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The central limit theorem under censoring
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The central limit theorem for integrals of the Kaplan—Meier estimator is obtained. The basic tools are
the martingale methods developed by Gill and the identities and inequalities of Efron and Johnstone.
The assumptions needed are both weaker and more transparent than those in the recent literature, and
the resulting variance expression is simpler, especially for distributions with atoms.
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1. Introduction

A number of recent papers have been putting the final touches to the asymptotic theory of the
Kaplan—Meier estimator (Kaplan and Meier 1958) and functionals based on it (see Wang
1987; Gijbels and Veraverbeke 1991; Einmahl and Koning 1992; Gill 1994; Stute 1995). The
last paper cited establishes a central limit theorem (CLT) for a Kaplan—Meier integral by first
expressing it as a sum of independent and identically distributed (i.i.d.) random variables plus
an asymptotically negligible remainder term. Stute’s result allows both discontinuous
populations and a general class of functions, thus generalizing other CLT results (Gill 1983;
Schick et al. 1988; Yang 1994). However, it is obtained using a delicate (and computation-
intensive) approach based on U-statistic approximations. He justifies this approach by citing
difficulties in the application of the counting processes techniques, and requires stronger
assumptions than those used with martingale methods. In addition, the expression for the
terms in his i.i.d. representation (and consequently for the asymptotic variance) is quite
complicated, especially for distributions with atoms.

The main purpose of the present paper is to prove the CLT and provide an alternative
i.i.d. representation with simpler terms and under weaker conditions. This is made possible
by using the martingale methods developed by Gill (1980; 1983), and the identities and
inequalities of Efron and Johnstone (1990). With the present approach the CLT is
established directly, not as a consequence of the i.i.d. representation. These techniques
require that the Kaplan—Meier integral be re-expressed as an integral in terms of the
cumulative hazard function. Efron and Johnstone (1990) studied extensively the conse-
quences of such re-expressions in the uncensored data context, and their results are central
to understanding the relation between the expressions given here and those of Stute (1995).

It will be seen that the variance expression in the present paper is related to Efron and
Johnstone’s ‘advance time’ transformation 4, while the terms in our i.i.d. representation are
related to its adjoint transformation B. Surprisingly, expressions resulting from these
transformations do not change much under random censoring, while the traditional
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expressions which Stute (1995) worked with do. This explains why the present i.i.d.
representation and formula for the asymptotic variance are simpler under censoring.

The next section sets the notation and formulates the main result. The longer proofs are
given in Section 3.

2. Central limit theorem and i.i.d. representation

2.1. Notation and assumptions

Let 7;, i=1,..., n, be i.i.d. random variables on the real line and let F denote their
common distribution function. The survival function of the 7; will be denoted by S, and the
cumulative hazard function by A; thus S=1—F and A(?) = J"ioo[S(x—)]’1 dF(x). The
observed data consist of

X,':mil’l(Ti, C,) and AiZI(Xi:Ti), i:1,...,n, (1)

where Cy, ..., C, are i.i.d. random variables which are also independent of the 7s, and /(E)
denotes the indicator of the event E. The common distribution of the C; will be denoted by
G. The distribution function of the X; will be denoted by H. Thus, | — H = (1 — F)(1 — G).

Let N(t)=I(X; < t,A;=1), N() =2/ | Ni(t), Vi) = I[(X; = 1), Y.(t) = > 1Y(t)

We will assume that all random variables are defined on the probability space (€2,.7, P)
and we will consider the filtration
=" Vol{(Xi, AY)(X; <), [(X;>s): —co<s<ti=1,...,n}, 2)

where ./~ consists of all P-null sets of .. Then, M;(¢) = N,-(t)—J"_tOO Yi(s)dA(s) is a
martingale with respect to the filtration in (2). By analogy with the notation introduced above,
M.(t) = " M(t). The Kaplan and Meier (1958) product-limit estimator (PLE) of S based
on the observations (1) will be denoted by S, while £=1-S, A will denote the
corresponding estimators of F, A, respectively. A_(s) or A(s—) will denote the left-
continuous version of a right-continuous function A, and AA(s) = A(s) — A(s—). Unless
otherwise explicitly indicated, the domain of integration includes the upper and lower
integration limits. Finally, define 7, = max(X1, ..., X,), and let 1 = sup{x : F(x) <1}, for
any distribution function F.

Let ¢ : R — R be any measurable function such that [ ¢? dF < oo. The objective of this
paper is to obtain a CLT for the Kaplan—Meier integral fgbd]:“ and to derive an i.i.d.
representation for it. The only assumption needed for the CLT and i.i.d. representation is the
following:

Assumption 1. Let T = ty. Then

J O

Note that assumption (1.5) of Stute (1995) is analogous to the present Assumption 1, and
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apparently of comparable strength. Indeed, in the uncensored case both reduce to
[#(s)* dF(s) < oo, while if both F and G are continuous Stute shows that his assumption
(1.5) reduces to the simple and transparent form of the present Assumption 1 (see his
relation (1.9)). Therefore, his assumption (1.6) is an additional assumption which is not
needed in the present derivation of the CLT.

For any integrable function ¢, we define

_
70 =55 j(m P10 dF(0). 3)
The asymptotic variance of /7 [ ¢ dF will be
T S _
0t = | T ) — BT 4 @)

provided that 7, <7r almost surely, or ¢(zr) = 0.

Remark 1. The assumption that 7, <7y a.s. is also used, for example, in Shorack and
Wellner (1986, p. 301), but we remark here that this entails no loss of generality. Indeed, if
Ty =7p, then [* ¢ d(F — F) = [*_(¢ — p(@)d(F — F) = [* (¢ — p(¥))d(F — F), and the
asymptotic distribution in this case follows from the first since, by redefining ¢, the condition
¢(tr) = 0 is satisfied.

Remark 2. Set  (s) = ¢(s)(1 — G(s—))"'/?, so that, according to Assumption I,
ffoo Y(s)?> dF(s) <oo. Assume for the moment that T = 7x. Then, the expression for the
variance of 1(7) obtained in Efron and Johnstone (1990) (see their relations (1.8), (3.16) and
Section 4 for the continuous, discrete and general case, respectively) is

T

| 5w = pe are. )

—00
Therefore the expression in (5) is finite, and since S(s)/S(s—) <1, ¥ € %,(F) and %,
spaces are linear, we obtain ﬁoo S(s)/S(s—)(s)> dF(s) < co. Repeating the same argument
for |y, it follows that ffoo(S(s)/ S(s—))|p(s)[> dF(s) < co. If in this last relation we evaluate
(1 — G_)"'/? at the lower limit of the inside integral (the one defining |w|and pull it out of
that integral, we obtain

2
T S 1
j ¢<—L ]|¢(x)|dF(x)> dF(s) < cc. ©)

oo 1 = H(s—) \ S(s)

If T <71, the above arguments applied to the conditional distribution of 7 given that it is at
most 7, imply that (6) holds with F replaced by (F(s)/F(t))I(s < 1)+ I(s = 7), and thus
also for F. Relation (6) will be useful for bounding certain quantities in the proofs. In
particular, Assumption 1 and relation (6) imply that o2 < oo.

Remark 3. It is easy to see that with uncensored data the variance expression given in
Corollary 1.2 of Stute (1995) reduces to var(¢(7)), while the variance expression in (4)
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reduces to (5). Thus, (4) is related to the ‘advance time’ transformation A4 of Efron and
Johnstone (1990). While the latter variance expression is practically never used with
uncensored data (due to its unusual form), its advantage is that it undergoes a very minor
modification under censoring. Furthermore, Corollary 1.2 of Stute (1995) shows that the
traditional variance expression becomes considerably more complicated under censoring.

An alternative expression for ¢? in (4), which is perhaps more familiar in the
biostatistical literature, is

o’ = JT h(s)(1 — AA(s))dA(s), (7)
where
. N TRY Is<71)
W)= hiss D) = 0 5055 T G ®)
- - 1
d(s) = P(s; T) = S(s—) [75(3) - %L‘ ]¢(t) dF(1)|. ©)

The function ¢ will appear again later in the re-expression of the Kaplan—Meier integral as
an integral in terms of the cumulative hazard function.

2.2. The main results

The CLT and i.i.d. representation will be a consequence of the following four propositions.
The first establishes an asymptotic equivalence using a truncated version of the function ¢.

Proposition 1. Under Assumption 1 there exists a sequence of constants K, — oo such that

the function ¢ truncated at K,, ¢,(s) = ¢(s)I(|p(s)| < K,,), satisfies

J(-m] POUES) ~ Fo) = |

P u($)A(F(s) — F(5)) + op(n~'/?).
(—00,7]
The proof is given in Section 3.

The second proposition replaces the upper limit of the integral by t,.

Proposition 2. Let ¢,(s) be as defined in Proposition 1. Then, under Assumption I,

J(_ ]‘p"(s)d(F(S)—F(S)):J Pu(HAE(S) — F() + op(n™2),

(—00,T4]
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Proof. Tt will be shown that \/n f(r,,,r] |, (s)|dF(s) Lo. Indeed,

Lm|¢n(s>|dF<s> =

(S

| |@(s)|dF(s)

1/2
- dF(s) _ L dF(s)
= s oo S(rn)(Jm|¢(s)| su,,))

) 1/2
s(l—H(rn»‘/Z(L ]%dmg .

Thus, by Assumption 1 and the fact that 7, L 7, the integral in the last relation goes to zero
as n — oo while n(1 — H(t,)) = Oy(1) (cf. Yang 1994). (I

The third proposition expresses the centred Kaplan—Meier integral, ffoo G u(s)d(E(s) —
F(s)) as an integral in terms of A — A.

Proposition 3. Suppose that either t, <tp a.s., or that ¢(tr) = 0. Define

~ ~ 1
Pn(s) = Puls; T) = S(s—) [%(S) - S(S)J( ]¢n(t) dF (1)

Then, under Assumption 1,

T

J" G u()A(F(s) — F(s)) = J G u()A(A(s) — A(s)) + 0,(n172).

The proof is given in Section 3. y X
The final proposition gives an i.i.d. representation for ffoo @ u(s)d(A(s) — A(s)).

Proposition 4. Under Assumption 1,

T Pa(s)

~1/2
1= HGO dM.(s) + op(n™ /7).

JOO BuHAG) ~ M) = |

n

The proof is given in Section 3.
We now present the main result.

Theorem 5. Let Assumption 1 hold. Then if T, <tp a.s. or ¢(tr) =0 (see Remark 1),
w2 GG~ F) D N0, o)

with 0% defined in (4).
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Proof. In view of Propositions 1-4, it suffices to show that

Pu($)I(s < T,)

M.(7) = n*I/ZJ = HGD)

—00

dM.(s) = J Hi(5)dM.(s) 2 N(O, 02),

where M., H, are defined by the above equation. We will first show that this is true under the
assumption that F is continuous. Using the CLT of Rebolledo (1980) (see also Gill 1980,
p- 17), it suffices to show that, for all # < 7 and >0,

VRSN L dr(s) » [ P(s)
- r . dF
Wi = [ AP Ime| = 0.0t (an

Using Lemma 2.6 of Gill (1983), it follows that the integrand on the left-hand side of (10) is
bounded by

S(s—)

1
1— H(s—) S(s)

2
K [ww+mi]wmwm,

for some constant K, with probability as high as desired. By Assumption 1 and relation (6)
the above expression is integrable. Thus, (10) follows by an application of the dominated
convergence theorem. The same argument and the fact that 1(|1:I 1(8)] =€) — 0, Vs, as.-[F],
implies that (11) is true. Finally, the extension to an arbitrary F can be done via the
construction presented by Gill (1980, pp. 74-78). ]

Next we present an i.i.d. representation for the Kaplan—Meier integral.

Theorem 6. Let Assumption 1 hold, and let ¢ be given by (9). Assume that T, <Tp a.s., or
that ¢(tr) = 0 (see Remark 1), and define

7 PXDA JX[ (s)
"l-HWXi-) )1 — H(s-)

Then, E(Z;) = 0, var(Z;) = 02, where o? is defined in (4), and

dA(s). (12)

nl/ZJr d)(S)d(ﬁ(S) _ F(S)) — n—1/2 i Zi + Op(l). (13)
s i=1

Proof. Note that

N ORI
2= | o

so, by the properties of martingales, E(Z;) = 0, var(Z;) = 02, with 02 defined in (4). Let now
¢, be as defined in Proposition 3 and write
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L™ ¢als) = 9(s) _ 1y
7l T 0= 752, 2

where, for each n, Z,,..., Z,, are i1id. random variables and, by the properties of
martingales, it can be seen that E(Z, ;) = 0, and var(Z, ;) — 0, as n — oo. By the Chebyshev
inequality, it follows that

—00

L (™ puls) — p(s)
— ————=dM.(s) = 1). 14
= B ) = o) (14)
In view of Propositions 1—4, the above implies the stated i.i.d. representation and thus the
proof of the theorem is complete. O

Remark 4. In the uncensored case the random variable Z; of Theorem 6 is related to the
‘backward time’ transformation B of Efron and Johnstone (1990). On the other hand, the
terms in the i.i.d. representation of Stute (1995) reduce to ¢(7;). As in Remark 3, the present
simplification is due to the fact that this transformation undergoes very minor change under
censoring.

3. Proofs

The proofs that follow make repeated use of Lemma 2.6 of Gill (1983); though not stated
there, we remark that this result does not require continuous distributions (see Gill 1980,
Theorem 3.2.1).

Proof of Proposition 1. First, it will be shown that for any sequence K, so that
K,,n_l/2 — 00,

| o101 Kare = oo (1)
Set ¢(s) = 0 for s > 1, and write

| o0mo)>Kare = | x> K00

= K,(1 — Fy(K,)) + Jj:(l — Fyp(x))dx + K, Fyp(—K,,)
—K,
- J_ Fy(c)dx, (16)

where Fjy(x) = [ I(¢(s) < x)dF(s). We will show that the first and second terms on the right-
hand side of (16) are op(n’l/ 2); similar arguments apply for the other two terms. For the first
term, write (for large n) /nK,(1 — Fp(Ky) < K3(1 — Fp(Ky)) < [ x*dFy(x) — 0
as n — oo, where we use K,n /2 — oo for the first inequality and Assumption 1 for
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the convergence to zero. Replacing K, by x in the middle inequality, we obtain
x*(1 — Fy(x)) — 0 as x — oo, implying that, for large x, (1 — Fy(x)) < x 2. From this it
follows that \/ﬁfgj(l — Fy(x))dx < \/ﬁf;x’z dx = /nK,! — 0. Thus (16) is shown, and
so, consequently, is (15). Next, it will be shown that there is a sequence K, — oo such that

T
J PS1(P(s)| > KdF(s) = op(n11?). (17)
Let X(,,) denote the largest uncensored observation and write

V| 61090 > Kare

= max (BCOAVA| 109> KFG)

= max {|p(X)AIR Y I(PXDA] > K)AF(X ()
i=1

AN (X (ny))

18
Y'(X(nz)) (1%)

= max {|pXDAI}n Y I(PXDA]> K1 = F(Xr)-))
i=1

— F(X(n)—) AN.(X(ny)
— H(X(nz)_) n ’

- 1
< Bmax {|p(X)A[}v/n ; I(p(XDA] > Ky)

where, by Lemmas 2.6 and 2.7 of Gill (1983) the positive constant B can be chosen large
enough for the last inequality in (18) to hold with probability as high as desired. Using
Markov’s inequality and Assumption 1, it can be seen that, for any sequence K, — oo,

K2
Rip==23 1(p(XDA| > Ky) = 0,(1), (19)
i=1
Ry = n™'"2 max {|p(X)A[} = 0,(1). (20)

By (18), (19) and (20) we can write

72 1= F(X()—) AN.(X()
K% 11— H(X(nz)—) n ’

T
Vil 106> KF) < By 1R, @)
—00
with the inequality holding for »n large enough and with probability as high as desired by
choosing B large enough. This relation implies that if 7 is an atom for H, (17) holds by
choosing K,n~' — oco. If 7 is not an atom for H, we need some further arguments. Set
w(x) = (1 — F(x))~' and pick K, so that n/w(m,) remains bounded as n — oo, where
m,' = n?/K2. It can be seen that, for any >0,

-1 1 1 _ Ai = !
P(’"" =G ’) ! <P<1 o) ’"’))

A; " 1 §
1= (1= (=g ) <1 ("~ 20m)
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which, by the choice of K, (and hence of m,) converges to an arbitrarily small positive
constant by choosing ¢ large enough. Thus m,'(1/(1 — G(X(s,—))) remains bounded in
probability. This shows that the expression in (21) is 0,(1) which implies that relation (17),
and hence the proposition, is shown. O

Proof of Proposition 3. First, using the identity

F(oy = Foy =50 | Sa-lso) dAw - Aw)

(Gill 1980) and a straightforward calculation, it follows that

T

| st~ Fon = [ g mado - Ao, @2)

where qgt(s; 1) = S’(s—)[(,b,,(s) — [S(s)]! j(s,t] ¢n(x)dF(x)], for all £. Next, it will be shown
that

r/l - - ~
J (@(s3 7a) — @5 (s; DDAA(s) — A(9)) = 0p(n~ %), (23)
Clearly, if 7 is a point of discontinuity of H, then 7, = 7 almost surely for some n large
enough, and so (23) holds. Suppose that 7 is a continuity point of H. Showing (23) reduces
to showing

ﬁj ¢y dF(n L) — P @) £ (24)

(7] )
If F(r) <1, (24) follows by direct calculations. Consider now the case where 7 is a point of
continuity of F and F(r) = 1. By Remark 2.2 in Gill (1983), the expression in (24) is zero at
7, = 1. Using Theorem 4.2 in Billingsley (1968), to show (24) it suffices to show that the
process

F(1) = F(1)

50 (25)

YD Zin(1) = j( PANIFV

is ‘tight at 7’, that is to say, that
lim lim sup P( sup [ (1) Z1a(1) = Y u($) Z1a(s)| > 8) =0, (26)

1T n—oo SSIST,
for all e >0. We will follow the arguments used by Gill (1983) to prove his relation (2.7).
Note, however, that his function % is now replaced by 3, which depends on » and, moreover,
is only right-continuous (as opposed to the continuous / function), and is not necessarily non-
increasing. Therefore we briefly repeat the arguments he uses to prove his relation (2.7).
Write
sup W}n(t)zln(t) - U)n(S)Zln(S)l < sup W}n(t)(zln(t) - Zln(s))‘ + ‘(wn(t) - Wn(s))zln(s)l'

S<I1=<t1, s<I=<t1,

@7
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By the weak convergence of Z;,(s) to a Gaussian process with variance function

L [f dAG)
Cm‘Ll—H@—)’

it follows that

n—oo n—oo

2
O« ]|¢<x)|dF<x)> cs)

2

limsup P((u(1) — Yu(s) Z1a(s)| > €) < lim sup P(U« [PWIFE)Z1,(6)

)

The right-hand side of the above expression is seen to converge to zero, as s — 7, with
s < t<t, from Assumption 1 and the following set of inequalities:

? 2
T d s d
(J( ]|¢(x)|dF(x)> C(s) =< [S(S)J ()| F(x)} J F(x)

S | ) SGoR( - G
[ 2 dF) [ dF(x)
= 5 L‘P(’“) S(s) Jm SGA( - GGy

S o8(kx) —dS(x)
- G(S_)J—oo S(x—) S(x—)S(x)

s _dS(v)
0 S(—)S(k)

< S(s)| p(x)* dF(x) 1

R C

=59 17600

dF(x)J

T 2 X
P(x) J 1
=S —— dF d{=——1.
O =6 ) e
The first inequality is due to replacing ¢ by 7, the second follows by the Cauchy—Schwarz
inequality, the third and fourth by the monotonicity of distribution functions. For the first

term on the right-hand side of (27), write

sup [ u(D(Z1n(1) = Zin(s))| < sup

s<I=<t, s<t<t,

J( ]\¢(x)\dF(X)(Zln(l) — Z1(9))

Next, note that the inequality in Lemma 2.9 of Gill (1983) holds also for right-continuous
functions, and thus (26) will follow from
> 8) =0.

This follows by the use of the inequality of Lenglart (1977) as in the proof of Theorem 2.1 of
Gill (1983) by noting that the first of the series of two inequalities is valid for non-continuous

ST n—oo S<I<T,|Js

lim lim sup P ( sup

J L ]\¢(y)|dF(y)len(X)
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distributions by the fact that 0 < 1 — AA < 1. This completes the proof of (24) and thus of
(23).

Finally, it will be shown that

| @i 0= dutss oA — AG) = 0,71 28)
This can be rewritten as
JT H(s)dM.(s) 20, 29)
where
Fo(s) = V@S Yr) —OuS D)
()
Using the CLT of Rebolledo (1980) (see also Gill 1980, p. 17), it suffices to show that
T, dF(s) »p
J—ocHz(S) - AA(S))Y.(S)T(S_)—) (30)
The integrand on the left-hand side of (30) is bounded by
(S(s=) + S(s=)IS(s—=) = S(s)|(Pu(s) — P ()’ 1
n=1Y.(s) 1 — F(s—)
_ 186) = S6IP®)] + @)’
<K T~ Hiso) 31
_ S 96| + [@s)])?
<K - HGeo) , (32)

where the inequalities in (31), (32) hold (with appropriate choices of K) with probability as
high as desired by Lemmas 2.6 and 2.7 of Gill (1983). By Assumption 1 and relation (6),
(32) is F-integrable. Also, (31) and the uniform consistency result of Wang (1987) imply that
the dominated convergence theorem applies on a set of probability as high as desired. This
implies (30) and thus (28) is shown. The proof of the proposition is a result of (22), (23) and
(28). O

Proof of Proposition 4. First, note that

1 J’” P n(s)

Vil duahe - Aoy == | B

n

Thus it suffices to show that

JT Hi(s)dM.(s) 2 0, (33)
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where
. L[ puls) P uls)
Hi(s) = — - I(s <T,).
&)= <n—1 Yo 1= Heo) ) E=™
This, however, can be shown by the same arguments used for showing (29). O
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