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Almost sure oscillation of certain random
processes
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We show that for various classes of stochastic process, namely Gaussian processes, stable Lévy
processes and Brownian martingales, we have almost sure weak convergence of the oscillation in the
measure space ([0, 1], A), A being Lebesgue measure. This result is used to obtain almost sure weak
approximation of the occupation measure via numbers of crossings.

Keywords: crossings of a level; Gaussian processes; martingales; occupation measure; stable processes

1. Introduction

Let X = {X,: 1 € R} be a real-valued random process on a probability space (2, F,P).
Our main interest in this paper is to study the almost sure behaviour of the normalized
increments of the process X, namely

(1)

for an appropriate normalizing function a(.), when ¢ varies in a bounded interval I and
e | 0. In classical cases there is no a(.) such that Z,(.) has almost surely a finite and non-zero
limit pointwise or in L” (1, \) (0<p < 00), A denoting Lebesgue measure. However, we shall
prove that for a large family of processes we do have almost sure convergence in the sense
that, for an appropriate choice of a(.), the random measure y.(.) defined by

1

almost surely converges weakly to a measure p* # &, as € | 0. Moreover, in various
situations we shall have convergence of moments. We will prove results of this kind for:

A{tel, Z(t) € B}); B Borel set in R,

(1) aclass of Gaussian processes including fractional Brownian motion (for the standard
Brownian motion the result is given by Wschebor 1992), stationary processes with certain
local behaviour and some non-stationary ones (Section 2);

(2) processes with independent increments and symmetric stable law (Section 3);

(3) continuous martingales satisfying some regularity conditions (Section 4).

*To whom correspondence should be addressed.
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For Gaussian processes and for martingales, one can obtain, as corollaries of our results,
that the paths belong almost surely to a certain family of Besov spaces with critical
parameter for which the Hélder property no longer holds.

The results will be proved in a more general context. Instead of Z,() as defined in (1)
we put

2)

where X, is the derivative of X, and X, =, X is a regularization of X by means of
convolution with an approximation of unity ., ¥.(7) = (1/e)u(t/€), €>0, 1 a fixed
function. Formula (1) corresponds to the special case ¢ = 1_ q).

In Section 5 we shall apply these methods to obtain almost sure weak approximations of
the occupation measure of the process X by means of the normalized number of crossings
of X,. A certain amount of work (Wschebor 1985; Azais 1989; Nualart and Wschebor 1991;
Berzin and Wschebor 1993) has already been devoted to obtaining these kinds of approxi-
mation in L?(Q, F, P) for each level of the process. Here the results are better in the sense
that we obtain almost sure results and that we do not require the existence of the local time,
but worse in the sense that the convergence holds as weak convergence of measures instead
of pointwise convergence.

The paths of X will be supposed to be cadlag. The kernel function ¢ will be of bounded
variation, with support included in [—1,1], [ge(¢)ds = 1. U denotes the total variation
measure of the (signed) measure with distribution function . Let

X (1) :J

C will denote a positive constant that may vary from line to line. C,, will denote a positive
random variable, almost surely finite, that may also vary from line to line. The parameter e
will be supposed to be bounded by some value €. F,(.) is the centred Gaussian distribution
function with variance o°.

+00

we(t - S)des'

2. Oscillation of Gaussian processes

In this section, the interval [ is assumed for simplicity to be [0, 1], and X, is a centred
Gaussian process with covariance function r(#, s). We denote the incremental variance
Vs, t) = var(X, — X,).

The theorems of this section rest on the following hypotheses:

H,: There exists a non-negative even function a(.), non-decreasing on R", satisfying the
following conditions:
Hii: a(.) is regularly varying at 0 with exponent a, 0 <a <1, that is:

a(u) =u"Ly(w)  (u>0),

where L; is slowly varying at zero (i.e. lim,_, LLII((”,? =1 for all u>0).
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H,: Forallu,ve[—1,1] and all t € [0, 1],
V(t+eu,t+ ev)

@ (e(u —v))
where the left-hand term is bounded above independently of ¢, €, u, v, hence b(.) is

bounded and non-negative.
H,;:

— b (1),  €—0,

a(2e) < Ca(e).

H,: The covariance function r(.,.) is twice continuously differentiable outside the
diagonal and there exists a non-increasing slowly varying function L, at zero such that
for some >0 and for all and s € [-n,1 + 7], 1 # s,

*r(1,5)

< o222 — ).
“H19s < Clt—s|™ " Ly(t — )

« is the same as in Hy ;.

Define C,;, by

szzﬂ—éf J]Ju—~wmdwondw@>i

-1

Theorem 2.1. (General case). Suppose that the hypotheses H, and H, are satisfied. Define
Z.(t) asin (2). Then as € tends to zero,

(i) almost surely, for every integer k> 0,
J (Z.(1)dt — M = E(¢"),
I

where & is a random variable with distribution function

1
JO Fe,p)(x)dt;
(ii) almost surely, for every interval J C I,

M€ /20 <) = | Feaodr, 20

Theorem 2.2. (Ordinary increments). Now define Z(t) as in (1), and suppose that hypotheses
H,, and H, and the following hypothesis Hi | are satisfied:

Hi,: Forall t €[0,1],
V(t, 1+ €) ~ (a(e))*b*(1) ase—0
V(t,t+¢) < Cla(e)).
Then the conclusions of Theorem 2.1 hold (with Cy, = 1).
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Theorem 2.3. (Stationary increments). We keep the same definition of Z, as in Theorem 2.2.
Suppose that the process X (t) has stationary increments, then V(t,s) = V(t — s), a(u) can be
chosen equal to (V(u))'/? and the function b(.) can be chosen to be identically one. The
variable & is a standard normal variable. If hypothesis H, is satisfied and if (V(e))l/2 ~
€"Ly(e) as e = 0, a € [0, 1], then the conclusions of Theorem 2.1. hold (with C;, = 1).

Several results about the family of processes X,(¢) (in the general case) can be
summarized in the following proposition.

Proposition 2.1. Suppose H, and H, are satisfied and 0 <e<n (n as in H, ), then

(a) X.(1) has almost surely C' sample paths;
(b) var (X.(1)) < Ce *d*(e);

(¢) var (Z. (1)) — C,/z,bz(t) as ¢ tends to zero;
(d) forally<a, andt € [0,1],

X (1) < e,
X, (1) — € X (1)] < Cle - €T

(e) |t — s|>3e implies

coV(X,(1), X(s)) < C(r - s)z“Lz<|[ 3 S|>.

Proof of Theorem 2.1. Let ¢>0 and k be a positive integer. We define the variable

and first study its variance.
Proposition 2.1(b) implies that Z,(z) has a bounded variance, so

1 rl
var(Y}) = JO JO cov((Z(0)F, (Z.(s))")drds

< Ce+ le s cov((Z.(0)F, (Z.(s))")drds.

To bound the second term, note that there exist constants Cy , such that for every Gaussian

centred vector (U, W) and every k = 1,2,..., we have
V(U W) = 37 Cplou)(o4-00) 7,
1<p<k

where o2, o2, and 0., are the variance of U, W and the covariance of (U, W), respectively.
By Proposition 2.1(e), when |z — s| > 3¢,

coV(Z,(1), Z.(s)) < CE(a(e)) 2(t — ) °L, (@) |
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Thus, for p > 1,
], covzn, zomrams < corta@) ™ [t e au

Now an elementary calculation shows that for every §>0 we have
” (cov(Z (1), Z.(s)))Pdrds < Ce' ™72,
|t—s|>3e

Therefore
var(Y}) < ¢t o,

The Borel-Cantelli lemma now implies that

Ysk _E(Yek)

converges almost surely along the sequence {¢, = n~“, n € N} for sufficiently large a. Now

Proposition 2.1(b), (c) and the dominated convergence theorem imply that
E(YF) — E(¢") as e — 0.

Thus Y/‘ converges almost surely to E (5 ).
We now study the behaviour of Y for e between two consecutive terms of the sequence
(e4,n € N). Letting e>0, we define n by €, | < e<e,. Then

ale k !
] o

Since a is monotone and regularly varying at zero, ¢,/¢,,; — 1 and fol (an(t))kdt is
bounded, the first term tends to zero. As for the second, let v be as in Proposition 2.1(d).

(X, (1)) — (eX,(1) + (X, (1) — X)) < € (> P(e, — ey

1<p<k

lYs— vk <1 -

€ €n

1
+(a(6))’kLl(€Yf(l)) (enXe, (0)11d2. (3)

< C " Ve, — ).
Now [e, — €] < Cn Y and ¢, = n%, so that the second term in (3) is bounded by
Cw(a(en))7kn7(zq'(k71)n7(a+ 1)’77

which tends to zero if + is sufficiently close to a. Relation (i) is then proved.

The moment convergence in (i) implies the weak convergence of measures in (ii) for the
fixed interval J = I. This implies that this weak convergence holds simultaneously for all
intervals J with rational endpoints. Then (ii) follows from a density argument. O

Proof of Proposition 2.1. (a) X, . (1) has the following Riemann—Stieltjes integral representation:

X.(1) = jw X, i), (1),

The continuity of the paths of X, implies the result.
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(b)
var(X, (1)) = e ” r(t — eu, t — ev)dap(u)dy(v)

]RZ
= —JJ V(t — eu, t — ev)dy(u)dy(v),

RZ
since

V(t,s) =r(t,t)+r(s,s)—2r(t,s)
and [dy(u) = 0. Now use H, 5, H; 3 and the monotonicity of a.
(c)
-1
var(Z. (1)) = F(E)JJ]RZ V(t— eu,t — ev)dip(u)dip(v).

Use H,;, H;, and the dominated convergence theorem.

(d) Itis well known (Dudley 1973; Adler 1981) that for every v < «, X (¢) satisfies almost
surely a Holder condition with exponent + on the interval [—n, 1 + 7). So if e<n and € <7,
then

X, (1)] = j X0 — X0 () scwaj AU () = C.e",
. . “+00
X, = X0l = || X=X bl < Cle =P

(e) Let |t — s|>3¢; then
8_2}" [([ _
0sOt

cov(X, (1), X.(s5)) = JJRZ P(u)yp(v)

eu,s — ev)]dudv
< [ eIt =) = ctu— P11 9) - el = )
JIr

< C(1— 5L, (@) O

The proofs of Theorems 2.2 and 2.3 are essentially the same.

3. Oscillation of stable processes with independent increments

Now {X,,t € R"} is a symmetric a-stable process with independent increments (a>1). It
can be represented (Revuz and Yor 1991) as a ‘subordinated Wiener process’: there exist a
standard Wiener process W () and a homogenous independent («/2)-stable subordinator
T, such that

X, = W(T).
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We define X and T as the extensions of X and 7 to R vanishing on R™. The processes X, are
obtained by convolution of X with the functions .. We define a(e) by

a(e) = [[llae",

so that Z, (1) = [|[| '~V X. (1),
The following lemma will be required in the proof of the main theorem of this section; its

proof will follow after the proof of the theorem.

Lemma 3.1. For all real $<1/2,
1 Y 1
X (t) — € Xo(t)|dt

wp  WIHO 0l

e, de(0,1],ee le — €|

almost surely.

Theorem 3.1. As ¢ tends to zero,

(i) forall X € R,
1
ei)\ZF(t)dl N E[ei)\Xl]

Y’\:J
‘ 0

almost surely,
(ii) with probability one, for every bounded interval J and all x,
M1 € J/Z,(1) < x} — PX; < 2JA():

(iii) with probability one, for every bounded interval J,
[,z = EQxpr).

Proof. (i) Let g be a continuous function with compact support in R™ and define
Y = J g(HX(¢)dr.
R+
Writing the integral as the limit of Riemann sums we get (Azais 1990)

e on((}([ o))

This implies that, for t>e:
D

In addition,
1l
J cov (e % ey qds.
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The independence of the increments of X implies that, as soon as |t — s| > 2¢, the integrand

vanishes, so
l .
var U e'AZ‘m} < 4e.
0

This and the Borel-Cantelli lemma imply almost sure convergence of the function Y? along
the sequence

€, =n ¢,

for any fixed a> 1. Relation (4) implies that the limit is E[e™1].
We now use Lemma 3.1. Let e>0, and define n by

€n+1 S €<€.

Then

. , 1
¥ - YA = U eIZ0) _ ¢iMZ, (0 gy| < )\J \Z.(t) — Z. (1)|dt
0 0

|E—1/a _ 6n—1/a|

1
<CA YA+ Ae”/aj X, (1) — e,X, (1)]ds
0

e;1/0[
< ML= (e/e,) Y2+ C e e — ¢, |7

Note that e ~n “and 0 < ¢, —e < Cif(““), so that the first term tends to zero and the
second is bounded by

Cw)\l’lu/al’l73<a+ l). (5)
Since o> 1, @ and [ can be chosen sufficiently close to 1 and % respectively, so that:
ala— pBla+1)<0,

and then relation (5) shows that Y — Yg: tends almost surely to zero as n — +00. So Y2
converges almost surely as ¢ — 0, and the proof of (i) is finished.

(ii) We have proved in (i) that for all A, Y} converges almost surely as e tends to zero. By
the Fubini theorem, for almost all w, Y tends to the function E(e"*") for almost every A as
€ tends to zero.

The last assertion is equivalent by means of a standard modification of the Lévy—Cramér
theorem to the weak convergence of the associated probability. The rest of the proof is
identical to that of Theorem 2.1.

(ii1) Using the same separability argument as in the proof of Theorem 2.1, we see that it
suffices to prove the result for the case J = [0, 1]. Denote by N(dx) the Lévy measure of
the stable process X: N(dx) = (a/2) |x|~(@*Ddx. Let v (to be made more precise later on)
be such that 0 < y<1/a. For all e>0, we define the decomposition

Xm:j xuf(dx>+j i (dx) = X1 4 X, (6)
|x|<e?

NS
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where v; (B) = v,(B) — tN(B), B C {x: |x|>a} for some a>0, and v,(.) is the Poisson
measure of the discontinuities of the process. The first term in (6) is a Wiener integral with
respect to the random set function v (.). The second term is given by a finite sum and X, ,l"‘
and X, [2’5 are independent Lévy processes. We first give the proof in the case of ordinary
increments, i.e.

Xl‘+e B Xt

Z.(t) =
(==

and conclude by giving the modifications for the general case. The decomposition corre-
sponding to (6) for Z.(¢) is denoted by

Z()=2z" 1)+ 22 ().
Let ||.||; be the norm of L'([0, 1], A). Since X7 is a step function,

o g (@),
ul >e?

12200 < e |
By the law of large numbers,

JI e [ulv) 4 ¢, (du) =~ (1 4 eO)J u|N(du) = Ce?),

e
thus
1ZE )y < celleimi=m g, (7)
So it suffices to study Zgl)(t).
E((ZD (1)) = CeH/“J XN (dx) = el D /e, (8)
|x|<e?

We calculate the variance
var (J; |z§1>(t)|dt) _ J; J; cov(|ZV(9)],121V (s)[)deds.
The integrand vanishes as soon as |t — s| > ¢ and is bounded using (8) otherwise. We have
Var(J; ZE”(I)IdI> < C a2 (1fa),
Relations (4) and (7) imply
EUD#WWQHEML
As in part (i) of the proof, for €, = n“ with a> (1 + (o — 2) (1/a — ~)) " almost surely,
ﬂ@%mmﬁmx| (n— 00).

Relation (7) implies that the same relation is true putting Z, (¢) instead of ZE:)(Z). For
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€111 < €<€,, using Lemma 3.1 with 0<3<1, we have

1 1 p 1
Jzuwnj|ZAOMzsc;%”“kqd+<@M@”“nj|&xmm}
0 0 0

The second term tends to zero almost surely, since fol |Z |dt is bounded. The first is
bounded by

Cwna/anfﬂ(aJr 1)

)

which tends to zero as n — oo if we have chosen (3 close enough to % ,yto 1/a and a to
(14 (a—2)(1/ac — 7)) " so that a/a — (a + 1) <0, which is feasible. This ends the proof
for ordinary increments.

For general increments we have to remark that

. Xi,e _ Xlﬂ,e
2400 = [Fe sl ),
(elul)!/
to get the same bounds (7) and (8) and to pass to the limit as e — 0 in Jbl |Z.|d? in a similar

way.
Proof of Lemma 3.1. Let 0< (< % On the interval [0, T} ] the Wiener process satisfies
almost surely a Holder condition with exponent 3

W(s)— W) <Clt—s|”  1,s€[0,T).

We remark that X, (¢) is given by

+00

€X€(Z) = J theudw(u)v
so that
1 A . +oo rl N ~
jkx@—aanSJ jmﬂ—x%mmww
0 —o0 JO

By the Jensen inequality

L. N 1/6 ) i
(J |X,7€u B X[F/u|dt) < Xl*su - Xzfe’u|l/ﬂdl‘
0

1
|

0
C,

IN

1
J |Tt76u - the'u|dl
0

< Cw|(€ - €I)M|T1+eo = Cw|(€ - 61)“‘7

since T is non-decreasing, 7, = 0. Thus

1 +00
J leX. (1) — € X.(1)|dr < CwJ (e — )uPdU(u) = C, (e — €. O
0

—00
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4. Oscillation of martingales
We consider similar results for It6 integrals {X,: > 0} of the form

t

X, = | b,
0

where {h(¢): t > 0} is adapted to the filtration generated by the Wiener process { W,: t > 0}

and b(.) is locally essentially bounded. We extend X, W and b by 0 on R™. Define Z () as

(Ve/ [ ]12)Xc(0), so that a(e) = [l ]2/ Ve

Theorem 4.1. Almost surely, for every bounded interval J

A{t:ted,Z(t) < x}) — JJ Fyp (x)de ase— 0, x #0. 9)

Proof. Without loss of generality we suppose that J C [0, 1] and that
16()le < M,

where M is a non-random constant and where the norm is taken in L™ ([0, 1 + €)).
Check that forall7, 0 <t <1,
. . t+e
X (1) = PW. (0)b(t —€) + el/ZJ U (1 — ) (b(s) — b(t — €))dW,. (10)
1—e
Almost surely, the distribution of the first term on the right-hand side of (10), considered
as a function of ¢ in the measure space ([0, 1], A), tends to that on the right-hand side of (9) —
see Section 2 or Wschebor (1992) and take into account the continuity of the translation
operator on L([0, 1], ). To prove (9), it will be enough to show that the second term in the
right-hand side of (10) almost surely tends to zero in L*([0,1], A).

Put
R0 = [ =9 605) — bls - paw,
A= E{ U r P a9 600 bt - s 2}
= EZE{J; J; Y. (1) Yf(s)dtds},
with

t+e 2 I+e
v = ([ wte= w0 - - naw, ) = [0 - 0w - b - o'

t

It is clear that if |f — 5| > 2¢, then E[Y,(7)Y.(s)] = 0, so that
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where the constant C depends upon M and |4]|,. Relation (11) follows from the
Burkholder—Davis—Gundy inequality (Karatzas and Shreve 1988), the fact that M is an
upper bound for ||5||,, and

t+e ) 1 )
[ vt 9as=2iwlk
From (11) and the Borel-Cantelli lemma, we conclude that almost surely

Jol (R.(1)di — ¢, Jl dzjm" o (1 — 5) (b(s) — bt — ))?ds —— 0 (12)

0 1—e, n— +o00
e =n " n=12...; a>1.

Note also that almost surely
1

r1 t+e 1
eJ dtJ wf(t—s)(b(s)—b(t—e)))zds:J dtJ V*(v) (b(t — ev) — b(t — €))*dv
0

t—e 0 -1

1
= |, @180 - by (1B

where b(,_1y(z) = b(z + €(v — 1)). Using the bounded convergence theorem, the expression
above tends to zero. This, together with (12), implies that almost surely

[REGRI=Y (13)

0

on the sequence € = ¢,. To prove that (13) holds without restriction we use the bound for
all n>0,

|eX (1) — €Xe ()] =

1 1
J theudwu - J the’udwu
-1 1

< Csup |Xt75u - the’u| < Cw|6 - €’|%*77.

Ju| <1
This finishes the proof of the theorem. O

Note that the previous computations show that for every bounded interval J

j 1Z.(1)de
J

is almost surely bounded for e >0, which implies the uniform integrability of {Z (.); e>0}
in L' (J,A). So using Theorem 4.1 one obtains that almost surely

(/3 | 1240)1dr — E(le).

¢ being a random variable with distribution function

(/M) | .
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5. Almost sure weak approximation of the occupation measure

Let g(¢) be a real function defined over an interval 7. We define the occupation measure
I, by
I,(I x B)=Mtel, g(t) € B},

where I and B are Borel sets on the real line; and the number of crossings of level u, N, (g, I')
by

N,(g I)=#{rel, g(t) =u}.

Theorem 5.1. With the hypotheses and notations stated in Theorems 2.1,2.2,2.3,3.1 and 4.1,
almost surely, for every continuous real function f and every bounded interval J, we have

be(a0)”! |

where 6 is a constant given by

+00

SN It — | | FlbI0 (),
e—0 JrJr

—00

(71/2)1/2(@/,)71 for Gaussian processes,
0=1 (n/2)"/? for martingales,
(E|X(1)))~! for stable processes.

For stable processes, the function b(t) is identically equal to 1.

Proof. We divide the proof into several steps. First, we use the following equality (Nualart
and Wschebor 1991).
For continuous f, R — R and g of class C',R — R, we have

| rtamite, 1yau= | sisonie @ (149)
Next, we write

belae)”! |

R

FOON,(X,, J)du = 9jJ FX(0)|Z.(1)/dr

—0| SO0 X 0IZW)r+6 | )zl
(15)

We study the first term in (15). Note that in each case we have proved that [;|Z.()|d¢
is almost surely bounded. Over J, X (¢) and X (¢) are almost surely uniformly bounded and
X (1) is almost everywhere continuous, so f(X.(¢)) — f(X(f)) converges almost everywhere
to zero. Thus the first term tends to zero.

Let us look at the second term in (15). For each interval J we know that, as e tends to zero,

0| 1Zwlar— | 1o (16)



270 J.-M. Azais and M. Wschebor

almost surely; this follows from weak convergence (Theorems 2.1, 2.2, 2.3, 3.1(i) and 4.1)
plus uniform integrability of the family {Z_(.); ¢>0} in the Gaussian and martingale cases,
and from the direct proof (Theorem 3.1(iii)) in the stable case. Now a density argument
shows that (16) holds true simultancously for all bounded intervals J. Hence, for every
function g:J — R which can be written as a uniform limit of linear combinations of
indicator functions of intervals, we have, almost surely,

o] siz ol — | ewlpoi

That is the case for g(¢) = f(X,) if f is continuous since ¢ — X; is cadlag. The equality

qummmm:jijMMWAmﬁw
J JJR

is obvious from the definition of I'y. This completes the proof. O
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