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The sequence of «-trimmings of empirical probabilities is shown to converge, in the Painlevé—Kuratowski
sense, on the class of probability measures endowed with the weak topology, to the a-trimming of the
population probability. Such a result is applied to the study of the asymptotic behaviour of central regions
based on the trimming of a probability.
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1. Introduction

Depth-trimmed regions are sets of central points with respect to a multivariate probability distri-
bution or a data cloud. Given a mapping that associates each point with its degree of centrality,
which is traditionally called depth, the set of all points whose depth is at least a given value
constitutes a central or depth-trimmed region. Therefore, central regions are set-valued location
estimates. Their applications range from simple descriptive statistics to multivariate general-
izations of univariate quantile-based techniques. Numerous proposals of depth-trimmed regions
have been considered in the statistical literature in recent years; see, for instance, Massé and
Theodorescu [8] for half-space trimmed regions, Koshevoy and Mosler [7] for zonoid trimmed
regions, Cascos and Lépez-Diaz [3] for integral trimmed regions and Zuo and Serfling [12] for a
unifying treatment of several notions of central regions.

Cascos and Ldpez-Diaz [3] introduce the integral trimmed regions as a family of depth-
trimmed regions that is generated by a set (or family of sets) of functions. Several classi-
cal families of depth-trimmed regions like the zonoid or the halfspace regions can be ob-
tained in the framework of integral trimmed regions for suitable families of functions. Integral
trimmed regions have been used, among other families of depth-trimmed regions, by Cascos and
Molchanov [4] to assess the financial risk of a vector portfolio. The concept of the ¢-trimming
of a probability plays a crucial role in the construction of integral trimmed regions and thus a
comprehensive study of its properties would constitute a significant advance in the theoretical
study of depth-trimmed regions. In particular, the analysis of the behaviour of the «-trimming of
empirical probabilities is necessary for the study of empirical integral trimmed regions.

Motivated by this, the problem of the consistency of the a-trimming of a sequence of empirical
probabilities is analyzed in this paper. On the basis of such a consistency, applications to integral
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trimmed regions and to other trimmed regions based on the trimming of a probability will be
developed.

Throughout the paper, the symbol P will stand for the class of probability measures on
(R, By), where B, denotes the Borel o-algebra on RY. This class will be endowed with the
weak topology.

As has already been mentioned, the main results of the paper are focused on the concept of
a-trimming of a probability of P, which can be defined as follows.

Definition 1. Given P € P and a € (0, 1], the a-trimming of P, denoted by P%, is given by
P*={0eP:0< ot_lP}, that is, the set of all probability measures Q on (Rd, By) such that
O(B) <a~'P(B) forall B € B,.

This set of probabilities was formally introduced by Cascos and Lépez-Diaz [3] analyzing
several properties of such a set. Sets of probabilities that are bounded by a transformation of
another probability have been studied by, among others, Huber and Strassen [6] in the field of
robust statistics and Artzner et al. [1] in the field of financial mathematics.

From now on, given P € P, {X;}; will be a sequence of independent and identically distributed
random vectors, where X induces the probability P. Let { P,}, C P be the sequence of empirical
probabilities generated by {X;};.

Given P € P, {P,}, a sequence of empirical probabilities and « € (0, 1], this paper analyzes
the behaviour of the sequence of probability sets { P}, in relation to the set P*. Namely, it is
proved that the sequence { P}, converges (almost surely) to P%.

The usual concepts of lower limit and upper limit of sequences of subsets of a space with
a convergence criterion will be considered. Limits of sequences of sets are understood in the
Painlevé—Kuratowski sense, that is, a sequence of sets converges if its lower and upper limit
coincide, this being equal to the limit.

Since P is endowed with the convergence of the weak topology, we have

limsup Py = {Q eP:3HQu}k, On, € P,f‘k Vk € N with li;n O, = Q}
n
and
liminf P = {Q €P:3HQn}n with Q, € PY Vn e N, and limQ, = Q},
n n

where the limits inside the brackets are considered in the convergence of the weak topology.

The structure of the paper is as follows. Section 2 is devoted to study of the limit behaviour
of the o-trimming of an empirical probability and applications of this limit behaviour to depth-
trimmed regions are derived in Section 3.

2. Trimming of empirical probabilities

The aim of this section is to show that given a probability P € P and o € (0, 1], the set of
probabilities P is the limit (almost surely) of the sequence of the sets of probabilities {Py},.
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More specifically, the main result will conclude that

liminf P, = P* =limsup Py’ a.s.
n n

This section contains three parts. First, we analyze some supporting properties in relation
to the topological structure of the trimming of a probability. The second part contains some
key technical results for the main purpose of the section. Finally, the study of sequences of the
trimming of empirical probabilities is developed.

We will now state some results about topological properties of the trimming of a probability.

A family of probabilities I C P is said to be tight if, for each ¢ > 0, there exists a compact set
K C R? such that P(K) > 1 — ¢ for all P € I1. It is well known that if P € P, then the family
{P} is tight.

Lemma 2. Let I1 C P be a tight family and o € (0, 1]. Then, {Q € H* : H € 1} is tight.

Proof. Since IT is tight, given ¢ > 0, there exists a compact set K C R? such that H(R? \ K) <
ea for all H € I1. So, for any Q € H*, we have that Q(R? \ K) <o~ 'H(RY \ K) < &, which
implies the result. O

Lemma 3. Forallx € (0, 1] and P € P, the family P is compact for the weak topology.

Proof. By Lemma 2, the family P¢ is tight, so its closure in the weak topology cl P is compact
(see, e.g., Billingsley [2]). Thus, it is sufficient to prove that clP* = P“.

Let Q € clP?. There then exists {Q,}, C P* with lim, Q, = Q in the convergence of the
weak topology.

Let G be an open set in R, s0 Q(G) <liminf, Q,(G) < a~'P(G).If A € By, we can take a
decreasing sequence {G,}, of open sets in RY with A C G, and P(G, \ A) < 1/n (observe that
P is regular), so Q(A) < Q(G,) <a~'P(G,) foralln € N.Then, Q(A) <a~'P(A), which
implies that Q € P%, so P% is compact. O

Lemma 4. Let P € P and o € (0, 1]. There then exists a countable set D C P% such that D is
dense in P% in the weak topology.

Proof. Note that the weak topology is metrizable, for instance, by means of the Prohorov metric
and P® is compact in such a topology, which trivially implies the result. ([

In order to obtain the main result of this section, some essential technical results are stated
below.

The following proposition shows how to construct an element of the class P’ ; by means of
a probability of the class P. This result will play a crucial role in posterior constructions of
sequences of probabilities.

Proposition 5. Let P € P and € (0, 1]. If Q, € P, then the probability Q,1 given by

n 1
On+t1= an + m((ﬂ + 1) Pyy1 —”Pn)
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belongs to the class P, .
Proof. It should be pointed out that the mapping (n + 1) P,+1 — nP, :B; — R satisfies ((n +
1) Pyy1 —nPy)(B) =Ip(X,+1) for all B € By and is therefore a probability. As a consequence,
Q41 belongs to P.

Further, (n + 1) P,41 — nP, is a discrete probability. Since Q, € PY, it follows that Q, is
absolutely continuous with respect to P,, which implies that Q,, is also discrete and so the same
holds for Q;,41.

Thus, in order to check that Q,4+; € P%

a~ P, 1({x}) forall x € R?.
Let x € RY. If x # X111, then ((n + 1) Py —nPy)({x}) =0, so

1 it is sufficient to prove that Q,4+1({x}) <

Oni1({x}) = nn?Qn({x}) <a! n”?Pn({x}) =o' P ({x]).

If x =X, 41, then ((n + 1) P41 —nP,)({x}) = 1, which implies that

1 1
On+1({x}) = Qn({x})+?_0‘_ +1P ({x})+?
— P}'l + 1 -
<a ‘% — o Pya(ix))
and this finishes the proof. (]

Note that, given Q, € P, the reiteration of the construction of probabilities described in the
statement of the above proposition leads to the probability

1
On+i (1) = —Qn()+?(l()(xn+l)+1()(xn+2)+ 4 Iy (Xnti)) (1

forallke{1,2,...}.
A technical lemma on stopping times that will be applied in posterior results is stated below.

Lemma 6. Let {Z;}; be a sequence of independent and identically distributed random variables
with EZ1 =0. Foralln € N, let S, = Z? Z;. We define Yy =min{n € N:§,, > 0} and fork > 1,
let Yy4+1 =min{n > Y;: S, > 0}.

Then,
Yitr1 — Y
lim—L ="k _g a.s.
k Y
Proof. Given Zy, ..., Z,, the smallest o -field which makes these mappings measurable will be

denoted by o (Z1, ..., Z,).

In the first place, we should point out that the probability that the event ) | Z; > 0 occurs
infinitely often is equal to 1.

We define Wy =0, W; = min{n > O:Z’f Z; > 0} and, for k > 1, let Wi+ = min{n >
O:ZY{Vk+l Z; > 0}
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Note that Wy is a stopping time since, for all k € N, it holds that Wy is o(Zy, ..., Zw,)-
measurable. Also, Wy € N a.s. forall k € N.

Moreover, the random variables {Wyi1; — Wi}r are independent since Wiy — Wy is
o (Zwi+1, - .., Zw,,,)-measurable for all k € N and is obviously identically distributed.

Well-known results on stopping times state that EW;| < oo since EZ; € R (see, e.g., Wijsman
[11] or Durrett [5]), so E(Wg41 — W) = E(W; — Wo) = EW) < o0.

The strong law of large numbers applied to the sequence {Wy1 — Wi} leads to

W, W, - W,
lim - — Ew, as., hence lim—t— 7
n n n n

=0 a.s.

On the other hand, it can immediately be seen that for each [ € N, there exists k; € N such that
Yo=Y Wi — Wy,

It is enough to consider k; with k; = sup{n: W, < Y;}. Observe that such a k; exists a.s.
since Wi = Y;. In accordance with the definitions of {W;};, {Y¥;}; and k;, we obviously have
Wi+1> Y.

Moreover, Y11 — Y; < Wy,41 — Wy,, otherwise SWk] 41 = 0, which contradicts the definition
of Yy41. Infact, Wi, 11 > Y41

Trivially, {¥;}; is a non-decreasing sequence, Y, > n, W,, > n for all n € N and {k;}; is non-
decreasing, so lim; k; = 0o a.s. Then,

Y1 —Y, 1% — W, W — W
0 < limsup T lim sup Zhtl 7 Pl fim sup Tt 7 Pl a.s.,
! Y I Wi, I ki
which proves the lemma. (]

Cascos and Lopez-Diaz [3] prove the following result in relation to the trimming of a proba-
bility.

Lemma 7. Let o € (0, 1] and Q € P%. There then exists a.s. a sequence {Qn, }x C P such that
On, € Py, forallk € N and limy Qn = Q in the weak topology.

This result is proved by constructing a particular sequence {Q,, }« satisfying the above condi-
tions. Since we will make use of such a sequence, it will be described below.

If QO € P%, then Q is absolutely continuous with respect to P. Therefore, there exists a map-
ping g: R? — [0, 00) of class L!(P) such that for all B € By, it holds that Q(B) = fB gdP,
that is, g is a Radon—-Nikodym derivative of Q with respect to P.

If g is a Radon—Nikodym derivative of Q with respect to P, we can explicitly give a sequence
{ Oy, }k satisfying the conditions of Lemma 7 as

1
an(B)zifgdPnk for all B € By, )
IgliLip,,) /B

where n; must satisfy ”g”Ll(Pnk) >1.
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That is, if we denote by N the set of indexes of the above subsequence, then

. I
neNg ifand only if ;Z(|g(X,~)|—1)zO. 3)

i=1

Note that the probability that the event n! > 1(1g(Xi)| — 1) > 0 occurs infinitely often is
equal to 1.

We should indicate that the a.s. existence of a converging subsequence with limit Q in
Lemma 7 depends on g, a Radon—Nikodym derivative of Q with respect to P and it thus de-
pends on probability Q. For a detailed explanation of this construction, we refer to Cascos and
Loépez-Diaz [3].

Proposition 8. Let {X;}; be a sequence of independent and identically distributed random vec-
tors, where X1 induces the probability P. Let g be a Radon—Nikodym derivative of Q with re-
spect to P. Let {ny}x be defined by ny =min{n € N :n~! Y iUg(Xi)l —1) >0} and for k > 1,
let ngy1 = min{n > ny n! Z'f(|g(X,>)| — 1) > 0}. It then holds that

Ngy1 — Nk

lim
k ng

0 a.s.

Proof. Note that the random variables {|g(X;)| — 1}; are independent and identically distributed.
Since E|g(X;)| = fRd gdP = Q(R) =1, their expected values are equal to 0, thus the result is
a direct consequence of Lemma 6. (]

It is now proved that any probability of the class P* belongs almost surely to the inferior limit
of the sequence {PS},.

Proposition 9. Let P € P, a € (0, 1] and Q € P*. Then.

Q € liminf P a.s.
n

Proof. Lemma 7 states that Q € limsup P a.s. In fact, we have a specific sequence {Q,, }x with
On, € Py, forall k € N such that limg 0, = Q a.s. in the weak topology. We recall that Ng is
the set of indices of this sequence which was already characterized in (3).

We will complete this subsequence in the following way. Givenny € Ng, if n1 +1 ¢ Ng, we

define the probability Q41 € P,f‘l 1 by means of Proposition 5, that is,

n 1
in+l = n + 1 in + n + 1 ((l’l] + l)PI’l1+1 _nlpnl)a

continue until n; + k € Ng and let ny + k = ny (note that Q,, has already been defined). We
then reiterate this process with n, and so forth with successive indexes.

In this way, for all n > n, we have a probability Q, € P suchthatif/ € Ng, then Q; belongs
to the subsequence described in (2). In order to finish the proof, we must show that lim,, Q,, = QO
a.s in the weak topology.
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Since lim,, P, = P a.s. in the weak topology, { P1, P>, ...} is tight a.s. (see, e.g., Billingsley [2])
and so Lemma 2 implies that the family | ;2 P satisfies the same property. Hence {Qy}5>n, C
Une,, P is also tight a.s.

As a consequence, in order to prove that lim, Q, = Q a.s., it is enough to show that a.s., given
any subsequence {Qj, }x C {Qn}n With limg Q;, = Q' for some Q' € P, we have Q' = Q.

Let us consider a subsequence satisfying the above conditions and let Ny be the set of indexes
of such a subsequence.

Clearly, if [Ng' N Ng| = oo, the uniqueness of the limit implies that Q" = Q.

Suppose now that [Ng " Ng| < oo. Then, given ny € No, we define (whenever it exists) /; =

inf{ly € No/ :n < I <ni41} (note that there exist infinite values of /;). Observe that {Qllrc e C

{Qlk}k, and so hmk Qll/c = Q/.
In accordance with (1), it is trivial that

1
Q)= rll—,ank(-) + l_,(l(-)(Xnk+l) 1 Xn42) + -+ 1y (X))
k k

Moreover,

!/

1 Ly —nk _ ngpr —ng
0. 7 (16 X 1) Iy i) -+ T (X)) = F 20 < 25 '
k

l]/( - ni

Proposition 8 then implies that

o1
lllgn l_/(l(')(Xnk-H) + 1y Xppq2) +-- -+ I(')(Xl,’()) =0 a.s.
k

On the other hand,
ng—1,
im ok =lim A% =1 s
ko1 %
and so
lilzn Q,L = lilzn On, =0 a.s.
in the weak topology. Then, Q = Q’ a.s., which proves the theorem. ]

The «-trimming of P is (almost surely) contained in the lower limit of the «-trimmings of the
empirical probabilities, as shown below.

Theorem 10. Let P € P and o € (0, 1]. Then,
P% C liminf P} a.s.
n
Proof. Lemma 4 proves that there exists a countable set D C P“ such that D is dense in P“ in

the weak topology. Given any Q € D, Proposition 9 implies that Q € liminf,, P a.s. and since
D is countable, D C liminf, P a.s.
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Finally, liminf,, P? is closed in the weak topology, thus cID C liminf,, P a.s., where cl stands
for the closure in such a topology.
Since P* C cID, we have P C liminf, P a.s. and this trivially concludes the proof. O

The next result refers to the upper limit of the sequence {PJ},.

Theorem 11. Let P € P and o € (0, 1]. Then,

limsup P C P* a.s.
n

Proof. Let Q € limsup, P;. There then exists a sequence {Qp, }x C P with O, € Py for all
k € N such that limg Q,, = Q in the weak topology.
Since lim,, P, = P a.s. in the weak topology, for any open set G in R?,

Q(G) < liminf 0, (G) < lim infa~!' P,, (G)

<limsupa ' P, (clG) <a 'P(clG)  as.,
k

where clG stands for the usual closure of the set G.

If F is any closed set in R?. consider Gn=1{x¢€ Rd:d(x, F) < 1/m}, where d(x, F) =
inf{llx —y|l:y€ F}andm € N.

For all m € N, it then holds that Q(F) < Q(G,,) < a~'P(clG,,) as. and so O(F) <
a~'P(F) as.

Since this inequality holds for all closed sets in R?, given A € B; we have only to con-
sider an increasing sequence {F;,}, of closed sets in R with Fn CA, P(A\ Fy) <1/m and
Q(A\ F;;) < 1/m for all m € N. Note that this is always possible since P and Q are regular
probabilities. Therefore, Q(A) < a~'P(A) forall A€ By as.andso Q € P* as. (I

Finally, the main result of this section is obtained as a consequence of Theorems 10 and 11.

Theorem 12. Let P € P and { P,},, C P be a sequence of empirical probabilities of P. Then, for
all a € (0, 1], it holds that the sequence {P\}, converges a.s. in the Painlevé—Kuratowski sense
to the set PY, that is,

lim P = P* a.s.
n

3. Applications to depth-trimmed regions

Applications of the preceding results to depth-trimmed regions are developed in this section. In
the first place, we introduce a new family of depth-trimmed regions based on the trimming of a
probability and study its empirical counterpart by means of the results in Section 2. The analysis
of empirical integral trimmed regions is then developed.
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For each centrality degree o, a depth-trimmed region of level « is a set-valued location es-
timate. Given any (point-valued) location estimate associated with a probability measure, we
will build a-trimmed regions for each probability P € P as the set of all location estimates of
the probabilities in the a-trimming of P. Formally, these regions, which we will call location
trimmed regions, can be defined as follows.

Definition 13. Let o € (0, 1], let L be a location estimate on the class P and let P € P. The
location a-trimmed region of P induced by L, denoted by D} (P), is defined as

Di(P)={L(Q):Q € P*}.

Note that some well-established trimmed regions can be obtained by means of location
trimmed regions, taking appropriate location estimates.
For instance, consider the zonoid trimmed regions defined by Koshevoy and Mosler [7] as

ZDY(P) = {fxg(x)dP,g:Rd — [0, @~ '] measurable with /g(x)dP: 1}

forany @ € (0, 1] and P € P.

It is easy to see that if we consider the expected value as location estimate, that is, L stands
for the expected value, then it holds that ZD*(P) = DY (P).

The following proposition concerns, under mild conditions, the consistency of empirical loca-
tion trimmed regions.

Theorem 14. Let L be a location estimate that is continuous with respect to the weak topology.
Then, for any P € P and o € (0, 1], the empirical location trimmed regions tend, in the Painlevé—
Kuratowski sense, to the population trimmed region, that is,

D} (P) = lirgnD‘z(Pn) a.s.

Proof. Let x € D (P). There then exists Q € P* such that x = L(Q). Theorem 12 states that
Q e lim, PY as., so there exists a.s. a sequence {Q,}, C P with Q, € P for all n € N such
that lim,, @, = Q in the convergence of the weak topology.

Since L is continuous when such a topology is considered, then x = L(Q) = lim,, L(Q,) and
thus DY (P) C liminf, D (P,) a.s.

Conversely, let x € limsup, D} (P,). There then exists a sequence {x;, }x with x,, € D (Py,)
such that x = limy x,, . Therefore, there exists Q,, € P,fj( with x,,, = L(Qy,) forallk e N.

Since {Qy, 1k C Uso; PY and this set is tight, there exists a subsequence {an, W CH{On 1k
converging in the weak topology to a certain Q € P. Theorem 11 implies that Q € P* a.s.,
hence x = limy; Xy, = limy L(an]) = L(Q) € D} (P) a.s., which proves that limsup, DY (P,) C
D$ (P) a.s., so the result holds. O

The definition of the integral trimmed regions is based on the concept of a-trimming of a
probability. Formally, they are defined as follows.
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Definition 15. Given a € (0, 1] and a set of measurable functions F from R into R, the integral
a-trimmed region of P with respect to the set -, denoted by D% (P), is defined as

D%(P) = {xeRd:EleeP“ withf(x)f[fdeforallfe}"}

0= )

QeP* feF

Integral trimmed regions satisfy, under mild conditions in the generating families of functions,
some convenient properties for general trimmed regions, such as being nested, affine invariant,
closed or bounded (see Cascos and Lopez-Diaz [3]).

We will obtain a result for the empirical version of integral trimmed regions.

Some concepts which appear in this study are briefly described, in particular the concepts of a
Glivenko—Cantelli class for a probability and the concept of an envelope of a family of functions.

Given P € P, a family of measurable functions (from R%into R) F C L'(P) is said to be a
Glivenko—Cantelli class for P if

li}gn(fsu]p:’/fdPn—/fdP')zo a.s.

A measurable mapping fr is said to be an envelope of the family of functions F if | f| < fr
forall f e F.

For a more detailed explanation on these concepts and their applications see, for instance,
Talagrand [9] and van der Vaart [10].

Theorem 16. If F is a Glivenko—Cantelli class for P of continuous and bounded functions with
an envelope fr € L'(P), then for all a € (0, 11, it holds that

ﬂ lim infD%*(P,) =D%(P)  a.s.,

e>0

where
D?S(P)Z {xERd:Ele € P with f(x) _gfffdeforalleF}-

Proof. Theorem 27 in Cascos and Lépez-Diaz [3] states that under the conditions of the theorem
it holds that

(limsupD%*(P,) =D%(P)  as.
e>0 n

Therefore,
(liminfD%*(P,) CD%(P)  as.

>0
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and only the other inclusion remains to be proven.

Let D be a countable and dense subset of D‘;_-(P) and x € D. There then exists Q € P% with
f(x)< [ fdQforall feF.

Let us take the sequence {Q},>n, constructed in Proposition 9.

We split the set {n € N : n > n;} into two sets, namely Ng (see expression (3)) and {n €
N:n>ni}\ Ng.

In Cascos and Lépez-Diaz [3], it is proved that for the subsequence determined by N, it holds

that
lim(sup /fdan —/fdQD =0 a.s.
k feF

Now, consider the subsequence determined by {n € N:n >n1}\ Nog.
Given 7 in this set, then ny < n < ng4 for some k with ng, ngy1 € Ng. From (1), we have

1
On()= %an(') + ;(1(-)(Xnk+1) + 1) (Xngr2) + - 4 1) (X)),

which implies that

[ R '
[ rao.=["ra0, 41 3 rexp.

Jj=ni+1
Since ny € Ng, equation (2) implies that

8
||g||L1(p,,k)

Hence, we obtain that

Sup‘/fdQn—ffdQ‘
feF

n Iy
— sup _k/Ldpnﬁ— > f(X;)—ffgdP
cF| I ||g||L1(P,lk) nj:nk+1
nk fe ! ;
- sup( _/7dpnk_/fgdPD+— Y fFX).
ser\ln J lgllzie, ) et

When n tends to 0o, since ny < n < ng41, ng also tends to oo and, in accordance with (4), we

obtain that
)
n ||g||L1(P,,k)

’;—k/fdQ,,k—/fdezo as.

lim< sup
" \feF

= lim< sup
" \feF
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Note that ny/ng4+1 < ng/n <1 and from Proposition 8, it follows that limy ny /ng+1 =1 a.s.,

so limgng/n =1 a.s.
Regarding the term n~! Z’;:nk 11 f7(X;), we trivially obtain that

1 n 1 n 1 ni
= D fFXp =) XD == fF(X))
j=1 j=1

Jj=ni+1
—Ianf (xj -] if (X))
T T T e ERRT
j=1 j=1
On the other hand, fr € L'(P) and since [ frdP = E(fr(X1)), the strong law of large
numbers implies that

1 1 nk
lilgn(; Zlf}'(xj) - ’i_k 2}]‘?(%’)) =E(fr(X1) - E(fFr(X1))=0  as.
J= J=

nn

As a consequence, we conclude that the sequence {Q;},>x, satisfies

li}{n(iug_‘/fdQn—ffdQ')=0 a.s.

So, we have a.s. that for all £ > 0, there exists ng € N such that for all n > ng, it holds that

ol [0 [ 190

This implies that for all f € F, we have f(x) —¢& < [ fdQp, so it holds a.s. that for all £ > 0,
the point x satisfies

&
<-.
-2

x € liminf D%Z° (P,).
n
Since the lower limit is closed and D is countable, its topological closure satisfies

clD C ﬂ lin}linfD‘;_ls(P,,) a.s.

e>0
and, finally,

Py ) 1in}11nfD$(Pn) as.,

e>0

which implies the desired result. O
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