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Weighted L, functionals of the empirical quantile process appear as a component of many test
statistics, in particular in tests of fit to location—scale families of distributions based on weighted
Wasserstein distances. An essentially complete set of distributional limit theorems for the squared
empirical quantile process integrated with respect to general weights is presented. The results rely on
limit theorems for quadratic forms in exponential random variables, and the proofs use only simple
asymptotic theory for probability distributions in R”. The limit theorems are then applied to determine
the asymptotic distribution of the test statistics on which weighted Wasserstein tests are based. In
particular, this paper contains an elementary derivation of the limit distribution of the Shapiro—Wilk
test statistic under normality.
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1. Introduction

Let X, Xy, ..., X,, ... be independent and identically distributed (i.i.d.) random variables
with cumulative distribution function F, density f and quantile function F~'(¢):=
inf{y: F(y)=t}, 0 <t<1. For each n € N, let

1 n
Fu)=-3> lcaonX),  1€R,
i=1

F, ' () =inf{y: F(y) = t}, t€(0, 1), (1.1)

denote respectively the empirical distribution and quantile functions. The empirical quantile
process (or quantile process for short), defined for each » € N as
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0u(1) = Va(F, (0~ F7'(0). 1€, 1), (12)

is the basic component of many interesting statistics and a large body of literature is devoted
to it (see, for example, Shorack and Wellner 1986; Csorg6 and Horvath 1993). A less general
statistic that is also the main component of many statistics is the second moment with respect
to Lebesgue measure, and in general with respect to any measure with density w(#) on (0, 1),
of the quantile process, ||v, ||2,W : jo V2 (t)w(t)dz. This is the main component in statistics
used, for example, in tests of fit based on the correlation coefficient (see Lockhart and
Stephens 1998; and references therein), and in the related tests of fit based on Wasserstein
distances (del Barrio et al. 1999a). These classes of tests contain some very important
members, such as the Shapiro—Wilk test for normality.

One of the two goals of this paper is to give a complete description of convergence
distribution of ||UnH§,w (and some variations). Although there are many important results in
the literature on this subject (for example, Csorgé and Horvath 1988, 1993; de Wet and
Venter 1972; Gregory 1977; Guttorp and Lockhart 1988; LaRiccia and Mason 1986; Mason
1984), these fall short of covering all the possibilities, and a comprehensive treatment is
lacking and could be useful. The general picture given here is suggested by a heuristic
description in Lockhart and Stephens (1998) together with an interesting example in del
Barrio et al. (1999a). The second object is to apply the results obtained to testing the fit of
empirical data to location—scale families of distributions by means of weighted Wasserstein
distances, as suggested by the work of del Barrio et al. (1999a; 2000), de Wet (2000; 2002)
and Csorgd (2002). Here we give an account of the content of this paper, together with a
succint digression on each of these two topics.

1.1. The L, norm of the quantile process

It is well known that under certain standard conditions that allow to the general quantile
process to be compared with the uniform, the quantile process v,(f) converges in law to the
process By(f) = B(¢)/f(F~'(¢)) in £*[a, b] for any 0 <a <b <1, where B(f) is a
Brownian bridge (Csérgd and Horvath 1993). The covariance of the limiting process is

SNt —st
SEO(F(s)

We will see that, assuming additional conditions needed to handle the integrals on shrinking
neighbourhoods of the end-points 0 and 1, we have the following four areas:

(1.3)

n(s, 1) =

Case 1. 1f fo n(t, t)w(t)dt < oo then v,(f) converges to By(?) in law in L,(0, 1) and, in
particular, an||2W — d||Bo||2w; note that the limit has a generalized chi-square
distribution, namely, the distribution of > A 72, where the variables Z; are i.i.d.
normal and A, are the eigenvalues of the covariance 7.

Case 2. If fo Jo n2(s, Hw(s)w(t)dsdt < oo, but fo n(t, Hyw(t)dt = oo, then

B%(t) — EB*(?)

72F Ty O

1-1/n
A j n(t, Ow(Hds — j

1/n



Asymptotics for Ly functionals of the empirical quantile process 133

where the last integral is defined in the natural limiting L, sense, and equals, in
dlstrlbunon the probability law of Zlk(Zz —1).

Case 3. If fo J"() 7%(s, Hw(s)w(f)dsdt = oo but we are in the borderline case where
F(F~Y(#))//w(?) is regularly varying with unit exponent at 0 and at 1, or is
regularly varying at one of these two points and strictly of larger order at the
other, then we have a normal limit,

1
—(loall3,, = ) = a2
a,

where Z is standard normal, a? = jll /n fll Vs, w(s)w(H)dsdt and b,
(s, Hyw(nde.

Case 4. If f (F 1(£))//w(?) is regularly varying at 0 and at 1 with exponent larger than
one (or is regularly varying at one end and of strictly larger order of magnitude
at the other), then other limits may arise, which have to do with integrals of the
centred squared partial sum process of independent exponential random
variables. Here, in some subcases one must centre [[v,[)3,, and in all of them
one must divide by a sequence tending to infinity faster than in case 3.

These are all the possible limits for sufficiently regular densities. Case 1 was essentially
known although perhaps not in its present generality (it can be deduced, for example, from
Mason 1984); case 2 was known, at least implicitly, only for the normal distribution (de
Wet and Venter 1972), whereas case 3 was known explicitly for the exponential, logistic
and Gumbel distributions (McLaren and Lockhart 1987), and del Barrio et al. (2000)
contains an example of case 4 (this example motivated us to consider this case).

The value of cases 3 and 4 for testing fit is limited since the limiting distribution only
depends on the tails of the distribution (the middle part of the integral tends to zero when
normalized by denominators that tend to infinity), and we will only consider them in the
particular but important case w(?) = 1.

All this is proved in a unified way and under very weak hypotheses. At least two
methods of proof are available. A shorter, high-powered method would reduce the problem
to a Gaussian one by means of special constructions — such as those of Csorgo et al.
(1986) or Mason (1991) — and then work with the L, norms of integrals of the square of
the Brownian bridge (for instance, by applying known results or using the method of
moments). However, the results can easily be obtained from scratch using only elementary
probability: one reduces the problem to the same problem for the uniform quantile process
(at least in the first three cases) and then observes that the second moment of the empirical
uniform quantile process is basically the square of the norm of a linear combination of
independent exponential random variables with values in L,, which can be treated using the
central limit theorem in R¥ plus Hilbert space approximation, at least in cases 1 and 2; case
4 is easy (but involved) whereas case 3 requires a martingale central limit theorem. This
approach, which is the one we take, seems to have the advantage of requiring slightly less
integrability than the approach by means of Gaussian approximations (see, for example,
Csorgd 2002; Csorg6 and Horvath 1988). Mason (1984) and Gregory (1977) pioneered
different versions of the approach taken here.
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In Section 2 we show how ||U,,||§,W (almost) equals in distribution the norm of an L,
linear combination of exponentials, in Section 3 we prove limit theorems for such linear
combinations, and in Section 4 we prove the main results on convergence in law for the
uniform and the general quantile process, as described, by just combining the results from
the previous two sections.

1.2. Tests of fit based on weighted Wasserstein distances

Wasserstein tests of fit, introduced in del Barrio ef al. (1999a; 2000), provide a powerful
method for assessing fit of empirical data to a location—scale family of distributions. They
can be described as follows. Let H = {G, s : Guo(x) = Go((x —u)/0); u € R, 0 > 0} be
a location—scale family and assume that the first two moments of Gy are 0 and 1,
respectively. Given two probability measures on the real line with finite second moments
and distribution functions F and G, respectively, W(F, G) = (fol (F~() — G~ (0))*dn'/? is
the L, Wasserstein distance between them (see, for example, Bickel and Freedman 1981).
Denote by w(F) and o?(F) the mean and the variance, respectively, of F, that is,
wF) = fol F~Y(t)dt and 0*(F) = fol(F’l(t))zdt — (u(F))*. It can be shown (see del Barrio
et al. (1999a) that W(F, H) := inf yey W*(F, H) = 0*(F) — (fol F’IG(jl)2 and, from this,
that

1 -1 2
WHE ) (fOF ()G (t)dt)
oXF) o2(F) ’

(1.4)

is a location- and scale-invariant measure of the discrepancy between F and H. Its empirical
version,

2
CwE,n, (RE 06 o)
"Ry 02(F,) ’

(1.5),

is the Wasserstein test statistic for Hy : F € 'H, Hy being rejected for large observed values
of R,.

The Wasserstein test of normality turns out to be equivalent to the well-known Shapiro—
Wilk test, sharing its good power properties. However, both are inefficient procedures for
testing fit to location—scale families that, like the exponential family, for instance, have
heavier tails (just as with tests of fit based on the correlation coefficient: see Lockhart and
Stephens 1998, Section 5). The null asymptotics of R, provides a good insight into the
cause of this inefficiency. To study this asymptotic distribution under H, we can assume
F = Gy (by the location and scale invariance of R,) and denote the empirical quantile
process as U,(1) = /n(F,'(t) — F (1)), to obtain (see del Barrio et al. 1999a) that
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B 1 ! 5 B ! _ ! -1 )2
o= iy |, 0 ([ enoar) ([ enorar

1
=——— | (Uut) = (v, D1 = (v,, FTYF 1 (2))dt
0

2

N S
= 57Ey ), D o

where (f, g) = fol f-gand 0, =v, — (v, 1)1 — (v,, F~1)F~1. It is shown in del Barrio et
al. (1999a) that under normality there exist constants @, such that nR, — a, converges in

law to a non-degenerate distribution. More precisely, if @ (¢) denote the standard normal
distribution (density) function and B is a Brownian bridge, then

! B2(1) — EBX(1) (1 B(f) >2 (13(t)cbl(t) >2
v—ay — | 2D ZEE WD (20 ) (222 W)
MR =t Jo 2@ () Joqs(cb—l(t)) : Jo p@ iy ) 1D

In the exponential case nR, is not shift tight, but it can be shown that, for some constants
an, (n/+/logn)R, — a, is asymptotically normal. However, if we fix 0 € (0, %) then

1-0
J (Gu(0Ydi — 0,
5 Pr

1
Vlogn
hence the asymptotic distribution of R, depends only on the tails of F: the Wasserstein
exponentiality test cannot detect alternatives that have approximately exponential tails.

As a possible remedy to this inefficiency, de Wet (2000; 2002) and Csorgo (2002)
proposed replacing the Wasserstein distance YV by a weighted version W, (F, G)
= (fol (F~1(t) — G1(1))*w(£)dr)'/?, for some positive measurable function w, and the test
statistic R, by

v Wi(Fu H)
ai(Fy)

where, here and in what follows, we set

1 1
1n(F) = LF”(r)w(r)dr, 02(F) = L(F*l(t»zw(t)dt — (un(F)

R is location- and scale-invariant, hence its null distribution can be studied assuming, as
above, that F = Gy. Under the assumptions

1
J w(f)dt =1, (1.8)

0
1
J Gy (Hw()dt =0 (1.9)
0

and
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1
JGWMMMmL (L10)
0

we can mimic, step by step, the computations leading to (1.6) and obtain that

0 0

7 1 [l , 1 2 1 B 2
nR, = o2 (F) _Jovn(t)w(t)dt — (J U,,(t)w(t)dt) —(J U (F (t)w(t)dt) ]

1 1
= o2(F) O(Un(t) — (U, Dl = (0n, F7Y L F7H ) w(n)dt
1 1
~ o2 (Fy) Oﬁi(f)W(l‘)dt, (1.11)

where now (f, g), = fol(f 2w and 0, =0, — (U,, )1 — (v,, F~Y),F~'. Thus, the
asymptotic distribution of »nR) under the null hypothesis can be obtained through the
analysis of weighted L, functionals of the quantile process v,. This is done in Section 5,
where some examples are also presented. When specialized to the normal case, one obtains
an elementary derivation of the asymptotic distribution of the Shapiro—Wilk test statistic
under the null hypothesis, in the spirit of del Barrio (2001), though of course the present
results apply to many more distributions.

2. Reduction of the L,-norm of the quantile process to the
norm of a linear combination of exonential variables with L,
non-random coefficients

Let U;, i € N, be ii.d. uniform (0,1) random variables; for each n, let G,(f) be the
empirical cdf associated with Uy, ..., U,, let G;'(t) be the quantile function and let u,(?)
be the associated uniform quantile process, that is,

un(t) = /n(G, ' () — 1), 0<r<l. (2.1

If {£,})-, are i.i.d. random variables with common exponential distribution of mean 1 and
S, =& + ...+ &,, then the well-known distributional identity

S s,
(Un:la-“aUn:n)i( 1 PPN )

b
Syt Sut1

allows us to rewrite G,'(#) as S;/S,1 if (j — 1)/n < t < j/n and, consequently,

n+1

4a_" ,
wmf&H;me 22)
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where
Z,,() = n""a, (1§, an () =0 =D 1<py — i 1=n- (2.3)
So if
1-1/n / 2
L, ;:J <””( )> dr 2.4)
1/n g(t)
for some weight function g non-vanishing on (0, 1), then, with || - ||, denoting the L, norm
with respect to Lebesgue measure on the unit interval,
, 0\ 2 2
Ln = Cn,i&i (24,)
() | 2o,

for certain functions ¢, ;(f) which we assume in L,(0, 1) (in the case of (2.4"), but not always
below, ¢,; = n’l/za,,,,»(t)[[l/,,,l_l/n](t)/g(t)). By the law of large numbers, weak convergence
of the statistic a,L, — b, then reduces to weak convergence of

n+1

2 g P
E Cn,igi _bn< n+1) 5
- n
i=1 2

and the second variable is almost a constant if b, does not grow too fast.

Since the a, ;(¢) have a relatively complicated expression, it is convenient to isolate here
as a lemma some estimates for a, ;j(#) to be used below. Let frac(-) denote the fractional
part of a number. It is also convenient to introduce the notation f ® g for the function of
two variables f(x)g(y). We recall that the map (f, g) — f ® g is a continuous bilinear map
between L,(0, 1) X L,(0, 1) and L,((0, 1) X (0, 1)) and that (f1® g1, fo® g) =
(/1. g1){f2, &2)-

An

Lemma 2.1. Set m, = Z;:lla,,,j and K, = Z;;Llla,,,j ® an . Then, for every 0 <s, t <,

(i) (1) =frac(n(l — 1)) —t; also, if 1/n<t<1—1/n then
n
n—1

(i) if s <4 then Ky(s, 1) = [n(1 — 0)]s + frac(n(1 — ))(1 — ) + st;
(iil) (1/m)K,(s, ©) = s At — st; further, if 1/n<s,t<1—1/n, then

|m, ()] <1< nt(l — 1);

n+1

1 1 - 1
SENE=s) < —Ky(s, 1) < ;; @ j()an (D] < 3(s At — st).

Proof (sketch). To prove (i), fix ¢ and observe that each term in Z;;lan, j(#) equals either
1 — ¢ (the first n — [n(1 — £)] terms) or —¢ (the remaining [n(1 — £)] + 1 terms). Hence

my(t) = (n—[n(l — HDA — ) — ([n(l — 1)] + D)t = frac(n(l — 1)) — ¢.
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The identity in (ii) can be proved in a similar way. Fix s < ¢. In the corresponding sum for
K,(s, 1) there are three types of summands: the first n — [n(1 —s)], each equal to
(1 —5)(1 — #); the next [n(l — s)] — [#(1 — #)], each equal to —s(1 — #); and the remaining
[n(1 — £)] + 1, each equal to st. This gives (ii) and the right-hand inequality in (iii). The left-
hand inequality in (iii) is a trivial consequence of (ii). ]

Here is a simple but useful observation about linear combinations of exponential
variables with coefficients in L,:

Lemma 2.2. Let Y (1) =Y }_,ci(Déx for some n €N and ci € Ly(0, 1), and where the
variables &y are independantly exponentially distributed with parameter 1. Then there exists
an absolute constant C < oo such that

2
EllYls =< c(BIVI3) " 2.5)

Proof. By convexity,

4
+ 8
2

4
E| Y5 < 8E

El

2

3 e(E— 1)
k

> e
k

where, letting ¢; ; := J})l ci(t)cj(1)dt, the last summand is just

4 | 2 2 2
‘ - (zck@> " =<Z>
2 k l’j

To estimate the first summand, we use symmetrization, followed by randomization by an
independent Rademacher sequence {¢,} (these variables are independent, independent of
{&;}, symmetric and take only the values 1 and —1), and Khinchine’s inequality (see, for
example, de la Pefia and Giné 1999, p. 16), to obtain, letting E. denote integration only with
respect to the Rademacher variables,

> el
k
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4
< 2°E
2

4
E

> er(nE — 1)
k

Z cr(Der(&r — 1)
7

2

2
<9.2*E|E,

> erDerEr — 1)
k

2

1 2
=9.2°E (J Zci(t)(gk - 1)2dt>
0%
2
=9-2'E (ch,k(ék - 1)2>

k

— 9.4 (9 AR Ci,icj,j>
x

i#]

2
<6 (Z ck,k> . (2.6)

k

Collecting the above estimates, we obtain inequality (2.5) with C = 3*.27. O

Next we consider the general quantile process. Let F be a twice differentiable
distribution function such that f := F’ is non-vanishing on supp F := {F #0, 1}°:=
(ap, bF) and

(1= 0|f"(F (1)

r:= su < 00, 2.7
0<r£1 SAHEFN(D) @7
where F~!(f) is the corresponding quantile function. Condition (2.7), from Csérgd and
Révész (1978), is a natural condition to have if we wish to relate general and uniform
quantile processes: see their Lemma 1.1, Chapter 6, and comments after its proof. Since we
are considering only distributional results, there is no loss of generality in taking

X, = F~Y(U;), where U; are i.i.d. uniform on [0, 1]. In this case,

F'(0=F(G,' ), (2.8)

where G;l is the quantile function corrresponding to the uniform variables Uy, ..., U,. We
continue denoting by v, the quantile processes associated with the sequence X; = F~!(Uj),

va(t) == Vn(F, ' (0 = F7'()) = Vu(FU(G ()~ F7'(1)),  neN. (29

Our aim is to relate the (weighted) L, norms of v, and u,/f(F~'). Let w be a non-negative
measurable function on (0, 1) and denote by || - ||2.w.» and (-, -),,., respectively the norm and
the inner product in the space Ly((1/n, 1 — 1/n), w(t)d?).
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Lemma 2.3 Let F be a distribution function which is twice differentiable on its open support
(ap, br), with f(x):= F'(x) >0 for all ar < x < b, and which satisfies condition (2.7).
Assume further that w is a non-negative measurable function such that

1 (=1 20— /2
J LA =D de= o, (2.10)

lim — e
/i)y LF (D)

Then, if u, is the uniform quantile process and v, is the quantile process defined by (2.8) and

2
2 Uy Uy
0all2,0,0 — HW . —0 and |v, i 0 @2.11)
in probability.
Proof. v, and u, are related by the limited Taylor expansion
va(0) = Vn(F~H(G,' (1) = F~\(1)
_ VG- 1 2f'(F71(&)
=) a0 ) )

_ w0 f’(F*l(é))ui(t) (2.12)

SEND)  23/nf2(F1E)

for some & between ¢ and G;l(t). The object is to estimate, using the Taylor development
(2.12), the terms in the difference

2 2

R Ly, — 2<n__”" LT >w 2.13
el Hf(F‘l) e, e ey ey e G
Since, by (2.12),
wn(t) 1\’
_ 1 (1) , (f’(Fl(E))E(l ~85 (1-1 _f(Fl(t)))z
an fAF)A0— 2\ FAF@) -8 fF®)

and

w0 (1)
<””(’) f(F‘l(t))) FF1)
_ 0, (1) (1= f(FTN)) &1 -9f' (F(®)
2/n fAF Yoyl -0 EQ -8 f(F &)  fAFE)

(2.15)
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the following bounds will be useful. First we observe that, as shown, for example, in Csorgo
and Horvath (1993, Lemma 6.1.1, p. 369), condition (2.7) implies that, for all #;, ¢, € (0, 1),

FF @) _ (11\”2.1—11/\12)’
f(Ft) \ann 1-6vn)’

so that, for & between ¢ and G, '(7),
SE) (1 1-60) (6o 1=\
S(F 1((S)) G, (n 1-1t t1-G,(n)

(-0 _ 1 1—1¢
G1 v T
&1 - 5) G, () 1-G, ()
Moreover, using the representation of uniform quantiles as sums S, of exponential random
variables (as above), we have

Likewise,

1—1t¢ d t Sn+1 nt
G, GO n S

So, by the law of large numbers,

s % = Or(1) (2.16)
and
sup f( 71(0) OP(l) (217)

s Y O)]

Finally, using first Lemma 2.2 and then parts (i) and (iii) of Lemma 2.1, we obtain that there
is a finite constant C independent of » such that

4 2
Sn+1 1 n+1 n+1
( n(o) =—E<Zan,<t)éj> \C— (Zan,ms,)
n+1 n+1 2
Za,,,(r>+ (Zan,(n)
C 2 2
—Z(K (1, t)+|m,,(t)|) < 25Ct*(1 — 1), (2.18)
and therefore also
‘S"“ ant| = CLuct — 072, (2.19)
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for some finite constant C.
Combining the estimates (2.16)—(2.19) and the bound in (2.7) with the identities in (2.14)
and (2.15), we obtain

2
Uy

Un 7W (2.20)

1171/71 W(t)
= 0n(1) X — d
- ”()anW PEw0)

and

", u, 1 1-1/n ll/z(l _ ZL)l/2
(00 = g s Yn = ORCD) X sl T oe e

Since, by dominated convergence, if the integral in (2.21) tends to zero (which it does by
hypothesis (2.10)), then so does the integral in (2.20), combining these estimates with the
identity (2.13), the lemma follows. O

The above lemma should be compared with Theorem 6.2.3 in Csorg6 and Horvath (1993)
for p=2.

In fact, as mentioned in the Introduction, we are interested not in ||v,]|2..» but rather in
[[Ua]l2.ws Where ||« ||z, denotes the L, norm with respect to the measure w(t)dt over the
whole interval (0, 1). So, we must deal next with jo v2(tw(#)d¢ and fl 1/nV 2 (t)w(t)dt. To
do so we impose conditions which are related to but weaker than the usual von Mises
conditions on domains of attraction (see Parzen 1979; Schuster 1984).

Lemma 2.4. Let F be a distribution function which is twice differentiable on its open support
(ap, bp), with f(x):= F'(x) >0 for all ap <x < bp. Assume that F satisfies condition
(2.7), that

fE ek

either ap > —oo or llxrgnlf A1) , (2.22)
and that
"(F1(1 -
either by < oc or lim inf 1}2( - { i _x;;)x > 0. (2.23)
Assume further that w is a bounded non-negative measurable function such that
1
xfyw(nde . x[,_ w(t)dt
————=0 lim ——————=0. 2.24
MrEe) " M) 229
Then
104113, = 10nl3,00 = O (2.25)

in probability.

Proof. We will only consider the upper end of the difference in (2.25) since the lower end
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can be dealt with in the same way. Set U, := max;<, U;, where the U; are, as before, i.i.d.
random variables uniform on (0, 1). We have
1

1
J ui(z)w(t)dt:nj (F*‘(U(,,))—F*l(z))zw(t)dt

1-1/n 1-1/n

1
< ZnJ (F~'(Uw) = F~'(1 = 1/m)) w(t)ds
1-1/n

1
+ 2nJ (F'(1=1/n)— F_l(t))zw(t)dt. (2.26)
1-1/n

For some & between U,y and 1 —1/n we have, by the mean value theorem,
. I S(F1(1 - 1/n>)>2
nf2(F~'(1—1/n)) fF1(D) '

By the well-known limit theorem for U, (see Leadbetter et al. 1983, p. 23),
n*(Uiny — 1+ 1/n)* = Op(1), and, by condition (2.7), as in the proof of Lemma 2.3,

SFA=1/m) _ (1-1/n ' Uiy 1 '
S(F~1(&) \< U .n(l_U(n))> v<1—1/".n(1—U(n))> ’

which is Op(1) because U, — 1 in probablity and the limit in distribution of n(U, — 1) is
a non-vanishing random variable on (—oo, 0]. This and condition (2.24) imply that

n(F ' (Ugwy) — F~\(1)) (Ui — 1+ 1/n)2<

1
lim ZnJ (F ' (Uw)—F'(1 - l/n))zw(t)dt =0
n=00 J-1/n

in probability. Regarding the second summand on the right-hand side of (2.26), it is obvious
that its limit is zero if br < oo, since then F~! is continuous at # = 1 (recall w is bounded).
If bp = o0 and (2.23) holds, we have, applying L’Hopital’s rule twice and momentarily
assuming that w is continuous near 0 and 1 for the second application of the rule,

F=I(1 —x) — F71(¢))w(t)dt
SF1(1 =x))

1 (! e
o, 7J (F7'(0 —x) = F'())’w(ndt = lim — i
=0+ X )y x—0+

o 2f1 w(ndr
= im = A=)

“2xfy wde (o (F A=)\
= —

FAFT1 =) \S2(F (1 —x)
by (2.23) and (2.24). If w is not continuous near 0 and 1, then this limit still holds by the

argument at the end of the proof of Proposition 4.3 in del Barrio et al. (1999b). Combining
these limits with inequality (2.26) proves the lemma. (|

As a consequence of these two lemmas we have:
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Proposition 2.5. Let F be a distribution function which is twice differentiable on its open
support (ap, br), with f(x):= F'(x) >0 for all ar <x < bp. Assume that F satisfies
conditions (2.7), (2.22) and (2.23). Let w be a bounded non-negative measurable function for
which the limits (2.24) hold. Assume further that (2.10) holds. Then

2
Un

0l — HW -0 (2.27)

2,w,n

in probability. If, moreover, h € Ly(w(1)dt) and the sequence {(u,/f(F~'), h)y.} is
stochastically bounded, then

2

2 Up
<U”9 h>w - <W’ h> — 0 (228)

in probability.
Proof. The conclusion (2.27) is a direct consequence of Lemmas 2.3 and 2.4. The limit

(2.28) follows from the same two lemmas, stochastic boundedness of {(u,/f(F "), h)y.n},
Holder’s inequality and the identities
Uy

(Un, h>3v,n - <Wa h>€v,n

SO (O S VTR
and

(U B = (U, BY:, = J v hw J Ophw 4 2(0p, B |-
’ 0,1/n]U[1—1/n,1) 0,1/n]U[1—1/n,1)

(Note that, by the first identity, {(v,, h),.,} is stochastically bounded.) O

Obviously, combining this proposition with (2.3) and (2.4") for g = f(F~!), reduces
convergence in distribution of ||UnH§,W and of Hﬁn||§’w to convergence in distribution of L,,
which is a function of exponential random variables that will be relatively easy to handle.
The conditions under which this has been established here are weaker than those usually
found in the literature.

3. Convergence in law of L, linear combinations of exponential
random variables and shift convergence of their norms

We should point out that the results that follow do not require the variables &; to be
exponential, but only to be integrable enough; however, we stay with exponential variables,
which is what we need. In this section, the functions ¢, ; in the expression (2.4") for L, are
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allowed to be arbitrary functions in L,(0, 1). Given a triangular array c,,, i < n, n € N, of
functions in L,(0, 1), we set

Vi) =3 enin Zu() = <”S 1) Y0,  relo1]. 3.1

i=1

Define c,;; = c;; as

1
Cnij = Ci,j = Lcn’i(t)cn’j(t)dt = <cn,i> Cn,j>’ i, j= 1,...,n,neN. (32)

It will also be convenient to introduce the functions
Ku(s, ) =Y cnil)eni®), mu()=> cui(t),  t€[0,1,neN,  (33)
i=1 i=1

which are the covariance and the mean functions, respectively, of the random processes Y,,(7).
With tensor notation K, = Zic,,,,» ® ¢y,i, obviously

||Kn||§: cnu an Cn, 5 ||mn||§: Cnn an cntj (34)
o
i,j i,j

Before turning to convergence, we examine some interesting integrability issues. The first
result of this subsection is based on the Paley—Zygmund argument — see, for example, de
la Pefia and Giné (1999, pp. 119-124), in particular their Corollary 3.3.4 — which we
restate for ease of reference:

Lemma 3.1. Let V be a random variable such that
EV* < C(EV?>.
Then, for all t > 0,
Igpr=pp <A4CPr{|V| > t},

that is,
1
EV? < 2a* whenever Pr{|V| > a} < ic
Proof. This follows immediately upon observing that
EV? < 22+ BV ) < 2+ EVH'P@e{|V] > i'2.
O

Proposition 3.2. The sequence {||Y,|2}, with Y, as defined in (3.1), is stochastically
bounded if and only if both conditions
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sup Y [lenillz < oo (3.5)
nog=1
and
sup||mu|l; =sup > (cui» ) < 00 (3.6)

no<ij<n

are satisfied, and the same is true for the sequence {||Z,||»}. Moreover, lim,||Y,|» =0 in
probability if and only if

1i£nZ|\c,,,k||§=1i’131 > {eni ey =0, (3.7)
k=1

I<i,j<n

and the same is true for the sequence {||Z,|2}-

Proof. We will use the abbreviated notation ¢;; for ¢, ; ;. Since

1 2
E|| Y5 = JOE (Z c,,,k(t)gk> dr
k

Jo (Z () + Z Cn,i(t)cn,j(f)> ds
k iJ
= ch,k-i-zci,j, (3-8)

1
[ W
it follows that conditions (3.5) and (3.6) are sufficient for tightness of the sequence {||Y,|>}
and that (3.7) is sufficient for its convergence to zero in probability. Sufficiency for tightness
and convergence of {||Z,|»} follows from this and the law of large numbers. Necessity in
both cases follows immediately from Lemmas 3.1 and 2.2. O
One can say a little more about the way Y, converges:
Proposition 3.3. If the sequence {||Y,|»} is stochastically bounded, then
sup E[| V||’ < o0
for all m < oc.

The proof is based on Hoffmann-Jergensen’s inequality and the following lemma:

Lemma 3.4. Let 0 €(0,1) and let x,,...,x, be real numbers such that x; € [0, 1),
j=1,...,n and 1 —H;L:l(l —x;) < 0. Then
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1—H(1—x)<—< H(l x,)> (3.9)

Proof. Set F(xi,...,x)=1-[]",(1-x2), G, ....x)=1-J[" (1 —x;) and 4=
{(x1, ..., x)) €ER" :x; €0, 1), i=1,...,n1— H, l(lij)<5} Note that (xi, ..., x,)
€ A implies x; <96, i=1, ..., n Since
aF 2)Cl' 8G
o N - F 7 _
ow 1o el T Pad 5o=T ),
it follows that
8F/8x,- 2x,- L
= 1 ) 3.10
6G/8x1- 1+x,g( +X) ( )

It is easy to see, using Lagrange multipliers for example, that

1
s I+x)=Q2—-(1-8)/""=<—.
. ‘i%eAH( W) =Q2= (-0 <—

This, combined with (3.10) shows that

F 2
nggij I —66 for every (xi, ..., x,) € A.
Therefore
4 20 [P 0G
F(xy, ..., xy, J xl dt \7J Xi— dt
Z 6)(7, H(X]5eeesX ) - 6 axi H(X]yeeesX)
20
= mG(X], ceey xn).

O

Proof of Proposition 3.3. Let us assume {||Y,|]2} is stochastically bounded, and let m = 1.
By convexity, as in the proof of Proposition 3.2,

2m

E[|Y,[5" < 2*"'E +22m!

>

2
Z Cn,k(t)
k 2

Z cni(D(Er — 1)
T

2

where the power of the norm in the last summand is just

2m I 2 m m
o] = J (ch,k(r)> dr ] = (Z%) :
k 2 0 k ij

which is uniformly bounded by Proposition 3.2. To bound the first summand we can proceed
as in (2.6) and obtain
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2m m

E

Z cni(HEr — 1)
7

<(@2m-1)"-2*"E (Z 8k — 1)2>
x

2

By Hoffmann-Jorgensen’s inequality for sums of non-negative independent random variables
(see, for example Theorem 1.2.5 and the comment below it in de la Pefia and Giné 1999, p.
12), there is a universal constant K < oo such that

(E (; cr(Er — 1)2)> + E(mﬁlx cri(&r — 1)2> ]

The first summand on the right-hand side of this inequality does not exceed (3¢ )", which
is uniformly bounded by Proposition 3.2. So the proposition will be proved if we show

E(Z cri(Ee — 1)2> <K
x

supE(ml'?x cri(Er — 1)2) < . (3.11)

Since Emax; ci 1 (& — 12 < > «Chk»> it follows from Proposition 3.2 that this sequence of
maxima is tight. Thus, for every 0 > 0 there exists M(J) < oo such that

sup Pr{r]?ax coi(Er — 1) > M} <0

for all M = M(0), and we can assume that M(0) >2 for all 6 > 0. Also, since
SUPLY 4 Cukk < 00, We can assume without loss of generality that ¢, i = ¢ =< 1 for all
k and n. Then, since

Pr{lE—1]|>¢t}=¢""' for t =1,

these probabilities are
n

Pr {I}gax enpp(Er— 1) > M} —1- H(l - eI*vM/cw) = hu(M).

k=1

So, we have
n
sup [1 — H(l —elv M/C"v’“")] :=sup h,(M) <06
n T—1 n

for all M = M(9), and we can apply Lemma 2.4 to h,(M). If we take 6 = 1/(3 - 4™), then
this lemma gives h,(4R) < (3/4™1)h(R) for all R = M(1/(3 - 4™)). This inequality, together
with the fact that 4,(M) is decreasing, shows that, for all n € N,
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m o0
E(Taxcn,k,k(gk— 1)2) = mJ "V h,(f)dt
=n 0

0 4k+1 01
sM"+> mJ 1" h,(1)dt
=0 Jatm

[o¢]
< M"+ M"Y 4%, 4k
k=0

= M"

00 k
1+4’”hn(M)Z<j) ] <3M",

k=0

proving (3.11) and the proposition. O
With these preliminaries on integrability out of the way, we now consider convergence in
law of the sequence {||Y,|l.}. We consider several cases, corresponding to the different

cases for convergence of the square integral of the quantile process described in the
Introduction.

3.1. Convergence of the processes Y,

Here we obtain necessary and sufficient conditions for weak convergence of Y, as L,-
2 . . i’

valued random vectors; then convergence of ||Y,||; will be an immediate consequence of

the continuous mapping theorem for weak convergence. Note that

Pi([lcnibilla > €) = exp(—¢/||enill2)
and therefore, the triangular array {c,;£ : i =1, ..., n; n € N} is infinitesimal if and only if
max|[e, 2 — 0 (3.12)
1
as n — oo. The next theorem gives necesary and sufficient conditions for the convergence in

law in L,(0, 1) of {Y,} under (3.12). Under infinitesimality, the only possible limits of {¥,}
are Gaussian, with a trace-class covariance operator. K, and m, are defined as in (3.3).

Theorem 3.5. Assuming condition (3.12) holds, the sequence {Y,} converges in law in
Ly(0, 1) if and only if the following conditions hold:

(1) There exists a symmetric, positive semi-definite, trace-class kernel K(s, t) €
Ly((0, 1) X (0, 1)) such that

K, — K. (3.13)
L

(i) If 1; = 0 are the eigenvalues of K then
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S endl = S A (3.14)
i=1

i=1
(ii1) There exists m € Ly(0, 1) such that

m, — m. (3.15)
L,

If (i), (ii) and (iii) hold, then Y, converges in law in L,(0, 1) to an L,(0, 1)-valued Gaussian
random variable Y with mean function m and covariance operator @k given by

11
Oy(f, g) = j J K(s, 1)f(s)g(nds di

0J0
fOl” fa g¢c L2(09 1)

Proof. Necessity. Let us assume first that the L,-valued random vectors Y, converge in law.
Then {||Y,||»} also converges in law and, moreover, by Proposition 3.3, its moments converge
as well (to the moments of the limit). This implies, in particular, that the sequence

n
E Cn,i
i=1

converges. Note also that convergence in law of Y, to Y plus uniform integrability of
{||Yx|l2}, which is a consequence of moment convergence, ensure that EY, —  EY and,
therefore, that

2
E[Yal3 = llendlls + , neN, (3.16)
i=1 5

> cni — m:=EY. (3.17)
i=1 b

Now, (3.16) and (3.17) imply (3.15) and also that the left-hand side of (3.14) converges to a
finite limit. We have also proved that {¥, — EY,} converges in law:

n
Y, —EY, :;cn,,—(&—l)jY—EY. (3.18)
Also, (3.18) and uniform integrability imply

> llenills =E[ Y, — EY, |3 — E[|Y —EY|}3. (3.19)

=1
Another consequence of (3.18) is that
(Y, —EY,)® (Y, —EY,) ~ (Y-EY)® (Y —EY) (3.20)

in L,((0, 1) X (0, 1)) ((3.20) follows from (3.18) and continuity of the map (f, g) — f ® g).
Now, since ||/ ® gl|l> = |l f|l2]lgll2, convergence of moments of ||Y,||, also ensures uniform
integrability of (Y, — EY,) ® (¥, — EY,) and, just as above, we obtain that

K,=E(Y,-EY,)® (Y, —EY,)) — K= E((Y —EY)® (Y —EY)).
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Now let A;, ¢; be, respectively, the eigenvalues and the corresponding eigenfunctions
associated with the kernel K. Then

1 ¢l
A= J J K(s, Npi(s)pi(f)dsdt = E(Y —EY, ¢;)°.

0J0

Therefore,

00 e8]
E|lY —EY|l; = E(ZW —EY, ¢i>2> =Y 4
i—1 i—1

which, combined with (3.19), yields (3.13) and (3.14).

Sufficiency. Assume now that (3.12)—(3.15) hold. Let us denote &; = &y, &|,=< and
& =E&ilyjc,&),>q for ¢>0 and i€ N. Since E§lz~y = (t+1)e™" < 1/1* for large
enough ¢, condition (3.14) implies that, for large enough n,

E Z Cn,igi‘ Z cn,iEgi

i—1 =1

2= 2

n 1 n
<> llenidEES < a2 (Z IICn,i||§> max|[¢,ifl> — 0.
=1 i1

Hence, by the central limit theorem on Hilbert spaces (see Araujo and Giné 1980, Corollary
3.7.8), if {Y,} is shift convergent in law, we can take the shifts to be the expected values EY,,
and therefore, by the same central limit theorem, the proof reduces to showing that:

(@) >0 Pr([[cn &)l > €) — 0 as n — oo, for every ¢ > 0;
(b) for every € > 0 and every f € L,(0, 1),

n
> var((en & /) — Pk S);
j=1
(c) there exists a complete orthonormal system of functions {¢;};=1 in L,(0, 1) such that

) k
klim lim sup ; <E||cn,j§j,¢ —Ecn &> — ZE<CV1,_/§],( —Ec,;&0 ¢i>2> =0.

— n—oo i—1

To check (a), we see that, as a consequence of (3.12) and (3.13),

n 1 n 5 1 n 2
> Prllengil >0 <5 EllewsSlh =5 llen REES)?
=1 j=1 j=1

1 [ 2\ pe2
=5 (Z ||Cn,j||z> E& Iz, > maxille,iflo} — O
=

as n — oo. This calculation shows also that, for every f € L,(0, 1),



152 E. del Barrio, E. Gine and F Utzet

Zvar«cn,,«s;-, < ZIE“"J’S?’ 7
J= J=

< I Y Ellen&l3 — 0,
J=1
which implies that (b) is equivalent to
> var({en &)y 1)) = Cx(f5 ), (3.21)
j=1

In order to prove (3.21), we recall that cov(}_7_ ¢, ()&, D7 ¢n (DE)) = Ku(s, ), which,
combined with (3.13), implies that

n 1 n
> var({ca &), f)) = var (J (Z cn,j(oé;i,-) f(t)dt>
J=1 O \j=1
1pl n n
_ J J cov (Z en i) S en (08 ,) F(s)f(dsdi
j=1 j=1

0J0
1 1 1 ¢l

=j J Kos, 0/()f (s di — J J K(s, 0f()/ (s dr
0J0 0J0

- (DK(f’ f)a

proving (3.21). Finally, to show that (c) holds, let {¢;} be a complete orthonormal system of
eigenfunctions of the covariance operator ®x and let {1;} be the associated eigenvalues.
Then, using (3.14) and the fact that, as shown above, > 7 E|lc,, ]5(/H§ — 0, we have

n n
. 2 : 2
lim 21: Ellen&jc = Een jell” = lim Z Ellen,;&j — Een,&ll
= =

n o0
= lim > e lF =304
n—o0
j=1 i=1

and, by (3.21),

nk k k
lim Z ZE<Cn,j§j,e —Ecu e i)’ = Z Dx(pi, pi) = Zli,
J=1 =1 i=1 i=1
which completes the proof. O

The above proof shows that the sufficiency part of Theorem 3.5 also holds if we only
assume that the random variables &; are i.i.d. and square integrable (with trivial adjustments
to account for mean and variance possibly different from 1).
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As an inmediate consequence of Theorem 3.5, we obtain sufficient conditions for
convergence in law of the L, norms of linear combinations of independent exponential
random variables:

Corollary 3.6. Suppose that (3.12)—(3.15) hold. Let S be a metric space and let H :
L>(0, 1) — S be a continuous function. Then

H(Y,)— H(Y),

where Y is an Ly(0, 1)-valued Gaussian random variable with mean function m and
covariance operator @k given by

1 pl
O/, g) = J J Ks, 0f(s)g(r)ds dr

0Jo
fOI" fa g€ L2(0a 1)

Below, we will apply this corollary to H(f) = ||f|\§ — Zi:1<f, hi)? with hy € L.

Remark 3.1. The limiting random process Y in Theorem 3.5 and Corollary 3.6 is centred if and
only if ||m,|; = >ijCnij — 0. The type of argument employed in the proof of Theorem 3.5
shows that, under the infinitesimality condition (3.12), conditions (3.13) and (3.14) are
necessary and sufficient for convergence in law of the processes Y, — EY, and that the limiting
random process has then a centred Gaussian distribution with covariance operator @ .

3.2. Shift convergence of ||Y,,||§ 1

It can be proved that shift tightness of {||Y, 3} implies tightness of the sequence centred at
expectations, and even tightness of the sequence {||Z,,||§ —E||Y, ,,||§}, but this is marginal to
our analysis here and will therefore be omitted (it would only add a comment on the
sharpness of the results that follow). In Section 3.1, we examined the case when the kernels
K, associated with Y, converge in L, to a trace-class kernel. In that case, Y, —
EY, =Y —m=Y Ao, Z and ||Y — m|5 = 3,4, 72, where {Z;} is an ortho-Gaussian
sequence (a sequence of i.i.d. standard normal random variables). Of course, convergence of
this series requires » .A; < oo. However, if we allow centring, then

1Y _EYn”% —E[|Y, _EYn”g;)Z;ti(Zzz' -1

and, clearly, in order to make sense of this limit it suffices (and is also necessary) that
Zi}tlz. < oo, a weaker condition. We deal here with this situation, that is, we relax the
assumptions on K in Theorem 3.5 by only assuming that K € L;((0, 1) X (0, 1)). In this
case, the operator induced by K on L,(0, 1) is Hilbert—Schmidt, that is, its eigenvalues {4}
satisfy kii < 0o (Dunford and Schwartz 1963, XI1.6 and X1.8.44). Then, with considerable
abuse of notation, we define
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|Y —EY|; —E[Y —EY|3:=>_ Au(Z; — 1), (3.22)
k

where the variables Z; are independent standard normal (¥ may not exist but the series does
converge almost surely). (Omission of the dependence of Y on K will not result in
confusion.)

We start with a useful lemma on the asymptotic normality of sums of independent
exponential random variables.

Lemma 3.7.If {a,;:i=1,...,n,n € N} is a triangular array of real numbers then
Soiiani& — 1) —40Z, where Z is a standard normal random variable, if and only if
n
2 2
max|a,,;| — 0 and Y - o (3.23)

i=1

Morevover, if max;|a,;| — 0 then the only possible limit laws of " a, (& — 1) are normal,
and convergence in law is equivalent to convergence of Y .2 .

Proof (sketch). Arguing as in Proposition 3.2, we see that convergence in law implies
convergence of the second moments, showing that the second part of (3.23) is necessary. If
the first condition is not satisfied, then (after reordering the indices if necessary) we can find
a subsequence n’' such that a,; — @ > 0. In that subsequence the possible limits in
distribution would be laws of type v u, v being the law of a(&; — 1). But the Gaussian
family is factor closed, which implies that the first part of (3.23) is also necessary.
Conversely, if (3.23) holds then convergence follows in a straightforward way from the
classical central limit theorem for triangular arrays. O

The main argument of this section is contained in the proof of the following proposition.

Proposition 3.8. /' max;||c,ill» =0 and K, —, K, so that K is necessarily in
Lo((0, 1) X (0, 1)), then

2 2 2 2
¥, ~ Y[~ E[[¥, — EY, 3 — ¥ ~ EY[} - E[[Y —EY|E,
where ||Y —EY|5 — E||Y — EY|j is as defined in (3.22).

Proof. Let {¢;} be a complete orthonormal system of eigenfunctions of K, of eigenvalue 4,
for each k. Then

o0

||Yn - EYnH% - E”Yn - EYnH% = Z(<Yn —EY,, ¢k>2 - E<Yn —EY,, ¢k>2),
k=1
where (Y, —EY,, ¢x) = > I {cni, ¢4)(E —1). By Lemma 3.7, if (3.23) holds for
ani = {Cni, ¢r) then the only possible limit laws of (Y, — EY,, ¢;) are normal, and there
is convergence if and only if {> 7 (cni ¢x)*} converges. Since K, —,K, we have in
particular,
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1l
E(Y) ~ BV 90} (¥, ~ BV 00) = | | Koo 0105
0Jo
1,1
= | | ks s s
0Jo
{ Ak if k=1
0 if k#1,
and therefore ((Y, — EY,, q&k)),{M:1 — (A Z k)kM:1~ Then, by the continuous mapping theorem
for weak convergence,

M M
> ((Yu—EY,, ¢pi)* —E(Y, — EY,, ¢x)?) —yn = > AZE -1, (3.24)
k=1 k=1

Since Y i 1/1%( =K H2 < 00, yu converges almost surely and in L, and, with some abuse of

notation, as explained above, we denote this limit as ||Y — EY|3 — E||Y — EY|[3, that is, we
have,

vu o IY —EY|; —E|Y - EY]}5. (3.25)

M
Set e, = cni— Y joi(Cni» Pr)Prs Y3 =D eME and K)f =307 el @ ¢l Observe
that

o0
> ((Ya—EY,, ¢pp)* = E(Y, — EY,, 9)?) = | YV —EYY| —E| Y)Y —EYY|3. (3.26)
k=M+1

We claim that, under (3.13),

l1m lim sup var(|| Y'Y — EYM||2) =0. (3.27)

—X0 p—eo

We recall that K = >0 ]lkq’)k@d)k and define KM =577 M1 APk ® Pr. We can easily
see that [|[KM |3 = 33,147 Now, since

{Pr®@r}r U {z@’k QP+ Pk @ P} kr

is an orthonormal basis for L,((0, 1) X (0, 1)), we have that

1KY = KM= (K) = KM, g @pi) +2) (KN = KM, g2 01>  (3.28)
k k£l

(here we have used the fact that (f®f, g®h) =(f®f, h® g)). Observe that
(KM, ¢ @ ¢)) = (K, ¢ @ ¢py) if k=1>M and (K¥, ¢; @ ¢p;) = 0 otherwise, and also
that (KM, ¢pr @ ¢)) = (Ky, s @ ¢y) if k, I>M and (KY ¢, ®¢p;) =0 otherwise.
Combining this with (3.28), we obtain that
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1KY —KME= ST (K~ Ko e @) +2 3 (Ko~ K. 4 1)
>M k£l kI>M

<D (K=K, ¢x @) +2> (Ky— K, ¢x ® )

x kAl
2
= || Kn — KIf5

The last inequality implies that K% —; K and also that |LKM||2 — ||KMH2 Now this
convergence, combined with the fact that var(||[YM — EYY|7) < 8| K¥ |2, proves claim
(3.27). The proposition now follows from (3.24), (3.25), (3.26) and (3.27) through a standard
3e argument. O

We should remark that this proposition also holds if we replace the sequence of
exponential random variables by an i.i.d. sequence of square-integrable random variables,
with only formal changes in the proof.

Both Theorem 3.5 and Proposition 3.8 are exercises on the central limit theorem in
Hilbert space; however, Proposition 3.8 can be seen as a limit theorem for quadratic forms,
and this subject has a long history, reviewed, for example, in Guttorp and Lockhart (1988).
Theorem 1 in de Wet and Venter (1973) and Theorem 5 in Guttorp and Lockhart (1988)
could seemingly apply to give Proposition 3.8; however, the conditions in either theorem are
quite difficult to verify and we have been unable to check them in the case of interest to us,
whereas the conditions in Proposition 3.8 are very easy to decide in general.

Our next result gives sufficient conditions for convergence in law of {||Y, > — E[| Y, |3}.
Actually, in order to have a result directly applicable to Wasserstein distances, we must
sacrifice simplicity and consider a slightly more complicated functional. A warning on
notation: we write (Y —EY, h) = > \/A4(px, h) Zy for ¢, orthonormal, h € L,(0, 1) and
3>"A? < 0o even though Y — EY may not make sense.

Theorem 3.9. Let hy, { =1, ..., r, be functions in L(0, 1). If max;||c,|. — 0, K, —1, K
and m, — r,m, then

”

2 2
1%, — EY,[B = D (¥, — EY,. y)?
(=1

I

—||Y —EY|; ~E|Y —EY|3+2(Y —EY, m) = 3 (¥ —EY, hy)*
(=1
o0 r (o) 2
=2 k(22—1)+22\/ m, ) Zi — (Z\/A (he, pi) Z )
k=1 =1 \ k=1

where ||Y —E|j5 — E||Y —EY| is defined as in (3.22) and {Z;} is an ortho-Gaussian
sequence.
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Proof. We require the proof of Proposition 3.8 rather than its statement. First, we note that
1Yall3 = EIYal3 = (1Y% — EY,[l3 = EIY, = BY,[3) +2(Y, — EY,,, EY,). (3.29)
As in the previous proof,
E(Y, —EY,, EY,)(Y, —EY,, ¢i) = (Ky, m, @ @)
— (K, m® Qi) = Ax(m, )
and also, similarly,

E(Y,—EY,, EY, (Y, —EY,, h) = (K,, m, @ hy) — (K, m ® hy),
E<Yn - EYn; ¢k><Yn - EYm h€> = <Kn’ ¢k & hl> i Ak<¢ka h£>

This implies that for each M we have convergence in law of the vector
Yy —EYy, 1)y oo, (Yu —EY,, ¢u), (Y, —EY,, EY,), (Y, — EY,, 1), ... (Y, —EY,, hy))

to the Gaussian vector

(llzu e A Zass Y N A, ¢ Zis > N ilhn, 98) Zes -0 > Al ¢k>2k>-
k=1 k=1 k=1

This gives weak convergence, for every M < oo, of the random variables

M r
> ((Yu—EY,, ¢i)* — E(Y, — EY,, ¢4)7) +2(Y, —EY,, EY,) = Y (Y —EY, hy)?,
k=1 (=1

by analogy with (3.24). By (3.29) these random varibles are ‘finite-dimensional’
approximations of the sequence of interest, and the result now follows by the approximation
argument in the previous proof, as a consequence of the limit (3.27). Cd

The hypotheses in this theorem are quite natural. We will not deal with the question of
whether they are necessary (given infinitesimality); however, note that the existence of K
and m are necessary in order to define the limit.

3.3. Shift convergence of ||Y,,||§ 1

There are some situations in which K, is not convergent in L, but, nevertheless,
{1Yy — EYn||§ —E||Y, — EYan} is weakly convergent. From the definitions we see that
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1Yy —EY,[l3 —E[Y, —EY, 5= Y cnij&—DE - D+ > cnii[E—1)7 1]
j i=1

n i—1
> [2 (Z eni(&) — 1)) & =D+ enii(E =D —1)
i=1 j

J=1

n
- E xn,[a
i=1

where

i1
Xy =2 (Z cni (&) — 1)) E—D+enui(E—17=1)
=

(and we use the convention that Z?zla ;=0). If {&/} denotes an independent copy of the
sequence {&;} and we set

i1
Xpi =2 (Z cnij(&5 — 1)) -1+ Cn,i,i((§§ - 1) - 1)

Jj=1

fori=1,...,nand F,; =0(&, ..., &), then, for each n € N, {x,;} and {x,;} are tangent
sequences with respect to {F;}, that is, L(x,;|Fni-1) = L(Xni|Fni—1) and the random
variables X,; are conditionally independent given the sequence {&;}. Hence, {X,;} is a
decoupled tangent sequence to {x,;} (see, for example, de la Pefia and Giné 1999, Chapter
6). Decoupling introduces enough independence among the summands in ) X,; to enable
us to use the central limit theorem in order to obtain their asymptotic distribution. The
principle of conditioning — Theorem 1.1 in Jakubowski (1986), reproduced in de la Pefia and
Giné (1999, Theorem 7.1.4) — can then be used to conclude convergence in law of > |x,;
itself. The proof of our next result follows this approach.

Theorem 3.10. Let Z be a standard normal random variable. If

max||c,|| — 0, (3.30)
20K,z + 6 llendls — o2 (3.31)
i=1
and
2 2
Z( Z (Cnis Cnj)(Cnis cn,k>> —|—Z <Z<C”’i’ Cnj){Cnis Cni + C"J>> —0, (3.32)
J#Fk \i:i>jVk o \ii>j
then

Y, —EY,|?—E|Y, —EY,||>—0oZ. 3.33
2 2 d
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If, instead of conditions (3.30), (3.31) and (3.32), we have

maX(Ilcn,l-Hi +1{enis mn>l) — 0, (3.34)
n
201Kall3 42 llenills +4D (enis eni+ ma)* — 07 (3.35)
i=1 i
and
2 2
Z( Z <Cn,i> Cn,j><cn,is Cn,k>> +Z <Z<Cn,ia Cn,j><cn,is Cn,i + my + Cn,j)) - O:
Jiok o \iii>jVk jo\ii>j
(3.36)
then
1Yl — EIIYnHﬁjﬂZ- (3.37)

Proof. We first prove the limit in (3.33). If we set U, = > Xni» with X,; defined as above,
the principle of conditioning (Jakubowski 1986) reduces the proof to showing that

LU, {ED = N, o)

in probability. Arguing as in the proof of Lemma 3.7, we can see that this is equivalent to
proving that

i-1 2
Ay = maxE(F, [{§;}) = 4max | ¢, + <c,-,,- +) i - 1)) —0 (3.38)
J=1

and

i—1 2
B, = ZE()&%JH&,}) = 421: i+ 42; (c,»,,» - ; cif(& — 1)) = o2, (3.39)

After a straightforward but cumbersome computation that we omit, it is evident that

n
EB, =2||K,[l3 + 6 llcuill3
i—=1

I3

and
2 2
var(B,,) =16 Z( Z Ci,jci,k> +4 Z (Z C,',_]'(C,',i + Ci,j)) 5
J#k \i:i>jVk Joo\ii>j

which, by (3.31) and (3.32), inmediately give (3.39). We now check (3.38), which is
equivalent to max; ¢;; — 0 and maxi|2;11 ¢ij(§; — 1)| —p 0. This last convergence follows
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from (3.32) and the use of a refined Octaviani maximal inequality (see, Proposition 1.1.2 in
de la Pefia and Giné 1999):

i1
P(max Zc,-,_,-(g_,- - 1)‘ > t) < 3maxP<
1 j:l 1

i—1
> i - 1)‘ > f/3>

Jj=1
i—1
27 < 2 27 4 2
=< —max ¢ . = —max c
2 ¢ i,j 2 p i,j
t i 4 t i 4
j=1 Jj=1

— t—zmlax(cn,,- ® Cnis Kn)

27
< S5 1Kl maxl e} — o

This concludes the proof of the limit (3.33).
We now turn to the limit (3.37). The fact that

1Yl —EIYall = > eijE—DE =D+ (cuilE — 1 = 1] +2(cpi mu)(& — 1))
i=1

I<i#j<n

n
= E )/n,i,
i=1

where y,; = 207 enif(€ — DIE — D) + enii((E — 1P = 1) +2(cpi, my)(& — 1), can be
used to conclude (3.37) by reproducing the proof of (3.33) almost verbatim. O

The principle of conditioning used in Theorem 3.10, which could be easily replaced by
the Brown—Eagleson central limit theorem for martingales, has been used before in
analogous situations. We will just mention Hall (1984), who uses it in density estimation, in
order to prove a limit theorem for degenerate U-statistics with varying kernels. His result is
different from ours and does not apply here, but there are similarities in the proofs.

The assumptions in the above theorem are quite tight (for instance, it can be shown that
they are necessary for the limits (3.38) and (3.39)), but we will give as a corollary a slicker
set of (stronger) sufficient conditions, more adapted to the quantile process case. We
introduce a convenient definition by setting

1
(Ko Ko )= | Koo Kot i = Y s )i e
0 ij
It can be easily checked that ||K, oKn||§ = Zj’k(Zicn,i,jcn,i,k)z and also that

1l pl gl
1Kno Kol :J J J J Ko(s, K u(ut, 0)K (s, w)K n(2, v)ds d¢ du do.
0J0J0JO
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Corollary 3.11. If

> fenis ma)®> =0, > leails =0 and Ko Kyl2 — 0, (3.40)
i=1 =1
Kn(s, )= leni(s)eni(D] < CKy(s, 1) (3.41)

for some absolute constant C < oo, and

IKall3 — 02/2, (3.42)
then (3.37) holds.

Proof. Conditions (3.34) and (3.35) obviously hold and only (3.36) requires verification. First,
we note that

2
Z <Z<cn,ia Cn,j><cn,ia Cpi+my,+ Cn,j>)

J 0>

2
22(2 Cn,is cn] 2) +ZZ<Z cn,i> Cn,j><cn,ia Cn,i + mn>>

> ii>j
<2 Cn,i: cn,j><cn,ia an +2 Cn,is Cn,j> <cn,ia Chp,i + mn>
iii>jVk J ii>j ii>j

2
2
22( Z Cn,ia Cn,j><cn,ia cn,k>> +2‘|Kn|‘2 Z(Cn,is Cn,i + mn>2a

ii>jVk i

and observe that the second term on the right of the last inequality tends to zero by (3.42)
and the first two limits in (3.40), whereas the first term tends to zero as a consequence of
(3.41) and the third limit in (3.40):

2
Z( Z <cn,ia Cn,j><cn,ia cn,k>> = Z(Z |<Cn,i9 cn,j><cn,i9 Cn,k>|>
Tk \i

2
Jik \ii>jVk

< (K lenl @ lens)® < (KT @ K5 D (lens @ lenil) @ (Jens] @ lens]))

ik <
e JJJJKt(S, t)K;':(u, U)Kt(s’ u)K;‘:(t’ U)dsdtdudu
< CY|K, oK.l — 0.

So, (3.36) holds and the corollary follows from Theorem 3.11. O
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Note that if ||K,0K,|, — 0 we cannot have K, — K in L, unless K = 0.

Remark 3.2. The results on convergence or shift convergence in law of ||, ,,||§ derived so far
in this paper assume infinitesimality on the coefficients ¢, ; (max;||c, || — 0 in probability).
Of course, if conditions of this type are removed, other asymptotic distributions can be
obtained. It is straightforward to see, for instance, that if

D (enij— i) =0, (3.43)

Is<i,jsn

for some real numbers {y;;} satisfying 3=, .y7, < oo, then

1Yy —EY,[5 —E[lYy —EY,5 = cnij[(G = DE — 1) — 0]
i,j=1

7 Z Vvij[Ei— DE — 1) — 0.
=

Note that the limiting random variable is well defined because the condition ) _; /yf_’ ;<0
implies that the associated partial sums are L, convergent. If, further,

2
> (Z Cnij — ﬂ,») -0, (3.44)
1\ j=1

=

for some real numbers f3; such that Y ;°, 4% < oo, then we also have that

1Yl = BIYall; — > vis[E = DE = D= 0] +2D Bl — D). (3.45)
2=l i=1

3.4 Shift convergence of ||Z,|

Y, can be replaced by Z, in Theorem 3.5 as an immediate consequence of the law of large
numbers, while it can be replaced in Theorem 3.9 and Corollary 3.11 because of the
following proposition.

Proposition 3.12. Suppose ||Y,||3 — E||Y,||3 converges in law. Then | Z,|> —E| Y.,
converges in law to the same limit if and only if
2
A
Vn

In particular, this condition is satisfied if

g Cn,i,i
i
NG

0. (3.46)

=0 and Y (cpi my)* =0, (3.47)
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If (3.46) holds, we also have (Z,—EY,, hy — (Y, —EY,, h) — 0 in probability for any
h € L0, 1).

Proof. Since

2
2 2 n—1 Sy Sy 2 - 2
1208 - 17l = (5] (145 2) (1= 225 ) Il = on (),

by the central limit theorem and the law of large numbers, the necessity and sufficiency of
condition (3.46) follow from Lemmas 2.2 and 3.1. Now, by (3.8) and Cauchy—Schwarz,

1 1 1
ﬁE”Yn”% = 7% ' Z (C,',,‘ + ; C,‘ﬁj) = 7%; Cii+ Z<Cn,,', ; Cn,j>2,

which gives the sufficiency of (3.47). The last statement follows because, by (3.46) and the
law of large numbers, || Z, — Y,||3 — 0 in probability. O

4. Convergence in law of weighted L, functionals of the
quantile process

At the risk of overburdening the reader, we distinguish between the uniform and the general
quantile processes.

4.1. The uniform quantile process

Recall from the beginning of Section 2 that if u, is the uniform quantile process, then
n+1

1-1/n u (l) 2 n 2
Ln = J ( i ) dt ( ) cn,iéi
i/n \ &) Sn+1 ;
where ¢,; = n712a, ()I11/n1-1/2(1)/ g(t) and the a,; are as defined in (2.3). With the help
of Lemma 2.1, the results of Section 3 can easily be specialized to this situation.

[~

2
2
2

(a) The infinitesimality condition (3.12). It follows from the definitions that
1 171/71 t2 1_t2 1 171/71 1

—J %dt$max\|cn,i||§ i—J —dt,

2n 1/n g (t) ! nJin & (t)

and from this we conclude that condition (3.12) is equivalent to

- ——dt — 0. 4.1

nJi/n gz(t)

(b) Convergence of K, and definition of K. Also from the definitions (in (3.3) and
Lemma 2.1), we have
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C1K,(s, 1)
Kl = 9800

so that, by Lemma 2.1 (iii),

H{l/n<s,t<1-1/n},

(sNAt—st)
g(s)g(1)

pointwise, hence, by Lemma 2.1 (iii) and dominated convergence, K, — ,K if and
only if K € L,((0, 1) X (0, 1)), if and only if

[nt—so?
JOJO gz(S)gz(t) dsdt < oo. (43)

Next we see that the limiting kernel K is trace-class and the limit (3.14) holds if and
only if

K,(s, t) — K(s, t) := 4.2)

Y1 — 1)
L 20 dr < oo. (4.4)

In fact, by Lemma 2.1 (iii),

n+1 171/”[& (t [) 1 t(l o f)
Cni 2 dt — J dt
Yot =5 ], e |

regardless of whether the limiting integral is finite or not. Thus (4.4) is necessary in
order to obtain a finite limit in (3.14). On the other hand, if (4.4) holds and
Bg(t) = B(1)/g(t), where B(f),0 <t <1, is a Brownian bridge, then B, is a
centred, 1,(0, 1)-valued Gaussian process with covariance function K(s, 7). Thus, if 4;
and ¢; denote the eigenvalues and eigenfunctions, respectively, of the kernel K, then

- o L [TBO (B() )2
J, 0= | matoras = Far e 3| oo

0 i=1

Z <J W(pmdt) ZJL sg/(\s;g(t) PP Dds dt

i=1 i=1

Hence, if (4.4) holds then K is trace-class and (3.14) holds.

Convergence of m, to m =0 assuming infinitesimality. If the infinitesimality
condition (4.1) holds, then

A 1
ZC’” = Jog(f) dr= ng(r)d’ O

showing that m, — 0 in L,.
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Finally, note that condition (4.4) implies condition (4.1) by dominated convergence, and
condition (4.3) because, since (s A ¢t — st)*> < s(1 — s)#(1 — £), we have

V(s A £ — sty _ (s =0 ([ l-n
), et asar =] e o= (Jo 2200 d’) |

Summarizing, Theorem 3.5 and the law of large numbers for S,/n give the following:

Theorem 4.1. Let u,(g) denote the weighted uniform quantile process, that is, u,(g)(t) =
(un()/gNI{l/n<t<1-1/n}}, 0<t<1, where g is a non-zero measurable function.
Assume condition (4.1). Then the sequence of processes {u,(g)} is weakly convergent in
L(0, 1) to a non-degenerate limit if and only if

Jl (1 —1)
o &40

dr < oo. (4.4)

In this case,
un(g)— By

in Ly(0, 1), where B,(t)= B(t)/g(t) and B is a Brownian bridge. In particular, if hy,
=1, ..., r are functions in L,(0, 1), then

1-1/n 2 4 1-1/n 2 1 p2 r 1-1/n : 2
[ g ([0 Y [0, ([ B0, )
i/n &0 —\Ji/n g(1) d Jo g*(1) ' \Ji/n g(1)
Only the necessity part of this theorem may be considered new; the sufficiency is well known
(see, Mason 1984; Csorg6 and Horvath 1988; 1993, p. 354).

Since, under infinitesimality, m, — 0 in L,, we have that the analogue of Theorem 3.9
for Y, = (Sy41/n)u, holds under conditions (4.1) and (4.3). In order to get rid of the factor
S,+1/n, according to Proposition 3.12 we must have E||Y,,||5/y/n — 0, which follows from
conditions (3.47). Now, if conditions (4.1) and (4.3) hold, then so do conditions (3.47): the
second condition in (3.47) is obvious because m, — 0 in L, and sup,||K,|; < oo (as K,
converges in L;), so

2
> enis ma)? = (K, my @ my) < | Kol mall; — 0,

i

and the first folows because, by Lemma 2.1 (iii),

1 1 (YKt 1) 3 (V1 -0
LIS I s TP N (A T

\/%Z > ﬁ 1/n ng2(t) \/ﬁ 1/n g2(t)

and it is easy to see that this last expression tends to zero as a consequence of (4.1) (divide
the domain of integration at the points 1/+/n, 1/2 and 1 — 1/4/n). Hence, Theorem 3.9 and
Proposition 3.12 together give:
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Theorem 4.2. Let hy, { =1, ..., r, be square-integrable functions on (0, 1). If conditions
(4.1) and (4.3) hold, then

Jl 1/n Z(t)dt_Jl—l/n t(l_t)dt_zr: Jl—l/nun(t)hl(t)dt 2
1/n g(t)z 1/n gz(t) —1 1/n g(t)

"BA(H) —EB(t) . ([ BOh() ’
e Ui X(Ln e V) )

where the integral of (B*> — EB?)/g? is defined in a limiting L, sense.

Proof. By Theorem 3.9 and the above observations, it only remains to show that we can
actually replace E|| Y, ||2 by the centring constants in (4.5), and that fl nEy, W(Dh(H)dt — 0
for all ¢. By (4.1) and Lemma 2.1, we have

e [0y, ‘”“Wu—o—mmo—m%nmh
" 1/n 2(t) 1/n g2(t)

4 1-1/n 1
$—J 2—dl—>0.
nJin & (t)

And, smce as shown above, ||EY,|3//7 — 0, and since h; € Ly(0, 1), we obviously have
that j "EY(t)hi(t)dt — 0. O

For g(t) = ¢(® !(#)), where ¢ and @ denote the standard normal density and
distribution function respectively, this result goes back, in one form or other, to de Wet
and Venter (1972), but it seems to be new in the generality in which it is given here. See
also Gregory (1977) and del Barrio et al. (1999a).

Next we examine the normal convergence case (as a consequence of Corollary 3.11). We
will further relax integrability (so condition (4.3) will not hold), but, for convenience, will
impose regular variation of g at at least one of the end-points 0 and at 1. Standard use of
the basic properties of regular variation shows that, if g is regularly varying at 0 and at 1
with exponent a, then the hypotheses of Theorem 4.2, (4.1) and (4.3), both hold for a <1
and fail if @ > 1. We now study the borderline case in which a = 1 and (4.3) fails, that is,

l—x pl—x 2
Nt — st
J (s st) dsdt — oo as x — 0. (4.6)

 &9)g0)
This case will fall within the scope of Corollary 3.11 and we will obtain normal convergence.
Besides the function L(x) just defined, it is convenient to introduce two more functions,

1XJ1X (s A\ t—st)
&g

L(x) := ZJ

X

M(x) = 2J dsds

X

and
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I_XJ]_xJI_XJI_X(S At —st)(s Au—su)(tAv— to)(uAv— uv)
. g2 (5)g* (1 g*(u)g*(v)

and establish their relationship with L. The next lemma is an exercise in regular variation and
L’Hopital’s rule.

R(x) = J dsd¢dudo,

X X X

Lemma 4.3. Assume that g >0 is regularly varying at 0 and lim,_ o g(x)/g(l — x)
=c € [0, 00), or that g >0 is regularly varying at 1 and lim,_ g(l —x)/g(x) =c €
[0, o). Assume also that L(x) — oo as x — 0. Then

xM(x)
T @.7)
and
Re) _ (4.8)

a0 L2(x)

Proof. For notational convenience we prove this lemma only under the assumption that g is
symmetric about % (the general case can be proved in the same way). To prove (4.7), it
suffices to realize (using symmetry of g) that

’ g2 [l-x 2 Lo 8 (s
ro=-ggl, et o=l e

that, since L(x) — oo as x — 0, we necessarily have that jol t(1 — 1)/ g*(#)dt = oo and that
this fact and regular variation imply the following asymptotic equivalences:

1—x 52 Jl—x s Jé 1 x
——ds ~ ——ds~ | ——ds~——. 4.9)
L g%(s) . &) « 8%(5) g (%)
From (4.9) we obtain that
8x3 8x?
L'(x) ~— and M'(x) ~ ——— 4.10)
e e (
as x — 0. Regular variation and (4.9) also imply that
124 =t o 4 P
M(x):SJ —J —dsdtNSJ —J ———dsdz
< &) g < 8(1) ) g(s)
5 2 3
t 8x
SJ ——dt~———. 4.11
20" P &1h

Now, (4.10), (4.11) and L’Hopital’s rule show that
i xM(x) ~im xM'(x) i M(x) _
=0 L(x) x=0 L'(x) x—0L'(x)

1-1=0,

which proves (4.7).
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Let us now consider (4.8). For any ordering of the variables s < ¢ <u <v in the
multiple integral, the smallest, s, appears as s2, the largest, v, as (1 — v)? and the other two
as #(1 —¢) and u(l — u). Thus we have

A =0 (Pu(l =) (Cr1 =) (" s?
= dsdrdud
Rix) 24L 20) J 20 J (1) J g2(s) B drdudy

and

x2 1—x u(l _ u) u t(] _ t) t S2 2
R'(x) = —48 dsdrdu = —48— R
) gz(x)L 2w J 20) J e A= 8 iy ).

We now see that

1—x t 1—x t
Ri(x):_x(l—x)J t(l—t)J 52 dedr X2 J t(l(—t)t)Js(l—s)dsdt

g4 (%) g1 ). gXs) g2 (x) ), g(s)
x(1 — ) x2
= — 2( ) 1 1( ) z(x) Rl’z(x).
By regular variation,
x(1—x) [I7° s? x2 (sl =) —x [° 1 —x?
i =— ds — ds ~ ds ~ .
R =5 Gt Pml, e w2~ w

Ri, can be estimated in a similar way, yielding

lvlf(l) Rix(x)/ Ry 1(x) = chlino Ri (x)/Ri (x) = 0.

Thus,

2 x*

R! R Rl (1)dt ~ — ’ de 4.12
1(x)N% 11(x) ~ 22(x )J L) z(x)L g*(1) Ng()(x) 12

(here the last equivalence is, again, a consequence of regular variation). Observe now that, by
(4.9) and (4.10),

R _ R@ . R
(L2(x)  2L()L' ) r (1/ 2 (s)dsL(x)

and, therefore, [’Hopital’s rule reduces the proof to showing that
0 '
Lx)(1/g*(x) — [ (1/g*(s))dsL' (x) e
Ri(x)

Now (4.9), (4.10) and (4.12) show that (j (1/g%(s))dsL'(x))/Ri(x) — 8 and further reduce
the proof to checking that (xz(f g(u)‘zdu)z)/ L(x) — 0. But this follows from L’Hopital’s
rule and the following chain of equivalences (where (4.9) is used twice):
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e(Pa/gwdan) (2020 2eydu— 222/ 200) [/

im = lim

x—0 L(X) x—0 L/(x)
Ly X820 — [2(1/ g2(u))du
40 x/ g(x)
! 0/ ndu

O

Theorem 4.4. Assume that g >0 is regularly varying at 0 and lim,_, g(x)/
g(l—x)=ce[0,00), or that g>0 is vregularly varying at 1 and
lim,_ g(1 — x)/g(x) = ¢ € [0, ©). Assume also that L(x) — oo as x — 0. Let Z denote
a standard normal random variable. Then

1 1-1/n 2(t) B l_l/nl(l )
\/L(l/n)<~[1/n Z(I)dt Jl/n gx(1) )

Proof. As in the previous lemma, we only consider the case where g is symmetric about %
We can apply Corollary 3.11 with

1 dap i(t)
cni(t) = ’ I/n<t<1-1/n
nL'/2(1/n) &(1) ny m
Now we have that
2 1-1/n pl=1/n Kz(S l)
2|K,, e ———— dsdt
1l nZL(l/n)L/n Jl/n 220
and
ntl 1=1/n ¢1=1/n 2 (Vg
ZHCMHZ J J Z () ()dsdl.
nZL(l/n) in Jiym 2(s)gz(t)
We claim that
n+1 n+l
2Kl =1, Y llendlls =0 and Y (ens cngtm)? =0 (414)

In fact, from Lemma 2.1 we obtain that Z"+1 ’i(s)a%,’i(t) < 3n(s A t — st), which, by
Lemma 4.3, implies that

n+1
< UMD
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and proves the second part of (4.14). The first part can be obtained using parts (ii) and (iii) of
Lemma 2.1 to see that

|K (s, 1 — n*(s At — st)?| = |Ku(s, 1) + n(s At — s1)||K (s, £) — n(s A t — st)|
= 8n(s A\ t — st)

and, consequently, that

5 B 2 I=1/m (=1 I{'%l(s, ) — n*(s A t — st)?
Iz =1 = a7 Jl/n Jl/n fogn o
M1/ n)
< 16T/n) — 0

Finally, the third part of claim (4.14) is a consequence of

n+1

Z<Cn,i: mn>2 = <Kn: m,; & mn>

i=1

1 Jl—l/n Jl-‘/n Kols, 0mn(ym(0) g 0 A/mMA/n)

= s
n*L(1/n) Jijn Ji/n g2 (5)g*(1) L(1/n)

since (a + b)* < 2a* + 2b*. The limits (4.14) prove the first two limits in (3.40) and the limit

in (3.42) (with 02 =1). Lemma 2.1(iii) gives that (3.41) is also satisfied (with C = 6).

Finally, the third limit in (3.40) follows from Lemma 4.3 since

81R(1/n)

_—

n*L2(1/n)

Corollary 3.11 now implies that ||Y,7H§ — E||Yn|\§ — ,»N(0, 1). Conditions (3.47) from

Proposition 3.12 are also satisfied because of the last two limits in (4.14) (see the argument

immediately before Theorem 4.2) and therefore we also have || Z,||3 — E||Y,,||% — wN(0, 1).

Now all that is left to show is that we can replace E|Y,|; by L7'/?

(1/n) fll/;l/ "t(1 — )g~2(¢)dt as centring constants. Arguing as in the proof of Theorem
4.2, we see that

HKn © Kn”% <

1 =1 — 9 4 =t/n
E||Y,|? —————— df| = dt — 0,
I~ g7 )y < J,, Fw-
where the last limit is a consequence of (3.44). O

This result is new in the present generality. For weights related to the exponential
distribution and to the Weibull distribution with exponent 0 < a <%, see respectively
Csorgd (2000) and Csorgd (2002). For results similar to those in the last two theorems, but
for the L; norm of the empirical process instead, see del Barrio (1999D).

Finally, we consider smaller functions g, corresponding in some way to Remark 3.2. The
following result is only given for completeness and only symmetric weights are considered
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in the proof since the one-sided analogue is already contained in Csoérgd and Horvath
(1988).

Proposition 4.5. Let g be a positive function on (0, 1), regularly varying at 0 and at 1 with
exponent o > 1 and with equal or smaller exponent at the other extreme, and such that
lim,_0g(x)/g(1 — x) := ¢ € [0, o]. Set

(-1
E(x) := L 20 dr.

Then

“1/n o (c) o (<)
1 Jl 1/ TAUYR 2 J (St — )7 ay s J (St — )7 ay
E(1/n) )y, &) da—-1\1+c*) e 1+¢c% ) y ’

(4.15)

where {S Ev)] 1y =1} is the partial sum process associated with the sequence {&;} of
independent exponential random variables, that is, SEV)] :Z[iy:]l&j, and {S%zy)]} is an
independent copy of {S Ely)]}

Proof. As above, we only consider the case where g is symmetric. Symmetry of g and the
fact that a, j(1 — f) = —a, n42—;(f) show that

ol e ) sl

E(l/n) )i g2 \Swn1/) nE(1/n))), g%(1)
n \2
=\ = V(l) + V(2) s
<Sn+1) ( . " )
where
2 2
1 1/2 (Z;illan,j(f)ffj) 5 1 1/2 (Z_;li]lan,j(t)EVHZ—j)
V= J > dt and VP = J > dr.
nE(1/n) )y, g (1) nE(1/n) )y, g(1)

We set b, j(f) = I{j — 1 < nt} and define

" nE/n) )i, 2%(1)
and, similarly, W ®, replacing &; with &,,,_;. Now, since
(PO — (D)2 < (ﬁ (1 3 ”“))2 : Jm C 4= 01— 0
" ! n E(1/n) )i, g*(1) Pr

and V) = 0p(1), we see that V'V — W) =op(1). Analogously, V® — W@ = op(1),
showing that (4.15) is equivalent to convergence in law of WD + W@ to the right-hand side

dt
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of (4.15). Obviously, W) £ W® and, moreover, W) and W? are asymptotically
independent: they are indeed independent if » is odd since b, ;(1)=0 if t<1/2 and
j > (n+1)/2 and therefore W(nl) depends only on &y, ..., &,41)2 While W(nz) depends only
on &3 /25 s &,11; the overlapping that arises if n is even is negligible. Hence, in order to
prove (4.15) it suffices to show that

Lo
(1) [¥]
W, 7a — ljl y2a dy. (4.16)

To see this, we note that

Wi = enijE=DE —D+2Y duiEi— 1D +e,
ij i

with
1 n/2 1 q .
= ifivj>1 —
TR W) Sy @/ T T e T e
N (R )
dni= dy ifi>1, dp1 =dn
n?E(1/n) )iy g2 (y/n)
=L [P0,
"onE(/n) ) g2/
Similarly,
1eSh -2
| T = S - & - D230 - D+
L] i
where
SR . dy ifivj>1 =
Vij = a—1| Vi1 y2e g t ’ oL
L™ -y o
6,’ = a—1 . y2a dy if i > 1, 51 = (32,
R (0
€= dy.
a— 1 | y2a

Standard regular variation techniques show that Zi, j(c,,,[, i =V j)z — 0, Zi(d,,,,» -0, —0
and e, — ¢, yielding as in Remark 3.2 that

co (o) N2
v, 1 (S[y] ») d
" L, o — 1 1 y2a

and proving (4.16).
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4.2. The general quantile process

By Proposition 2.5, we can transfer the results in the previous section corresponding to
Theorems 4.1, 42 and 4.4 to the general quantile process just by taking g(¢) =
S(F~Y(1))//w(t). We will need the following conditions on the cdf F and the weight w:

F is twice differentiable on its open support (ar, br), with f(x) = F'(x) > 0,
and satisfies conditions (2.7), (2.22) and (2.23).w is a bounded non-negative (GH)
measurable function on (0, 1) and satisfies conditions (2.24).

These, together with (2.10), are the conditions under which we can transfer results on u,
to v, by Proposition 2.5. We exclude (2.10) because it will be subsumed by other
conditions — in fact because, by dominated convergence,

1 =) 1" w(nde
Jon(F*(r)) Wit < 0o = 2.10) = ZL/,. 7AE)

We then have:

Theorem 4.6. Let B be a Brownian bridge on (0, 1) and let Z be a standard normal random
variable.

(1) If F and w satisfy (GH) and

J;%w(odt < o0, (4.17)
then
va(t) — % in law in L,(0, 1);
in particular,
J; vi(Hw(t)dt — E %wmdz in distribution.

(1) If F and w satisfy (GH) and

1 (- Yng1200 — pl/2
il Ty 0 e
and
aE (s At — st)?
||, Py oot < @18
then

1-1/n f(l o l)

1 p20n _ p2
Un fz(F,l(t))W(t)dtHJww(t)dt in distribution.

1
J (s — J o FAFE0)

0
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(iii) Assume F is twice differentiable on its open support (arp, bgp), with
f(x)=F'(x) >0, that F satisfies condition (2.7) and that the function
g:=f(F~Y) is either regularly varying with exponent one at 0 and
lim,_ g(x)/g(l —x) = ¢ € [0, 00), or g is regularly varying with exponent one at
1 and lim,_g(1 — x)/g(x) = ¢ € [0, 00). Assume also that

l—XJl—x (S/\ t— st)2

. PE O ) T &1

L(x) == 2J

X

as x — 0. Then

_ J 2(t)dt Jll/nMdt — Z in distribution (4.20)
VL(1/n) in SAETND) . .

As in the case of the uniform quantile process, we could also have added terms of the
form Z;,:l(fo] U, () h(£)w(t)dt)* to the limiting results above, with corresponding changes
in the limit. However, although we will need this in the next section, the statement is
cleaner as it is now.

Proof of Theorem 4.6. By Proposition 2.5 and the remark above on condition (2.10), the
statements (i) and (ii) do not require proof. But part (iii) does (Proposition 2.5) does not
apply in this case). As usual, we assume f(F ') symmetric about 3. If we can replace ||v, I3
in (420) by |u,/f(F~ 1)||2n S WA (1)) f(F~1(#)dt, the result will follow from

1/n
Theorem 4.4. By the proof of Lemma 2.4, we can replace HU,,||2 by ||, ||2 , if we show that

2

. x 1
B F T VIm M R Im

and, by the proof of Lemma 2.3 (see (2.20) and (2.21)), we can replace |lv, ||2n
lwn/ f(FDI,, if

J (F0) — F ()Y di = 0,

1 L=1/n 41201 _ p)1/2
J ( ) df —

'HH;O\/nL(l/n) i SHEND))

The first and third of these limits follows just like the limit (4.13) in the proof of Lemma 4.3,
using L’Hopital and the equivalence (4.9). To show that the second limit also holds, let us set
h(x) = fg(F’l(x) — F~!(#))*dt and observe that

n(x) =

2 o2
T 1())J Fw-F (t))d"f(F*(x))U,f(F*(u))d”dt

_ 2 r u dut 2x?
SE) Jo f(Fw) — fHF ()’

the last equivalence being a consequence of regular variation. This, (4.9) and regular
variation imply, in turn,
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X X Yo)
hx) = joh'(y)dy ~ 2Ly2/f2<F—‘<y>>dy ~ 28 fAF () = 2x2J L 2F ()dy

and, consequently, that

R . XU SAF T )y
li“mj(F 0= Py dr = 2lim =2 = 0
by (4.13). O

Example 4.1. Consider, for a > 0, the distribution functions

Fuo) Le=h" if x<0,
X) =
’ 1 - %e’xu if x=0,

and take w = 1. Let f|, be the corresponding densities, which are symmetric about zero. Then
it is easy but somewhat cumbersome to show that

1

fi(F.' ) = x(1 = x)log =2/ prippet

fa(F () = x(1 = x)log “~/* gt
where a(x) ~ b(x) means that 0 < lim,_a(x)/b(x) < co and likewise for x — 1, whereas
0 < inf,c;a(?)/b(t) < supycsa(f)/b(f) < oo for any closed interval I contained in (0, 1) (for
instance  f, (F,'(x)) = ax[log 2x|*~D/* 4 a(1 — x)[log 2(1 — x)[ @~ V/*). 8o, f,(F,') is
symmetric about % and of regular variation with unit exponent at 0 (and at 1). It then
follows easily that F,, falls under part (i) of Theorem 4.6 if and only if a > 2, part (ii) if and
only if % < a < 2, hence for the normal distribution, and part (iii) if and only if 0 < a <%,
in particular for the symmetric exponential distribution. As mentioned above, if the tail
probabilities are of different order, the largest dominates and these theorems still hold, so that

the same conclusions apply to the one-sided families.

Example 4.2. Likewise, if
fa(x) = ax®le™, x>0,c>0,
is the Weibull family of densities, then
1
SF () = a1 = wlog PV —
and, as in Example 4.1, f,, falls under part (i), (ii) or (iii) of Theorem 4.6 according as to

whether o >3, 3<a<2or0<a<#%

Example 4.3. The following example is due to McLaren and Lockhart (1987). For the logistic
distribution F(x) = (1 +e¥)~!, x € R, and the exponential with parameter 1, both falling
under part (iii) of Theorem 4.6, computation of L and the centring gives

1 1
272 flog n (Jovi(f)df —2log n) — Z in distribution,
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and for the extreme value distribution H(x) = exp(—e™™), also falling under part (iii),

2\/@ (J v ()dt — log n) — Z in distribution.

We cannot apply Proposition 2.5 when f(F~!(¢)) is too small at 0 and 1 (regularly
varying of exponent 1 or more), as we saw in part (iii) of Theorem 4.6 (exponent 1). Here
is a situation where the exponent is larger than one.

Theorem 4.7. Assume F satisfies conditions (2.7), f(F~') varies regularly at 0 or at 1 with
exponent 'y € (l, %) and with equal or smaller exponent at the other extreme, and
lim, o|F~'(x)|/F~'(1 — x) = ¢ € [0, c]. Then, denoting a =1 —y,

e Looa— 2 [ [ (s ) e (8- ).

If F Satisﬁes conditions (2.7), f(F~') varies regularly at 0 or at 1 with exponent y = (i e.,
a = —1) and with equal or smaller exponent at the other extreme, lim, .o|F~ 1(x)| /
F~'(1 —x) = c €0, o] and Jo (F~Y(1))*dt < oo, then

2 [ 1 4 %0 ) R
U v (0dt — ] b — | == _,_J ((SE}V)]+1) 12, 1/2) dy
1

1+ ¢? S(ll) /S(Il)

| | 4 o0 N2
_7_+L <( (2)+1) szy 1/2) dy | 1,

Tra
(@)
I4+c* | 8§ /S(lz)

where ¢, = 01/"(F 1(t))zdl‘—&—fl La(F7N()*de. In both cases {S[y]+1 cy =0} is the
partial sum process associated the sequence EJ} of independent exponential random
varlables that is, S(l) ZE’EIHEJ, and {S 411y =0} is an independent copy of
{ y]+1}

Remark 4.1. Regular variation of f(F ") with exponent y at 0, written f(F ') € RV,(0), is
essentially equivalent to regular variation of F~! with exponent a € (—3, 0). In fact, if
f(F e R V,(0), then F~' € RV,(0) and, provided f is monotone in a neighbourhood of
—o0, if F~! € RV,(0) then f(F~') € RV. ,(0) (see, for example, Resnick 1987, Propositions
0.6 and 0.7). With the assumption of regular variation, finiteness of fo v2(t)dt requires
a = —5. Thus, Theorem 4.7 completes the picture of all the possible limiting distributions of
fo v (t)dt for distributions with regularly varying tails.

E(l/

Remark 4.2. 1t follows easily from the law of the iterated logarithm that

1
st
lim sup =— almost surely

y—oo ¥¢712\/2Toglogy  |a
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for all o <0 (see, Samorodnitsky and Taqqu 1994, p. 31). This implies that the limiting
integrals in Theorem 4.7 are almost surely finite. Integrability of ((S EIV)] )= y*)? at 0
requires o > % When a = % the effect of the centring constants, ¢, is to remove this lack of
integrability, still leading to a limiting distribution.

Next we collect some elementary properties of regularly varying functions that will be
useful in our proof of Theorem 4.7.

Lemma 4.8. (i)/ € RVy(0) is positive and ¢ > 0 then

lim,,_ (log )~ 10087/1) _

1(1/n)

(i) If I € RV,(0) and o <O then

[(log n/n)

lim, =

I(1/n)

(iii) If | € RV,(0) and B> —a then xPl(x) — 0 as x — 0.

Proof. (i) is a trivial consequence of (i), and the proof of (iii) can be found in Resnick
(1987), so we only prove (i). By Karamata’s theorem (Resnick 1987, p. 17) / can be written
as [(x) = c(x) exp(fx (e(1)/t)dt) with c(x) — ¢ € (0, c0) and ¢(x) — 0 as x — 0. Therefore,
taking no large enough to ensure that |¢(7)| < ¢/2 for ¢ < log ng/ng and n = ny we have that

_I(logn/n) B eJl"g”/”l _
1 (———= 2 =<2 ¢ = —dt ] =2(1 /2 0.
(log n) 101 /) (logm) ™ exp|{ n 2d (log n)™*/* —

Proof of Theorem 4.7. We will assume in this proof that 0 > a > —%. The case a = —%
can be handled with straightforward changes. We set, as in the proof of Proposition
45, b,;=1{j—1<nt} and H '(x)=—F"'(1 —x) and observe, using the fact that

b,j(1—1t)=1—b,,;(t) except in a null set, that
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1 ! 2 o n logn/n . 1 n+1 B 2
E(l/n)JoU”(t)dI_W/n)Jo (F (Sn+1;bn,j(f)§j ~F () dr

n 1 » 1 n+1b » 2d
+E(1/I’l) Jllog n/n <F (Sn-H ]:Zl n’j(t)§j> - F (0) t

1 1-log n/n 5
+ —J Ui (1)dt
E(L/M) Jiog n/m

. n log n/n » 1 n+1 » 2
_W/”)JO (F (Sn—H jzlb"’j(t)gf> - F (0) dr

n log n/n » 1 n+1 » 2
+E(l/mL <H (an;bn’f(f)%zf)—H (r)) dr

1 1-log n/n
" E(l/n)J

v2(0)dt
log n/n

. 1 2 3
AR A )

We also set

log n/n n+1 2
" "E(l/n)J0 (F <n;bw(0§/> F (r)) dr,

n+1

log n/n 1 2
@.__n -1 = ) - g
W= a /n)L (H (n;bm,(t)énﬂ_‘,) H (z)) dr.

Observe that WD and W? are independent since they are functions of disjoint sets of
independent exponential random variables &;. We now proceed by showing that the central
part, V(,f), is negligible and that the upper and lower integrals are asymptotically independent
and weakly convergent to the above stated limits. This will be achieved by proving the
following three claims:
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Claim 1.
V(n3) — 0.
Pr
Claim 2.
(V(r:))l/z _ (W(nl))l/z ;} 0’ = 1, 2.
Claim 3.
202 o y 2
a 1 e
W _’WWL ((S[y1+1) _ya) dy,
2 00 2
5 (2)
W iz ey (ST =) o

Proof of Claim 1. We first show that
po 1 Jllog S ON
" B/ Jiogwyn SRETHD)
As in the proof of Proposition 2.3, this reduces to showing that
1 1—log n/n 1 1 1—-log n/n tl/z 1—¢ 1/2
nE(1/n) Jiog nyn - SPE D) VRE(L/1) Jiog nn - SHETN(D)
For ease of computation we will assume in the remainder of the proof of this claim that ¢ = 1
and replace E(1/n) by F~!(1/n)* in the last two denominators (the ratio of the two
sequences converges, by regular variation, to a positive constant). Extension to general ¢ is
straightforward. Regular variation implies that
F~! 2(F! 1
i L) g gy M) L
=0 F~l(x) x—0 L 1/(f2(F*1(t)))dt 2

dr — 0.
Pr

dr — 0.

which implies, in turn, that
1 1=log n/n 1 a . 1D(logn/n)
s At = im — =0,

togn/n  JSHE D) 1/2 —an=cc ID(1/n)
where [V(x) = x/f2(F~'(x)) € RV2,_1(0) and 2a — 1 € (=2, —1) and the last limit follows
from Lemma 4.8. Similarly,

. 1 1—log n/n tl/Z(l _ ZL)1/2 o? ) l(2)(10g n/n)
lim ————— 2(F-1 1= m = =%
=00 ﬁF (1/7’[) log n/n f (F (t)) 1/4_0“1*}00 ) (1/n)

since [(x) = x3/2/f2(F~(x)) € RV3q_1,2(0) and 20 —1 € (-3, —1). Now we can prove
Claim 1 by showing that

lim ——
% nF1(1/ ny?
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1—log n/n 2
! J __ (D dt?O.

F—l(]/n)Z log n/n fz(F_l(t))

But taking expectations, we can see that it suffices to show that

. 1
nlgrolo I—log n/n 11— 1)
F-l(l/n)zj

—————dt=0.
log n/n fz(Fil(t)) '

Using again regular variation properties and Lemma 4.8, we have that

1 I=logn/n 41 — f) I®(log n/n)
lim —— 7Y qr=a| lim =B,
wFl(l/n)leogn/n 72E w1 TS

now with /®(x) = x2/f2(F~'(x)) € RV_5,(0) and —2a € (—1, 0). This completes the proof
of Claim 1.

Proof of Claim 2. We will show that (V(nl))l/2 — (W(nl))l/2 —pr 0. It suffices to show that

1 log n B B
F“(l/n)ZJo (F I(SS))]H/SHI)—F I(SEIy)JH/”))Zdy_)PrO

For ease of notation we will omit the superscript from S Ely)] g
consider a Taylor expansion

) 0)-()
i <snﬂ G = )sa f(F—1<&)>
n

L <1 Sn+1)2( S )Zf'(Fl(-’E))
2 n ) \Su) FIEFEE)

Similarly as in (2.12), we

for some & between S;/S,;1 and S;/n, which enables us to write, using the obvious
analogues of (2.16) and (2.17), and the fact that sup,=nE(l — S,,+1/n)2< 00, that

(S (S| = 1 S;/n 1 Si/n

‘F (Snil) - (nj)‘ = 0P(1)<x/ﬁf(F“j(Sj/n))+nf(F“](Sj/n))>
L S]/}’l

N

< Op(1)

where Op(1l) stands for a stochastically bounded sequence which does not depend on
j €11, logn]. We now take ¢ > 0 such that 2y — 3 + ¢ < 0. From this bound and regular
variation (Lemma 4.8(iii)) we obtain that
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log n S S 2 1 log n (S /)2
(St o per (S \ 4, < o _J L+ dy
) (F (w) g ( ’ )) ) R RV RNy

1 [log n+1] (Sj/l’l)z
< 0p(1)— _—
Py Z FHENS, /)

1[logn+1] S, 2-2y—e¢
< Or() Z <gj>

J=1

[log n+1]
< Op(Hn =3¢ N~ .

J=1

This completes the proof of Claim 2 (note that we need not divide by F~'(1/n)? to obtain
the equivalence of the two sequences if y <3 5 if y :% that division still gives the result).

Proof of Claim 3. We set

o " k/n | 1t . 2
Wn,sz(l/n)L an,(t)gj —F (0| dr

and

Wi=

202 (1) a o 2
e, (St ) e

With the change of variable r = y/n we can rewrite W( % as
| 7 2
I J FSppa/n = F /Y
" 0 F=1(1/n) ’

where b, = F~'(1/n)?/E(1/n) — 2¢*/|al(1 + ¢*), and we conclude that, by regular
variation, Wn, © — P Wi To prove that

202

w@
" al( 4 e?)

J (SM, )% — y92dy

it suffices, using a 3¢ argument, to show that

lim lim sup (| W —wP>e=0 (4.21)

for all € > 0. As in the proof of Claim 2, we consider a Taylor expansion

= S[y1+1>_ (Y St =y 1S =2 SFE)
r ( ) ) S e T e i)

n
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for some & between Spyj11/n and y/n, which enables us to write, using the obvious
equivalents of (2.16) and (2.17), and the fact that sup = E((S;,111 — »)/»'/?)? < oo, that

1 (S (| - 1 /y/vn 1 1
‘F ( n >_F (n)‘\OP(I)(ﬁf(F-l(y/n»*nf(F-‘(y/n»)’

where Op(l) stands for a stochastically bounded sequence which does not depend on
y € [k, log n]. From this bound we obtain that

w®O _ o bn foe Flg® _ gl 24
| n,k n | - F_l(l/l’l)z . ( [y]+1/n) (y/}’l) Y

- 1 Lfoen y/n L !
\OP(I)F‘(I/n)Z(nL fZ(F*il(y/n))der?L fz(Fl(y/n))dy)

. log n/n ; 1 flogn/n 1
-0tz L, Yl )

From regular variation we obtain that

; Jlogn/n;dt_kl‘rog n/n;dt C k2*2y+c =2y
FAA/ 2 \Jpw  FHE@) 0l FAFND) 1 ?

and this, combined with the last estimate and the fact that 2 — 2y < 0, completes the proof of
(4.21) and, consequently, of Claim 3. U

5. Weighted Wasserstein tests of fit to location—scale families of
distributions

Finally, we apply the foregoing to weighted Wasserstein tests. Recall that
RY = Wi,(Fn, H)/o%(F,) relates to the quantile process v, via (1.11) (assuming
conditions (1.8)—(1.10)).

Theorem 5.1. Let w be a bounded non-negative measurable function satisfying condition
(1.8). Let 'H be a location—scale family of distributions as defined in the Introduction, such
that fol (F~Y (1))’ w(t)dt < oo for any (hence for all) F € H, let Gy € H be chosen so as to
satisfy conditions (1.9) and (1.10) and let gy = G{. Assume the distribution functions F € H
and the weight w satisfies conditions (GH) and that, moreover,

1 1 —
Joﬁw(t)dt < o0. (5.1)

Then, under the null hypothesis F € H, we have
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e O g (2O ) ([ BOG%O )
an d JO gé(Gal(t)) W(t)dt (JO go(Gal(t))W(t)dt> JO go(Go_](t)) W(t)dt . (52)

Note that the hypotheses on F' € H are either satisfied by all or by none of the functions
in H.

Proof. By equivariance we can assume F = Gy. The result follows directly from Theorem
4.6(i) once we show that 02 (F,) — 1 in probability. By Theorem 4.6(i) ||v,|2.c = Op(1),
and therefore (recall F = Gy and (1.10))

1
T -1 gl < ||F-! — -1 _ b .
(0w (Fu) = =1 o = Il < U= F ol = onllz 2 0

O

If H in Theorem 5.1 were only a location family or only a scale family then the limit
would exhibit the loss of only one degree of freedom, that is, one of the last two integrals
would be absent from the limit in (5.2): see Csorgd (2002), where a theorem of this sort for
scale families is proved.

Theorem 5.2. Under the hypotheses of Theorem 5.1, except that condition (5.1) is now
replaced by the weaker conditions (2.10) and

! (sAt— st)2
LL (G (1) g1 (Gy () "I =% (53)

we have
1-1/n I(l o f)
1/n gé(Gal(t))

1 1 2 1 —1 2
o PO-EB® (J &W@dt) _(J MW(,W) |

nRY — J w(t)dt (5.4)

0 &(Gy' (1) 0 &0(Gy (1) 0 £0(Gy (1)

Proof. As above, we can take F' = Gy. By Theorem 4.6(ii) properly modified to account for
the weighted integrals of the Brownian bridge (as done in Theorem 4.2), it suffices to prove
that

ow(Fy)— 1 and ! 1 Jll/n ACl)) w(f)dt— 0

— _— _ —
e 03(Fn) i SRHETHD) pro
which, by condition (2.10), reduces to proving /n(c2(F,) — 1) = Op(1). We have
1
vn
By checking the proof of Theorem 4.2 (by way of Theorem 3.9), it is easy to see that

\/Z(Osv(Fn) -1)= ||Un||2,w + 2<U,,, F_1>w-
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(up/f(F7Y, FYY 0 —a(B/f(F7Y, F71),., (note that (1.10) implies F~! € Ly(w(?)d?)).
Hence Proposition 2.5 gives (v,, F~ PW = Op(1). Likewise, by Theorem 4.6(ii), ||v|2.w is
shift convergent in law with shifts || /n 1 t(1 — 1)/ fH(F~Y(t))w(£)dt which, by (2.10), are

o(y/n), so that ||v,||2..//7 —p:0 O

A version of this theorem for scale families is proved in Csorgd (2002), however, the
hypotheses there are stronger by factors of order log n or (log 1), the integrals at the end-
points are not treated analytically and the proof is different (it relies on strong
approximations, which account for the stronger assumptions).

Next we consider convergence to a normal distribution. This case is less 1nterest1ng in
connectlon with testing since, as indicated in the Introduction, fé v (t)w(t)dt
deo Bz(t)/ F2F~Y(t))w(t)dt if f does not vanish on supp F, and therefore, if we
divide by \/L(1/n) — oo, as we must by Theorem 4.6(iii), this part of the statistic has no
influence on the limit. So, when a distribution satisfies the hypotheses of Theorem 4.6(iii)
(meaning that g = f(F ') is regularly varying with exponent 1, and L(x) with this g tends
to infinity), if one wishes to have a sensible test of fit, it is probably best to find a weight w
so that one can apply Theorem 5.1 or 5.2. Hence, we will only consider the normal
convergence case with weight w = 1.

Theorem 5.3. Let ‘H be a location—scale family of distributions and assume for simplicity
that the distribution Gy € 'H with mean 0 and variance 1 is the distribution function of a
symmetric random variable. Assume that the following conditions hold for some (hence for
all) F € H: F is twice differentiable on its open support (ap, br), with f(x) = F'(x) > 0; F
satisfies condition (2.7); and the function g := f(F~') is either regularly varying with unit
exponent at 0 and lim,_0g(x)/g(1 —x)=c € [0, 00), or is regularly varying with unit
exponent at 1 and lim,_g(1 — x)/g(x) = ¢ € [0, 00); and L(x) — oo as x — 0. Then, under
the null hypothesis F € 'H,

1-1/n f(l _ f)
_ —dt | — Z, 5.5
l,. @ t) ‘ e

1
———=| R
VL(1/n)
where Z is standard normal and nR, = nR) is as defined in (1.11) for w= 1.

Proof. As in the previous two theorems, we can assume F = G. Since f(F~") is regularly
varying of unit exponent at 0 and at 1, it follows that F~'(x) = [}, dt/f(F~'(1)) is slowly
varying at 0 and at 1. Hence, fo |F Y(#)|"dt < oo for all r e[ﬁ% and therefore, all the
moments fo |x|"dF(x), r > 0, are finite. In particular, if X; are i.i.d. with distribution F, then

1 1 n
Lunmdr = R DU EX) = 0401

by the central limit theorem, and ¢?(F,) — 1 almost surely by the law of large numbers. So
it suffices to show that
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T )

\/L(l/ loally = (o, £ _Jl/n FAFY()

————dt —>Z

The arguments in the proof of Theorem 4.6(iii) not only show that here we can replace ||v,||3
by |tn/f(F~")|l2nm but also that (v,, F~1)? can be replaced by (u,/f(F~Y), F71),;
therefore, the theorem will follow from Theorem 4.6(iii) (hence from Theorem 4.4) if we
show that the sequence

1-1/n -1
Uy —1 L un(t)F (t)
<f(F‘)’F >,,'_Jl/n FE Ty 9 e (>6)

is stochastically bounded (as it will then tend to zero upon dividing by \/L(1/n)). For this
purpose, we show that the product of the nth variable in (5.6) by S, 1/n has expected value
tending to zero and variance dominated by a constant independent of n. By (2.2), Lemma
2.1(ii) and slow variation of F~! at 0 and 1, we have

dt

Sn+1 Uy _1> B ‘ 1 I/VIF l(t)zn+lan’i§i
E 2 = |E
‘ < n f(F')’ Jl/n Vnf(F~1(1)

L (Y F )
< A
\/ﬁjl/n GO

1 F~'(1-1/n)
=— |u|du
ﬁJFl(l/n)

_FA/m)? + (FN -1 )y
- WG

— 0.

Let X be a random variable with distribution F. By Lemma 2.1(iii) and finiteness of the
absolute moments of X, we have
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S wn o\ (TP oYX @ -
Var<< w7y " >) _E<ﬁjl/n IO

1 J“/" J”/" Ku(s, DF ') F'(0)

n 1/n 1/n f(F_l(S))f(F_l(t))

1-1/th s(1 — HF ()| F~'(1)|
i Jin SETXS)S(F(0)

dsdt

dsdt

F='(1-1/n) pv
= 6J J F(u)(1 — F(v))|u||v|du dv
F=1(1/n) F-1(1/n)

0 v
<6 J F(u)|u|lv|du dv
Jr=raymd 1y

F=l1=1/n) (0
—&—J J F(u)(1 — F(v))|u|lv|du dv
0 F-1(1/n)

Fl(1=1/n) (o
+J J (1 — F(v))|u||v|dudo
0 0

3
<> (EX* + (EX?)) < o0,
4
where at the last step we use Fubini and integration by parts. O

As in Theorem 4.6(iii), symmetry of Gy is not necessary. Csorgo (2002) also proves a
result for correlation tests where the limit is normal, but only for the special case of
Weibull scale families.

Likewise, Theorem 4.7 can be used to obtain the limiting distribution of #»R, when
f(F~") is regularly varying at the end-points with exponent y > 1, but we refrain from
doing so, to avoid too much repetition.

Example 5.1 Gauss—Laplace location—scale families. This is a modification of a result in
Csorg6 (2002). Consider the distribution functions F,(x) from Example 4.1. In that example,
Theorem 5.1 with w =1 holds for the location—scale family based on F, if and only if
a > 2, Theorem 5.2 with w =1 holds if and only if 4/3 < a < 2, hence for the normal
distribution (which gives Shapiro—Wilk), and Theorem 5.3 with w = 1 holds for 0 < o <,
in particular for the symmetric exponential distribution. As mentioned above, if the tail
probabilities are of different order, the largest dominates and the same conclusions apply to
the one-sided families.

Example 5.2 Testing fit to the Laplace location—scale family. It follows from Example 5.1
and the comments immediately before Theorem 5.3 that a weighted Wasserstein test would be
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convenient for the Gauss—Laplace location—scale family when the index a is between 0 and
%. For any given a > 0, these families are (in terms of the densities):

Ho = {Fﬁ,y DSy (x) = M%we_‘(x_ﬂ)ma, xeR, BeR, y> 0}.
The weight should approach zero near 0 and 1. For simplicity we will only present a test for
the Laplace family H,;. Simple but tedious computations using the approximations in the
previous example show that a weight of order w(¢) ~ 1/|logt(1 — #)|" will allow us to apply
Theorem 5.1 if 7 > 1 and Theorem 5.2 if % <t =<1 (the determining conditions are (5.1),
which holds for all 7 > 1, and (5.5), which holds for % <t =<1). If wis too small near 0 and
1, we make the extreme part of the distribution count less, whereas possibly the limit has
more variability as the integral of B> — EB? is closer to being divergent. De Wet (2000)
convincingly suggests taking 7 = 1 (see also Csorgd 2002). Specifically, we define

1 1
t) = ——lg<s= — 1 < w
w(?) (loge/Zt o<e=1/2 ¥ loge/2(1 — 1) 1/2<t\1)/

where

{oe)
W= eJ u e "du,
1

and set also

00 uZ
V= J e “du.
0 1 + u

Take Go := F| /7 Then w and Gy satisfy conditions (1.8)—(1.10), and the conditions
(GH) and (5.3) {10{(1 as well (but not (5.1)). Then, Theorem 5.2 gives that, under the null
hypothesis F € H;,
2 ne W 1 { (V? BX(t) — EB(t) ! B(f) — EBX(%)
RY ——|loglog — — — = ——F=dt dr
Ty ( 08085 2) aV (L 2 log (e/21) Jl/z(l — tPlog (e/2(1 — 1))

1 (> B ! B(1) ?
T (L egtern ' | e =

1 ( ("% B(t)log2t ! B(0)log2(1 — ) ’
_WOO t1og(e/2t)df+L/2(1_t)log(e/z(l_t))df |

Note added after submission

Written independently and submitted at about the same time, Csérgd (2003) also considers
weighted Wasserstein tests of fit to location—scale families. The methodology used is
different, and the assumptions are not exactly the same.
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