3) tends to zero in probability. U

The proof of Theorem 2 follows using Lemma 8.

4.5.3. Proof of Theorem 2 in the general case

We give a sketch of the proof of the result in the general case. We have the following lemma:

Lemma 13. [f27/» 4+ rn’l2j"/2 (n~'+ Ol,% logn) + 277, — 0, then we have the following con-
vergences in stable law, where B is a standard Brownian motion, independent of F

1 1
if Ba — 0, \/ﬁcjﬁgsﬁ(n—z)”z /O (X% (X,)*dB,,

1
if Bn > B >0, «/ECJ'” —>Ls _2/0 g(Xs)g/(Xs)U(Xs)z ds

1
+ fo g(X)o(X)[As (X1 dB,,
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1 1
if Bn — +o0, a, ' Cj, =15 —5/0 8(Xs)g' (X;)o (X,)* ds
I )
+ ﬁ/o g(X;) o (X,)dB;.

Proof. In this case, we have by analogy with Section 4.5.2

TG, u,y) = (/)2 g(x — auu) Bal L + v/ Bl
Let

FaCeu, y) = (/)2 g(x)Bul Ll + ¥/ Bul .
We have
Y ik @ik — i) =Y ik (@ — i) + Z,
k k

with E[|Z|] < ca,,. Hence, we easily get the result when 8, tends to zero. We also have

D ik @ik = Cik) = D ik (éjnk — 2/ / 1 j,lk(s)an<Xs>ds>
k

k

+ ch-nk(zf"/z / 1,k ()M fu(Xy) — M fn(Xs)]ds).
k

A bias is induced by the second term if 8,, does not tend to zero. Indeed,
o, M (Xs) — M fu (X1~ — 38/ (X))o (Xy).

Since

2J0.n 1

1

R P
Y& i~ / 8(X0)g'(Xs)|o (Xs) ds,
k=0 0
we are able to compensate this bias. We conclude the proof of Theorem 2 using that if U,, tends
to U in probability on 2 and Y,, tends to Y in stable law, then (U, Y;,) tends to (U, Y) in stable
law. (Il
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