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1. Introduction

Let Sn be the sum of independent Bernoulli random variables X 1, . . . , X n with success

probabilities P(X j � 1) � 1ÿ P(Xj � 0) � pj 2 [0, 1] for 1 < j < n. We investigate the

approximation of the distribution PSn of Sn by a Poisson law P (t) with mean t 2 (0, 1) and

also by ®nite signed measures derived from an expansion due to Charlier (1905). As a

measure of accuracy, a new multi-metric (difference metric) is introduced (see formula (1))

unifying a broad class of probability metrics between discrete distributions. Further, the

accompanying non-metric situation is investigated, leading to moderate- and large-deviation

results. The task is to give sharp bounds and asymptotic relations. The method used is based

on work by Shorgin (1977), Deheuvels and Pfeifer (1986a; 1986b; 1988), Deheuvels et al.

(1989) and Roos (1995). For other publications on Poisson approximations, see, for example,

Barbour (1987), Barbour et al. (1992; 1995), Chen and Choi (1992), Deheuvels (1992) and

Prohorov (1953).

We proceed with the de®nition of the difference metric. Some notation is needed. Let

Z� � f0, 1, . . .g and RZ� � f f j f : Z� ! Rg. For f 2 RZ�, let k f k p ( p 2 [1, 1]) be the

p-norm of f and set f (m) � 0 for m , 0. In this paper, we de®ne the difference operator

Ä : RZ� ! RZ� by Ä f (m) � f (mÿ 1)ÿ f (m) for f 2 RZ� and m 2 Z�; for the inverse

Äÿ1, we have Äÿ1 f (m) � ÿPm
j�0 f ( j). The difference metric between two ®nite signed

measures Q1 and Q2 concentrated on Z� is de®ned by
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d(i, j)
p (Q1, Q2) �





 Xm

u�mÿ j�1

Äi( f Q1
ÿ f Q2

)(u)

 !
m2Z�






p
, (1)

where i 2 Z, j 2 N, p 2 [1, 1], and f Q1
, f Q2

2 RZ� are the counting densities of Q1, Q2. If

we consider the restriction of d(i, j)
p to the set of all probability measures concentrated on Z�,

we get the total variation distance 1
2
d

(0,1)
1 , the p-metric between distribution functions d(ÿ1,1)

p ,

the Kolmogorov metric d(ÿ1,1)
1 , the Fortet±Mourier metric d

(ÿ1,1)
1 and the j-point metric d(0, j)

1 .

Here, the j-point metric indicates the largest difference between the probabilities of half-open

intervals of length j.

2. The bounds for the difference metric

For k 2 Z, m 2 Z�, and t 2 [0, 1), let ð(�, t) 2 RZ� with ð(m, t) � P (t)(fmg) � eÿ t t m=m!
and write Äkð(m, t) � (Äkð(�, t))(m). Here and throughout the rest of the paper, we let

00 � 1. Let

pk(x, t) �
Xk

j�0

k

j

� �
x

j

� �
j! (ÿt)kÿ j, t, x 2 R, k 2 Z� (2)

be the Charlier polynomial of degree k. The following theorem is the principal tool in the

argument of this paper.

Theorem 1. For m 2 Z� and t 2 (0, 1),

P(Sn � m) �
X1
k�0

ak(t)Äkð(m, t), (3)

where ak(t) � (1=k!)
P1

m�0 P(Sn � m) pk(m, t), k 2 Z�.

For the proof of a more general theorem, see Schmidt (1933). The series (3) is called the

Charlier (B) expansion of PSn . The coef®cients ak(t) are called Charlier coef®cients of PSn .

For further papers on the Charlier expansion, see Boas (1949) and the references therein.

We now give a review of some well-known relations for pk(x, t) and Äkð(m, t).

Lemma 1. (a) For x, t 2 R and k 2 N,

k pkÿ1(xÿ 1, t) � pk(x, t)ÿ pk(xÿ 1, t), (4)

pk�1(x, t) � (xÿ k ÿ t) pk(x, t)ÿ tk pkÿ1(x, t): (5)

(b) For t 2 (0, 1), k, m 2 Z�, and z 2 C,

t kÄkð(m, t) � ð(m, t) pk(m, t), (6)X1
j�0

Äkð( j, t) z j � exp(t(zÿ 1))(zÿ 1)k , (7)

1022 B. Roos



Äkð(m, t) � 1

2ð

�ð
ÿð

exp(ÿixm� t(eix ÿ 1))(eix ÿ 1)k dx: (8)

In what follows, let ëk �
Pn

j�1 pk
j for k 2 N, ë � ë1 . 0, and ç(t) � 2ë2 � (ëÿ t)2 for

t 2 (0, 1). The following lemma is devoted to the Charlier coef®cients of PSn .

Lemma 2. Let k 2 N and t 2 (0, 1). Further, let I0(x) �P1m�0(x=2)2m=(m!)2 be the

modi®ed Bessel function of the ®rst kind and order 0, â(x) � eÿx2=4 I0(x), x 2 R. Then

ak(t) � 1

k
akÿ1(t)(ëÿ t)�

Xkÿ2

j�0

(ÿ1)kÿ jÿ1a j(t)ëkÿ j

0@ 1A, (9)

jak(t)j < ç(t) e

2k

� �k=2

â
jëÿ tj ������2k

p��������
ç(t)
p

 !
: (10)

Proof. Let H(z) � Qn
j�1(1� pj(zÿ 1)), z 2 C, be the probability generating function of Sn.

As in Schmidt (1933, p. 141),
P1

k�0 ak(t)z k � eÿ tz H(z� 1) for z 2 C. Let h(z) �
ln(H(z� 1))ÿ tz and g(z) � exp(h(z)) for jzj, 1. Then (9) follows from

ak(t) � 1

k!

dk

dz k
g(z)

����
z�0

� 1

k!

Xkÿ1

j�0

k ÿ 1

j

 !
d j

dz j
g(z)

dkÿ j

dz kÿ j
h(z)

 !����
z�0

� 1

k

Xkÿ1

j�0

a j(t)

(k ÿ 1ÿ j)!

dkÿ j

dz kÿ j
h(z)

����
z�0

:

Let á 2 (0, 1). By Cauchy's theorem,

ak(t) � 1

2ðák

�2ð

0

exp(ÿikxÿ áteix)
Yn

j�1

(1� pjáeix) dx:

By 1� x < ex and I0(x) � (1=[2ð])
� 2ð

0
exp(x cos y) dy for x 2 R, this leads to

jak(t)j < 1

2ðák

�2ð

0

exp(ÿát cos x)
Yn

j�1

(1� 2á pj cos x� R2 p2
j)

1=2 dx

< Y (á)â(á(ëÿ t)),

where Y (á) :� áÿk exp(á2ç(t)=4) attains its minimum for á � á0 :� ����������������
2k=ç(t)

p
. Relation

(10) is proved by substituting á0 for á. h

Note that Shorgin (1977) showed (9) and (10) in the case ë � t. Using (9), we derive

a0(t) � 1, a1(t) � ëÿ t, a2(t) � (ëÿ t)2 ÿ ë2

2
: (11)
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For the rest of this paper, let â(x) as in Lemma 2. It is clear that â(x1) < â(x2) for

0 < x2 < x1, and that 0 , â(jxj) � â(x) < 1 for x 2 R. For the bounds for the difference

metric, we need the following lemma.

Lemma 3. For k 2 N, t 2 (0, 1), and p 2 [1, 1],

kÄkð(�, t)k p <

���
e
p
2

1�
���
ð

2

r !
(2k)1= p eÿ1=(2 p) k

te

� �(k�1)=2ÿ1=(2 p)

: (12)

Proof. Shorgin (1977; see the proof of his Lemma 6) proved (12) for p � 1. For p � 1,

(12) can be shown by using (23) (which can be proved independently) and the inequality

1� x < ex, x 2 R. The assertion is shown by using the convexity theorem: k f k p <
k f ks

q9k f k1ÿs
q if 1 < q , p , q9 <1, f 2 RZ� , 0 , s , 1, and 1=p � s=q9� (1ÿ s)=q. h

For x 2 R, let bxc, dxe 2 Z be de®ned by xÿ 1 ,bxc < x < dxe, x� 1. For t 2 (0, 1),

let ~è(t) � ç(t)=(2t). We now give the main result of this section.

Theorem 2. Let t 2 (0, 1), k 2 Z�, s 2 fk, k � 1, k � 2, . . .g, i 2 fÿs, ÿs� 1, ÿs� 2,

. . .g, j 2 N, p 2 [1, 1], r � (i� 1)=2ÿ 1=(2 p),

C1 � j(1� ��������
ð=2

p
)

21ÿ1= p(s� i� 1)dr�1= peÿrÿ1= p
, C2 � j(2ð)1=4 exp(1=(24(s� 1)))2(s�1)=2�i

(s� 1)1=4
����
s!
p ,

and

í(t) � â
jëÿ tj ����������������2(s� 1)

p��������
ç(t)
p

 !
:

Let Q(k, t) denote the ®nite signed measure concentrated on Z� with the counting density

f Q(k, t)(m) �Pk
v�0av(t)Ävð(m, t), m 2 Z�. Then d(i, j)

p (PSn , Q(k, t)) � H � R, where

H �




 Xs� jÿ1

u�k�1

Xminfu,sg

v�k�1

av(t)
j

uÿ v� 1

� �24 35Äu�ið(�, t)






p

(13)

and

jRj < C1í(t)

~è(t)i=2 t r

X1
v�s�i�1

~è(t)v=2vdr�1= pe, (14)

jRj < C2í(t)ç(t)(s�1)=2 1�
�����������
2ç(t)

p� �
exp(2ç(t)): (15)

Proof. By Xm

u�mÿ j�1

f (u) �
Xjÿ1

w�0

j

w� 1

� �
Äw f (m), f 2 RZ� , m 2 Z�,

it is easy to see that, for m 2 Z�,
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Xm

u�mÿ j�1

Äi( f PS n ÿ f Q(k, t))(u) �
X1

v�k�1

av(t)
Xjÿ1

w�0

j

w� 1

� �
Äw�v�ið(m, t) � H m � Rm,

where

H m �
Xs

v�k�1

av(t)
Xjÿ1

w�0

j

w� 1

� �
Äw�v�ið(m, t)

�
Xs� jÿ1

u�k�1

Xminfu, sg

v�k�1

av(t)
j

uÿ v� 1

� �24 35Äu�ið(m, t),

Rm �
X1

v�s�1

av(t)
Xjÿ1

w�0

j

w� 1

� �
Äw�v�ið(m, t) �

Xm

u�mÿ j�1

Äi( f PS n ÿ f Q(s, t))(u):

Hence d(i, j)
p (PSn , Q(k, t)) � k(H m � Rm)m2Z�k p and H � k(H m)m2Z�k p. Relation (14) can

be shown by using

jRj < k(Rm)m2Z�k p < j





 X1
v�s�1

av(t)Äv�ið(�, t)






p

< j
X1

v�s�1

jav(t)j kÄv�ið(�, t)k p, (16)

and the inequalities (10), (12), and 1� x < ex, x 2 R. Relation (15) can be proved by using

(16), (10), the inequality kÄvð(�, t)k p < 2v (v 2 Z�), Stirling's formula (see Feller 1968)

v! �
������
2ð
p

vv�1=2 exp(Wv ÿ v), Wv 2 1

12v� 1
,

1

12v

� �
, v 2 N, (17)

and X1
m�v

x m������
m!
p <

xv����
v!
p

X1
m�0

x m������
m!
p m

bm=2c
� �1=2

<
xv����
v!
p (x� 1)exp(x2) (18)

for v 2 Z�, x 2 [0, 1). h

Note that Q(0, t) � P (t), Q(1, ë) � P (ë), and that Barbour (1987) used other signed

measures for the total variation distance. Only the ®rst two of his signed measures coincide

with Q(0, ë) and Q(2, ë). Observe that always í(t) < 1.

3. Evaluation of the norm term

In what follows, the norm term H in Theorem 2 is evaluated in the cases p � 1 and p � 1.

Using these formulae, upper and lower estimates of the corresponding distances can be

derived. The following two propositions are generalizations of results by Deheuvels and

Pfeifer (1986a; 1986b) and Roos (1995). The proofs are easy and therefore omitted.

Asymptotics and sharp bounds in the Poisson approximation 1025



Proposition 1. Let q(x) �Pk
m�0cm t kÿm pm�1(x, t), where t 2 (0, 1), k 2 Z�, and

c0, . . . , ck 2 R, ck 6� 0. Then q(x) has at least one zero in (0, 1). If q(x) has exactly

u 2 f1, . . . , k � 1g different zeros in [0, 1), denoted by x1(t) , . . . , xu(t), then



Xk

m�0

cmÄ
mð(�, t)





1 � max
1<v<u

����Xk

m�0

cmÄ
mð(bxv(t)c, t)

����: (19)

Proposition 2. Let q(x) �Pk
m�0cm t kÿm pm(x, t), where t 2 (0, 1), k 2 Z�, and c0, . . . ,

ck 2 R, ck 6� 0. If, under considerations of multiplicity, q(x) has exactly u 2 f0, . . . , kg
zeros in [0, 1), denoted by x1(t) < . . . < xu(t) (if u > 1), then



Xk

m�0

cmÄ
mð(�, t)






1
�
����(ÿ1)uc0 � 2

Xk

m�0

cm

Xu

v�1

(ÿ1)vÄmÿ1ð(bxv(t)c, t)

����: (20)

From the theory of orthogonal polynomials it is known that the zeros of the Charlier

polynomials pk(x, t), k 2 N, t 2 (0, 1), are real, simple and located in the interval (0, 1).

The preceeding propositions lead to the following corollaries.

Corollary 1. Let k 2 Z�, t 2 (0, 1), and 0 , x1(t) , . . . , xk�1(t) be the zeros of

pk�1(x, t). Then

kÄkð(�, t)k1 � max
1<v<k�1

jÄkð(bxv(t)c, t)j: (21)

Corollary 2. Let k 2 N, t 2 (0, 1), and 0 , x1(t) , . . . , xk(t) be the zeros of pk(x, t).

Then

kÄkð(�, t)k1 � 2

����Xk

v�1

(ÿ1)vÄkÿ1ð(bxv(t)c, t)

���� � 2
Xk

v�1

jÄkÿ1ð(bxv(t)c, t)j: (22)

Proof. The ®rst equality follows from Proposition 2. The second equality is proved if it is

shown that pkÿ1(bxv(t)c, t) alternates in sign as v varies from 1 through k. But this is a

consequence of the following lemma. h

Note that the inequalities

kÄkð(�, t)k1 < 2kkÄkÿ1ð(�, t)k1 < kkÄkð(�, t)k1, k 2 N, t 2 (0, 1), (23)

follow from (21) and (22), where equalities hold for k � 1. The ®rst inequality of (23) is used

in the proof of (12). The following lemma is needed to complete the proof of Corollary 2.

Lemma 4. Let t 2 (0, 1) and 0 , xk,1(t) , . . . , xk,k(t) be the zeros of pk(x, t) for k 2 N.

Then xk�1,v(t) , xk,v(t) , xk�1,v�1(t)ÿ 1 for k 2 N and v 2 f1, . . . , kg.

Note that the relation above without the `ÿ1' is the well-known separation theorem for

the zeros of the Charlier polynomials.
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Proof. By induction over k, it can be shown that xk,v�1(t)ÿ xk,v(t) . 1 for k 2 f2, 3, . . .g
and v 2 f1, . . . , k ÿ 1g. Here the separation theorem and (4) are used. Now the assertion can

easily be proved. h

In the following lemma, some additional properties of the norm term are given.

Lemma 5. Let k 2 Z�, c0, . . . , ck 2 R, ck 6� 0, and p 2 [1, 1]. Then the norm

kPk
m�0cmÄmð(�, t)k p is a (0, 1)-valued, continuous function of t 2 [0, 1).

Proof. The assertion can easily be shown by using

j pk(m, t)j <
Xk

w�0

k

w

� �
mw t kÿw � (m� t)k , k, m 2 Z�, t 2 (0, 1), (24)

Minkowski's inequality, (6), (7) and (19). h

4. Asymptotic relations for the norm term

In what follows, let

Hk(x) � k!
Xbk=2c

m�0

(ÿ1)m(2x)kÿ2m

(k ÿ 2m)! m!
(25)

be the Hermite polynomial of degree k 2 Z�. We need the well-known relations

H k�1(x) � 2x Hk(x)ÿ 2k H kÿ1(x), k 2 N, x 2 R, (26)

jk(x) � 1������
2ð
p dk

dx k
eÿx2=2 � (ÿ1)k������

2ð
p

2k=2
eÿx2=2 Hk(x=

���
2
p

), k 2 Z�, x 2 R: (27)

For p 2 [1, 1], let kjkk p be the p-norm of jk .

Proposition 3. Let k 2 Z� and b : (0, 1) 3 R! R be bounded. For t!1,

sup
x2R

jt(k�1)=2Äkð(bt � x
��
t
p � b(t, x)c, t)ÿ (ÿ1)kjk(x)j � O (tÿ1=2), (28)

sup
x2R

(1� x2)jt(k�1)=2Äkð(bt � x
��
t
p � b(t, x)c, t)ÿ (ÿ1)kjk(x)j � O (tÿ1=2): (29)

Proof. We use Fourier techniques as in Petrov (1975). Let k 2 Z�, x 2 R, t 2 (0, 1), and

m � bt � x
��
t
p � b(t, x)c > 0. Then m � t � x

��
t
p � ~b(t, x), where ~b : (0, 1) 3 R! R is

bounded. We write ~b for ~b(t, x). Using (8) and

jk(x) � 1

2ð

�1
ÿ1

exp(ÿixyÿ y2=2)(ÿiy)k dy,

it is easy to see that
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2ðjt(k�1)=2Äkð(m, t)ÿ (ÿ1)kjk(x)j

< t(k�1)=2

�ð
ÿð

eÿ ty2=2j exp(t[ei y ÿ 1ÿ iy� y2=2]ÿ iy~b)(ei y ÿ 1)k ÿ (iy)k j dy� I1

< t(k�1)=2(I2 � I3 � I4)� I1,

where

I1 � 2

�1
ð
��
t
p eÿ y2=2 y k dy,

I2 �
�ð
ÿð

eÿ ty2=2j exp(t[cos yÿ 1� y2=2])ÿ 1j jei y ÿ 1jk dy,

I3 �
�ð
ÿð

eÿ ty2=2j(ei y ÿ 1)k ÿ (iy)k j dy,

I4 �
�ð
ÿð

eÿ ty2=2jexp(i[t(sin yÿ y)ÿ y~b])ÿ 1j jyjk dy:

Using calculus, it is possible to show that, for t!1, I1 � O (exp (ÿð2 t=2)t(kÿ1)=2),

I2 � O (tÿ(k�3)=2), I3 � O (tÿ(k�2)=2), and I4 � O (tÿ(k�2)=2). For I2, the inequality

I2 < 2k�3 ð2

4
ÿ 1

� �
t

�ð=2

0

exp(ÿ2t sin2 y)sink�4 y dy

and Shorgin's (1977; see the proof of his Lemma 6) estimate of the integral are used. For I3,

we use j(ei y ÿ 1)k ÿ (iy)k j < kjyjk�1ekj yj and similar estimates for I4. Hence

sup
x2A( t)

jt(k�1)=2Äkð(bt � x
��
t
p � b(t, x)c, t)ÿ (ÿ1)kjk(x)j � O (tÿ1=2), t!1,

where A(t) � fx 2 Rjbt � x
��
t
p � b(t, x)c > 0g. The proof of (28) is easily completed. To

prove (29), it suf®ces to estimate T � x2jt(k�1)=2Äkð(m, t)ÿ (ÿ1)kjk(x)j uniformly in

x 2 A(t). Using (5), (6), (26), (27), and x � (mÿ t ÿ ~b)=
��
t
p

, we obtain

x2Äkð(m, t) � tÄk�2ð(m, t)� [2k ÿ 2~b� 1]Äk�1ð(m, t)� [2k � 1� tÿ1(k ÿ ~b)2]Äkð(m, t)

� tÿ1 k[2k ÿ 2~bÿ 1]Äkÿ1ð(m, t)� k(k ÿ 1)tÿ1Äkÿ2ð(m, t),

and x2jk(x) � jk�2(x)� (2k � 1)jk(x)� k(k ÿ 1)jkÿ2(x), where jÿ2(x) � jÿ1(x) � 0.

Hence
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T < jt(k�3)=2Äk�2ð(m, t)ÿ (ÿ1)k�2jk�2(x)j � [2k � 2j~bj � 1]t(k�1)=2kÄk�1ð(�, t)k1
� (k ÿ ~b)2 t(kÿ1)=2kÄkð(�, t)k1 � [2k � 1]jt(k�1)=2Äkð(m, t)ÿ (ÿ1)kjk(x)j

� k[2k � 2j~bj � 1]t(kÿ1)=2kÄkÿ1ð(�, t)k1
� k(k ÿ 1)jt(kÿ1)=2Äkÿ2ð(m, t)ÿ (ÿ1)kÿ2jkÿ2(x)j:

Using the estimates (12), (28), and kð(�, t)k1 < (2te)ÿ1=2 for t 2 (0, 1) (see Deheuvels and

Pfeifer 1988), the proof is easily completed. h

Proposition 4. Let p 2 [1, 1] and k 2 Z�. Then

9M 2 (0, 1) 8t 2 (0, 1) : jt(k�1)=2ÿ1=(2 p)kÄkð(�, t)k p ÿ kjkk pj < M��
t
p : (30)

Proof. For suf®ciently large t the assertion is shown by using (28), (29) and

tÿ1=(2 p)kÄkð(�, t)k p �
�1
ÿ1
jÄkð(bt � x

��
t
p c, t)j p dx

� �1= p

, p 2 [1, 1):

For small t, Lemma 5 is used. h

5. Asymptotic results for the difference metric

For the following theorem, we consider a triangular scheme: we let n and X1, . . . , X n depend

on an additional parameter l 2 N and assume that l!1. Then the following quantities also

depend on l : Sn, p1, . . . , pn, ëk for k 2 N, ç(t), and ~è(t) for t 2 (0, 1). Let è �
~è(ë) � ë2=ë. Note that è < 1. Sometimes we write è( l) for è. We now present the main result

of this section.

Theorem 3. Let i 2 fÿ2, ÿ1, . . .g, j 2 N, p 2 [1, 1] be independent of l. Further, let

H (i, j)
p (t) �





Xj�1

u�2

j

uÿ 1

� �
Äu�ið(�, t)






p
, t 2 [0, 1):

If lim sup l!1è( l) , 1, then

d(i, j)
p (PSn , P (ë)) � ë2

2
H (i, j)

p (ë) 1� O min
ë3

ë2

���
ë
p � è,

ë3

ë2

� ë2

( ) !" #
, (31)

and

d(i, j)
p (PSn , P (ë)) � jkji�2k pè

2ë(i�1)=2ÿ1=(2 p)
1� O min 1,

1���
ë
p � è

� �� �� �
: (32)

If a 2 [0, 1) is independent of l and ë2 � O (1), then
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d(i, j)
p (PSn , P (ë)) � ë2

2
H (i, j)

p (a) 1� O min 1,
ë3

ë2

� ë2 � jëÿ aj
� �� �� �

: (33)

Proof. Letting k � 0, s � 3, and t � ë in Theorem 2, we get d(i, j)
p (PS n , P (ë)) �

(ë2=2)H (i, j)
p (ë)� R, where

jRj < ë3

3





Xj�2

u�3

j

uÿ 2

� �
Äu�ið(�, ë)






p
� jR1j

and the following two estimates hold:

jR1j � O
ë2

2

ë(i�5)=2ÿ1=(2 p)

� �
if lim sup

l!1
è( l) , 1,

jR1j � O (ë2
2) if ë2 � O (1):

Using the triangular inequality, (12) and Lemma 5, we obtain

jRj � O
ë3

ë(i�4)=2ÿ1=(2 p)
� ë2

2

ë(i�5)=2ÿ1=(2 p)

� �
if lim sup

l!1
è( l) , 1, (34)

jRj � O (ë3 � ë2
2) if ë2 � O (1): (35)

Because of (30), three constants M1, M2, M3 2 (0, 1) exist such that M1 . 1 and

M2 < t(i�3)=2ÿ1=(2 p) H (i, j)
p (t) < M3 for t 2 (M1, 1). By Lemma 5, 0 , inf t2[0,M1] H (i, j)

p (t) �:
M4. Let A1 � fl 2 Një. M1g, A2 � fl 2 NjM1 > ë > 1g, and A3 � Nn(A1 [ A2). For

(31), we may assume sup l2Nè( l) , 1. By (34) and (35), we obtain, for l 2 Ak (k 2 f1, 2, 3g),

jRj
ë2 H (i, j)

p (ë)
� O min

ë3

ë2

���
ë
p � è,

ë3

ë2

� ë2

( ) !
:

Relation (31) is proved. Relations (32) and (33) are easily shown by similar arguments. h

It is easy to show that (31) and (32) remain valid if i� 1 � 1=p and the condition

lim sup l!1è( l) , 1 is dropped. Hence (32) is a generalization of results of Prohorov (1953,

Theorem 2), Deheuvels and Pfeifer (1986a; 1986b; 1988), and Roos (1995) concerning the

Poisson approximation of the binomial and Poisson-binomial distributions with respect to

the total variation distance, the Kolmogorov metric, the Fortet±Mourier metric, and the one-

point metric. It should be mentioned that, as has been observed by Barbour et al. (1992, p.

2), the statement of Prohorov's Theorem 2 is inaccurate. A correct version, in our notation,

is: d
(0,1)
1 (B (n, p), P (np)) � ��������������

2=(ðe)
p

p[1� O (minf1, [np]ÿ1=2 � pg)], where B (n, p) de-

notes the binomial distribution with parameter n and success probability p. In Prohorov's

version, the `� p' is missing, which invalidates his result, for example, for p � 1, n!1.

For easier O -terms in (31) and (33), observe the following relations:
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min
ë3

ë2

���
ë
p � è,

ë3

ë2

� ë2

( )
< 2 minf

���
è
p

,
�����
ë2

p
g,

ë3

ë2

� ë2 � jëÿ aj < (1�
�����
M
p

)(
�����
ë2

p
� jëÿ aj) if ë2 < M :

6. Non-metric considerations

In this section, we are interested in relations for Äi( f PS n ÿ f P ( t))(m), where i 2 fÿ1, 0, . . .g,
t 2 (0, 1), and m 2 Z�. The ®rst result is a consequence of Theorem 2. Here, we consider

the triangular scheme as introduced before Theorem 3. Further, let m 2 Z� and t 2 (0, 1)

also depend on l.

Theorem 4. Let i 2 fÿ1, 0, . . .g, a 2 R, m0 2 Z� be independent of l.

(a) If ë!1, m � ë� a
���
ë
p
� O (1), è! 0, (ëÿ t)

���
ë
p

=ë2 ! 0, and ë � t � O (1), then

ë(i�3)=2

ë2

Äi( f PS n ÿ f P ( t))(m)! (ÿ1)i�1

2
ji�2(a):

(b) If m � m0, ë! a 2 [0, 1), t! a, ë2=t i�4 ! 0, and (ëÿ t)=ë2 ! 0, then

1

ë2

Äi( f PS n ÿ f P ( t))(m)! ÿ 1

2
Äi�2ð(m0, a):

Proof. First note that both in (a) and (b), ~è(t)! 0. Hence Theorem 2 yields Äi( f PS n ÿ
f P ( t))(m) � ~H � ~R, where

~H � (ëÿ t)Äi�1ð(m, t)� (ëÿ t)2 ÿ ë2

2
Äi�2ð(m, t),

j~Rj � jÄi( f PS n ÿ f Q(2, t))(m)j < d(i,1)
1 (PSn , Q(2, t)) � O

~è(t)3=2

t(i�1)=2

� �
:

In case (a), we have m � t � a
��
t
p � O (1) and t!1. Using (28), we obtain

t(k�1)=2Äkð(m, t)! (ÿ1)kjk(a) for k 2 Z�. Now it is easy to prove that ~Hë(i�3)=2=ë2 !
2ÿ1(ÿ1)i�1ji�2(a) and ~Rë(i�3)=2=ë2 ! 0, as required.

In case (b), the relations ~H=ë2 ! ÿ2ÿ1Äi�2ð(m0, a) and ~R=ë2 ! 0 are easily shown,

completing the proof. h

Theorem 5. Let t 2 (0, 1), k 2 Z�, s 2 fk, k � 1, . . .g, i 2 fÿsÿ 1, ÿs, ÿs� 1, . . .g,
m 2 Z�, V (m, t) � (m=t � 1)

�������������
ç(t)=2

p
,

C3 � exp(1=(24(s� 1)))(2ð)1=4

(s� 1)1=4
����
s!
p , í(t) � â

jëÿ tj ����������������2(s� 1)
p��������
ç(t)
p

 !
:

Then Äi( f PSn ÿ f Q(k, t))(m) � H9� R9, where H9 �Ps
u�k�1au(t)Äu�ið(m, t) and
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jR9j < C3í(t)ð(m, t)(m=t � 1)iV (m, t)s�1(1� V (m, t))exp(V (m, t)2):

Proof. First note that, by (6) and (24),

jÄkð(m, t)j < ð(m, t)
m

t
� 1

� �k

, k, m 2 Z�, t 2 (0, 1): (36)

The assertion is easily shown by using (10), (17), (18), and (36). h

For the following result, we use the triangular scheme as considered for Theorem 4.

Theorem 6. Let i 2 fÿ1, 0, . . .g be independent of l.

(a) If ë=m! 0, m!1, m
�����
ë2

p
=ë! 0 and (ëÿ t)=ë2 ! 0, then

Äi( f PSn ÿ fP ( t))(m) � ÿ ë2

2
ð(m, t)

m

t

� �2�i

:

(b) If m=ë! a 2 [0, 1), ë!1, ë2 ! 0 and (ëÿ t)=ë2 ! 0, then

Äi( f PS n ÿ f P ( t))(m)

ë2ð(m, t)
! ÿ 1

2
(aÿ 1)i�2:

For the proof, the following lemma is needed.

Lemma 6. (a) Under the assumptions in Theorem 6(a), we have t=m! 0, (ëÿ t)t=
(ë2 m)! 0, pk(m, t)=mk ! 1 for all k 2 Z�, ë2 ! 0, ëÿ t! 0, (ëÿ t)2=ë2 ! 0,

m
�����
ë2

p
=t! 0 and (ëÿ t)m=t! 0.

(b) Under the assumptions in Theorem 6(b), we have m=t! a, ëÿ t! 0, t!1,

pk(m, t)tÿk ! (aÿ 1)k for all k 2 Z�, (ëÿ t)2=ë2 ! 0, m
�����
ë2

p
=t! 0 and

(ëÿ t)m=t! 0.

Proof of Theorem 6. By Theorem 5, Äi( f PS n ÿ f P ( t))(m) � H9� R9, where

H9 � ð(m, t)
ëÿ t

t i�1
pi�1(m, t)� 1

2t i�2
((ëÿ t)2 ÿ ë2) pi�2(m, t)

� �
,

R9 � O (ð(m, t)yi�3x3=2(1� y
���
x
p

)exp(xy2)),

x � ç(t)=2 and y � m=t � 1. Using Lemma 6, the assertions are easily proved. h

In what follows, let F (or G) denote the distribution function of PSn (or P (t)). To obtain

the following results on large and moderate deviations, set i � ÿ1 in Theorems 4 and 6.

Corollary 3. (a) Under the assumptions in Theorem 4(a),

1ÿ G(m)

è

1ÿ F(m)

1ÿ G(m)
ÿ 1

� �
! ÿaeÿa2=2

2
������
2ð
p : (37)
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(b) Under the assumptions in Theorem 4(b),

1ÿ G(m0)

ë2

1ÿ F(m)

1ÿ G(m)
ÿ 1

� �
! ÿÄ

1ð(m0, a)

2
: (38)

(c) Under the assumptions in Theorem 6(a),

1ÿ F(m)

1ÿ G(m)
ÿ 1 � ÿ ë2

2

m

t

� �2

: (39)

(d) Under the assumptions in Theorem 6(b),

1ÿ G(m)

ë2ð(m, t)

1ÿ F(m)

1ÿ G(m)
ÿ 1

� �
! 1ÿ a

2
: (40)

Note that Chen and Choi (1992, Corollary 2.4) obtained (39) under more restrictive

assumptions in the case t � ë. (They overlooked the required assumption m!1 in their

corollary. Their assertion does not hold without this condition). For t � ë, Barbour et al.

(1995, Corollary 4.3) proved (39) under more general assumptions as in Corollary 3(c).
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