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This paper introduces in detail a new systematic method to construct approximate finite-dimensional
solutions for the nonlinear filtering problem. Once a finite-dimensional family is selected, the
nonlinear filtering equation is projected in Fisher metric on the corresponding manifold of densities,
yielding the projection filter for the chosen family. The general definition of the projection filter is
given, and its structure is explored in detail for exponential families. Particular exponential families
which optimize the correction step in the case of discrete-time observations are given, and an «
posteriori estimate of the local error resulting from the projection is defined. Simulation results
comparing the projection filter and the optimal filter for the cubic sensor problem are presented. The
classical concept of assumed density filter (ADF) is compared with the projection filter. It is shown
that the concept of ADF is inconsistent in the sense that the resulting filters depend on the choice of a
stochastic calculus, i.e. the It6 or the Stratonovich calculus. It is shown that in the context of
exponential families, the projection filter coincides with the Stratonovich-based ADF. An example is
provided, which shows that this does not hold in general, for non-exponential families of densities.
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1. Introduction

The filtering problem consists in estimating the state of a stochastic system from noisy
observations. More specifically, we consider here the situation where the state evolves
according to a stochastic differential equation (SDE), and the objective is to estimate the state
from nonlinear observations in additive Gaussian white noise. In the linear Gaussian case the
solution consists of the Kalman filter, a finite-dimensional algorithm which computes the first
two conditional moments of the state given the observations. Such an algorithm provides also
the whole conditional density of the state given the observations, since in the linear case this
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conditional density is Gaussian and hence characterized by the first two moments. In the
general nonlinear case, the filtering problem consists in calculating the whole conditional
density, which results in an infinite-dimensional filter. Under some regularity conditions, the
conditional density exists and is the solution of the Kushner—Stratonovich equation, a
stochastic partial differential equation (PDE). In order to avoid infinite dimensionality, some
approximation schemes have been proposed, yielding finite-dimensional filters for the
unobserved state. A well-known approximation method is the extended Kalman filter (EKF).
The EKF is based upon linearization of the state equation around the current estimate, and
application of the Kalman filter to the resulting linearized state equation. This procedure finds
its justification in heuristic considerations, and not much is known about its performance,
except in the case of small observation noise (Picard 1986; 1991; 1993).

Another approximation method in the nonlinear case is the assumed density filter (ADF),
obtained from the selection of a few moment equations, which are closed under the
assumption that the density is of a certain form, e.g. Gaussian. We present a detailed
definition of the assumed density filters in Section 7. However, the ADF can be dangerous
from a mathematical point of view. Logical inconsistency of such a procedure is clear, since
a false hypothesis can lead to any conclusion. This inconsistency manifests itself when one
compares the assumed density filter obtained by using the It6 calculus with the assumed
density filter obtained by using the Stratonovich calculus instead. We present an example
which shows that the Stratonovich-based ADF and the It6-based ADF are not directly
related by Ito—Stratonovich transformations, i.e. the Stratonovich-based ADF is not just a
Stratonovich version of the It6-based ADF.

Hanzon (1987) introduced the projection filter, which is a finite-dimensional approximate
nonlinear filter based on the differential geometric approach to statistics. Brigo et al.
(1995a, b; 1998) particularized the projection filter to exponential families in the framework
of SDEs on manifolds. In the present paper we introduce the projection filter with full
mathematical detail and define it for general families of probability densities. The projection
filter is defined by orthogonally projecting the right-hand side of the Kushner—Stratonovich
equation onto the tangent space of a finite-dimensional manifold of probability densities,
according to the Fisher metric and its extension to the infinite-dimensional space of square
roots of densities, known as the Hellinger distance. We then particularize the projection
filter to exponential families, which seem to have a privileged role. Indeed, the filtering
algorithm can be divided in two parts: the prediction and the correction. The correction part
can be made exact by choosing a suitable exponential family defined in terms of the
observation function of the given problem. This also simplifies the evaluation of the local
error involved in the projection. These advantages of choosing exponential families are
confirmed by simulation results for the cubic sensor problem, when comparing an
approximation of the optimal filter, based on discretization with a few hundred grid points,
with the projection filter for an exponential family with four parameters. The projection
filters for exponential families turn out to be related to the assumed density filters described
above. This relationship was first given in 1991, when it was proven formally by Hanzon
and Hut (1991) that, if one projects orthogonally onto the tangent space of the finite-
dimensional manifold of Gaussian densities, the resulting projection filter coincides with the
Stratonovich-based Gaussian assumed density filter. The performance of this filter has been
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recently studied by Brigo (1995; 1996b) in the case of small observation noise. In the
present paper we give a full proof of the above-mentioned equivalence (see also Brigo ef al.
(1996a, b)). In fact a much more general result will be shown, namely that the projection
filter coincides with the Stratonovich-based ADF for any exponential family. As a
consequence the projection filter for exponential families can be obtained as a Stratonovich-
based ADF, and the filter formulae can be obtained easily from the moment equations. At
the same time this equivalence yields a remedy to the lack of logical consistency involved
in the definition of the assumed density filters; the Stratonovich-based ADF that updates the
moment parameters of an exponential distribution is a well-defined concept, because of its
interpretation as a projection filter.

A short description of the contents of the paper is as follows. In Section 2 we give an
introduction to the theory of statistical manifolds, and we present some well-known results
about exponential families in a geometrical context. The nonlinear filtering problem is
presented in Section 3. The projection filter is defined in Section 4 and explored with more
detail for exponential families in Section 5. For some convenient exponential families
defined in Section 6 an a posteriori estimate of the local error resulting from the projection
(the norm of the total projection residual) is given, and simplifying exponential manifolds
which yield an exact correction step in the case of discrete time observations are presented.
The assumed density filter is introduced in Section 7. We prove the equivalence between
ADF and projection filter for exponential families in Section 8, where we also present an
example to show that this equivalence does not hold for general (non-exponential) families.
We consider the cubic sensor problem in Section 9, where simulation results are presented
for the comparison between the optimal filter and the projection filter. We give conclusions
and directions of further research in Section 10.

In this paper the projection in Fisher metric is used as a tool for deriving finite-
dimensional approximate filters. The same technique can be used for investigated issues on
the finite dimensionality of the probability density of diffusion processes. The first results in
this direction have been given by Brigo and Pistone (1996) and Brigo (1997).

2. Statistical manifolds

On the Euclidean space R” equipped with its Borel subsets .Z(R") we consider a non-
negative and o-finite measure 4, and we define .Z to be the set of all non-negative and finite
measures u which are absolutely continuous with respect to A, and whose density is positive
A a.e. For simplicity, we restrict ourselves in this paper to the case where A is the Lebesgue
measure on R”. For any density p on R”, the operator E,{-} will denote integration with
respect to the measure p(x) dx.

In the following, we denote by .77 := {p = du/dA: u € #} the set of all the densities
with respect to A of measures contained in .7 . Note that, as all the measures in .Z are
non-negative and finite, we have that, if p is a density in .77, then p € L, and p'/? € L,.
Since .72 := {p1/2: p € 7} is a subset of Ly, it is also a metric space, with metric given
by the formula d(p'/?, ¢'/?) := |p'/? — ¢'/?||, where ||| denotes the norm of the Hilbert
space L,. By using the bijections between .72, .7 and .7, one obtains in this way a
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metric on .77 and .7 as well, called the Hellinger metric, and whose square is given by
the formula H*(p, q) := 1| p'/? — ¢'/?|* (Jacod and Shiryayev 1987, Chapter IV, Section la;
Amari 1985, Section 3.5). Note that .72 is not locally homeomorphic to L,, hence is not a
manifold modelled on L.

In the following we give a very quick review of the main concepts we need from
differential geometry. For the basic definitions and a more technical introduction on
manifolds, tangent vectors and related concepts we refer to Lang (1995), especially for the
infinite-dimensional setting, Amari (1985), Murray and Rice (1993), and the references
given therein. Consider first an open subset M of L,. Let x be a point of M, and let y be a
curve on M around x, i.e. a differentiable map between an open neighbourhood of 0 € R
and M such that y(0) = x. We can define the tangent vector to y at x as the Fréchet
derivative Dy(0), i.e. the linear map defined in R around 0 and taking values in L, such
that the following limit holds:

i 1700 = 7(0) = Dy©)-h| _

0.
= | ]

The map Dy(0) approximates linearly the change of y around x. Let Z (M) be the set of all
the curves on M around x. If we consider the space (called the fangent space)

LM = {Dy(0): y € Z (M)}

of tangent vectors to all the possible curves on M around x, we obtain again the space L,.
This is because for every v € L, we can always consider the straight line y?(h) := x + ho.
Since M is open, y°(h) takes values in M for |A| small enough. Of course Dy“(0) = v, so that
indeed L M = L,. Consider next an embedded m-dimensional submanifold N of L, (see, for
example, Lang (1995, Section I1.2) for the definition of a submanifold). For a point x of N,
we define L, N analogously to L,M:

LN = {Dy(0): y € Z«(N)}.

This is an m-dimensional proper linear subspace of L,, which is a representation of the
tangent space of N at x. In our work we shall consider finite-dimensional manifolds N
embedded in L,, which are contained in .72 as a set, i.e. N C .72 C L,. As is well known, any
manifold may be described by an atlas consisting of charts. For the manifold N C L, this
means that for any p'/2 € N there exists a pair (S'/2, ¢), with S'/2 an open neighbourhood of
p'/? in N and ¢: S'/?> — © a homeomorphism of S'/2 onto an open subset ® of R”, such
that the inverse map i of ¢,

ii®— S'/?

0 — {p(, 0)}'/

is a differentiable mapping of ® into L,, with the property that the derivative Di(8),
considered as a linear mapping from R™ to L,, is injective at each point 6 € ®. Of course

the range of Di(0) is precisely L{p(' 0)}1/2N, and the image of © under i is precisely S'/2
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2.1. General manifolds

We shall denote by S the following family of probability densities:

where ® C R” and we shall work only with the single coordinate chart (S'/2, ¢) in the same
way as Amari (1985). From the fact that (S'/2, ¢) is a chart, it follows that

{8i(~, 0) (-, 0)}
90, 700,

is a set of linearly independent vectors in L,. In such a context, let us see what the vectors of
L{p(A)e)}l/le/z are. We can consider a curve in S'/2 around {p(-, 6)}!/? to be of the form
y: b {p(-, O(h))}'/?, where h +— 6(h) is a curve in © around 6. Then, according to the
chain rule, we compute the following Fréchet derivative:

" 94 p(-. O)VV/2 .
Dy(0) = DpC. 0} g = 30 P 0)

i=1
We obtain that the tangent vector space at {p(-, §)}'/? to the space S'/? of square roots of
densities of S is given by

opC Y2 o e)}W}_ "

1/2
L{p(4’9)}]/2S / = Span{ael, ey 80"1

As i is the inverse of a chart, these vectors are actually linearly independent, and they indeed
form a basis of the tangent vector space. One has to be careful because, if this were not true,
the dimension of the above spanned space could drop. From now on we assume that indeed
§'/2 is a chart of an m-dimensional manifold N, so that the tangent vectors in (1) are linearly
independent vectors in L,. The inner product of any two basis elements is defined, according
to the L, inner product

<0{p(u 0} {p(, 9)}1/2> 1 1 3p(x, 0)dp(x, 0)
80, ’ 80, Jp(x, 0) 80, 80]

=3 dx = igi©0). (@)
This is, up to the numeric factor %, the Fisher information metric (Amari 1985, Section 2.3;
Murray and Rice 1993, Section 6.2). The matrix g(6) = (g;(0)) is called the Fisher
information matrix.

Amari (1985, Section 2.3) used a different representation for tangent vectors to S at p
and defined an isomorphism between the actual tangent space and the vector space

dlog p(-, 0) dlog p(-, 0)
span{ 20, e, 90, .

and, on this representation of the tangent space, he defined a Riemannian metric given by

dlog p(-, ) dlog p(-, 0)
Ereo ™ a0, 20, |’
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This is again the Fisher information metric, and indeed this is the most frequent definition of
the Fisher metric.

Next, we introduce the orthogonal projection between L, and the finite-dimensional
tangent vector space (1). Let us recall that our basis is not orthogonal, so that we have to
project according to the following formula:

IT: L, — span{wy, ..., wy}
m m
0+ Z (Z Wij<U, W]>> wi
i=1 \ j=1
where {wi, ..., w,} are m linearly independent vectors, W := ((w;, w;)) is the matrix
formed by all the possible inner products of such linear independent vectors, and (W7) is the
inverse of the matrix W. In our context {wy, ..., wy} are the vectors in (1), and of course W

is, up to the numeric factor %, the Fisher information matrix given by (2). Then we obtain the
following projection formula, where (g%(0)) is the inverse of the Fisher information matrix

(gi(0)):

00, T 00,

i 9 ( 0) 1/2 9 (.’ 0) 1/2
0H2<Z4 (0)< tr ]} >> etk

For elements in L, of the special form given below, the following useful expressions are
obtained for the projection, and for the norm of the projection error.

. 1/2 . 1/2
Myt Ly — Ly S :Span{a{p(,e)} o(p(, 0)} }

Lemma 2.1. If the function u satisfies
Epeo{|ul’} <oo,

then v : 2{p( 0)}'/2 u belongs to Ly, its projection onto the tangent space Ly peoprnS 172 js

given by
LN o1 L0 4 p(-, O)}/?
> g”(e)Ep(,g){u O%’;f )}> tp (6(%)} : @)

J=1

i=1

-5

and the norm of the projection error satisfies
lo — Mool = {E .0 {[ul*} — [E pc.0p{uDlog p(, O)}1'{£(0)} " E .0 {uDlog p(-, 0)},
®)
where for all 0 € ©

dlog p(-, 0) dlog p(-, O]"
00, v 00,,

Dlog p(-, 0) =

Proof. Obviously
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||Z)||2 = <%{p(7 6)}1/2u’ %{p(a 0)}1/2u> = %EP(',G){|M|2}’

hence v belongs to L,. For j=1,..., m
d{p(, )} dlog p(-, 0) dlog p(-, 6)
<v, g ) = (HPe OF e 0y PEEEES ) < 4B o u g

and substitution into (3) yields (4). Finally, the vectors v — ITyv and Ilyv are orthogonal;
hence

lo — yo|* = lo]* - (v, Tgv),

which yields (5). L]

2.2. Manifolds associated with exponential families

We conclude this section with some well-known results about exponential families, which
will be used in the following sections. More results on exponential families have been given
by Amari (1985, Chapter 4) and by Barndorff-Nielsen (1978). Although the definition of an
exponential family can be given for an arbitrary dominating measure A, we restrict ourselves
to the case where A is the Lebesgue measure on R”. The reason for doing so is that, in most
of the filtering literature (see, for example, Davis and Marcus (1981), Pardoux (1991) and
Rozovskii (1990)), the conditional probability distributions are absolutely continuous with
respect to the Lebesgue measure, and the filtering equations, such as (10) below, are stated
for the conditional density with respect to the Lebesgue measure. We shall use the following
equivalent notation for partial differentiation:

6k

7 9

89,‘1 e 80,~k Horenskk
Definition 2.2. Let {c, ..., ¢} be scalar measurable functions defined on R", such that
{1, ¢1, ..., cm} are linearly independent, and assume that the convex set

Q) = {0 e R™: y(0) = log<J exp{6Tc(x)} dx) < oo},
has a non-empty interior. Then

EM(c) = {p(~ 0), 0 € ©},  p(x, 0) := exp{6"c(x) — p(0)},
where ©® C O is open, is called an exponential family of probability densities.

Throughout the paper, when using the notation EM(c¢), it is assumed that the coefficients
{c1, ..., ¢} satisfy the assumptions in Definition 2.2.

Lemma 2.3. Consider the exponential family EM(c). The function 1 is infinitely
differentiable in ©:
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E, co{cit = 0wp(0) =: :6),
Ecofcic;} = 05p(0) + 0:p(0) 0,1(0),

and more generally
k

Epcocn - e} = exp{-p(0)} ~ exp{y(0)}.

00;, ... 00
The Fisher information matrix satisfies

2i(0) = Fp(0) = D (0).

Remark 2.4. The quantities
(1, .-, Mm) € £ =n(O) CR™

form a coordinate system for the given exponential family. The two coordinate systems 6
(canonical parameters) and 7 (expectation parameters) are related by diffeomorphism, and
according to the above results the Jacobian matrix of the transformation » = 5(6) is the
Fisher information matrix. We shall use the notation pg(:, 7) = p(-, 8) to express exponential
densities of EM(c) as functions of the expectation parameters.

An important result of Amari (1985, Section 3.4) is that the canonical parameters and the
expectation parameters are biorthogonal with respect to the Fisher information metric; at

{pC, O = {peC, M}'/?
0 0
<a_e,-{p(" 0}, %{m(-, e)}1/2> =1,  ij=12..m (6)

All these results have been given by or can be immediately derived from the work of Amari
(1985, Chapter 4) or Barndorff-Nielsen (1978, Theorem 8.1).

3. The nonlinear filtering problem

On the probability space (2, .7, P) with the filtration {7, t = 0} we consider the following
state and observation equations (Jazwinski 1970; Maybeck 1979; Davis and Marcus 1981):

dX[ :f[(X[)dt"_O-[(X[)dW[, X(), ( )
7
dYt:ht(Xt)dt+th, Y():O.

These equations are It6 SDEs. In (7), the unobserved state process {X,, t = 0} and the
observation process {Y;, t =0} are taking values in R” and R? respectively; the noise
processes {W,, t = 0} and {V,, t = 0} are two Brownian motions, taking values in R” and
RY, with covariance matrices Q, and R, respectively. We assume that R, is invertible for all
t = 0, which implies, without loss of generality, that we can take R, =7 for all t = 0.
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Finally, the initial state X, and the noise processes { W;, t = 0} and {V,, t = 0} are mutually
independent.

We assume that the initial state X, has a density py with respect to the Lebesgue
measure on R”, and has finite moments of any order, and we make the following

assumptions on the coefficients f;, a;:= O;Q,G}-, and /, of the system (7).

(A) Local Lipschitz continuity: for all R >0, there exists Kz >0 such that
[fix) = fixD < Krlx —x'] and  [laix) — a(x")]| < Kglx — x|,

for all + = 0, and for all x, x" € Bg, the ball of radius R centred at the origin.
(B) Non-explosion: there exists K >0 such that

Nfi) < KA+ and  fa)] < K1+ 3P,

for all + = 0, and for all x € R".
(C) Polynomial growth: there exist K >0 and » = 0 such that

|he(x)| < K(1+ [x]"),
for all + = 0, and for all x € R”.

Under Assumptions (A) and (B), there exists a pathwise-unique solution {X,, ¢t = 0} to
the state equation (Khasminskii 1980, Chapter 3, Theorem 4.1 with the Lyapunov function
V(x) =1+ |x[?), and X, has finite moments of any order. Under the additional Assumption
(C) the following finite-energy condition holds:

T
EJ |l (X )| dt < oo, for all 7 = 0.
0

The nonlinear filtering problem consists in finding the conditional probability distribution
7, of the state X, given the observations up to time ¢, i.e. 7, (dx) := P[X, € dx|%/,], where
2 =0(Ys, 0 < s =< t). For a tutorial on nonlinear filtering, see Davis and Marcus (1981)
or van Schuppen (1979). Since the finite-energy condition holds, it follows from Fujisaki et
al. (1972, Theorem 4.1) or Pardoux (1991, Théoréme 2.3.7) that {z;, r = 0} satisfies the
Kushner—Stratonovich equation, i.e. for any smooth and compactly supported test function
¢ defined on R”

t d ot
mi$) = 7o() + me%m ds+ > Jo{m(h_ffp) — a(h)T(P)HAY | —w(h)ds},  (8)
k=1

where for all ¢+ = 0, the backward diffusion operator %, is defined by

) ", .0 o 9
L= T~ 41 y
t ;ftaxi+zii2:1at axl_axj,

and where we set
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() = Jd)(x)m (d0) = E[p(X )| Z4].

for the conditional expectation of the random variable ¢(X;) given the observations up
to time ¢. The Stratonovich form of (8) is obtained, after straightforward computations,
as

116) = 200) + [ 1.7 9 s =3 o) - wh i} as
©))
d rt
+3° [ fnthto) - by o art,
k=170
where, here and throughout the paper, the symbol o denotes a Stratonovich integral. For all

t = 0, the probability distribution 77, has a density p, with respect to the Lebesgue measure
on R”, which satisifes

d
dpi = £ pidt+ Y pi(hi —Ep{hiHAY] —E, {hf} do), (10)
k=1

where E, {-} denotes the expectation with respect to the probability density p, i.e. the
conditional expectation given the observations up to time #, and where for all # = 0, the
forward diffusion operator %;k is defined by

[ Z ~ 0 i 1 - 82 ij
/J[¢_ ;axi[f[¢]+2;ax[axj at

for any test function ¢ defined on R”; see Pardoux (1991) for precise statements. The
corresponding Stratonovich form of (10) is

d
dp, = ZTpidt =Spl|hf* — B, {|h*}]de + Z pihi —Ep {h{})odYy.
=1

As explained in Section 2, we shall work with the square roots of densities, rather than
the densities themselves. Using the Stratonovich chain rule, we obtain that { pi/ 2, t =0}
satisfies

1
dpi” = o dp = dpap) dr — 1p)"Bi(po i+ § Z pi*Bi(p)odry

Pt
(11
1/2 1/2 L 2! 2
=7(piHdt — ApiHyde + 3 i pi?) o vk,
k=1
where the nonlinear time-dependent operators &% and ¢ for k=0,1,...,d are defined

by
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Zdp'?) =3 Padp),  C{') =10 Bl (), (12)
respectively and
al(p) :7’7 BUp) = MhlP —E {0}, Bi(p)i=hf —E,{hf},  (13)
for k=1, ..., d. Simple calculations show that

a i
a(p) = ’f(logp)+ f)

Ox;

NI'—‘

Ox; Ox
(14)

da] 0 & al
Z_(  xx <logp>+a,8—(logp) (log p) +2755 5 (log p) + )

4. General definition of the projection filter

In the present section we shall introduce the general definition of the projection filter. We
begin by noting that the stochastic calculus to be used in this derivation is the Stratonovich
calculus. This is a standard choice for stochastic calculus on manifolds, as one can see for
example in Elworthy (1982), and is due to difficulties in interpreting second-order terms
arising in the It0 calculus in terms of manifold structures. This choice can be further
motivated by the following example.

Example 4.1. Consider the two-dimensional SDEs with the initial condition (X, Yy) = (0, 0)

given by
Xl X | 1
d[ Y{} [%} aw,  and d[ Y,] - [%} oIy,

Note that the vector field on the right-hand side of both equations is tangent to the parabola
7 = {(x, ) € R%: y = x?} and that (X,, Yp) belongs to 7 so that one would expect the
solution to stay in & for all times. However, it is easy to check that the solutions of the above

equations are
W, W,
i) (]

respectively, i.e. the solution of the equation in the Stratonovich sense stays in & for all
times, whereas the solution of the equation in the It sense does not. It is therefore intuitive
that, if one projects the vector fields of a SDE written in the It6 form onto the tangent space
of a manifold, then the solution of the resulting equation would in general leave the manifold.
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This cannot happen if one projects the vector fields of the same SDE written in the
Stratonovich sense.

We shall assume that the finite-dimensional manifold S'/2 that we are working with has a
manifold structure and a well-defined Fisher information metric at all points 6 € ©,
according to the presentation given in Section 2. In order to project the Kushner—
Stratonovich equation for pl/ : given in Section 3 onto the m-dimensional manifold S'/? we
require the following assumption to be satisfied:

(D) For all 6 € ©®
5 p(-, 0)

sup E .
=0 ”“’){ (. 0)

This assumption will be explored in detail for exponential families in Section 5, and
explicit sufficient conditions under which it holds will be given. This assumption ensures
that, for all @ € ® and all =0, the vectors Z({p(;, 0)}'/*) and C¥*({p(-, 6)}'/?) for
k=0,1,...,d are vectors in L, so that indeed the projection can take place according to
the L, structure described in Section 2.

The projection filter for the family S = {p(:, 0), 6 € O} is defined as the solution of the
following SDE on the manifold §'/2:

d{p(-, 0}/ = Ty, 0 7,({ p(-, 0} ?) dt — Ty, 0 Z)({ p(-, 0)}'7) dit

2
}<oo and  supE g {|h/|*} <oo.
=0

. (15)
+> Ty, 0 C5({p(, 0} /) 0 dY?,
k=1

where for all 8 € ©, the projection map Ily is defined in (3).

Remark 4.2. Although at first sight (15) may look like a stochastic PDE, it is just a finite-
dimensional SDE which can be equivalently written using different coordinates as an
equation in ® C R™ for the parameter 8,. The explicit form of this SDE is given in the
following theorem.

Theorem 4.3. Assume that, in addition to satisfying (A)—(D) the coefficients f,, a, and h; of
the system (7), and the family S are such that the maps

) e
0 — Ep0) oL 0) Dlog p(-, 0) ¢, 0 — E .0 {314/ Dlog p(-, 0)}
and
0 — E .0 {hy Dlog p(-, 0)},
for k=1, ...,d are locally Lipschitz continuous in ©, uniformly in t = 0.

Then, for all 0 € © and all t =0
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(a) the vectors 7,({p(-, O}/*) and O ({p(-, O)}'/*) for k=0, 1, ..., d are vectors in
L, and

(b) the nonlinear operators 1y o #; and Tl o Qf for k=0,1,...,d are vector fields
on the manifold S'/2.

The projection filter density p(-, 0;) is described by (15), and the projection filter
parameters satisfy the following SDE:

S 0
40, = {200} E oy g 2L D1og o, 0 b i
p(': gt)

—{g(0)} " E ., {31 1> Dlog p(-, 6,)} dr (16)

d
+

{g(6)} " Epi.g){hf Dlog p(-, 6,)} 0 dY7}.
k=1

Under the assumptions on the coefficients, this equation has a unique solution up to the a.s.
positive exit time T :=inf{t = 0: 6, ¢ ©}.

Proof. Let us compute the projections of the vectors on the right-hand side of the Kushner—

Stratonovich equation (11), using the definitions (12) and (13) and the formula (4) (under
Assumption (D) such projections always exist):

g, 0 Zi({ (-, 0} = Hg,[H{ (-, 0} au(p(-, 0.)]

J=1 p(a 0[) 89/ 86,

m m_o ¥ -, 0)01 . 0, o p(-, 6, 12
= (Z g”(aoEp«,e,){ ( P, 01) Olog b )}) {pC. 00}
i=1

Similarly

My, o YL pC, 60}"%) = o, G pC 60} 2BY(p (-, 6))]
m m B 1 . 9[
- Z (Z g”(Gz)Ep<-,e,){;[|h,|2 — Epe00{|h:*}] aogp“})
i=1

< 06,

. /
X a{p( > 0!)}1 :

00;
m oM dlog p(-, ) \ 9{p(, 0)}'/?
— / 2
N

and
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Iy, o CF({pC, 0)}'7?) = g, [ p(-, 00} 2BE(p(-, 6.)]

m o dlog p(-, 0
=2 (Z g”(Gt)Ep(-,en{[hf —Epon{ht}] ga%(~ I)})

=1 \ j=1 /

o O, 00312
00;

m o[ om dlog p(-, 0 \ 9{p(:, 0,)}'/?
— L k
= ; <]Zl 8" (0N E pc.0, { hi 90, }) 06; ’

for k=1,...,d We have used the fact that the constant terms E,.g,{|A|*} and
E (0,1 h*} give no contribution to the projection, since

alog p(’ Gt) o Jap(x’ 0!) .

for j=1, ..., m. We rewrite (15) in the more detailed form

m mn " ;Z/‘* (', 9;)810g p(a 01‘) 8{[’(’ 01)}1/2
. 1/2 _ i P
d{p(, 6)}"* = ;:1 (,,E—l g%(0)) Ep(.,e,){ (-, 0,) 0, }) 00, dr

(L dlog p(, 0] \ 9{p(. 00}'/2
Z(Zg’(et)Em-ﬂo{%M"Z 00, t}) 80; a

i=1 \ j=1

+

-

>

1

d
h—

m . Olo . 2] o . 2] 1/2
( gu(gt)Ep(‘ﬂf){hf g 1 0}) {p(, 00} ode.
—

£ 4\ 4 00, 00,

(17)

By expanding {p(:, 0;)}1/ 2 according to the Stratonovich chain rule

m a . 6 ]/2 )
atpe, 002 = Y AP o g,

i=1

and comparing with (17) we obtain the following equation for the parameters describing our
projected density in S:
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_ mo ¥, 0,)dlog p(-, 0,)
46 — 5(6,)E . L ’ dr
p ;g 0, p(ﬂf){ (-, 0,) 0,

— Zgij(gt)Ep(-H) %|ht|2w dr
Yt 86]

d m
Z Z (et)Ep(',e,) hfw odYﬁ‘
00;

k=1

for i=1,..., m. Writing the above equation in vector form yields (16). Under the
assumptions on the coefficients and on the family S, this equation has a unique solution up to
the almost-surely positive exit time 7 (Khasminskii 1980, Chapter III, Section 4; Kunita 1984,
Chapter 1I, Theorem 5.2). L]

5. The exponential projection filter

In this section we shall consider the projection filter in the special case where
§'/2 = EM'2(c). A first possible derivation of the exponential projection filter equations is
by specializing the results of Theorem 4.3; see the proof of Theorem 5.4 below. Alternatively,
we can also remark that in the special case where S'/2 = EM!/2(¢), and under the same
Assumption (D) already introduced in the previous section, it is possible to define for all
60 € © and all t = 0 a larger but finite-dimensional (smoothly embedded) submanifold 21’/92
of L,, whose elements are square roots of probability densities of a larger (curved)
exponential family In addition, the vectors Z({p(-, )}"/?) and Z*({p(, O)Z}l/z) for
k=0,1,...,d are tangent vectors at the point {p(., 0)}‘/ 2 to the manifold 2 and the
projection can take place within a ﬁnzte dimensional tangent space, So that infinite
dimensionality is bypassed. The manifolds = /9 may be viewed as enveloping manifolds for
EM!/2(¢). This alternative approach will be used again in Section 8 below.

Let us consider the exponential family EM(c), as from Definition 2.2, and assume that
the coefficients ¢ are differentiable up to order two. From the expression obtained in (14), it
follows that

i, 0)

_ - ii T 8fl;
= ,Z(f'axi(e &)+ a)ﬁ)

i~ i 9
12 50
i,j=1

a(p(, 0) =

i 0 0 dal 9 Pal
i 9 a1y 0 a7 ! oTc 1
R MU aiax,)'
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We shall assume that the coefficients f;, @, and A4, of the system (7), and the coefficients ¢ of
the exponential family EM(c) satisfy Assumption (D).

Remark 5.1. Sufficient explicit conditions for (D) to hold for EM(c¢) can be easily given. For
example, (D) will hold if the coefficients f, (and its first derivatives), a, (and its first and
second derivatives), %;, ¢ (and its first and second derivatives) have at most polynomial
growth, and if densities in EM(c) integrate any polynomial.

Under Assumption (D) we define below, for any 6 € ® and any #) =0, a curved
exponential family X, g,, containing EM(c). For the definition of a curved exponential
family, see Amari (1985, Section 4.2).

Proposition 5.2. Let {di, ..., ds}, with 0 <s <d+2, be scalar functions defined on R"
and depending on ty, 6y, such that {1, c1, ..., ¢m, d1, ..., ds} is a basis of the linear space

span{1, c1, ..., Cm, @y (P(, 00)), 3 hyl*s hys oo S}
Define
o = {Pual, 0, 8),0€0,€E}
with
Pivn(%, 0, &) := exp{07c(x) + ETd(x) — & |dO* — 1,.0,(6, §)},

and where = C R® is open.
If Assumption (D) holds, and if = C R® is a sufficiently small neighbourhood of the
origin, then 210/590 is a (m+ s)-dimensional submanifold of L,.

Remark 5.3. For any 0 € O, p(-, 0;) = p;.0,(-, 0, 0), and hence EM(c) C X, 4,, which makes
=2 an enveloping manifold of EM'/?(c).

10,60

Proof. For simplicity, we use in this proof the notation py(:, 6, §) = p,.0,(:, 0, §), and
Yo(0, §) = ¥46,(0, §). Tt follows from the Cauchy—Schwartz inequality and the Young
inequality u < % + %u”‘ that

po(x’ 9’ g) = exp{GTc(x) + % - 1/)0(0: g)})

hence po(-, 0, §) is integrable for any 6 € ©, and any & € R® Define the following
expectation parameters:

0
ﬁ,‘(@, E) = %1/}0(6, g) = Ep0(459,é:){0[}, = 1, ce., m,
(13)

0
%10, &) = 8—51%(0’ &) =E 00idi — &i|EP|d*), I=1,...,s,

and the associated tangent vectors
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0
g P00 0, 2 =HpoC, 0, O e =70, &)}, i=1...,m,

a%{poc, 0, OY =Hpo(, 0, OY/*{di = &|EP1dl* =70, &)}, 1=1,...,5,
at the point {po(-, 0, £)}'/> € =)/% . Under Assumption (D) we have
Epoo{ld]*} = Epea{ld exp(ETd — §IE[*|d[)} exp{y(0) — o6, &)}
< Epi.0{[d]*} exp{3 + w(0) — o(6, &)}
< o0,
and similarly
E°E p0{1d*} = Epco{IE°|d]° exp(ETd — JIEI*|d|")} exp{w(0) — vo(8, &)}

< E(.0){|d|”} max{u® exp(u — ju*)} exp{w(6) — v0o(0, £}

< 00,

which proves that all the tangent vectors introduced above are in L,, and hence the associated
Fisher information matrix g(6, §) is well defined.

Finally, it is easy to prove that these tangent vectors are linearly independent, and hence
the Fisher information matrix is invertible. Indeed, the following decomposition holds:

[d)[* = a+ BT c(x) + yTd(x) + e(x),

where the scalar function e either is zero or is linearly independent of {1, ¢y, ..., cum,
dy, ..., ds}, and

0=p+A"[c—70, ]+ u'[d — E[EP|d|* — 76, &)
={p = A"7(0, &) — 170, &) — W' E|EPa} + (A — u"EIEPB) ¢
+(u— W EEPY)Td — T EIE e,
implies that
p —AT(0, &) — 170, &) — u'E|EPa =0,
A—uTEEPB =0,
(I —yEM|EP)u = u— u"EEPy = 0.

If & is sufficiently small, the matrix / — y&T|E|? is invertible, and hence u = 0, from which
we deduce that 1 = 0 and p = 0. This establishes the linear independence. ]

It is easly checked that, for all 6 € O,
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span{}{ p(-, )}, (p(-, 00)), H p(, O} 2B (p(-, 00)), k=0, 1, ..., d} C Ly pynZ) 5

Let us consider (11) in the Stratonovich form for { p}/ 2, t = 1}, starting at time 7, from the
initial condition p:o/z = {p(-, 00)}'/> € EM'/?(c) for some 6, € O, i.e.

d
dpi”® =4pi aipyde = 1p*Bpyde + 1> pil*Bl(p) o drf
k=1

= 7p i = Ap A+ 3 CipHedry, =0

d
k=1

It is immediate to check that

ZuP?) = 1o an(pa) = Hp(s 00} P (pC, 00)) € LipeanynZy s
and

~ 2 1/2 2
Ok (o) = P17 BE (1) = M pC, 00 2BE (pC, 00)) € Ly oy =i s

for k=0, 1, ..., d Then we can project at any time instant #y from the finite-dimensional
tangent vector space Ly, g /221&{,290 onto the finite-dimensional tangent vector space
L p.a0y2EM'/2(c) since the Fisher metric in the enveloping manifold is well defined under
Assumption (D).

Let (-, -) be the Fisher information metric on the enveloping manifold at the current point
p(:, 00) = pi,.6,(, B0, 0). Consider the orthogonal projection

1/2
Wyt LipeannZio, = Lipeany2EMY(),

o3 (; st (o, 225 50]9)}1/2 >> oAt )1,
The exponential projection filter for the exponential family EM(c) is defined as the solution
of the following SDE on the manifold EM'/?(c):
d{pC. 00} = Top, 0 7i({p(, 00)}'?)dt = T, 0 3({ (. 0} 7?) i
d (19)

I, 0 Z¥({p(, 0}'/?) 0 drE.
k=1

+

We can now state the main result of this section, which is a consequence of the more
general Theorem 4.3 given in Section 4 above.

Theorem 5.4. Assume that the coefficients f:, a; and h; of the system (7), and the coefficients
c of the exponential family EM(c) satisfy (A)—(D).
Then, for all 0 € © and all t =0,
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(a) the vectors 7,({p(-, O}/*) and O ({ p(-, O)}'/*) for k=0,1, ..., d are vectors in
the tangent space Ly, 9)}1/22162 of the finite-dimensional time-varying submanifold
0 of L, and
(b) the nonlinear operators 1,9 0 7, and 11,4 o // for k=0,1,...,d are vector fields
on the original exponential manifold EMI/Z(C)

The projection filter density p(-, 0;) is described by (19), and the projection filter
parameters satisfy the following SDE:

d0: = {2(0)} ' Epeop{Z e} dr — {200} " Epop {5 hul*Le — m(00]1} i

J (20)
+ {800} "> Epeoy{hilc — (0]} 0 dY}.

k=1
Under the assumptions on the coefficients, this equation has a unique solution up to the a.s.
positive exit time T := inf{z = 0: 6, ¢ O}.

Proof. By specializing to the exponential family EM(c) the general equation (16) for the
projection filter parameters, and by using the duality relation

Z*p(, 6, .
Epc00 {%D log p(-, Ot)} = Jk%”ikp(x, 0)[c(x) —n(6,)] dx

— J:%}C(X)P(x’ 0;) dx

= Epo){Zct,
we obtain

do, = {g(et)}71 Ep(;e,){«%)tc} dr — {g(ar)}il Ep(~,0,){%‘ht‘2[c - 77(9[)]} dr

d
+ {80} "> Epeoy{hile —n(0)]} 0 dYF.

k=1

Under Assumption (D), the maps
0 — E, .ol Zc}, 0 — Epe.0 {31 1) [c — n(0)]}, 0 — E .o {hilc —n(0)]},

for k=1, ..., d, are locally Lipschitz continuous in ©, uniformly in 7= 0, and we can
apply Theorem 4.3. O

Remark 5.5. The initial condition 6 for (20) is defined as follows: if py € EM(c), then
Ppo = p(-, 6y) for some unique 6, € O, which is used as the initial condition. Otherwise, we
project py on EM(c), by minimizing the Kullback—Leibler information

Do(x)

K(po, pl- 0)) i= Jlog (m

) po(x) dx,
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with respect to 6 € ©. After straightforward calculations, and making use of Lemma 2.3, this
reduces to maximizing

(07 [ccomemas—veo).
Assuming that the maximum is achieved in 6y € ©, necessary conditions yield

ni(6o) = Jci(x)po(x) dx, i=1,...,m.

6. The projection residual and the choice of a convenient
exponential family

In this section, we are interested in defining quantities which will provide estimates of the
local error resulting from the projection filter approximation. Compare (11) for the (square
root of the) true density p,, i.e.

d
dpi? = 7ipi) dt = DYpi M de + 3Ol 0 dYy, @1
k=1
and (15) for the (square root of the) projection filter density p7 = p(:, 0,), i.e.

d
d(pD)'? =Ty, 0 74(p])'P)dt = Ty, 0 DY(p])'P)de + Y Ty, 0 C5(pD)'H) 0 dY}. (22)
k=1
Two steps are involved in using the projection filter density p(-, 6;) as an approximation of
the true density p,. We make a first approximation by evaluating the right-hand side of (21) at
the current projection filter density p(-, 8;) and not at the true density p, Even with this
approximation, the resulting coefficients Z,({p(-, 0,)}'/*) and <*({p(., 0)}'/?) for
k=0,1,...,d would make the solution leave the manifold EM'/?(¢), and we make a
second approximation by projecting these coefficients on the linear space Ly, g,y EM!/2(¢)
via the projection mapping Ilg,. In order to express the error occurring in the second
approximation step at time ¢, we define the prediction residual operator .72} and the
correction residual operators %f for k=0,1,...,d as follows:

R =P —Tp 07, and 22X :=0% Ty o0k

These operators, when applied to the square root of density {p(-, 8,)}'/?> € EM'/?(¢) yield
vectors of L. We call such vectors projection residuals; they give a posteriori estimates of
the local error resulting from the projection filter approximation. We can compute the norm
of such vectors according to the norm ||| in L,, and we define the prediction residual norm
r$ and correction residual norms ri‘ for k=0,1, ..., d as follows:

= l2i{pC 003N and  rF = 25 pC, 001

However, we are still missing a single estimate of the local error resulting from the
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projection. We define below a single residual operator, only in the case where /2? = 0 for all
t=0,and all k=1, ..., d. In this case, we define the total residual operator .72, as

Ry = R — T,
and the corresponding total residual norm r, as

IR

Note that, if in addition /z)? = 0, then r, reduces to 7. We shall introduce below manifolds
EM!/2(¢*) and EM!/2(¢*) for which such a definition is applicable. Now we try to give some
intuition for the above definition. Suppose that we replace in (21) and (22) the observation
{Y,, t = 0} with some smooth process {u;, ¢ = 0}, e.g. a regularized approximation, i.e. we
consider the equations

d
P =7 - A+ P (23)
k:l

and

d
(p,>1/2 Ty, 0 7((pD)'?) — Ty, 0 WD) + D> Ty, 0 O (P Pyit. (24)
k=1

In this case, we can define a single residual operator expressing the difference between the
rate of change in the smooth Kushner—Stratonovich equation (23) and the rate of change in
the smooth projection filter equation (24), i.e.

d
= Ry = R+ R
k=1

Of course, if we return to the original situation, e.g. letting the regularized approximation
{u,, t = 0} converge to the observation {Y,, t = 0}, there is no limit to the smooth residual
operator .72}, unless /o’f =0 forall t=0,and all k =1, ..., d. In this case only, we define
the total residual operator .72, as above.

From now on, and throughout the paper, we assume for simplicity that 4, = 4 does not
depend explicitly on time. This is necessary in order to define the simplifying time-
invariant exponential families EM(c*) and EM(c*) below.

6.1. The exponential families EM(c*) and EM(c™)

The exponential family EM(c®) is such that the functions {A', ..., 29, 1A|*} belong to
span{1, cj, ..., ¢3,}, i.e. such that for all x € R”
AP =20 + Zi%'(x) W) =25+ ) afeiw), (25)

i=1

for k=1,...,d.
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Theorem 6.1. Assume that the coefficients f, and a, of the system (7), and the coefficients c*
of the exponential family EM(c®) satisfy (A)—(C) and the first assumption in (D).
Then, for the projection filter associated with the exponential family EM(c®), the

correction residual norms rf are identically zero for all t =0, and all k=0, 1, ..., d, and

the SDE for the parameters reduces to
d
6, = {g(0)} " Epeop{ £ e dt — A2de + > ALdyY, (26)
k=1
where for all k=0, 1, ..., d the m-dimensional vector if is defined by
Ab=pb Ak
Under the assumptions on the coefficients, this equation has a unique solution, up to the a.s.

positive exit time T :=inf{t>0: 6, ¢ ©}.

Proof. All the assumptions of Theorem 5.4 are satisfied, and therefore the solution of the
stochastic differential equation for the projection filter with manifold EM!/?(c*) exists and is
unique up to the a.s. positive exit time 7.

Next, we prove that the correction residual norms vanish. Indeed, it follows from (25)
that

QU 00} = AP = E o {1 pC. 00}
=1 At — Epeop{et it 60},
i=1
and similarly

O A pC, 093 = Y h* — E o) {1 p(, 00)}1

ALl = Epeop{ct{pC, 02,

I
=
iNgE

i=1

for k=1, ..., d. We remark that

{p(, 0)}'/*
00; ’

hence Z¥({ p(-, 0)}'/?) € Ly y.012EMV2(c®) for k=0, 1, ..., d. Therefore, the projection
does not modify these vectors since they already lie in the tangent space of EM'/2(¢c*).

Finally, the equation for the parameters is obtained via straightforward calculations.
Indeed, it follows from (25) that

et = Epeop{et I pC, 00} = et — ni @)1 p(, 0)}/* =

E o) 3IAPIE =001} =D A0 Epcop{ciles =001} = > g (00) A

i'=1 i'=1

hence
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m m

> MO E peoy (AP — 001} =D 2”00 ;v (0 1y = 4,
J=1 j=1

=1

and similarly

> 8O E peo){h I — n, (001} = A,

J=1

for all k=1, ..., d. Substituting these expressions into the right-hand side of (20) yields
(26). O

Using Lemma 2.1, we obtain the following expression for the norm of the projection
error.

Proposition 6.2. Under the assumptions of Theorem 6.1, the total residual norm r, = r}
satisfies

LEpC, 0
riziEm-ﬁ,){ PC0)

2
o0 } —HE pon{ L {800} " E pop{ £}

The diffusion coefficient in the SDE (26) for the parameters is constant, which implies
that (26) can be seen as either an Itd or a Stratonovich SDE, so that it satisfies the formal
rules of calculus. Moreover, for the numerical solution of such an equation, the simpler
Euler scheme coincides with the Milshtein scheme, which is a strongly convergent scheme
of order 1 (Kloeden and Platen 1992, Section 10.3).

Note also that we have still some freedom left, and we may wonder whether one can use
this to select m and the functions {c}, ..., ¢%,} in order to reduce the total residual norm
r;. However, great prudence is needed, because the filter may become complicated and
numerical problems may arise. See examples on the cubic sensor in Section 8 of Brigo et
al. (1995a). In general, a trade-off is necessary in order to obtain an accurate but still not
too involved exponential family and the associated projection filter.

The exponential family EM(c*) is such that the functions {A', ..., h?} belong to
span{l, cf, ..., c*}, i.e. such that for all x € R"
rhx) =24+ 2k (), (27)
=

for k=1,...,d.
Similarly to Theorem 6.1 above, we have the following.

Theorem 6.3. Assume that the coefficients f; and a; of the system (7), and the coefficients c*
of the exponential family EM(c*) satisfy (A)—(C) and the first assumption in (D).

Then, for the projection filter associated with the expomential family EM(c™), the
correction residual norms rﬁ‘ are identically zero for all t =0, and all k=1, ...,d, and
the SDE for the parameters reduces to
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d
d6, = {0} " Epeop{ ¥} dt = { (00} Epeo) (3IAPIC" =m0} de + > AL dY,
k=1

(28)
where for all k=1, ..., d the m-dimensional vector ﬂ.i is defined by

P VS

Under the assumptions on the coefficients, this equation has a unique solution, up to the a.s.
positive exit time T :=inf{t>0: 6, ¢ O}.

The proof is analogous to the proof of Theorem 6.1 and is therefore omitted. Using
Lemma 2.1, we obtain the following expression for the norm of the projection error.

Proposition 6.4. Under the assumptions of Theorem 6.3, and if the coefficient |h|* is
differentiable up to order two, then the total residual norm r, satisfies

2 _ 1
r= 4Ep(-,9,){

L p(, 00| .
L b — LB o) L L AP} + EE o A1} — (Bpeop{I AP D]

p(, 0)
—iE o0 {7 1™ =3RRI =001 {200} " Epop {7 c™ = 3HP[™ = n(0]}.

(29)

Proof. Using the definitions (12) and (13), (5) yields
1 = iEpcon{ladpC, 0) = BApC. 0}
- %[Ep(,e,){%tC* - %|h|2[0* - n(@,)]}]T{g(G,)}_] Ep(‘,er){:%tC* - %WZ[C* — (091}
Obviously
E o {IBIpC 0P} = HE peop (1A} = Epon{1A11]

and, if the coefficient ||> is differentiable up to order two, the following duality relation
holds:

EpioniadpC, 0.0) BA(p(, 0.)} = ju%/’fpo«, O () = E o) {1 h*}] dx

- %J(%’tlhlz(x)p(x, 0,)dx

= 3B o0 { Ll hI*}. O
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6.2. The case of discrete-time observations

Additional evidence for the choice of the exponential family EM(c*) is obtained by
considering the case of a nonlinear filtering problem with discrete-time observations. In this
model, the state process is as in (7), i.e.

dX, = f(X)dt+o(X,)dW,, Xo,
but only discrete-time observations are available,
zZy = W(X:,) + O,

at times 0 = 7o <t; < --- <t¢,<---, where {v,, n = 0} is a Gaussian white-noise sequence
with unit variance and independent of {X;, t = 0}.

The nonlinear filtering problem consists in finding the conditional density p,(x) of the
state X,, given the observations up to time #,, i.e. such that P[X, € dx|Z,] = p.(x)dx,
where £, :=o0(z,...,z,). We define also the prediction conditional density
p,(x)dx =P[X,, € dx|Z,_1]. The sequence {p,, n = 0} satisfies a recurrence equation,
and the transition from p,_; to p, is decomposed in two steps, as explained by Jazwinski
(1970, Theorem 6.1).

Prediction step. Between time ¢,_; and ¢,, we solve the Fokker—Planck equation

opy}
ot

%
::%tp:l, p:l”,l = Pn-1.
The solution at final time #, defines the prediction conditional density p, = py .

Correction step. At time t,, the observation z, is combined with the prediction conditional
density p, via the Bayes rule

Pn(x) = ¢ Wa(x) p,, (%), (30)

where ¢, is a normalizing constant, and W,(x) denotes the likelihood function for the
estimation of X,, based on the observation z, only, i.e.

W, (x) == exp{—i|z, — h(x)[*}. 31)

If we use the exponential family EM(c*®) defined above, then we obtain the projec-
tion filter density p(-, 8,), and the transition from 6, to 6, is also decomposed in two
steps.

Prediction step. Between time ¢,_; and ¢,, we solve the ordinary differential equation
0 = {20} Epapl £l 0L, =6,

The solution at final time #, defines the prediction parameters 6, = 6 .

Correction step. Substituting the approximation p(-, 8,) into (30), we observe that the
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resulting density does not leave the exponential family EM(c®). Indeed, it follows from (25)
and (31) that

d
W, (x) = exp (—ah(x)z +3 " hh@k — %|zn|2>
k=1

m d m d
= exp{—lo - Zl?c,’-(x) + Z/'L"zﬁ + Z (Zlf‘zﬁ) ci(x) — %z,,|2},
i=1 k=1 i=1 1

k=

and the parameters are updated according to the formula
d
0, =0, -1+ > Akzk,
k=1

which is exact.

7. Assumed density filters

Because the equations of nonlinear filtering are generally intractable, many approximation
methods have been proposed. A well-known approximation method is the EKF, in which the
conditional first- and second-order moments are approximated by using a linearization
procedure. A potential disadvantage of such a method is that no use is made of the general
nonlinear filtering equations; after linearization the formulae for linear Gaussian filtering are
applied. If one tries to develop approximation schemes starting from the nonlinear filtering
equations, one is confronted with the problem that the conditional densities (if they exist) do
not belong in general to any finite-dimensional class of densities. One heuristic way to deal
with this problem is to consider the moment equations and to assume arbitrarily that the
conditional densities belong to some finite-dimensional class of densities, even if this is
known to be wrong. The resulting moment equations will in general be inconsistent but, by
selecting carefully a limited number of moment equations, one can obtain a consistent
definition of an approximate filter, which is called an assumed density filter in the literature
(Kushner 1967; Maybeck 1979, Section 12.7).

As will be shown, it also matters whether the selected moment equations are taken in the
Itd or in the Stratonovich form. In order to discuss such assumed density filters properly,
and to study their relation with the projection filters in Section 8 below, we give now a
more formal definition of assumed density filters.

Throughout the remaining part of the paper we assume that, in addition to Assumptions
(A)—(C) of Section 3, the coefficient f, of the system (7) has at most polynomial growth
when |x| goes to infinity. (Note that, under Assumption (B), the coefficient a, has at most
quadratic growth.) Consider any twice differentiable function ¢ which, together with its
derivatives up to order two, has at most polynomial growth when |x| goes to infinity. Then
the conditions given by Fujisaki et al. (1972, Theorem 4.1) are fulfilled for the ¢ moments
to satisfy (8), i.e.
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d
dr(¢) = (£ c)dt + Z{n,(hﬁfc) — m(h*ym(c)} dYh.
k=1

The Stratonovich version of this equation is obtained directly from (9), i.e.

dri(c) = (L re)dt — Ha (| hil?e) — m (| h P)mic)} de

d
+ > {midhfe) — mhf)m ()} o dYF,
k=1

and holds under the conditions just described.
The following is a generalization of the concept of assumed conditional probability
density filters as introduced in Kushner (1967).

Definition 7.1. Consider a finite set {ci, ..., cn} of twice differentiable scalar functions
defined on R”, such that each c;, i =1, ..., m and its derivatives up to order two have at
most polynomial growth. Consider a corresponding m-dimensional family {n(-, 1),
=0, ..., 0m) €L} of probability measures, where # C R™ is open, such that each
element of the family satisfies the equations

ni:Eﬂ{Ci}, izl,...,m,

and is uniquely specified by these equations. Here E,{-} denotes the expectation with respect
to the probability measure 7(-, ).
In accordance with the ADF principle, the Ité-based ADF is defined by the Ité SDEs

d
dn} = B, {Zci}dr+ Y By {hfe;} — By ()@Y — B, {hf}dn,  i=1,....m

k=1
(32)
Similarly the Stratonovich-based ADF is defined by the Stratonovich SDEs
digy = By {7 ei} dit — 5By {h*ei} — By {| i} i
(33)

d
+ > (B {hfei} — By {hfyhodyt, =1, m
k=1

Note that in the following we shall work with exponential families such as EM(c). However,
the class of probability measures that satisfies the moment conditions for ¢ uniquely, in the
above definition, is larger than the class of measures whose densities are in EM(c¢).

Although this may be surprising at first, the Ito-based ADF and the Stratonovich-based
ADF are different filters in general. This will be shown by working out the It6-based and
Stratonovich-based Gaussian assumed density filters for the cubic sensor problem. The fact
that they are different is due to the inconsistency that is inherent to the ADF principle;
applying this principle to equivalent representations of the same equation leads to different
results.
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Example 7.2 (Stratonovich-based Gaussian ADF for the cubic sensor). Consider the scalar
system

d-Xt :Oth7 XO)
(34)
dy, = X3dt+dv,, Yo =0,

where the initial state X, and the standard Brownian motions { #W,, t = 0} and {V,, t = 0} are
mutually independent, and where o is a real constant. Let us compute the Stratonovich-based
ADF for this system using a Gaussian family, i.e. choosing c;(x) = x, and c,(x) = x2. Then
one obtains u = 17y = E,{x}, and 7, = E,{x?}, which indeed parametrize the Gaussian family
over R. Define P :=E,{(x — @)’} =n2 —n3. In the Gaussian case, one has the following
relations between the centred higher-order moments up to order eight, and the variance P:

E){x—u} =E{x —w’} =B {(x — 0’} = E,{(x — )"} =0,
E {x—w'} =3P, E{x-w't=15P,  E,{(x—uw}=105P" (35)
Making use of (35), (33) results in the following Stratonovich-based Gaussian ADF:

due = (<33P, — 30u; P? — 45u,P}) d1 + Bui Py + 3P) 0 dY,,
(36)
dP, = (6% — 15u*P* — 90> P3 — 45P%) dt + 6u, P> 0 dY,.

This should be compared with the Ito-based ADF for the same problem, with the same
family of probability densities and the same choice of functions ¢; and c;.

Example 7.3 (Ito-based Gaussian ADF for the cubic sensor). Making use of (35), (32)
results in the following It6-based Gaussian ADF:

du, = (=3P, — 1243 P> — 9u, P3)dt + 3u P, + 3P} dY,,
dP, = (02 — 15u*P? — 364> P> — 9P*)dt + 6u, P> dY,.

Putting these Itd equations in the Stratonovich form one obtains the Stratonovich version of
the Ito-based ADF:

du, = (=33 P, — 30u3 P2 — 36u,P>)dt + (3u> P, + 3P%) 0 dY,,
(37)
dP, = (6% — 15u} P> — 8142 P} — 18P} dt + 6u, P2 0 dY,.

By comparing the Stratonovich-based Gaussian ADF given in (36) with the Stratonovich
version of the Ito-based Gaussian ADF given in (37), we see that these two filters are
different.

As is clear from the definition, the construction of an ADF depends on the choice of a
stochastic calculus, either the Ito or the Stratonovich calculus, and involves both the choice
of functions {ci, ..., c,} and the choice of an m-dimensional family of probability
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distributions which are characterized uniquely by the vector n = (%, ..., 7,), where
ni = Ey{c;} for i=1,..., m Suppose that one wants to work with a specific set of
functions {cy, ..., ¢n}. Then one way to obtain a family of densities which has the desired
property is by using the concept of maximum entropy; given the functions {ci, ..., ¢n}
and the vector # = (%1, ..., ), the probability density p with maximal entropy under the
conditions E,{c;} =#; for all i=1,..., m, belongs to the exponential family EM(c),

provided that the vector # is such that there exists at least one probability density satisfying
the conditions (Kagan et al. 1973, Theorem 13.2.1). In the next section it will be shown
that, if such an exponential family is chosen, then the Stratonovich-based ADF can be
interpreted as a projection filter. The projection filter can be safely defined only via the
Stratonovich calculus, as remarked at the beginning of Section 4, and therefore does not
lead to the inconsistency aspects which partly afflict the ADFs.

8. Equivalence between assumed density filters and the
projection filter

The main theorem of this second part of the paper can now be stated. We shall present a
proof of this theorem based on stochastic calculus, and we shall also outline a second
possible proof which has been carried out in detail by Brigo et al. (1996b, Section 6), or by
Brigo (1996a, Section 5.3). The first proof is more elegant and concise, but it does not give
much insight into the geometric nature of the result. The second proof relies more on
geometric concepts. It uses explicitly projections on the tangent spaces and is based on a
crucial result from the theory of information geometry, i.e. the biorthogonality relations
between the tangent vectors associated with the canonical parameters, and the tangent vectors
associated with the expectation parameters (Amari 1985, Section 2.3). This relationship
extends partly from the selected exponential manifold EM'/2(¢) to its enveloping manifold;
see (38) below. This fact is fundamental in the second proof and further motivates the
introduction of the enveloping manifold.

Theorem 8.1. For any exponential family EM(c), the projection filter p(-, 6,) defined by (20)
coincides with the Stratonovich-based assumed density filter pg(-, 11,) defined by (33).

Proof. We start from (20) for the projection filter canonical parameters, i.e.

d0, = {g(0)} " Epiop{ 7 e} dr — {g(00)} " E o) 3l hulPle = m(0)]} dr

d
+ {80} "> Epeoy{hile —n(0)]} o dYF.
k=1

According to Remark 2.4, the expectation parameters can be expressed in terms of the
canonical parameters as

n: =ni0) = Epcofcit = Epcplets
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with derivatives

877,

(0) gii(0).

The chain rule for the Stratonovich integrals immediately gives

dn; = g(6;) o db,

=Epi m){ ,c} dr — PE('»’?:){%‘hflz[c - ’7r]} dt

d
+ Y Epuan{hile —na} odvE,

k=1

which is exactly (33) obtained using the assumed density filter idea. O

Now we outline the key steps of the second proof of Theorem 8.1. First, we fix £, =0
and 6p € ©, and for simplicity we use the notation po(-, 0, §) = py.a,(, 0, &), and
Yo(0, §) = ¥4 0,(0, 5). We recall that the expectation parameters for the enveloping
manifold Zl/ %90 are defined by (18) and it can be shown (Brigo 1996a, Theorem 5.3.2; Brigo
et al. 1996b Theorem 6.2) that the expectation parameters (771, ..., fm, X1, - - - » Xs) Provide
indeed another (local) parametrization of the enveloping manifold. It is then possible to
define tangent vectors associated with the expectation parameters, together with the tangent
vectors associated with the canonical parameters:

2(0,6)= %{m(., boy  0.5= 2

i=1,...,m,

m+l(9 g) {pO( 9 E)}l/z am+l(09 S) = ai)—cl{po(’ 03 S)}l/za [ = 1: ey S,

08

at point {po(-, 0, &)}/ € Zl/ Accordingly, we shall adopt the following notation for
vectors tangent to EM'/?(c):

1/2, i=1,..., m

o )
00 =g {pC. O 9(O) =7

Let us consider (11) in the Stratonovich form for { p , t = ty}, starting at time #, from
the initial condition p,n/ = {pe(, 70)}'/? € EM'/?(¢) with 7o = n(6p) € #. If we decom-
pose the tangent vectors of 2% appearing on the right-hand side of this equation at time
tp on the basis associated with the expectation parameters, we obtain

m

P et m)} ) = piln0)d' (60, 0) + Z Pt 1(10)0™ (65, 0),

i=1

Ot A peC, no)}'?) = Z q;(10)9'(6o, 0) + Z ns1(10)0" (B0, 0),
— =1
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for k=0,1,...,d A first fundamental result (Brigo 1996a, Theorem 5.3; Brigo et al.
1996b, Theorem 6.2) is that the biorthogonality relationship (6) for EM'/?(c) partly extends
to the enveloping manifold, in the sense that

(040, &), 9'(0, &) = 10:;, i=1,...,m,
(33)
(0,0, &), 3", &) =0, I=1,...,s,

for all j=1, ..., m. Secondly, it is easily checked that for all § € @
0i(0) = 0,00, 0),
for all j=1, ..., m. It follows from (38) that
piCn0) = 47, ({peC-, 10)}'72), 9:(60))
= 4G {peC. m)} P (peC. 90). H{peC. 10} les = mg))

= Eppiam @ (peCs no)lei — mol},

and similarly

4t (10) = E pucm By (PG, mo)lei — njl},

for k=0,1,...,d It was also proved by Brigo (1996a, Theorem 5.3) and Brigo et al.
(1996b, Theorem 6.2) that projecting on EM!/2(¢) tangent vectors of 210/ %90 which are
decomposed on the basis associated with the expectation parameters (771, ..., ﬁ’m, A1y -+ As)
simply results in eliminating the components associated with the expectation parameters
(%1, - -, Xs)- This property is also based on the extension result (38) and yields

0, 0 74 ({peC 1)} %) = pi(10)0'(60),
i=1

1

M0, 0 @ {peC m0) ) = af00)d'(60),
=1

1

for k=0,1,..., k Since t) =0 and 6y € © are arbitrary, the projection filter for the
exponential family EM(c) is given by the equation

m d
d{peC, )} ?=>" (pl-(m)dr — ) dt+> gl o dYﬁ‘) 0'(0)). 39)

i=1 k=1

By expanding {pz(-, r]t)}l/ 2 according to the Stratonovich chain rule

d{ peC, n)}'? =" 06, o dy,
i=1
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and comparing with (39) we obtain the following SDE for the expectation parameters:

d
dny = pin)di — ) de + > qfmyodyf,  i=1,...,m,
k=1
which is (33) for the Stratonovich-based ADF associated with EM(c). This ends the outline of
the geometric proof. O

The equivalence between the Stratonovich-based ADF and the projection filter is shown
to hold for exponential families. In general, for other families of distributions such
equivalence does not hold. This can be seen from the following simple example in which
we consider a particular curved (Gaussian) exponential family.

Example 8.2 (Projection filter with a curved Gaussian family). Consider the scalar system

dX, = f(X)dt +o(X)dw,, Xo,
dY, = X,dt+dV,, Yy =0,

where the coefficients fand a := oo T satisfy Assumptions (A) and (B), and where the initial
state X and the standard Brownian motions {W;, t =0} and {V,, t = 0} are mutually
independent. Choose the following curved family of Gaussian densities:

S:={p(, 0), 0 €R\{0}},  px, 0) = exp{6x — 6°x> — ()},

where p(-, 0) is the Gaussian density with mean 1/26 and variance 1/262. We shall denote
by Ep{-} the expectation with respect to the density p(:, 8). Note that n = Eo{x} = 1/26.
The densities in the above curved Gaussian family may be characterized by # as well. We
denote by E,{-} the corresponding expectation. Note that, since 7 = 1/26, the Stratonovich
chain rule yields dy, = —1/ 20% o df,. Then, the general equation (16) for the projection filter
results in

2 2
dn, — —é(En,{f} -2k, () - 28, f0) +6n2) di+ 2 oY),

On the other hand, (33) yields instead
d, = (E, {f} —3m}) dt + 21, 0 dY,,

making use of (35).

One of the striking features of Theorem 8.1 is that it yields a characterization of the
projection filters for exponential families in terms of assumed density filters, which are not
intrinsically based on differential geometry and can be understood without using geometric
concepts.

Finally we observe that as the Ito-based ADF and the Stratonovich-based ADF are
different, the theorems proved above state that for a general exponential family EM(c) the
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equivalence with the projection filter holds only for the Stratonovich-based ADF. However,
it can be shown that the Stratonovich-based ADF and the Itd-based ADF coincide for
special choices of the exponential family, such as the family EM(c*) introduced in Section
6, which is constructed in such a way that the functions {hl, L } belong to
span{l, ¢, ..., cj;} This provides more evidence for the choice of the exponential family
EM(c*) (which contains the exponential family EM(c®) as a particular case).

Theorem 8.3. For the exponential family EM(c*), the Ité-based assumed density filter
coincides with the Stratonovich-based assumed density filter, i.e. the solutions of (32) and
(33) coincide.

Proof. 1t follows from (27) that

m

d d d m
2|h|2 %Z‘hk|2:%2| ‘5‘22/1]{/15 ;k-i-%z Z /1 /1 c ich

k=1 k=1 = k=1j.j'=1

L ¥

By specializing to the exponential family EM(c*) the general equation (33) for the
Stratonovich-based ADF, and using Lemma 2.3, we obtain

m

dn} = E pynp{ £ e} dt — Z Ziki [Epscandci e} = Epcanf{c] bnilde

d m
- Z SEpecanicicief} = Epenplc i inilde

k=1 j.j'

m
. .
YN M prempdci el = Epeyn{ciinilodyf

1 j=1

M=~

=
Il

= Epyiap{ 7€} } di = Zzgy(m)/l"i dr — Z Z gy(n)Ay Ak di

=1 j,j'=1

I\.>|>—

d m d m
~1) Z =7 HOSTEED Y SEIUNGELIE
=1 k=1 j=1

k=1 j,j'

for i =1, ..., m. It is easily checked that the Ito-Stratonovich transformation yields

~0gi;
2y dY [ = gy(n) 0 Y — 3> =22 (n)A) dr,
j=17"

for all k=1,...,d and all i=1,..., m. On the other hand, by specializing to the
exponential family EM(c*) the general equation (32) for the Itd-based ADF, and using
Lemma 2.3, we obtain directly
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d m
A7t =By { LS e+ 2E pcmnfer e} = EpeaniciIni]
=1 j=1
X (dYﬁ‘ =A%t = AN Epcqnfch} dt)
J=1

d m d m
= Epan{Z e dr = Z Z gij(’?t)lfj-k dr — Z Z gii(’]t)lflf"ﬂ ds
=1 j=1

k=1 jj=1

d
+ ) gyn)A;dyy,

k=1 j=1

fori=1,..., m O

9. Numerical simulations for the cubic sensor

In this section, we apply the exponential projection filter to the cubic sensor model (34), and
we present some simulation results. This system is interesting for several reasons. The state
equation is very simple, and yet the optimal filter for the cubic sensor is infinite dimensional,
as proved by Hazewinkel et al. (1983), which ensures that we are really facing a problem of
approximating an infinite-dimensional filter by a finite-dimensional filter.

The chosen exponential manifold is EM!/?(x, x2, x>, x*) which is associated with an
exponential family with fourth-degree polynomials in the exponent. Since A(x) = x>, we can
apply Theorem 6.3. The equation of this projection filter and the numerical scheme which
was used to implement it have been presented in detail by Brigo et al. (1995a, Sections 8.2
and 9) and Brigo (1996a, Sections 4.6.2 and 4.7).

Equation (28) reduces to

do, = {g(0)} ' {y(0,) — y*(0)} dr + AdY,
where A = [0 0 1 0]T, and where for all § € ©

0
1
— 7 — 52
V(g) T Ep(ﬂ){/c} o 3171(0) >
6772(6)

177(6) — 16(0)n1(60)
173(6) — 16(0)n2(6)
179(0) — 116(0)n3(0)
110(6) — 16(0)14(60)

Y2(0) == E .0 {3 1) [c — n(O)]} =1

and by definition
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110) := Ep.o{x'},
for any integer i.
Using (29), the square of the total residual norm r, is given by

17 =1r11(00) — 1ra(0)) + L2 (0:) — Hy(0) — v (00} {260} {y(6,) — ¥ ()},
where for all 0 € ©
r12(0) == E .o { Z|h[*} = 150°4(6),
r2(0) := Epcop{| Al = Bpea A} = n12(0) — me(0),
and (after long but straightforward calculations)
L p(, 6)

2

= 0*{604 + 262 + 30,05 + (186,05 + 126,0,)17,(0)

r11(0) == E p(.0) {

+ (480,04 + 27603)12(0) + 12003045(0) + 1200574(6)} .

To compute efficiently the quantities #,(0), ..., 712(0), the following key property has
been used in our implementation.

Lemma 9.1. In the special case EM(x, x?, ..., x™) where n =1 and the coefficients are
monomials in the variable x, the entries of the Fisher information matrix satisfy

gij(0) =11 (0) — n:(O)m (0),
and the following identity holds:
0 if i=-1,

G+ @), ifi=o,1,.. @0

017:41(0) +2027:42(0)+ - - - +mOp1im(0) = {

Equation (40) has been proved by Brigo (1996a, Lemma 3.3.3) and allows one to
compute recursively all the moments from the m — 2 first moments #(6), ..., 7,_2(0). As
a result, the main steps of our algorithm are as follows.

(1) For i =0, 1, 2, compute

R 1,0
1;(0) = J x'exp{0;x + 0,x% + 03x° 4 O4x*} dx and 7:(0) = ©) .
—00 [0(0)
(ii)) Compute recursively the higher-order moments #3(0), ..., 1712(0) using (40), i.e.

73(0) = —4%4{01 +2071(0) + 305720}

and

1
Ni+4(0) = — 10, {G 4+ Dni0) + 6171(0) + 20:1:42(0) + 36031,43(0) }
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fori=0,...,8.
(i) Compute the square of the total residual norm

r? = 1r11(0) — 3r12(0) + 1r22(0) — 1{7(0) — ' (0)} {20} {»(6) — »°(6)}.
(iv) Update the parameter 6 using the Euler scheme
0 — 0+ {20} {r©6) — ')} A+ 1AY,
and go to step (i).

Once a numerical approximation of the projection filter parameters 6, has been computed,
we can compare the corresponding density p7 = p(:, 8;) to the solution p, of the Kushner—
Stratonovich equation, i.e. to the optimal filter density. Actually, a numerical approximation of
p: was used, based on a discretization of the state space with approximately 400 grid points,
and on numerical techniques for the solution of stochastic partial differential equations (see,
for example, Cai et al. (1995)). The comparison between numerical approximations of the
densities p7 and p, can be done qualitatively, based on graphical outputs, or we can compute
(a numerical approximation of) some distance, such as the Kullback—Leibler information
K(p:, p7) or the Hellinger distance H(p,, p7). We can also compute an approximation of the
total residual norm », which depends only on the projection filter density.

The simulation results show that the projection filter density is usually very close to the
optimal filter density, when the latter is not too sharp (i.e. not too close to a Dirac mass).
What would be missing in a Gaussian assumed density filter or in an EKF is the possibility to

Figure 1. Optimal filter density (——) and projection filter density (— ———) at time 4.12.
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allow bimodality in the filter density. As the fourth-degree exponential family allows such
bimodality, in principle the optimal filter density could be approximated at least qualitatively
by a density in this family. This was actually observed in our simulations (Figure 1).
Moreover, we can have an a posteriori indication of the accuracy of the projection filter
approximation from the graphical representation of the total residual norm as a function of
time. Indeed, there are time instants where the optimal filter and the projection filter first
moments are different, but these are exactly the time instants where the total residual norm
exhibits large values (Figures 2 and 3). An additional observation that we could make on our
simulations is that after a reasonably small time the total residual norm returns towards zero,
and correspondingly the projection filter density is again very close to the optimal filter density.
Further details on the simulation results have been given by Brigo et al. (1995a).

10. Conclusion, and directions of further research

In this paper we have introduced a new and systematic way of designing approximate finite-
dimensional filters.

One major issue left is the choice of the exponential family EM(c). A first answer has
been given in Section 6, but this does not completely solve the problem; with the choice of

4.5

3.5

2.5

O 1 1 1
0 0.5 1 15 2 2.5

Figure 2. Optimal filter mean value (——) and projection filter mean value (— — — —) between time 0
and 2.5.
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Figure 3. Total residual norm »* (——) between time 0 and 2.5.

the family EM(c®) there is still some freedom left in the choice of the dimension m and in
the choice of the functions {c}, ..., ¢%,}, which could be used to reduce the total residual
norm 7.

This freedom could also be used to design an adaptive scheme for the choice of the
exponential family EM(c). In this respect, it would also be useful to obtain for all # = 0 an
estimate of the distance between the optimal filter density p, and the projection filter
density p(-, 6,), in terms of the total residual norm history {r;, 0 <s < t}.

Finally, we would like to define projection filters for discrete-time systems and relate this
problem to the work of Kulhavy (1990; 1992; 1996). Another motivation for this further
study will be to obtain efficient numerical schemes for the solution of the SDE satisfied by
the projection filter parameters, i.e. (20) for a general family EM(c¢), or (26) for the family
EM(c*).

Each of these problems requires further investigation and will be addressed in subsequent
work.
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