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We prove convergence of the p-optimal martingale measures to the minimal-entropy martingale
measure for p — 1. This is done for bounded stochastic processes in a discrete-time setting with a
finite horizon. We also investigate in detail an example of an unbounded process, where we do not
find this convergence.
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1. Introduction

In recent years the problem of finding martingale measures for a stochastic process has found
applications in the field of mathematical finance, e.g. the famous Black—Scholes formula for
evaluating a European call option can be seen as the expectational value of a random variable
with respect to the (in this case unique) martingale measure for the discounted stock price
process. In general there is no unique martingale measure for a stochastic process. So one is
confronted with the problem of choosing a proper martingale measure. Very popular
possibilities are the so-called minimal martingale measure, which has been introduced by
Follmer and Schweizer (1991), or the variance-optimal measure (Schweizer 1995; Delbaen
and Schachermayer 1996; Delbaen et al. 1997). The latter is characterized by minimizing the
L? norm of the Radon—Nikodym derivative of the new measure with respect to the original
measure among all signed martingale measures for the process. The former exhibits this
feature locally (for a more exact description see Follmer and Schweizer (1991)). Another
possibility is the minimal-entropy martingale measure. It has been shown by Frittelli (1996)
that for a bounded process a unique martingale measure, which minimizes relative entropy
between the original measure and the martingale measure, always exists. In addition, if the
relative entropy is finite, the two measures are equivalent. For an economic interpretation of
the variance-optimal and minimal-entropy measures see Delbaen et al. (1997) and see Frittelli
(1996) and Platen and Rebolledo (1995) respectively.

The aim of this paper is to find a connection between these two concepts in discrete time
with a finite horizon. It turns out that the missing link is given by martingale measures,
which we call p optimal and which are characterized by minimizing the [” norm instead of
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the L? norm. For the role of the p-optimal measures in connection with the closedness of
the space of stochastic integrals see Grandits and Krawczyk (1996). We prove that for
bounded processes the p-optimal measures converge to the minimal-entropy measure in
LY(P), if p tends to 1. As the minimal-entropy measure is always positive, the p-optimal
measures (for p — 1 small enough) do not share the drawback of the variance-optimal
measure, namely that the price of a positive contingent claim is sometimes negative, if
determined in the variance-optimal framework.

For unbounded processes, Frittelli and Lakner (1996) have already given an example,
where the minimal-entropy measure does not exist. We give an example of an unbounded
one-step process, where the minimal-entropy martingale measure does exist but, depending
on the expectational value of the process, the above convergence appears or not.

2. Preliminary results

We consider in this paper a stochastic process (Sk)LO on the stochastic basis
(Q,.7,(7 k)gz()a P) in discrete time, which is adapted, R? valued and bounded. Using the
notation

2°(S) = {0|0Q is a probability measure, Q ~ P and S is a Q martingale}

for all equivalent martingale measures for S, we assume that .7 ¢(S) # &, and that .7 is
trivial. Whenever we use the process S, these assumptions above should hold, unless
something else is indicated.

By the famous Dalang—Morton—Willinger theorem (Theorem (2.6) of Dalang et al.
(1990)) the existence of an equivalent martingale measure for S is equivalent to the no-
arbitrage condition (NA) (the measure may be chosen s.t. the density is uniformly bounded
(Schachermayer 1992, Theorem 1.1)). (NA) can be formulated in the following way: for
k=1,..., T and each .7 ;_;-measurable bounded R?-valued function /4 s.t.

(M), Sp(w) — Sk—1(w)) =0, P as.
we have
(M(w), Sk(w) — Sk—1(w)) =0, P as,

where (., .) denotes the inner product in R?. One can replace (4, AS;) by (H - S)7, where H
is a predictable process, and - denotes d-dimensional (discrete) stochastic integration.

The notion of entropy and minimal-entropy martingale measure are introduced in the
following definitions.

Definition 2.1. Let Q and P be two probability measures on (R, .7 ); then the relative entropy
1(Q, P) of Q with respect to P is given by

Y dQ) ,

— In|—= | dP P
10, P) = JdP n<dP ro<h

+o00 otherwise.
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Definition 2.2. OF is the solution of the following minimum problem for Q:
Eo[S|7 k-1l = Sk-1,  k=1,2,..., T,
do
Ep|l-—=| =1
|2 -1,
1(Q, P) — minimum.

By Theorem 7 and 11 of Frittelli (1996) and our assumptions on S this problem has a
unique solution of the form

where f = (H - S)r. H denotes a predictable process, and c¢ is a normalizing constant.

Remark 2.1. If Z; = ce/, where f = (H - S)r, is the density of a martingale measure for S,
then ¢ and f are uniquely determined by Proposition 9 of Frittelli (1996). This holds in
contrast with Hj, which are not unique on sets, where the support of the on .7 ;_;
conditioned law of AS; is not R<.

Finally we give the concept of p-optimal martingale measures. In order to do this, we
need the following definition:

u%ZS(S) =

d d
{Q|Q is a signed measure, O < P, S is a O martingale, d_IQ’ € L'(P) and E(d—}Q)> = 1},
and we call it the set of signed martingale measures for S. Since S is bounded, .Z*(S) is

closed with respect to ||-[|11(p) (we identify measures with densities here).

Definition 2.3. For 1 <p<oo QF € #°(S) is the solution of the minimum problem (for
p =2 compare Delbaen and Schachermayer (1996) or Schweizer (1995))

Eo[Sk|7 k=11 = Si-1, k=1,2,...,T,
dQ
El—=| =1
7=
E do|” .
s I IR )
P minimum

Note that all expectations, where we do not indicate the measure, are taken with respect
to the original measure P.

There exists a unique solution of the minimum problem because firstly, by the Dalang—
Morton—Willinger theorem, we always have even a positive martingale measure with
bounded density for S and therefore one in 17, secondly .Z*(S) is closed with respect to
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||| 21(py and finally the spaces L? are uniformly convex. However, note that in general the p-
optimal measures are only signed measures.

Remark 2.2. In the sequel we use the function n(p) =1/(p — 1) in order to avoid too
complicated notation, and we even drop the argument of the function 7, if the meaning is
clear.

Before we give an explicit formula for the density of the p-optimal measures, we need
the concept of alignment (Luenberger 1969).

Definition 2.4. Let F be a Banach space. Then two vectors x € F, x* € F* are aligned, if
(x, x*) = ||x||||x*|| holds. For LP spaces this means equality in the Holder inequality.

Lemma 2.1. The density of the p-optimal martingale measure Zp(p) (1< p<oo) for S is
aligned to (1 + f,), i.e.

Zr(p) = Cpsgn(l +fp)“ Jrfp‘n(p),

where f, € %, <% ={(H-S)r N LIP), H predictable}, the closure is understood in the
sense of L7 (q conjugate to p) and C, is a normalizing constant.

The proof is standard in the theory of minimum norm problems (Luenberger 1969,
Theorem 5.8.1).

Remark 2.3. Note that, if Z7 is given by the formula above and if it is a martingale measure
for S, then it is the p-optimal measure by Corollary 5.8.1 of Luenberger (1969).

As a corollary we give another form of the density, which is more convenient in the
limiting process p — 1.

Corollary 2.1. The density of the p-optimal martingale measure Zr(p) (1< p<oco) for S
can also be written as

n(p)

Zr(p) = C,,sgn(l +nj((;))‘l +

/
n(p)

>

where f, € £1.

Proof. The additional » is of course a matter of taste, which makes life easier, when going
with p to 1. As the space of stochastic integrals is already closed with respect to the topology
of convergence in measure (a proof of this result is given in Appendix 1), we can skip the
symbol for closing the space of stochastic integrals. O

In the proof of our main result we need a further formula for Z7(p), which we give in
the next lemma.
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Lemma 2.2. There exists a predictable R?-valued process B p» S.L. the density of the p-optimal
martingale measure for S is given by
n(p) AS
sgn<1 +(ﬁp,k, k)).

(ﬁp &> ASk)
n(p)

Zr(p) = n(p)

We also have P a.s.

(ﬂp - ASr) n(p) ( (ﬁp,r’ AS,«)) —
0<ELHk 1420 D) sgn 1+Tp) |7 k1
T n(p)+1
(B, AS,) _ @
o

I

for k=1,..., T

Proof. To simplify the notation we shall fix p in the proof of this lemma and skip therefore
the index p, i.e. we shall write C for C,, 8, for 5, , and n for n(p).

The proof is by induction, and we start with the construction of the process . Setting
—|1 +x/n|"™" for U(x) in the proof of Theorem 1 of Rogers (1994), we infer that there
exists an .7 y_i-measurable function S7, which minimizes

, AS n+1
‘1 +w |.7T1].

Note that —|1 + x/n|""! is not strictly increasing as demanded by Rogers (1994), but the
proof there works for our U as well. The equation

ASp)|” AS
‘1 L (Br. ASp) Sgn(l +M) ASIL 7
n n

holds by (2.11) of Rogers (1994). Note that 57 is not uniquely determined, but (87, AS7) is
(see also Lemma 3.1 below).
We show now (1) for k=T

E

E =0

,AS n+1
E '1 +7(ﬁT ) -7T—1‘|
n
“E ‘1 n (Br, AST) sgn(l n Br, AST)> (1 n Br, AST)) T
n n n
A " A
n n
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where we have used the predictability of 5. As the middle terms in (1), evaluated for 57 = 0,
are equal to 1, and fr is the minimizer, the right-hand side of (1) is clear. Assuming the
contrary for the left-hand side, namely the existence of a set 4 € .7 r_; with P(4)>0, s.t.
E[|1 + (Br, AST)/n (Br, ASt) = —n on A. This is
impossible, since Eg[ASr|7 r—1] = 0 should hold for some equivalent martingale measure Q
by our (NA) assumption, concluding our proof for £k = 7. We proceed with the induction and
start again to construct ;. 54 is defined as the solution of the extremal problem

) AS n+1 T . ASr n+1
min E ‘I—FM H —|—M |7 k1]
B n Py s n

Because []._, 1 1+ (B, AS,)/n|""! is never identically equal to zero on .7 j-measurable
sets with positive measure by the induction assumption, the existence of an .7 ;_;-measurable
solution f3; can be verified as in the case k = T. We also get the validity of

ASp)|" AS, r . AS) [
E ‘1 1 Br A8 sgn(l 1 B A5 ")> Ase I L GBS o 2,
n h r=k+1 h

which can be written as

ASH)|" AS r . AS) [
E ’1+M sgn(l—i—M)ASkE H 1+M [ Z k|| 7 k1| =0

n n r=k+1 n

()
or
rs ASV ! rs A‘Swl‘ el
| B AS) Sgn<1+u)_%k_1] o
n n
It remains to prove (1). Using (2) and the induction assumption we get
T n+1
(ﬁrs AS}‘) et
E 1+— F i
Llj[k e |7 k-1
AS, AS,
_ EU (ﬁk, gn(l n B k)) (1 n Brs k))
n n
T n+1
rs ASI —~ —~
xE| [] RULEL |7 k‘| |7 k—l]
n
r=k+1
,AS, ,AS, d rn AS) "
_ ‘ (ﬁk 218 gn<1 L B : k)) El 11 LB ‘ ) 717
r=k+1

gn(l . (ﬁk,nASk)>

‘ (ﬁk» ASp "
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T n
rs A r
X E[ H sgn(l +M> |.7k] |7 k1

r=k+1
8 T AS’I"
sgn(l Jr@}rz)) |.7k1] )

The inequalities in (1) are proven in completely the same way as for k = T.

C is a normalizing constant and, as Zr(p) is the density of a martingale measure for S
by construction, and because we may write it as C|1 + f|"sgn(l + f) with f € £% it is
the p-optimal martingale measure by Remark 2.3. O

rs ASF
1_;’_%

rs ASI”
1+M
n

{1

r=k

Remark 2.4. A similar result has been given by Schweizer (1995) for p = 2. In this case, one
can give even explicit formulae for (3, 4.

For our next preparatory result we need some further notation (Bennet and Sharpley
1988).

Definition 2.5. Llog L consists of all P-measurable real functions f for which

J|f\ln+|f| dP < oo
(here In* x = max(In x, 0)).

Proposition 2.1. For the densities Zr(p) of the p-optimal martingale measures for S we have
(Z7(P)1 < p<oo is bounded in Llog L.

Proof. We assume that P is not a martingale measure for S. This assumption is justified

because, if P is a martingale measure for S, we have Zr(p) = 1 for all p and the assertion is

trivial.
In view of the form of Zy(p) in Corollary 2.1 we define the sets

Ap = {fp < —n},
Bp = {_n<fl7 = 0}5
D, = {fp>0}-

First of all we need an estimate for |[p (1 + f,/n)"f,dP|. Noting that the function
(1 — x/n)"x in the interval [0, n] can be estimated above by 1/e, gives

J (1 +‘Q> deP‘ $l.
B n e

D

Because of the relations



232 P Grandits

O A O P R [
)5

L]

holds. In the following estimates we denote by M positive constants, which do not depend on
p, but which are not necessarily identical:

J (1+Q)n1n+(1+ﬁ>ndpsj ( f”) fpdP <
D n n D,

( (]

f,dP =0,

we conclude that

2
fyldp <= 3)

where we have used a — nln(1 + a/n) >0 for a >0 and (3). Using, instead of this relation,
a—nln(a/n—1)>0 for a = 2n, we get

J 1+Q In* 1+Q dP=sM

A, n n

in the same way, and we end up with
J 1+Q ln+1+& dP < M. “)
Q n n

It remains to show that |C,| < M holds.

We claim that
30>0 s.2. J fpdP =9 Vp. (5)
D,

Assuming the contrary, we get a sequence {pi};—, s.t. [ p,fxdP — 0 for k — oo with the
obvious meaning of Dy and f;. We claim that this in turn implies that

fr—0 in probability for k& — oo. (6)

If (6) were false, we could extract a subsequence, which we denote again by f;, s.t.
P[f,>0a]>a>0 holds for all £ and some a. By Lemma A.l.1 of Delbaen and
Schachermayer (1994) we can now find that g; € conv(f, fj,...) st g — g in
probability with P[g>0]>0. Applying the same convex combinations to f}, we get a
sequence /; — 0 in the norm of L' and therefore in probability. Since g; — /; are elements
of the space of stochastic integrals &y = {(H - S)r|H predictable}, and 7 is closed with
respect to the topology induced by convergence in probability (see Proposition Al.l in
Appendix 1), we get a contradiction to our (NA) assumption. Therefore our claim (6) is true.
After a further extraction of a subsequence we get f; — 0 P a.s. and therefore
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S —1 Pas.

S )
sgn( 1+ 1+
( n(pr) n(pr)
As we have already shown the boundedness of |1 + fi/n(p)|"#¥ in Llog L,

Jx Jx
n(pk)> ‘1 o0

holds with respect to the norm of L!. We finally get

n(pr)

sgn<1+ — 1 for k — oo

1Zr(pe) = 1]y =0 for k — oo,

which is a contradiction, because the space of martingale measures for our bounded S is
closed with respect to the L' norm, and the constant function 1 is not a density of a
martingale measure for S under our assumptions. We conclude that (5) is valid.

Now on the one hand we have

-4

but on the other hand

szJ <1+Q> szJ (I+fp) =0,
D, n D,

)
6

holds true. The last inequality follows from

1Zz(pllw < 1 Zr(p)r < M,

where the first inequality is trivial, and the second follows from the fact that we have always
a martingale measure for S with bounded density. So we end up with C, < M for all p and
our proof is complete. O

)
n

P = J|ZT(p)| dP < M

3. Main results

The aim of this section is to prove that the p-optimal measures converge to the minimal-
entropy martingale measure with respect to the norm of L'(P) under our assumptions for the
process S. In order to do this, we need some concepts, which have been developed by
Schachermayer (1992). These concepts are necessary to prove our results for the RY-valued
case, which is slightly more technical then the real-valued case.

Definition 3.1. Let & C .7 be two o-algebras on the probability space (22, P). Let Y be an
R?-valued bounded .7-measurable random variable. Then we define the following subspaces
of L%Q, &, P; RY):

N(Y) = {k e I)Q, ¥, P; RY): (k(w), Y(@)) =0 Pas.},
NYY)={he [Q, ¥, P; RY): (k(w), h(w)) =0 P as. for each k € N(Y)}.
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For an interpretation of this definition and for a proof of the following lemma we refer to
Lemma 2.4 of Schachermayer (1992).
Lemma 3.1. There is a continuous surjective projection
o R, &, P; RY) — N(Y)*
with ker(w) = N(Y). In other words,
LNQ, &, P; RY) = N(Y)® N(Y)*.
We then have, for each h € L%(Q, &, P; RY),
(Mw), Y(w)) = (a(h)(w), Y(w)) P as.

The first step in the proof of our main theorem is to find arbitrary large sets, on which
the p-optimal measures are bounded. We need the following lemmata.

Lemma 3.2. Let & C .7 be two o-algebras on the probability space (Q, P). Let Y be an R?-
valued bounded .7-measurable random variable which (seen as an one-step process with the
filtration 7y = % and .7 | =.7 ) satisfies (NA). Then

gly>0 Pa.s.
holds, where g is defined by

nf E[(h, Y)*|<]

w) = i
g( ) heENL,| h(w)||=1

and A by
4= {olEl Y] #1>0}.

|-II denotes the maximum norm in RY.

Proof. Assuming the contrary, namely the existence of a set Be€ ¢ with BC A and
P(B)>0, st. glp=0 holds, yields the existence of a sequence {h;}7; € Nt with
||hk(a))|| =1, st

1
grlp<—-1p Pas,
k
where g; denotes E[(%, Y)T|<]. Taking the expectational value of this inequality gives
1
E[(h, V)" 1] < L PLBl vk
or
~ 1
E[(hy, Y)'] < 7 PLBl ik,

where we have defined A = h;1p. This is a contradiction to Lemma 2.5. of Schachermayer
(1992). O
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Lemma 3.3. Let {p,}ijo be a sequence with lim; ., p; = 1. Then for the densities of the p;-
optimal martingale measures Zr(p;)

| Zr(pi)| < M(w) P a.s.

holds Vi € N, and for some positive .7 -measurable function M.

Proof. By Lemma 2.2, Z;(p;) has the form

Bik» ASk)
n(p:)

n(pi) A
1 _|_ (ﬁl,ka Sk)) .

T
Z i) — Ci
(pi) kr:[] o

sgn<1 +

C; are normalizing constants, which are bounded as has been shown in the second part of the
proof of Proposition 2.1. Note that we write 3, for 5,5 and C; for C,. The proof is by
induction.

(a) We claim the existence of an .7 y_;-measurable positive function my s.t.

|72 < mr(w) Pas. VieN,

holds, where 7 is the projection introduced in Lemma 3.1 for the random variable AS7y and
the o-algebras .7 r_1, .7 7.

In the sequel we denote 7(f;x) by 74 Using Lemma 2.2, the definitions Qj’,—k =
{ol(@ir, ASY) =0}, ik = |7kl and eix = (Tin/7is) iz, >0p, We get

I i AS n(pi)+1
1=E||l +M |77
i n(pi)
[ 77, AST)T n(pi)+1
ZE ‘1+(J;1(p)T) IQ?TT|?T_1
[ 7. ASp)T) "
=E (14—%) |-7T—1 -1

= E[(m; 7, AST)*"

T r-1]
= ;. rE[(eir, AST)" |7 1]

Now the last term is equal to 7;7gr(w), where gr is strictly positive on 4;r =
{o|E[|AST|||7 7-1] >0} N {w|7; 7 >0} by Lemma 3.2, and we end up with

Tir < mp= g}l Pas.onA4;r Vie N.

On (4;r)¢ we define m; r = 0, finishing the case k = T.
(b) We claim the existence of an .7 ;_;-measurable positive function my; s.t.

||-7Ti,k|| < m(w) Pas. VieN.

Let /;;x be defined by
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n(pi)+1
|7 k|-
By Lemma 2.2, /; ;>0 holds P as. forall i€ Nand k=0, ..., T — 1. In addition we have

n(pi)+1
7

n(pi)+1
Tk

T

li,sz[ II

r=k+1

(ﬂi,ra AS}’)

1
TS

T

i,rs ASV
liminf [, = lim_infEl I |1+ as)

1
TS

r=k+1
T
lim inf
S

(0, AS,)
n(p;)

\%
t

I+

\
trt

lim inf Tk
i n(p;) |

| Sk dm S | ]

T
= E[efz(z i | AS 1) |7 4]

>0 Pas,

where we have used the induction assumption in the second inequality. Hence I =
inf;/; x >0 holds P a.s. Using this and Lemma 2.2, we conclude that, similarly as in (a),

n(pi) it n(pi)
=E —<1 + %) o lk|'7k—1] — E[L.7 1]

= E[(7i 5, AS) ' 1| 7 k1]

= 7; s E[(€ix, AS)" Ik T k1]

holds. Now denote the last term by &;;gi(w), where g; is strictly positive on
A = {o|E[|ASK||7 k-11> 0} N {w|7; s >0}, and we end up with

ik <mp =g, Pas. ondy Vie N.

On (4;x)¢ we define 7;; = 0, finishing the proof. O
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An immediate consequence of the proof is the following.

Corollary 3.1. Let {p;}'_° be a sequence with lim; ... p; = 1. Then the densities of the p;-
optimal martingale measures Zr(p;) can be written as

H, - S)r|"” H,-S
Zr(py = i1 4 L1 sgn(l + W9 )T>
n(p;) n(p:)
and
|Hp k| < L(w) fork=1,...,T,ieN

holds for some positive .7 7_-measurable function L.
The next lemma is crucial for the limiting process p — 1.
Lemma 3.4. Let (Q, .7, P) be a probability space. Let {r,},., be measurable functions,

which are uniformly bounded and let 1 € L™¥(P). Further r, — 0 in the weak™ topology, but
not in the topology of convergence in probability. Then the following holds true:

36 >0 s.t. Je”r” r,dP >0

for a subsequence ny, which we have again denoted by n, and for n = N(9).

Proof. Defining dQ/dP = e’ /E[e'] yields that r, does not converge to 0 in probability with
respect to the measure Q. Therefore and because of the weak™ convergence we can find an
7>0 and an ¢ < (¢ = /100 will do), s.t.

J\rnldQE[n,nﬂ],

Jr,, dQ‘ <c
hold, after extracting a subsequence and for » = N(e(5)). Hence

+ n—¢n
JrndQ€|: 2 72+6:|7

_ n—cn
JrndQe{ 5 ,2—|—e},

and using the Jensen inequality yields
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Je’” 7, dQ = Jerﬁ rido — Je_’; r, dO

= exp <Jr: dQ> <Jr; dQ) - Je_r; r, dQ
()1

2
=1
8
We finally find that
e
Je”"” r,dP = T E[e'1= 0o
for n = N(e(n)). O
Our next lemma is of purely technical nature.

Lemma 3.5. Let (Q, .7, P) be a probability space and {g,},.,, {h.},., be real measurable
functions with absolute values uniformly bounded by M. Then Ye>0 IN(c), s.t.

U(l +&> B, dP — Jeg” hndP‘ <e¢
n

holds for all n = N = max(N, M).

Proof. As the {g,} are uniformly bounded, we have

n
(1 +&> — e8nm
n

for n — oo uniformly in m with respect to the norm of L. Since the {4,} are uniformly
bounded, we conclude that

lim J(l +g’"> hy, dP = Jeg"’ hyy P
n

n—oQo

holds uniformly in m. Hence

U(1 +&) hy, dP — Jeg" hndP‘ <e¢
n

for n large enough, and the proof is complete. O

Returning to our original filtered probability space we can now formulate the following.

=00

Proposition 3.1. Let {p;};=" be a sequence with lim; ...p; =1. Then there exists a
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subsequence, again denoted by p;, s.t.
lim Zy(p;) — CeSr
1—00

holds in the norm of L'(P) for some predictable process H.

Proof. Remember that Z7(p;) has the form

n(pi)

. AR
ZT(pz) = CPi Sgn(l + n(pi)> ‘1 + n(pl)

with f,, = (Hp, - S)r. Owing to Corollary (3.1) we may write Q = (J;, K;, where equality
means that the symmetric difference is a P null set, s.t. ||[H [~ < holds on K; for i € N.
Of course the C,, € R are bounded.

We prove that the asserted convergence holds P a.s. on K, where K denotes K; for some
fixed /. After an extraction of a subsequence, which we denote again by p;, we
simultaneously have C,, = C; — C and lf,, = 1xfi — lxf in the weak™ topology for a
constant C and a function f bounded on K. This is possible, since L'(P) is weakly
compactly generated, and therefore the closed unit ball in L>®(P) is weak™ sequentially
compact (Diestel 1975, Section 5.2, Corollary 3; 1975, p. 143). Defining f; = r; + f yields
l1xr; — 0 weak™. Our claim is now

lgr; — 0 in probability. (7

Because Z7(p;) is the density of a martingale measure for S, f; is a stochastic integral with
respect to S and K is .7 y_; measurable, we have for m and i large enough

: n( pi)
J (1+ /i > pfmdP:O
K n(p;)

: n( pi)
JK (1 + n(f;la)> (ri—rp)dP =0

or

and, after m — oo, we end up with

f{ n(pi)
J <1 + 2 ) ridP =0. ()
K n(p;)

Using now Lemma 3.5 with g; = f;, h; = r; and the measure P restricted to the set K, we get

Ve>0 3Ni(¢) s.t.
f' n( pi)
J <1+ : ) r,-dP—J ef"r,-dP‘<e
K n(pi) K

Vi = Ni(¢). If (7) were false, we could find by Lemma 3.4 (/= f) a 0>0, s.t., after
extracting a subsequence,
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J efl I"idP>(§
K

holds for i = N,(d). Choosing now ¢ small enough and i = max(N;, N,), we arrive, by
combining the last two inequalities, at

f n( pi)
J ( +n(1’))) rdP>0—¢>0,
K ]

which is a contradiction to (8). Therefore (7) is true, and we find after a further extraction of
a subsequence

lim lxf; =1xf P as.
1—00

Since we have this for each K = K, diagonalization yields a subsequence with f; — f P
a.s., where f = (H -S)r holds for some predictable H, because of the closedness of the
space of stochastic integrals in L°(P) with respect to convergence in probability (see
Proposition Al.1 in Appendix 1). This gives

limCisgn<1+ /i )'14— /i

n( pi)
=CeSr  pas.

n(pi) n(p;)

and, because of boundedness of the Zy(p) in Llog L (Proposition 2.1), we get the existence
of a sequence {p;};°, with p; — 1, s.t.

liml Zr(p) = Ce o1
pi—
with respect to the norm of L!(P), and our proof is finished. U

Remark 3.1. Ce'""S)7 is the density of a martingale measure for S, because the space .7°(S)
is closed in L', since S is assumed to be bounded.

The final theorem says that we need not extract subsequences in the previous proposition.

Theorem 3.1.

lim Z7(p) = ZE = cefdr,
p—>

where Z% is the minimal-entropy martingale measure, and the convergence holds with
respect to the norm of L'(P).

Proof. Assuming the contrary, we find a 6>0, s.t. || Z7(pr) — ZE||; >0 for all k and a
sequence { py}, tending to 1. By Proposition 3.1 these Zr(px) have a convergent subsequence
with limit Z% = Ce/ # ZE, f = (H - S)r for some predictable A and Z% € . 7(S), but there
is only one martingale measure for S of this form (see Remark 2 1), and we have a
contradiction. O
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4. A counterexample

It has been shown by Frittelli and Lakner (1996) that for an unbounded process S, which has
an equivalent martingale measure, the minimal-entropy martingale measure need not exist.
We now give an example, where this measure exists, but the convergence of Theorem 3.1
does not hold.

Example 4.1. Let (Q, (7o, .7 1), P, (Sy, S1)) be a one-step process with Q = (0, 1],
Fo=1{90, Q}, .71 =0(S)), P the Lebesgue measure, Sy =0, Si(w) =Inw + x, where
w € Q and x € R. This is easily seen to be an exponentially distributed random variable plus
a constant. We confine ourselves here to 0 <k <1, since this turns out to be the most
interesting case. For brevity we write S for Sj.

It is simple to calculate 0 = sup{p| [e/ISldP < oo} = 1>0, which is equivalent to say
S € Lexp (Bennet and Sharpley 1988). Solution of the equation

Je(ln o+r)pt (Inw +Kk)dP =0

yields p£ = 1/x — 1 which, together with the normalizing constant CZ = e*~! /k, determines
the density of the minimal-entropy measure Z% = CE¢?"S (see Remark 2.1).

The p-optimal martingale measure for S exists for all p>1 by the same reasons as in
the case of bounded S (see the arguments after Definition 2.3), except that we use now the
closedness of .7*(S) with respect to ||{|z»(p) instead of |-||zip). Z(p) is given by

14222

S n(p) ( p S
sgn( 1+ L),
| T )

where C, is a normalizing constant, and p, is determined by

28
”1+n(p)

Note that p, >0 by our assumption E[S]<0.

Z(p) = Cp

n(p) ppS

n(p)

sgn<1+ )SdP:O.

For later use we prove the following easy lemmata.

n(p) S
sgn<1 4 Pr )
n(p)

the p-optimal martingale measures. Then the normalizing constants C, of Z(p) fulfil

Lemma 4.1. Let S be as in Example 4.1, and

ppS

1+

Cosu Vp>1

and some constant u > (.
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Proof. We have

ppS !

Sl’l
_|_pL
n n

1+

dP = C,,J

dP = CpJ 1dP = Cya,
{§>0}

y = J\Z(p)\ dP = CpJ 1

{§>0}

where the first inequality holds by the arguments used for the last inequality in the proof of
Proposition 2.1, a = P[S > 0] >0 holds, and vy is some positive constant. Defining u = v/a
concludes the proof. O

Lemma 4.2. Let S be as in Example 4.1, and

PpS " <1 M)
| U T

the p-optimal martingale measures. Then we have

Z(p)=C

n(p) S
sgn(1+ ())S‘dP\ZHSHU(P) —

‘ ' (p)

Proof. Similarly as in Proposition 2.1 we define

ppS
A, o|l + <0
{| n(p) }
p,S
{w|1+ ) O}ﬂ{stO},

C, = {w|S>0}.

n(p)
ppS>
1 SdP
A ( ) )

B,

We have

1+ )
n(p)

(I,

n(p)

:sgn<J 1+5(pS) sgn <l+ (S))SdP>
n(p)

:—sgn(J 1+Z(I’S) psgn(l—i— (S)>SdP>

and therefore, using [ |1 + p,S/n(p)|"? sgn(1 + p ,S/n(p)) SdP = 0, we conclude that

n(p) S
g<1+—)S‘dP$2J g<1+ ())SdP‘

(p)
< 2J|S\ dpP

ppS n(p)

1
ulp)

’ ‘ n(p)

holds. o
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In the sequel we write a, ~ b, if yja, < b, < y»a, holds for all » and some y;, y, > 0.
Our next lemma is of purely technical nature.

Lemma 4.3. Let S be as in Example 4.1. Assume that limy_, 0y = 0, limy_,o 1y = 0o and
0+ >0 hold. Then we have

. N S
hmJ 142K sgn<1+GL)SdP=o for o <o,
k—oo ) 4, Ny N
N S
limJ 1+OL sgn(l+0i>SdP—oo for o >0y,
k—o0 Ay 1 ny

where A = {w|l + 0,S/n; < 0}, and 0 is the solution of the equation e /oo-lgy =1,

which gives og = 3.6.

Proof. A lengthy but straightforward computation yields, if we denote n; by n for the
moment
JAk

S|" s ! 1
1+%‘ sgn(l+%> SdP = ¢ *enlor " ("+ +1>

(I’l/Ok)”_l I’l/Ok
n!

~e E e—n/ak

(nfo)"!
el (/)"

(nfo)"!
N (e—l/akfl o) e " nl/Zi’

O
which gives the desired result. O

Using Lemma 4.2 and Lemma 4.3, we can now prove the following.

Lemma 4.4. Let S be as in Example 4.1, and

S n(p) S
1+ Lp> sgn (1 + pL)
n(p)

0= Gl )

the p-optimal martingale measure. Then

limsup p,, < 09
k—o0

holds for all sequences {pk}l,ijo s.t. limg oo pr = 1. (0¢ is defined in Lemma 4.3.)

Proof. Assuming the contrary, we can find a sequence { pk}ﬁjc s.t. limg_o pr =1,
limy o pp, =6 >0 and 6 € R =R U oo holds. By Lemma 4.3 this implies that
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S n(pr) S
limJ |4 Lo sgn<l+ppk )SdPoo,
k=00 ) 4, n(pr) n(pi)
which is a contradiction to Lemma 4.2. O

Finally we have the following theorem.
Theorem 4.1. In Example 4.1 we find that

1iml Z(p) = Cye®S Jor 0 <k <kp= (i.e. p£>04)
pH

oo+1

lim Z(p) = ZE forxg<k<l (i.e. pf < 0y),
p*)

where the convergence holds in ||‘||Ll(p), and o is the solution of e~'/?~' ¢ = 1. Note that
Coe®S is not a martingale measure for S.

Proof. In Proposition 2.1 we have proved boundedness of the p-optimal martingale measures
in Llog L for bounded processes S, but the boundedness of S is used in the proof only for the
estimates of the normalizing constants C,. Therefore combining Proposition 2.1 and Lemma
4.1 we get boundedness in Llog L of the Z(p) for S in Example 4.1. To prove the claimed
convergence in L!(P), we therefore have to show only P a.s. convergence, or the convergence
of p, and C, respectively as p — 1.

Once we have shown convergence of p,, convergence of Z(p)/C, in L'(P) follows and,
by the normalization condition | Z(p)dP = 1, convergence of C, follows. Summarizing, we
have to show that lim,_.; p, is either gy or p¥. We distinguish between two cases.

Case I: 0<Kk<Ky=1/(og+1) (i.e. p£>0¢). Our claim is lim,_ p, = 0¢. By Lemma
4.4 it suffices to show liminf;_. p,, = 0o for all sequences {p;}<=°° tending to 1.
Assuming the contrary, namely the existence of a sequence { pk}l,izl s.t. hm/Hoo pr =1 and
limy—o pp, = p <0p hold, yields by dominated convergence

p S\ 20 )
klimJ (1+#};)> SdP:Je/’SSdP<0,
—00 (A )c k

where we have used the notation 4, from Lemma 4.2. Note that the last inequality holds,
because the function f(p) = f e”S SdP is strictly increasing, and f(pf) = 0.

On the other hand
S n(pr)
limJ ‘1+pL g<1—|—ppk>SdP 0
k=00 )y, | n(pr) (Px)

holds by Lemma 4.3, which gives a contradiction, since this implies that

n(pk)
”1+M sgn<1+pka)SdP<0
n(px) n(px)
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for k large enough.

Case2: kg <k<l1 (ie. pf <og). Our claim now is hm,,ﬁl pp=pE. Assuming the
contrary, namely first the existence of a sequence { pk}k L st 11m1Hoo pr =1 and
lim—o pp, = p < pf hold, yields in completely the same way as in case 1 a contradiction.
Flnally assuming the existence of a sequence { pk}k . tending to 1 with limy_ pp, = P,
s.t. p£ <p < 0y holds (the upper bound for p comes from Lemma 4.4), gives

S n(Pk) .
limJ <1+L> SdP:Je”SSdP>O,
(Ap,)*

k—00 }’l(pk)
but
P S n(pr) P S
J —Lr sgn(l—l— )SdP>0 Yk
Ay n(pr) n(pr)
yields again a contradiction as in case 1. O

Remark 4.1. Noting that in case 1

k—o0

S n(pr)
limJ (1 4 2L > SdpP = Je"OSSdP: —a<0
AC n(pr)
holds, we infer that

J Z(p)SAP = >0
A

P

is valid for k large enough. Since S € Leyp, which can be identified with the Banach
space dual of Llogl (Bennet and Sharpley 1988, Theorem 6.5), we get

limy—oo | Z(pi) || 210g £ # O

Appendix 1

Proposition Al.1. Let S be a stochastic process on the stochastic basis (R2,.7 , (7 t), o P)
in discrete time, which is adapted and R? valued. Suppose that S does not admzt arbztrage or,
equivalently, that there is an equivalent martingale measure for S.

Then the space of stochastic integrals &1 = {(H - S)T|H predictable} is closed in L°(P)
with respect to convergence in measure and therefore <% is norm closed in LP(P) for each
1= p<oco.

Proof. The latter assertion is an immediate consequence of the former assertion and the
observation that <7 = &7 N LP(P).

For the proof of the closedness of 27 we shall prove a lemma, which might have some
independent interest. Admitting the subsequent lemma for the moment, we can finish the
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proof as follows. Let (H")?’, be a sequence of predictable processes such that the
sequence (f,),—, = ((H"-S)r);., converges in measure to some fy. We have to show that
there is a predictable integrand H° such that fo= (H0 - Sr.

From the subsequent lemma we infer that, for each 1=<1+¢=< T, the sequence
((H"+8))5.; —((H" - 8)-1)5., converges in measure to some fo,; hence we may apply
Stricker (1990, Proposition 2) to find, for 1 < ¢ < T, .7 ,_;-measurable functions H(,’ such
that

(H(;a St - Stfl) :fO,t,

which just means that the predictable integrand (H%)”_, does the job. U

Lemma Al.1. Under the assumptions of Proposition A.1.1 let (H")}", be a sequence of
predictable processes such that

So=H"-S)r
converges in measure, then
gn=(H"-S),

converges in measure for all 0 < t < T.

Proof. 1t suffices to show the assertion for t = 7' — 1. Suppose that the lemma were false;
then we could find a sequence (f);_; = (H" - S)r);_, as above tending to zero in measure,
while (g,)02; = (H" - S)r-1)%, does not so.

Hence, by passing to a subsequence and changing signs, if necessary, we may find an
a >0 such that

Plgn<-—-a}>a for n € N.
Consider the predictable integrands
A}(w) = H{1r(D]l{4,<-a}(@)
and let a, denote the random variables
ap = (A" S)r N1 = ((fu — g){g,<—ap) N 1.

Note that each a,€ ¥ — L&(Q, Fr, P), where ¥ is defined by < =

{(h, AS7)|h € LR, 7 r_1, P, RY)}, and that the negative parts ((a,)")°", tend to zero in

measure or, by passing to a subsequence, even P a.s. On the other hand, for each €>0,
lim P{a, = a—¢} = a.

By lemma Al.1 of Delbaen and Schachermayer (1994) we infer that there is a sequence
of convex combinations of (a)5°,, denoted by (c,), ,, converging almost surely to some
c: Q — [0, 00), for which we have E[c]>0. Applying the same convex combinations to
(a;,)5.,, denoting the result by (d,);_,, (d,) tend to zero P a.s. Summing up, we get a

n=1> n=10D>

c: Q — [0, 00), for which we have E[c]>0 and which is in Z’—Li(Q, Fr, P) by
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Schachermayer (1992, Lemma 2.1). This is clearly a contradiction to the (NA)
assumption. O
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