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We consider the estimation of the parameters in a semi-parametric model for life-history data from
historical demography. The data consist of a sequence of times of life events that is either ended by a
time of death or right-censored by an unobserved time of migration. We derive the properties of the
maximum likelihood estimators of the parameters and prove their asymptotic efficiency. Estimating the
migration distribution turns out to be an inverse problem, whereas the other parameters are regular.
The proof is based on a uniform rate of convergence of the Grenander estimator of a monotone
density and bounds on the number and spacings of its support points.
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Introduction

To estimate life length and mobility in England from the sixteenth to the eighteenth century
historical demographers use data from parish registers. Dates of baptisms (births), marriages
and burials (deaths) were routinely recorded in parish registers, but in many parishes the
registers are incomplete or individuals who are listed cannot be identified. Due to mobility,
data concerning one person may be scattered over several registers and, despite much effort,
it is not always possible to link the records. As a consequence, the times of death of
approximately 40% of all people are missing. In these cases we observe the time of birth and
possibly the times of a sequence of life events: marriage, births and deaths of children, death
of husband and remarriage. The main reason why a time of death is missing is thought to be
emigration to another parish. Unfortunately, the time of emigration is not observed, so that
the sequence of life events is right-censored at an unobserved censoring time. See Wrigley
and Schofield (1983) and Wrigley et al. (1997) for extensive discussions of data of this type.

Since the censoring time is unobserved, the data cannot be handled by standard
techniques for censored survival data. For this reason Gill (1997) introduces a ‘passive
registration’ type of censoring. In this model the observations are derived from three
independent processes. The first is the time of death 7, the second the time of censoring C
and the third is the process Ry =0, Ry, Ry, ... of ‘registration events’. The observations
concerning one person consist of

A=1{T<C}, AT, Ri, Ry, ..., Ry,

where
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N=max{n=0: R, < TAC}.

Note that we never observe the ‘time of migration’ C and observe the ‘time of death’ T only
if death takes place before migration. Gill (1997) assumes that the registration events
Ry, Ry, ... are the events of a Poisson process with known intensity and studies the
asymptotic properties of the maximum likelihood estimators of the distributions F' and G of
T and C, respectively, under the assumption that these distributions are completely unknown.
In this paper we drop the assumption of a known rate and study the maximum likelihood
estimator of the rate 6, F and G jointly. In the course of our proofs we establish a number of
results on the Grenander estimator of a monotone density that are of independent interest.

For ease of notation, define 7™ to be the last moment at which a person is seen to be
alive, i.e.

[T A=,
" 1Ry, ifA=0.

It is convenient to reparametrize the model in terms of 6 and the subdistribution functions
Foo() =Pora(T* <1, A=0),
Fi(t)=Prg(T* < 1, A=1).

(Both Fj 00 and F{ depend on F and G, but we do not let this show up in the notation.)
Stralghtforward calculatlons for instance using properties of the Poisson process, show that
the density for a single observation X = (A, AT, R, ..., Ry) can be written in the form

AONe O FE(T*) + (1 — AN > 030V e 0T £ (T*) + (1 — A)I{N = 0} F;,{0}.

Here [ 0 and r* | are densities of the respective subdistribution functions and F 0{0}
denotes a point mass at zero. It is shown below that F' 0.0 1s absolutely continuous on (0 0)
and its (Lebesgue) density f; 0.9 can be taken to be left-continuous; we shall use this version to
define a likelihood. If we write Fij,{0} as e 0.6(0), then s 00 18 a density relative to the sum
of the Dirac measure at 0 and Lebesgue measure on (0, co) and the preceding display can be
abbreviated to

N —HA=0.T">0} 6T fT(T*)Af(T,e(T*)FA' (1.1)

The density f T will be seen to be arbitrary; to define a likelihood we shall replace the term
f1(T*) by the point mass F T{T } and thus create a mixed empirical and ordinary likelihood.
Throughout we assume that the total set of observations is a random sample X, ..., X,
from the distribution of X and define the total likelihood as the product over the observations
of the likelihoods for the » individuals.

In the expression (1.1) for the likelihood the original parameters are hidden in the
distributions F fi , and F7, but they can be recovered by explicit formulae. First, we define
the subdistribution functions
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Fo()=Prg(TANC<t,A=0)= J (1 — F)(s)dG(s),
[0.1]

Fil)=Prag(TAC=t,A=1)= J (1 — G)(s—)dF(s).
[0,1]
It is known (see Gill 1994) that the pair (Fp, F) ranges over all pairs of defective
distribution functions on [0, co) that add up to a distribution function as (F, G) ranges over
all pairs of distribution functions on [0, co] such that at least one of F' and G concentrate on
(0, 00). Furthermore, there exists a one-to-one relationship between the restrictions of the pair
(F, G) and the pair (Fy, F)) to the interval where 1 — F and 1 — G are positive. In fact, the
preceding display can be explicitly inverted through the product integrals (see Gill 1994)

_AC dF]
1_F¢:|| 1—A Ap(D) dAp=— """
( ) Osssr( F{S})e ’ i 1 - FO— - Flf ’
ASCD) A dF, (1.2)
1—G(t) = 1-—A g dAg=————
(0= ] (1= Ag{she e ey

where the superscript ¢ denotes the continuous part and a minus sign denotes a left-
continuous version. Thus (0, F, G) can be recovered from (0, Fy, F). Second, the triples
(6, Fyg, FT) and (6, Fy, F) possess the relationships (for 7> 0)

Folt) = Fio) = g /ot Fi=FF. (13)

Here the second relation is obvious and the first relation follows from the following lemma,
adapted from Gill (1997), which also characterizes the possible values of the new parameter
Fly.

The lemma concerns the distribution of 7* given that A = 0. If A = 0, then T* = Ry is
the last event before 7 A C = C of a Poisson process that is started independently of (7, C)
at zero. Thus T* is conditionally distributed as max(0, C — E) for a variable E that is
independent of C and has an exponential distribution with rate 6. Given A = 0, the variable
C = T A C has distribution function F = Fo/ Fo(c0).

Lemma 1.1. Let ]:“3‘,9 be the distribution of max(0, C — E), where C is a random variable
with a distribution function Fy on [0, 0o] and E is independent of C and has an exponential
distribution with rate 0. Then F}s 09 has an atom F¥ 0010} at zero, and is absolutely continuous
on (0, 0c0) with a density foe that can be chosen such that the function t — e’(”fo o(t) is
non-increasing, left-continuous and such that f 00(0+) < OF 3‘ 010}.  Conversely, any
distribution F 09 on [0, 00] with these properties can be uniquely represented as the
distribution of max(0, C — E) for C and E as given, where F, can be recovered as
fz’o(t) = Fée(t) - H‘If(ie(t+). Finally, we have f;)k,(,(0+) = 9153‘,0{0} if and only if
Fo{0} =0.

Up to the (unknown) constant Fy(oo) = P(A = 0), the preceding lemma gives the set of
possible distributions F' ?;’ o over which we must maximize the likelihood. By the preceding
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discussion, the parameters F; = F; and F f; ¢ are connected only through the requirement
that the total masses Fj(co) and F, f)k o(00) add up to 1, but otherwise vary independently,
where F T = F can be any subdistribution function on [0, co].

To carry out the maximization it is convenient to rewrite the likelihood a second time.
Define the subdistribution function

Hoo(1) = Py r.o(”T <1, A=0).

The corresponding subdistribution has an atom Hog{1} = F{,{0} at 1 and a density kg on
(1, co0) such that

t— hog(e’) = ée—"f foo(t) = J e 0 dFy(s) (1.4)
[#,00)

is non-increasing and such that Hog{l1} = hog(14), in view of the preceding lemma (with

equality if and only if Fop{0} = 0). The first is equivalent to Agg: (1, o) — R being non-

increasing. If we write the point mass at 1 as /gg(1), then the two requirements can be

described together by saying that /g : [1, co) — R is non-increasing, and the likelihood can

be rewritten in the form

16, F, G)(X) = 0Ne 0T AFF{T*} M ko g(e?T ) 2. (1.5)

The following lemma, slightly adapted from Gill (1997), shows how to compute the
maximum likelihood estimators of F T and hop, if 0 is known.

Lemma 1.2. If 0 >0 is known, then the maximum likelihood estimator for F, is given by
. 1 <&
Fi()==> HTy<t A =1}
n4
i=1
Furthermore, the maximum likelihood estimator for hog is the left derivative of the least
concave majorant of the subdistribution function

1 <& %
Hoo(t) =~ 1{e" < 1, A, =0},

i=1

Proof. The parameters F; and hgp are only connected through the requirement that
F1(00) + Hop(c0) = 1. We can release this connection by introducing an additional
parameter p = Fi(co) and replacing F; and Hyp in the likelihood by pFi and
(1- p)I:]()j(-), where F| and I:[O’g range independently over parameter sets as before but are
also restricted to be distribution functions. This yields the likelihood

n
OV OTd B T8 pDi(1 — p)' = g (077 )1,
i=1

=

Maximizing this over p readily yields p = n~13°" | A; as the maximum likelihood estimator.
Furthermore, maximizing over F; yields Y ./ I{7; <t A; = 1}/> " 1{A; = 1}. The first
assertion of the lemma is now immediate.



A semi-parametric model for censored and passively registered data 5

To prove the second assertion, we can identify I:I()’g with the absolutely continuous
distribution on (0, co) that is identical to I:I()’g on (1, o) and has a density that is
identically equal to [:]0,9{1} on (0, 1]. (Thus we spread the point mass at 1 uniformly over
the interval (0, 1).) Then the functions ¢t — ilg,g(l) range exactly over all non-increasing
probability densities on (0, co) that are constant on (0, 1]. With Y, ..., ¥; denoting the
values €77 for which A; = 0, the maximization of the likelihood over h~0,9 is precisely the
maximization of [];A(Y;) over the set of all monotone densities 2 on (0, o) that are
constant on (0, 1]. Since Y; = 1 for every i, the requirement that % be constant on (0, 1] is
not operational and hence the maximization yields the Grenander estimator. This is the left
derivative of the least concave majorant of the empirical distribution function Hog/(1 — p)
of Y1, ..., Y;. (See Robertson et al. 1988; Groeneboom and Lopuhaa 1993; or van der
Vaart 1998, Section 24.4.) l

The maximum likelihood estimators for the pair (Hog, F1), can be transformed into
maximum likelihood estimators for (F, G), as explained previously, for every fixed 6. To
find the true maximum likelihood estimators we form the profile likelihood for 6 by
reinserting the maximum likelihood estimators for (Hyg, F1) for known 6, maximize this
over 6 by a grid search or a Newton algorithm, and finally reinsert the maximum likelihood
estimator for 6. We have implemented this procedure on computer and show a picture of
the profile log-likelihood function in Figure 1.

Instead of the maximum likelihood estimator, there is a different, simpler estimator of 6,
namely

> (N = YT >0, A, =0})
O == . (1.6)

ST
i=1

This is the conditional maximum likelihood estimator of 6 based on the total number of
registration events in the interval [0, 7%) given T™ (and 7™ > 0). We show below that this is
also the solution of the ‘efficient score equation’, from which it readily follows that this
estimator is asymptotically efficient. An alternative to using the maximum likelihood
estimator for the full parameter (0, F, G) would be to use the ad hoc estimator for 0 and
then the estimators for /' and G resulting from the preceding lemma.

The main results of this paper are the asymptotic distributions of the maximum
likelihood estimators for 6, F and G. The maximum likelihood estimators for 6 and F
converge at rate y/n to Gaussian distributions and are efficient in the semi-parametric sense.
A slight modification of the maximum likelihood estimator for G converges at rate n~'/3 to
a non-Gaussian limit.

In our proofs of these results we use properties of the Grenander estimator, or rather of
the modification of this estimator described in Lemma 1.2. In Section 8 we show, inter alia,
that the uniform rate of the Grenander estimator is of order (n/log n)~'3 and that the
spacings between these support points are of order (n/logn)~'/>.

The model as discussed in this paper can be viewed as a first attempt to tackle the
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Figure 1. Profile log-likelihood for the estimation of 6 based on a sample of size 5000. The true
value of 6 is 0.1.

historical life-length data mentioned above. The model has the benefit of being
mathematically tractable, albeit that the analysis is already involved. A number of changes
may help to make the model more realistic for this particular data set. For instance, it
appears realistic to make the censoring time (interpreted as a time of moving) dependent on
certain events in the registration process (such as marriage). Furthermore, the Poisson
character of the registration process may not be fully realistic. Alternative models, still with
a similar structure to the model in this paper, are studied by Jonker (2000), who also
discusses the implementation of estimating procedures for these models and proves their
consistency.

The remainder of the paper is organized as follows. In Section 2 we establish the
consistency of the maximum likelihood estimator by Wald’s method. This is standard, but a
necessary step in the proof of the main results. In Section 3 we derive the tangent space of
the model and compute the efficient score function for 6. The form of the latter score
function is an important motivation for the proof of the asymptotic normality of the
maximum likelihood estimator for 8, given in Section 4. Next, Sections 5 and 6 contain the
results concerning the estimation of F and G, respectively. The details of the proofs of
these results are given in Sections 9 and 10. Finally, Sections 7 and 8 are appendices which
contain further details, and the results on the Grenander estimator mentioned previously.
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Throughout the paper we assume that the true distributions F and G are continuous and
are supported inside a bounded subinterval of [0, co).

2. Consistency

In this section we show that the maximum likelihood estimators for 0, F and G are consistent
on the intervals where they are identifiable. This is important as a first step in the derivation
of the asymptotic distributions. The proof is an application of the method of Wald (1949),
after first eliminating F; from the likelihood.

Theorem 2.1. For every r>0 such that (1 — F)(7)(1 — G)(t) >0, the maximum likelihood
estimators satisfy (0 F, G) 2 (0, F, G) for the product of the Euclidean distance and twice
the uniform distance on [0, t].

Proof. As in the proof of Lemma 1.2, the likelihood for one observation can be written in the
form

1-A
10, p, F, E)(X):eNe"T*AFI{T}ApAa—PfA(J e‘”dﬁo@) '
[Ry,00)

The maximum likelihood estimator for £ was explicitly found in Lemma 1.2 and is seen to
be uniformly consistent by the Glivenko—Cantelli theorem. Thus we can drop the
corresponding term and study the likelihood as a function of (6, p, Fy) only. To prove
consistency we apply Wald’s general consistency theorem (see Wald 1949; or van der Vaart
1998, Section 5.2.1). This has three main conditions: continuity of the likelihood in the
parameters; integrability of the (local) suprema of the log-likelihood ratios; and identifiability.

Wald’s method works best if the parameter set is compact. We choose the parameter sets
for 6, p, and F, respectively equal to [0, o], [0, 1], and the set of distribution functions on
[0, 79] equipped with the topology of weak convergence. Here 7 is an upper bound on the
support of Ry. Then it is necessary to extend the definition of the likelihood to the case
where 0 € {0, oo}, which we perform by continuity (ignoring the case where (T, A) =
(0, 1), which has probability zero):

0 it N>0,

10, p, Fo)(X) = _
o PU=p) 2| R TN o,
[0,00)

1(c0, p, Fo)(X)=0.

Then the map (6, p, Fy) — 1(6, p, Fo)(X) is continuous at every (6, p, Fy) such that Ry is a
continuity point of Fp or Ry = 0. Since the distribution of Ry has at most a point mass at
zero, this means at every (0, p, Fo) for almost all X.

The log-likelihood is bounded above by
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logsup 8¥e %" = Nlog N — Nlog Ry — N
0

(with 0log 0 = 0). This is integrable. Furthermore, the log-likelihood at the true parameters
(6o, po, Foo) is bounded below by

Nlog8y — 0y TA + Alog po + (1 — A)log(1 — po) + (1 — A)log(e” %™ (1 — F‘OO(RN))).

Here, given A = 0, the variable Ry is distributed as max(C — E, 0) for C and E as in Lemma
1.1 and hence is stochastically bounded above by C. Thus

1
E(log(1 — Foo(Ry))|A = 0) = Elog(1 — Foo(C)) = J log u du > —oo.
0

Together with the preceding displays, this proves that the supremum of the log-likelihood
ratio is integrable above.

The parameters 6 and p can be seen to be identifiable from the existence of the
consistent estimators > (N; — 1{A; = 0, T¥>0})/>.77F and n~'3_A,. The parameter Fj is
identifiable on its support from the term (1 — A) [ R,\,,m)e’es dFy(s) in the likelihood, since
conditionally on A = 0 the variable Ry is continuously distributed on its support with a
positive density.

Thus we have proved consistency of the maximum likelihood estimator of the parameter
(0, p, Fo, F), relative to the topology introduced previously. Because the distribution
function F, is continuous, the weak topology can be replaced by the uniform topology. This
translates into consistency of the estimators for F and G by continuity of the map
(p, I:“o, F 1) — (F, G), at least when these distribution functions are restricted to the interval
[0, 7]. O

3. Tangent sets and efficient scores

General definitions of tangent spaces (not completely in agreement) are given in Pfanzagl
(1982), Bickel et al. (1993) and van der Vaart (1998). A tangent space is essentially the
(closed) linear span of all score functions of the model. In the present case it is convenient to
parametrize the model by (6, p, F,, F ), where p = F(o0) and F, and F are the probability
distributions obtained by renormalizing Fy and F), and write the density of one observation
in the form

0, p, Fo, Fi)(X) = OV HAOTT=00e=0T" £ (A pA(1 — p)l = f o (T%)1 72

Here f f)kﬁ(O) =F f{ ¢{0} and f (T ¢ depends on both 6 and Fy, even though this is not apparent
from the notation. We compute score functions for the various parameters separately.
The score function for 6 takes the form

N-1{A=0,T*>0} _, 26 foe(T)
S G R\ [
6 ( ) fOG(T*)

ZG»P,Fo,ﬁl (X) =
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Similarly, the score function for p is given by

s a )_A 1-A  A-p
SRR T T (1 )

The distribution F 1_is completely unknown and is included in the likelihood through the
multlphcatlve factor fl(T ). For a bounded, measurable function a such that Fia =0, the
definition dFy,(f) = (1 4 sa(f))dF\(7) defines a probability distribution for every s that is
sufficiently close to 0. Inserting this ‘path’ in the likelihood and differentiating at s =0
yields the score function

Aﬁ,p,ﬁo,ﬁl Cl(X) = Aa(T)

This set of functions forms a linear space if a ranges over a linear space. Since the operator
Ay i By 2 Ly(F)) — Ly(Py , 7, 7,) 1s continuous, the closed linear span of all score functions
will contain all measurable functlons of this type such that Fra=0 and Fia® < co.
Computing score functions for F, is more involved. This parameter is hidden in the
distribution F* 0.0° which is characterized in Lemma 1.1. Suppose that b: [0, co) — R is a
bounded, non-increasing function that is caglad on (0, co) such that F* 09b =0, and set

gs(1) = fo,o(t)(l + sb(1)),

where we interpret g(0) as a point mass at 0. Then g; is non-negative for sufficiently small
|s|, and for s =0 the function ¢+ e % g (f) is non-increasing on (0, co) and satisfies
0gs(0) = g,(0+). Therefore, by Lemma 1.1, G; is a distribution that can be written in the
form of a distribution F (T o for some Fy (for every fixed 6). If we insert this distribution in the
log-likelihood and differentiate (from the right) with respect to s at s = 0, then we find the
score function

By, o7, D(X) = (1 = A)B(T™).

Even though this may not be a score function for a two-sided (‘regular’) submodel, we
consider this function as a member of the tangent set (thus deviating from the basic definition
of Bickel et al. 1993). The linear span of the tangent set will contain all functions
(1 — A)b(T*) such that Fogb =0 and such that » is bounded, caglad and of bounded
variation. Since the operator By, , 7, 7 : Ly(F 0.0) — Lao(Py , 7, f7) is continuous, the closure of
the linear span contains all measurable functions (1 — A)h(T*) such that F *9b 0 and
F Zf ob? < o00. These observations readily yield the following lemma.

Lemma 3.1. The efficient score function for 0 is given by

~ N*l{AZO,T*>O}
le,p,ﬁo,ﬁl(X) = 0 - T*

Proof. For the function Z(9 A.F as defined by the preceding display, the difference
lﬁpFo ) lepF 7 has the form (1 — A)b(T™*) for some function b and hence is a score
function for £, pr0V1ded that it is square-integrable. The latter can be verified. It suffices to
show that 19 ., 1s orthogonal to the set of scores for p, Fy and F).
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Given T* and A = 1, the variable N is Poisson distributed with mean O7*. Furthermore,
given T*, T* >0 and A = 0, the variable N — 1 is Poisson distributed with mean 67*. It
follows that

N-1{A=0,T">0 _or*

This proves that 79’ p.Fo.Fy 18 orthogonal to all functions of (7 *, A). ]

It is interesting that the efficient score function for @ does not depend on the nuisance
parameters p, Fy, F;. This unusual situation makes it possible to use the ‘efficient score
equation’

Z ly o iy (X) =0
i=1

to define an estimator for 6. This yields the conditional likelihood estimator given by (1.6).
The fact that this estimator solves the efficient score equation suggests that it is
asymptotically efficient in the semi-parametric sense. This is indeed the case, as can be
proved by analysing its asymptotic properties directly with the help of the delta method, or by
general arguments based on linearizing the efficient score equation (cf. van der Vaart 1996; or
1998, Section 25.8).

4. Asymptotic normality of \/n(©,—0)

In this section we prove the asymptotic normality of the maximum likelihood estimator 0, for
0 by showing that it is asymptotically equivalent to the ad hoc estimator (1.6). We assume
that there exists an interval [0, ty] on which F has a positive, continuous density and
G(7p) <1 and such that the measure with density (1 — G)dF gives zero mass to (7y, o0). One
possible case of interest in which this is true is when F has a continuous, positive density on
a support [0, 79] and G(7p) <1, indicating that a positive fraction of people is not censored
(i.e. does not move).

Theorem 4.1. Suppose that the true values of F and G satisfy the stated conditions. Then
/n (9 -0, c)—>0 Consequently, the sequence /n (0 — 0) is asymptotically normal with
mean zero and variance the inverse of the efficient Fisher information for 6.

Proof. The maximum likelihood estimator maximizes the profile log-likelihood function,
obtained by maximizing the log-likelihood over all parameters (Fy, F), for fixed 8. The term
involving F; does not depend on 6 and hence can be dropped from the profile likelihood. By
Lemma 1.2 and expression (1.5) for the likelihood, the remaining part of the profile log-
likelihood can be written in the form
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Z((Ni —1{A; =0, T} >0})log6 — OT7) + ZU — ADlog(0M77 =0T g (77,

where H 0.0 is the left derivative of the least concave majorant of the function Hog given in
Lemma 1.2. Since 6 maximizes this expression, it is a zero of its derivative, if this exists at
0. Its existence is proved in Lemma 4.2. Setting the derivative of the first term to zero yields
the efficient score equation, which is solved by én,c given by (1.6). We shall show that the
derivative of the second term is asymptotically negligible. If we denote the derivative of this
term by D,(6), then it follows that

Zn:(N,- —1{A; =0, TS >0})

=" . .1
> T — D6
i—1
The theorem is proved once it is shown that Dn(é) = OP(ﬁ).
To simplify notation, we write the formulae as if A} = =A,=0 and T <T; x

=< T,. *_ Since the subdistribution function Hy g is continuous on (1, co) with an atom at
1, the Values 7! will almost surely be tied at 1 only. The least concave majorant H(]g of
Hop is piecewise linear and changes direction only at points where H(),g and Hop are equal.
The p01nt 1 may or may not be one of these points. Define A4y=
{i: Hog(e"" 1) = Hog(e"T), Tl+1>0} as the set of indices of the points e?7i where
H()g and Hop coincide, where in the case Ho 0(1) = Hpe(1) only the largest index of the
T; * that are tied at zero is included. Furthermore, define k;g 7m1n{ je€ Ag j>i} for
l< n; this is the index of the smallest point e 0T} larger than e’ where Hog and Hop
coincide. (This minimum always exists, since n &€ Ap.) For i=0, the number
koo =min{j: j € Ag} is the index j € Ay of the smallest point T/ where Hog and
Hop coincide. (This point may be 1 or bigger than 1; in the first case it 1s the largest index
of the points tied at 1.) The slope of the least concave majorant at e’ "7 is constant for
i<j < k;p for every i € Ay and easily computed as the quotient of the increase in Hyg
over the interval (exp(6T ;k), exp(0T jfie)] and the length of this interval. The second term of
the profile likelihood can be rewritten as

Ko Koo O kig kig—i &'T)
7% >0}og 6 I o log | — '
H{i Hog 6 + Z ogl — egT* + Z Z 0g n eﬁT’Z,.f, _ 0Tk

j=1 ko0 icdy j=it1
i<n

If we perturb 6 slightly then the points e’ T change location slightly and the graph of the
empirical subdistribution function I]-I]0 4 1s deformed slightly as well The graph of the concave
majorant Hoo is obtained by lmearly connectmg the pomts Cal O(eo )) for i€ 44 If
we perturb 0 slightly into 6, then Hog(e?77) = Hy 4(e7) for every i, because the pomts

e?T! do not change order if 6 moves from 6t0 6. Suppose that the slope of H0 ¢ decreases
strictly at every point efT! at which A, 0.6 and H 0.6 coincide (i.e. for every i € 4y). Then the
graph obtained by connecting the points (69 T I]-I] (eeT )) linearly is concave and a majorant
of Hog, provided 0’ is sufficiently close to 9 and hence is equal to the least concave
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majorant Hgg This shows that in this case the set 4g' coincides with 44. The other case is
that the slope of the concave majorant Ho ¢ does not decrease strictly at every point 77 at
which Hoe and Hoe coincide. Then three or more points e e/’ are on a straight line. If we
perturb 6 shghtly and make it smaller, then 4y may change, but if we make 6 bigger, then A4g
does not change when 6 moves from 6 to0 0. By Lemma 4.2 below, the profile likelihood is
differentiable at 6. In view of the preceding observations, if we compute its derivative from
the right at 0, then we may set Ay in the preceding display equal to A4:= A and hence set
kig equal to k = k . This derivative is equal to

* T*) 9(T (T* T>!<)eé(Tl’.‘7Tj)

#{i: TF >0} T*>0} %
Sy -y 3 T

icd J=it+1
i<n

Using Taylor type arguments we can see that there exist a neighbourhood of 0 and a constant
C such that, for every u and v in the neighbourhood,

U — uet u+v

2., .2
P —1- 5 ‘SC(M +v7).

ve

We use this with v = B(T* —TF) and u=6(TF — TY) to expand the third term. By
Corollary 8.3 and the fact “that the logarithm is L1psch1tz on [1, 00), max,|T} — T}| =
op(n~'/%). Since there are at most n — ko < n terms in the double sum, the derwatlve is up to
a term of order op(/n) asymptotically equivalent to

ko
#{i:TT>O}%+§(T* T*)—ZZ( %(T’,EJFTT)—T;?)
=1

icd J=itl
i<n
4.2)
:—(ko—z—zT 0)+ Z(T RS Z (2(T +T*)—T*)
J=z+1 icd j=i+1

i<n

where Z is the number of 77 tied at 0. We can conclude the proof by showing that this
expression is op(y/n). By Corollaries 8.3 and 8.4 the sum in the second term has of the order
of Op(n**(log n)!/?) terms of maximal order Op(n~'/3(log n)'/?), and hence it is certainly of
order op(y/n). We consider the first and third terms separately.

Under some conditions, the third term of the right-hand side of (4.2) can be shown to be
op(y/n) as a consequence of Corollary 8.3 without using the exact definitions of the k;, but
we shall give a proof based on Lemma 7.2. In any case the cancellation of positive and
negative terms in the sum is essential. Let S; = eI Then it suffices to prove the
analogous property for the S; instead of the 77, because the difference between
(S +8; )f S; and its linearization in (T>|< + T* ) — T* is of order Op(n=2/3(log n)*/3),
unlformly in i and J, by Corollary 8.3. Because Ho g 18 llnear between §; and S with slope
((k; — i)/n)/(S;, — Si), we have
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i 1 i R R
> ASi+S;) —8) = n(S;, — S — > (Hy oS+ S) — Hy 4(S))
j=it1 i~ U=l
& 1
— (S, — S |- (o 46+ 50 = By + or =) |.
ki ki — l.j;I 0,012 ki 0,0\"7 P NG

uniformly in 7, by Lemma 7.2. The average in the square brackets can be computed explicitly
and, with /; and u; being the number of indices i <j < k; such that %(Si + S,;’)>Sj or
5(Si + 8; ) <), respectively, is equal to

1 ki—i+1 - ki—i+1

—li—ihi:H”—H‘lSi S IA—,

211( u) i ( 0,0 0,9)(2( + k,)) . .

1

1

where the equality follows from drawing a picture of Ho,é and I:IO g- This is op(n=1/2)
uniformly in i, by Lemma 7.2. We conclude that

ki
DD G+ SE) =S| =D VnS;, — Sor(D).
ied J=itl icA
i<n i<n
This is of the desired order, because the sum telescopes out to the (finite) length of the
support.
Finally, we consider the first term on the right-hand side of (4.2). By the definition of the
concave majorant and Taylor’s theorem, we have
ne’ o (Hy (1) — Hy 4(1)) = n <k° - Ze”k”o) = ko — 2= 20T% + op(v/n),
' ' n o n 0
since (T’EO)2 is of order op(n~'/?) by Corollary 8.3. If the left-hand side of this display is of
order op(y/n), then it follows that the first term of the right of (4.2) is of order op(y/n) as
well, and the proof is complete. The left-hand side is of order op(y/n) if the second assertion
of Lemma 7.2 is true. To be able to apply this assertion we must first show that
ﬁ(é — 0) = Op(1). By the definition of I:IO,(; the left-hand side of the preceding display is
certainly non-negative, whence we have proved that D,(0) = —op(y/n) (where the minus is
superfluous but aids the interpretation). In view of (4.1), it follows that 6 = én,c—i—
op(n~1?) = 0 4 Op(n~'/?). The proof is complete. O

Lemma 4.2. The profile likelihood function is differentiable at the maximum likelihood
estimator 0.

Proof. The profile log-likelihood function is proportional to the function
n n
01— Y (Nilogh — AT 0)+ > (1 — Aplog s,
i=1 =1

The first part is continuously differentiable. The second part is both left- and right-
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differentiable and is strictly convex. In particular, its left derivative is strictly smaller than its
right derivative whenever the two derivatives are not equal.

Let /1 and f, be the two parts of the profile log-likelihood function. Since the maximum
likelihood estimator 6 maximizes the profile log-likelihood, we have

F1O—) + £5(0-) = 0= f1(6+) + f5(0+).

By continuity of fi it follows that fﬁA(é—)Bfﬁ(é—i—). Combined with the preceding
paragraph, this implies that f3(60—) = f3(6+). O

5. Estimation of Ar and F

In this section we prove the asymptotic normality of the maximum likelihood estimators of
A and F. The arguments are much like those in Gill (1997), except that we must deal with
an additional parameter 6. A realization of the maximum likelihood estimator of F can be
seen in Figure 2.

1.0

0.6 0.8

Fy

0.4

0.2

0 5 10 15 20 25 30
Fx

Figure 2. A realization of the maximum likelihood estimator of F based on 250 observations (step
function) and the true distribution function, the exponential distribution with intensity 0.1 (dotted line).
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In analogy with the notation Hyg, let H;(?) = Pg,p,G(egT* =< t, A = 1). The maximum
likelihood estimator of this parameter, for fixed 6, is the empirical subdistribution function
My of the variables e?”i with A; = 1.

The cumulative hazard function Ar can be expressed in the distributions Hpg and H, g
as

dH g
[l,e”’] 1 - HL@, - H()’g, + idh()ﬂ, ’

Ap(t) = J

where id(y) is the identify function y— y and hog_ = hop on (1, co), but hge(l1—) is
defined to be 0. (Together with our earlier conventions, this means that the values /g 6(1—),
hoo(1) = Hop{l} and hog(1+) may all be different for a general parameter in the model,
even though we shall assume that hoo(1+) = hog(l) for the true value of hgg.) The
maximum likelihood estimator AF is obtained by replacmg the parameter (0, Hog, H)p,
ho ) by its maximum likelihood estimator (9 H0 G H 1.6> o g)- We consider estimating Ap
on an interval [0, 7] such that ((1 — F)(1 — G))(r) >0.

Theorem 5.1. Let the conditions of Theorem 4.1 hold. Then the sequences of processes
Vi(Ar — Afr) and \/n(F — F) converge in distribution to tight Gaussian limits in I°°[0, 7]
for every T <1,.

We obtain the asymptotic distribution of AF and F essentially by the delta method, but
need to work hard to handle the term hoo Unlike the estimators 0 Hoe» H1 i this
estimator does not converge at rate \/_ but at rate n'/> and only in a pointwise sense. For
that reason the /n rates of Ar and F are not at all obvious, and necessitate a long proof.
This proof is contained in Section 9.

6. Estimation of Ag and G

The cumulative hazard function Ay can be expressed in Hyg and H;p as

A — J iddhog
¢ ety 1 — Hog— — Hig+idhog_

Here —d ho (1) is defined as Ho (1) — hoo(1+) = ho (1) — ho(1+), the downward jump of
hog at 1, and hop(1—) = 0. The maximum likelihood estimator AG is obtained by replacing
(0, Hog, Hip) by its max1mum likelihood estimator. Unlike AF, the estimator AG is
dominated by the estimator hoé and its rate of convergence is slower than n /2. The
following theorem gives the rate for the uniform norm.

Theorem 6.1. Let the conditions of Theorem 4.1 hold and suppose that F is twice
differentiable with bounded second derivative and that G has a bounded density on [0, T].
The sequences ||Ag — Aglloo and |G — Glls are Op((n/log n)=/3), if ||| is the uniform
norm on the interval [0, T], for every T <t.



16 M.A. Jonker and A.W, van der Vaart

The discussion ahead suggests that this uniform rate of convergence is sharp, but also
that the sequence Ag(t) — Ag(f) converges at rate Op(n~'/?) for every fixed f. Our
derivation of the latter result is incomplete. Furthermore, even if the sequence
n'3(Ag — Ag)(t) converges in distribution, it is not clear that the sequence (G — G)(¢)
also converges at the rate Op(n~'/3), because the transition from hazard function to survival
function appears to require some uniformity if the functions involved possess jumps. Claims
to this effect, made in passing by Gill (1997), appear to be without proof at this time.

The problems encountered here appear to be caused by the jumps in the maximum
likelihood estimator h 0.9 and may be real. We can remedy this by using a smoothed version
of hoé instead. For continuous approximations h()g to ho 9, consider the estimators

id dhoé
[Lefg 1l — I:[O,é— — 1:[1’9 +1id ﬁo,é—

Ag(h) = *J

We can construct the modifications h~09 in many ways, the simplest perhaps being kernel
smoothing. Here we send the bandwidth to zero faster than n~'/3 and use a special kernel to
ensure that h09 is supported on [1, c0), as is Hog For instance,

hOG * U[ Qp, an](t) t>1+ Ay,
hoo(t) =
hog*U[l—ta,,](t) l=t=<1+a,,
where Ula, b] is the uniform measure on [a, b]. We let Hog(f) = ﬂoﬁ(l) + fot izo,g(s) ds.

Theorem 6.2. Let the conditions of Theorem 6.1 hold and suppose that a, = o(n~'3). Then,
for every fixed t <ty the sequence n'*(Ag — Ag)(1) converges in distribution to

4 o[ e G

[#,00) 2
(1~ FRR(O( — G0 argmax{ Z(h) = I},

for Z a standard Brownian motion. Consequently, the sequence n'/*(G — G)(f) converges in
distribution as well.

The proofs of Theorems 6.1 and 6.2 are contained in Section 10. A realization of the
maximum likelihood estimator of G can be seen in Figure 3.

7. Asymptotics for flo,é and IA{wA.

In this section we prove the asymptotic normality of the maximum likelihood estimators of
the subdistribution functions Hog and H)g. Let ||||4,5 denote the supremum norm on [a, b].

Lemma 7.1. The sequence of processes \/_(IH]0 g(t) — Hy g(te/e) H, (1) — H g(te/e)) con-
verges for any sequence 020 in distribution in I®[1, 0] X I*°[1, 0] to a Gaussian process
with continuous sample paths.
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Q
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0.4

0.2

T T T T

0 5 10 15 20 25 30
GXx

Figure 3. A realization of the maximum likelihood estimator of G based on 250 observations (step
function) and the true distribution function, the exponential distribution with rate 0.1 (dotted line).

Proof. The subdistribution functions l]-I]é g(t) can be written as [Fé (log t/ 0) for the
subdistribution functions Fy(f) = n 'S0  1{T* <, A;=09}. The empirical processes
Vn ([Fé F 5’9) converge in the space [°°[0, oo] to tight Gaussian processes with uniformly
continuous sample paths. The lemma now follows by Lemma 9.1. O

In the following lemma we show the asymptotic equivalence of the empirical distribution
and its least concave majorant. For the ordinary empirical distribution this is a well-known
property of the Grenander estimator. See, for example, Robertson et al. (1988). Gill (1997)
extends this to the least concave majorant of an arbitrary discrete estimator of a concave
distribution function and also considers the special situation of distribution functions
starting with a point mass at 1 needed in this paper. We further extend his result to
randomly placed ‘observations’ efT!

Lemma 7.2. If Hog is continuous and strictly concave on its support [1, o] and oL 0, then
\/_”Hoa Hygllig,.01— 0 for every 0 >1, where G is the smallest t =1 where t—

H, (1) changes direction. If \/_ @—-0)= Op(l) and Hy g is continuously differentiable, then
we also have that \/n||H, 5 — Hy gll11.01 20 Jor every o > 1.
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Proof. Let H0 i be the smallest function that is zero on [0, 1], strictly positive and concave on
(1, c0) and majorizes the function H, 5 := I]-I]O(, Hy 5(1). Then H 0.4 = Hoo Hy 4(1) on [61,
o0), and hence it suffices to show that /7 | Hy g — Ho, 9|| (6,01 — 01in probability for every o > 1.

We can do this by adapting the proof of Theorem 1 in the Appendix of Gill (1997). An
inessential difference from the situation covered by Gill’s Theorem 1 is that our empirical
distribution I]-[Ioé and concave majorant start at 1. This can be accommodated by simply
shifting the axis. A more important difference is that we shall centre H, 5(7) (i.e. Gill’s F},)
at the random distribution function Hy(?) := Ho, o(1%/ 9) — Ho (1) rather than at a fixed
distribution (as Gill’s F). With this centring we do have that /nl n(H, 5 — Hy) converges in
distribution on compacta in [1, co] to a Gaussian process with continuous sample paths,
whenever 6 — 0 (i.e. Gill’s assumption of convergence of \/n(F, — F)). If we now pass to
an almost sure representation of the weakly converging sequence (\/Z([Ijo’(;— Hyp), é) in
I°°[1, 0] X R, then we are almost back in Gill’s situation, except for the fact that Gills F
becomes a sequence depending on »z in our situation. It can now be seen that Gill’s proof
remains valid and gives the desired result, where we use the fact that H; — Hp uniformly
on compacta, whence H; will be a (strictly) concave function eventually

To prove the second assertlon of the lemma, we first assume that \/n ((9 0) = Op(1).
Then the sequence of processes /n ([Hloﬁ Hyg) converges in [*°[1, o], by the preceding
lemma and the delta method applied to the differentiable map 6 +— Hog. At least this is
true along subsequences along which \/E(Ho’é(t)— Hog(t%/%) and /n(6 — 6) converge
jointly in distribution. We can now apply Gill’s Theorem 2 directly to obtain the desired
result.

Finally, we extend this to sequences 6 that satisfy only ﬁ(é— 0)=h for some
h= Op(1). We have the inequality, for 6, < 6,,

0< sup (Hog, —Hop)(®)< sup (Hog — Hop )0 (7.1)

I<t<o® Ist<o®

To see that this is valid, note that s — Ho g, (s?/%) is a concave function (for 6, < 6,) and a
majorant of the function s — Hg g, (s%/%) = Hog,(s). Thus it is bounded below by the least
concave majorant s — 1310’92 (5).

We apply this with 6, = 6 and 0, =0+ h~/ \/n. Then the right-hand side converges to
zero in probability by the preceding argument and the left-hand side is the variable of
interest. O

We do not know if the second assertion of the preceding lemma is true for arbitrary
estimators 6. It appears to be not unlikely that slowly converging sequences 0 may displace
the ‘observations’ e?”" too much to maintain good behaviour close to the point 1.

The preceding lemmas have been used in the proof of asymptotic normality of the
maximum likelihood estimator . Once this is known, we can summarize the results
concerning estimating Hog and H; g as follows.

Theorem 7.3. Suppose that Hyyg is continuous and strictly concave on its support [1, 0¢],
that Hog and H,p are continuously differentiable on the interval [1, 0] and that the
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sequence \/_ (60— 0) is asymptotlcally normal and asymptotically linear. Then the processes
\/_(0 0, Hoe — Hyyg, H, 5 — Hyp) converge in distribution to a tight Gaussian process in
the space R X [*°[1, 0] X l°°[1, ol

Proof. By the preceding lemma the limit behaviour of 1:10,(; is the same as that of H,, ;. We
can decompose

1 1 1
o o)) )

The second term can be linearized in \/ﬁ(é — 60) by the delta method. The first term can be
handled by Lemma 9.1, after first noting that the empirical processes \/ﬁ([Fj; - F j;,e)
converge in the space /[0, co] to tight Gaussian processes with uniformly continuous
sample paths. These two sequences also converge jointly and jointly with the sequence
\/Z(é — 0), as the marginals are asymptotically linear and satisfy the multivariate central
limit theorem. ]

8. Asymptotics for fzo’é

In this section we establish a uniform rate of convergence for the maximum likelihood
estimator of the density /g and give its pointwise distribution. These results are needed in
the proofs in the preceding sections, but are also of independent interest, because hAo,g is
essentially the Grenander estimator.

In the following theorem we take o to be equal to the end-point of the subdistribution
Hyp, i.e. the maximum of the support points of the conditional distribution of T given
A; = 0 under the true parameter (0, F, G).

Theorem 8.1. Suppose that hyg is continuously differentiable on the interval (1, o) with hjg
bounded away from 0 (from above) and —oo and let 0 be consistent for 6. Then for every
Xy — 00 and 0, = n~3(logn)'/3,

sup  |hy (1) — hoo()e"01(0/6)| = Op(n~P(log n)' ).

14x,0,<t<c0/0

If ﬁ(é — 0) = Op(1), then this is also true for the supremum computed over 1 < t < o 0/°.

Proof. To 51mp11fy notation, let H,(s) = Hy 9(5‘0/ ) be the subdistribution function of the
variables €77 if A; =0 (under the true parameter (0, F, G), whence H, # H,, except for
n = 0), let hy(s) = hoo(s?")s%"77160 /5 be the corresponding density, and let H,(s) = Ho,(s)
and G, = /n(H, — Hy) be the corresponding empirical subdistribution function and
empmcal process. Furthermore, let h be the left derivative of the least concave majorant
y of Hy, so that he = hoe

As in Groeneboom (1985) or van der Vaart and Wellner (1996, Figure 3.1), for every

te(,o%%, a,0,>0



20 M.A. Jonker and A.W, van der Vaart

fzé(t) > a < argmax{Hy(s) — as} >t

s:5=0

& argmax {H;(t + 6,h) — a(t +95,h)} >0
h:h=—07"t

< argmax {Gy(t + 0,h) + /n(Hy(t + 6,h) — Hy(1) — ad,h)} > 0.
hh==0,"t

Because Hg(s) is equal to 0 and H (o), respectively, for s <1 or s >max;, oee i we may

actually restrict the first argmax to the domain s=1 and s <099 ie. he 6 'a -
099 — £). Choose a = hg(t) + x0, with, for the moment, x > 0 fixed. By a Taylor expansmn

for some 0 <& =<1, which may depend on (9 On, h, t), and every ¢t and ¢+ 0,h in

(1, a?),

< —cO*h? — xo%h,

Hy(t+ 0,h) — Hy() — ad,h = Lhj(t + E0, )% > — x02 h
0 )~ Ho® o ) = —do’ 2 — x0% h,

for certain ¢, d >0 independent of 6,, ¢t and A, and 0 sufficiently close to 0, which will
happen with probability tending to 1, s1nce 6 is consistent. Conclude that we can have
(h hz)(1) > x0, only if, for any hy € (0, "1 —=1),0),

sup(Gy(t + 0, h) — /nd%(ch* + xh)) = Gyt + 8, hg) — /nd>(dh} + xho).
h>0

Choose /g = —x/(2d) and note that ch®> + xh = ch* for h = 0. Then rearrange to find that

P sup (ﬁé — hy)(t)>x0,
t€(140,,x/(2d).0 /%)

< P( sup (Gt + 0,h) — \/ﬁéichz Gy(t+ 0nho)) = \/_é”4d>

te(1,09/9),h >0

00 2
$jZP sup (Go((1 + 6,0)°/%) — Gy((t + 0,h0)"/%)) = /nd> (cj +7 d)

1e(1,69/9)
J<h<j+1

Since 6 is consistent, there is no loss of generality in assuming that 6/ 6 is contained in an
arbitrarily small neighbourhood (1/7, ) of 1. Then defining the classes of functions

G = N ro,myromy: t€ (L o"), j<sh<j+1,ne(l/r,n},

we can, using Markov’s inequality, bound the preceding display further by a constant times
0 E||Gg|l«
Sl (8.1
Jj=0 \/ﬁan(j +x )

Let = denote inequality up to a constant. For a typical function g € &, ; we have
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Hyg® = Hy((t+ 0,h)") — Ho((t + 0nho)") < 0,(j+x)(t + 0,0 = 8,(j +x)".

The class %, ; is uniformly bounded and contained in the class {1 : a <b}, which is
%, 1s uniformly bounded, by,
for example, Theorems 2.14.1 and 2.6.4 of van der Vaart and Wellner (1996). Second, for
0 <e<1, by, for example, Example 2.5.4 in van der Vaart and Wellner (1996) and a simple
argument,

4
) 1
Niy(e, S, La(Hg)) = (s) .

Consequently, by Lemma 3.4.2 of van der Vaart and Wellner (1996), there exists a constant C
such that

_ . JACVB,G+ )
sy S HCVB 07 + =,

where J(0) is the entropy-with-bracketing integral, defined by

E||Gy|

J(0) = J V1 +log Niy(e, £, La(Hp)) de.
For 0 < 2, we have that J(0) < 04/log1/0. Conclude that we can bound (8.1) up to a

constant by
3 s (/8,0 0
Oy r
\raZ(J n 2)([‘]( U= G )

Jj=
S < [log(0,(/ + )] +log<5n<f+x))'>+ > 1

= \VROS xR nd (4 x)? = oL+ x)?
(Jj+x)"=1/0, (j+x)"=1/0,

The last term on the right-hand side can be bounded by

- 1

For 8, = (n/logn)~'/? all terms converge to 0 as x = x, — oo.

This, combined with a similar argument for the lower tail of the distribution of
sup,(hz — hg)(?), shows that for every &> 0 there exists x such that, for all sufficiently large
n,

P sup |f19~(t)— hy(H)]|>x0, | <e.

14x0,<t<c 9/

This implies the first assertion of the theorem.
Because Fy{0} =0 by assumption, we have hg(1) = Hp{l} = hg(1+) by the last
assertion of Lemma 1.1. Therefore the function %, is Lipschitz on the interval [1, 1 4 x3,].
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Combining this with the monotonicity of ﬁé, we see that there exists a constant C such that,
for every ¢t € [1, 1 4+ xd,],

(hg — hz)(1 + 0,%) — CO,x < (hy — hy)(#) < (hg — hz)(1) + CO ,x.

Here, by Lemma 7.2, up to Op(n~'/?), the variable fzé(l) = ﬁé(l) is equal to Hy(l) =
Ho{1} = ho(1) = hz(1)(0/0). 1t follows that

sup |ﬁé — hgl(1) < sup |ﬁé — hgl(t) + COux + Op(n™ "% + |é —0)).

I<t<g /0 140, x<t<c 0/0

We conclude that for every &€ >0 there exists x such that the left-hand side is bounded by a
fixed multiple of x0, with probability at least 1 — &. This proves the theorem. ]

The properties of our estimator fzoﬁ are closely related to the properties of the Grenander
estimator of a monotone density. By simplifying the preceding proof it can be shown that
the Grenander estimator / of a monotone density /4 on (0, co) satisfies, for every x, — oo,

sup |h — h|(1) = Op(d),
X0, <t<0
for 0, = n='3(log n)'/3, under the condition that 4 possesses a derivative that is bounded,
strictly negative and bounded away from zero. The fact that we need to restrict the range of
the uniform norm to ¢> x,0, is consistent with the known fact that the Grenander estimator
is not consistent at 0. In the situation of the present paper, the distribution starts with a point
mass at 1, and a similar problem at the left boundary of the support of 4 does not occur, as is
argued explicitly at the end of the proof of the last theorem.

In the following corollaries we implicitly assume the same conditions as in the preceding

theorem.

Corollary 8.2. If \/n(0 — 6) = Op(1), then
sup  |hy 5 — hogl(t) = Op(n™"(log n)'/?).

1<t<o A 0/0

Proof. This is a consequence of the preceding theorem and the differentiability of ¢ — hgg(?)
on the interval (1, o). UJ

Corollary 8.3. Let (fo =1andlet 6, < ... <0k, be the points in [1, Oé/e] where the least
concave majorant H, 5 changes direction. Then

max G, —6;_; = Op(n~(log n)'/3).

1<i<K,

Proof. We adopt the notation of the preceding proofs. Let x, — co be arbitrary, let
00 =14x,0,, and let 5; < ... <0, be the points ¢, that are contained in (1 + x,0,, ef].
Then

max(éi — OA'i,I) = x,,an + max(ﬁi — 61‘,1).
i i
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Hence, because x,, — oo is arbitrary, it suffices to prove the corresponding property of the o;
instead of the ;.

If the maximum between the points o; is larger than J,, then there is a subinterval of
(@0, 09/9) of length at least &, on which hy is constant. Hence

P(lg}g( G, — 0 = 5,,) < P(EIS, t€ @0, 0% s — 1] = 0, hy(s) = 1%9(;)).
Since hg(s) is bounded away from zero on (1, o), hg is bounded above, and 0 is consistent,
hg is bounded away from zero on (I, 09/%) with probability tending to 1. Therefore, there
exists a constant ¢ >0 such that, with probability tending to 1, |h4(s) — hy(?)| = c|s — t| for
every s, t € (1, 0%/9). Hence on the event in the right-hand side of the preceding display we
have, with probability tending to 1, that there exist s, ¢ € (0y, o? %) such that

< [hg(s) = hg(D] = |hg(s) = hg(t) = (hg(s) = hg(D)]-
Thus the probability of this event is bounded above by

P2 sup |hg— hgl(t) = cb,

To<t<g?/f
An application of Theorem 8.1 concludes the proof. O

Corollary 8.4. Let 00 =1 and let 6, < ... <0k, be the points in [I, 0‘1/9] where the least
concave majorant H0 g changes direction, and let my; be the number of variables 7! with
A; =0 that fall in (G;_1, 6;]. Then max <=k, my; = Op(n*>(log n)'/3).

Proof. We adopt the notation used in the proof of the preceding corollary. Let € > 0 be small
and fix c¢>sup{h,(1): t € (I, o, |n — 6] <e}. By Corollary 8.3, max;(0; —0,-1) is
bounded by x,0,/c with probability tending to 1, if x, — co. If maxj<i<k, Mn; = nx,0,,
then there exists an interval (0;_;, 0;] on which H 0.0 increases by at least x,0,. On this
interval ho g is at least x,0,/(0; — 0;—1). With probablhty tending to 1 this is at least c. Since
hoé is unlformly consistent for /A9 on [1+x,0,, O 9/01; this can happen only with
probability tending to 0 by the definition of c.

This leaves out the intervals (6,1, 0;] contained in [1, 1 4 x,0,]. However, the number
of ¢?7! falling in the interval (1, 1 + x,0,] is of order nHyg(1, (1 + x,0,)%%] = Op(nx,0,),
which is of the same order as the upper bound over the other intervals if x, is large but
fixed. O

Theorem 8.5. Suppose that hgg is contmuously differentiable in a neighbourhood of t with
ho(£) <0. Then for any random sequences t = t + op(n~ 13) and 0 = 0 + op(n='/3),

'3 (hy 5(7) — hy (1) ~> [4hbo(t)ho (1) argmax {Z(h) — h*},
€

A ~ P
where Z is a standard Brownian motion. Moreover, nl/3(hO §(tn) — hy g(0) — 0.
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Proof. We use the notation of the proof of Theorem 8.1. By the first part of this proof

n1/3(ﬁé(f) — hg(1)) < x & argmax Z,(h) <0,
hh=-0,'1

where h +— Z,(h) is the stochastic process
Zo(h) = n/Go((F + 0,1)°1%) — Gy(i%)) + n*3(Hy(E + O uh) — Hy(E) — hy(D)Onh) — xh.

By the empirical central limit theorem (see Theorem 2.11.22 in van der Vaart and Wellner
1996), Lemma 9.1, and the twice continuous differentiability of ¢ — Hy(f), the sequence Z,
converges for every fixed M in [*°[—M, M] to the process

Vho(t) Z(h) + Lhi(t)h* — xh.

We show below that the argmax h, of the processes Z, are bounded in probability whenever
the diameters of the ranges of 7, are of order Op(n~'/3). It then follows from the continuous
mapping theorem for the argmax functional (van der Vaart and Wellner 1996, Theorem 3.2.2)
that h, ~» h, for h the argmax of the process & +— \/ho(t)Z(h) + %h{g(t)h2 — xh. Using
rescaling properties of Brownian motion, the probability P(/ < 0) can be rewritten as (cf. van
der Vaart and Wellner 1996, Problem 3.2.5)

P(h < 0) = P(|4ho(1)hoo(1)|'/> argmax{ Z(h) — h*} < x).
heR

Since hy(£) = hoo(t??)t%9=1(0/0), 6 = 0 + 0p(9,) and hy is differentiable, this yields the
first statement of the theorem.

Actually, our proof shows that the same limit law is obtained for n'B(hy(f) — hy(7)) for
any sequence f,— ¢ with the special property described above. For sequences f, =
t+ op(d,) that converge to ¢ fast, we also have that the limit processes Z constructed in
the preceding argument can be coupled and be taken to be equal to the process Z(h)
obtained for 7, = t. This follows from the fact that in this case, by Lemma 9.1,

sup 1'/%|Go((7 + 0,m)/%) = Gy(( + 6,1 )| > 0.

|h|=M
Thus, for 7, = t + op(d,), we find
P(n'P(hy(7) — hy(D)) < x, n'3(hy(1) — hy(1))>x) — P(h < 0, h>0),

and similarly for the inequalities < and > interchanged. This implies the second statement of
the theorem. (If P(X < x, ¥ >x) = 0 for every x, then X = Y almost surely.)

Finally, we show that hy, = Op(1). For this purpose we apply a general theorem on rates
of convergence of M-estimators. Specifically, we apply Theorem 5.55 of van der Vaart
(1998) (cf. Theorem 3.2 of Murphy and Van der Vaart 1999), which allows for nuisance
parameters, with the choices 7 = (¢, 8, ') and 7 = (£, 0, 0) and

mh’n - 1[0,(tf+h)9/0’] - 1[0’“')9/9’] - h&’(t,)h - xhé.

Then 6,,};,1 maximizes P,m,, for P, the empirical subdistribution of the points T with
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A; = 0. For h sufficiently close to 0 and 5 = (¢, 9, 6") sufficiently close to 7, := (¢, 0, 8) we
have, by the concavity of ¢ +— Hy(?), for some constants C, C;, C, >0,

Ho(mp, — mo,) < —Ch* + |xhd| < —C1h* + C6%.
Furthermore, we have Gg(my,; — moy,) = Go(ljg s pooy — ljoryey) and the functions
1[0,(t'+h)6/6'] - 1[0’“')‘9/.9'] Satisfy
2
Hg(l[o’(tr+h)e/9’] - 1[0’“/)9/0’]) = C4‘h|.
For |h| <0, |t' — t| < MO and |0’ — 6] < M, these functions are indicators of cells with

end-points contained in an interval of length proportional to J. Therefore,

: ) 6’
N[](S, {1[0,(t’+h)9'/9] — 1[0,(t')9'/9]: |h‘ <(§, |t — tl = M(S, |9 — 0‘ = M(S}, LZ(HQ)) = 8—4

It follows by the maximal inequality given by Lemma 3.4.2 of van der Vaart and Wellner
(1996) that

E sup |Gao(mpy — moy)| = J(é)(l +
|h|<0,|t'— 1|<MOJ,|6"—6]|< MO

v 52
J(0) = JO 10g<1 + (84)> de < V.

Therefore, by Theorem 5.55 of van der Vaart (1998), the rate of convergence of Suhy to 0 is
Op(6,), provided that S, hy, is, with probability tending to 1, in the neighbourhood of 0 used
in the preceding estimates. The latter, and even that 0,4, — 0, can be proved by a direct
argument using the Glivenko—Cantelli theorem. O

J(O)
#5)

for

9. Proof of Theorem 5.1

Let o be strictly bigger than e% (for 6 the true value) and such that
(1 = F)(1 — G))(logo /6)>0. Since 6 is consistent, we can assume without loss of
generality that e/’ < o with probability 1 for every ¢ < 7. Then Ap and Ap on the interval
[0, 7] depend on the values of (Hog, Hig, hop) and their estimators on the interval [1, o]
only.

It follows from Theorems 4.1 and 7.3 that ﬁ(é—e, 1310’0*— Hyp, I-AI]’(;— H,p) con-
verges in distribution to a tight Gaussian variable in the space R X I°°[1, 0]X [*[1, o], and
it follows from Corollary 8.2 that hoe — hop converges in probability to 0 uniformly on
[1, o] (at the rate of almost n~'/3).

The maximum likelihood estimator can be written as

AF(’) —¢( 09, 10)(6 )

for
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dH,

$(Ho, Hi)(1) = J[l .

Thus A F(?) is formed in two steps: first, the composition of the stochastic process
t— ¢(Hy 4 —idhy 4, H) 4)(1) indexed by 7 € [1, 0]; and second, the change of scale 7 — el
We analyse these two steps separately by decomposing

(Ar = Ap)(0) = (p(Hy g —idhy g, H, 5) — p(Hop — idhog, Hig))(e")

+ p(Hog — idhog, Hig)(e?) — ¢p(Hog — idhog, Hyg)e?).

The second term can be linearized in 6 — 6 by an application of the delta method for
Euclidean variables. The first term concerns the processes 7 +— ¢(ﬁ0,é - idﬁo,é,
H 1,9) — @(Hog —1idhop, Hip) evaluated on a random time-scale. By the following lemma,
the limit distribution of this term remains the same if the random time is replaced by the
fixed time e?”.

Let S and T be arbitrary sets, and define /°°(S) as the Banach space of all bounded

functions z: S — R equipped with the uniform norm.

©.1)

Lemma 9.1. Suppose that Z,, are random elements in the space I°°(T) such that Z, ~» Z for
a tight, Borel measur%ble Gaussian process Z. If g,: S +— T are random maps such that
supsesdz(€.(s), g(s)) — 0 for a fixed map g: S— T and dzz(tl, ty) the second moment of
Z(t)) — Z(tp), then Z,0 g, — Z,0 g~ 0 in I°°(S).

This lemma is a consequence of the fact that the sample paths of a tight Gaussian
process Z in [°°(T) are automatically uniformly continuous relative to the second-moment
semi-metric dz. The lemma is a more abstract version of Lemma 3.3.5 in van der Vaart and
Wellner (1996) and can be formally proved along the same lines. Instead of the semi-metric
dz, we may use any semi-metric d for which T is totally bounded and such that the sample
paths of Z are uniformly continuous relative to d.

We have that supog,grﬂeet —e?| L.0. Thus we handle the first term of (9.1) by proving
the weak convergence of /n times the processes q’)(ﬁo’é — idfzo,é, Ifll’é) — @p(Hop—
idhog, Hip) in I*°[1, o], and showing that the second-moment metric of the limit process
is continuous relative to the Euclidean distance. To take the special properties of hAO’é into
account, we decompose these processes as

P(Hy g —idhy g, H, 5) — p(Hop —idhy g, H p)

- . 9.2)
+ @(Hop — idhy g, Hip) — ¢(Hop —idhog, Hip)

We linearize the two terms separately by an extension of the functional delta method. Let BV
and D be the set of all functions z: [1, 0] — R of bounded variation and the set of functions
that are left- or right-continuous with limits from the left and right everywhere, respectively,
and let BV; be the unit ball in the first space. We equip D with the uniform norm. The map
¢:DXBV, CD XD D is Hadamard differentiable at every point (Ho, H;) € Dy such
that Hy € BV if restricted to the domain D, of points (Hy, H1) such that j d|H;| <1 and
1 — Hyo(o) — Hi(0)>¢ for some &€>0. This follows with the help of the chain rule and



A semi-parametric model for censored and passively registered data 27

standard results (see Gill 1989; or van der Vaart and Wellner 1996) from Hadamard calculus,
since the map can be decomposed as

1 dH,
(Ho, H)) = |\ —F———F— . Hi | — — Y -
| — Hy — Hyi_ 01— Ho— — Hi_

The function 1 — Hye(y) — Hoe(y) + yhoo(y+) =1 — Fo(log v/60) — Fi(log y/6) is boun-
ded away from zero on [1, o] by assumption. Since H0 6> H 1 and fzo’é are consistent, the
same is true with probability tending to 1 for the functions obtained by substituting these
estimators. Therefore, the Hadamard differentiability of ¢ is sufficient to infer that, for

h = hog,
P(Hy 5 —idh, H, 5) — ¢(Hop —idh, Hp)

= QHog—idnmo(Hy g — Hop, H) 5 — Hi) + op (%),

where @y, p, is the derivative of ¢ at (Hy, H;). This is not enough to handle the first term
on the right-hand side of (9.2), because there 4 is taken equal to the random variables h0 §-
However, the preceding display remains valid if 4 is replaced by h0 ¢» Where we may evaluate
the derivative on the right-hand side at the uniform limit in probablhty hog of ho,a To see
this, we must make the delta method ‘locally uniform’.

Suppose that ¢: Dy C D X D, — D3 is a map defined on a subset Dy of a product of
two normed spaces with values in a third normed space. Call ¢ Hadamard differentiable at
(A4, B) locally uniformly in A if for all converging sequences A, — 4, a; — a and b, — b
as t ] 0 such that (4, + ta,, B+ tb;) € Dy and (4;, B) € Dy for every ¢,

@(A; + ta;, B+ tb;) — ¢p(4;, B)
t

— ¢us(a, b),

for a continuous, linear map ¢/ 5: ) X D, — Dj. Then we have the following extension of
the delta method theorem (cf. van der Vaart and Wellner 1996, Section 3.9.1).

Lemma 9.2. Suppose ¢ : Dy C lDl X D, — D3 is Hadamard differentiable at (A, B) locally
uniformly in A. If (Xp, Y, A,) are random elements such that (X,, Y,) € Dy and
(4,, B) € Dy and such that \/I:(X — Ay, Y, — B) converges in distribution in D X D,
to a tight limit (X, Y) and A, — A, then

¢(Xn, Yn) - ¢(/In, B) = ¢/’4,B(Xn — /im Yn _ B) + OP(I’Z_I/Z).

Proof. Define  maps g, by gu(x, y, a)=/n(¢p(a+ n""?x, B+ n'%y) — ¢(a, B)—
¢4.p(x, ). Then g,(x4, Y, a,) — 0 for all converging sequences x, — x, ¥, — » and
a, — A. Consequently, by the extended continuous mapping theorem (van der Vaart and
Wellner 1996, Theorem 1.11.1) g,(v/n(X, — 4,), /n(Y, — B), A,) ~» 0. Since convergence
in probability and convergence in distribution to a degenerate limit are the same, this is the
assertion of the lemma. O
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If we establish the Hadamard differentiability, locally uniform in the argument H, of the
map (Hy, Hi) — ¢(Hy, Hy) as defined previously, then the desired linearization result
follows. We can achieve this by the same method as for the proof of ordinary Hadamard
differentiability of ¢ (cf. Gill 1989; or Lemmas 3.9.25 and 3.9.17 in van der Vaart and
Wellner 1996). Here we may use an appropriate version of the chain rule, which remains
valid under the extension to locally uniform differentiability. The following lemma states
the Hadamard differentiability of the hardest constituent of ¢, the Wilcoxon map
(4, B)— [AdB.

Lemma 9.3. The map ¢: BV, XD C D XD +— D given by ¢(4, B) = J"[L,] A dB (defined by
partial integration if necessary) is Hadamard differentiable at every (A4, B) € BV] X BV
locally uniformly in A.

The lemma can be proved by a minor adaptation of Lemma 3.9.17 in van der Vaart and
Wellner (1996).

Along the same lines, we can also introduce the concept of Hadamard differentiability
locally uniform in both A4 and B. This concept would be close to continuous
differentiability, which is slightly stronger (cf. van der Vaart and Wellner 1996, Lemma
3.9.7). This concept is useful for the analysis of the map (Hy, Hi) — 1/(1 — Hy — H,), but
too restrictive in the case of the Wilcoxon map, which is only partially locally uniformly
differentiable.

Thus, the first term on the right-hand side of (9.2) can be linearized in
(1310,(; — Hop, I:Il’é — Hip), and to find its limit law we may setAhAO’é equalA to its limit /g g.

The second term on the right of (9.2) can be written ¥(hg, Ho,é) — Y(hoe, Hop) for the
map 1y defined by

_idhgdH
[, (1— H()’g_ - Hl,()— +idh_)(1 — H(),g_ - Hl,g_ + idho,g_).

w1 = |

(We use here the fact that (}A‘o,é — hop)dH, p = hl’gd(]:[()’é — Hyp).) The map y is Hadamard
differentiable at (4, Hogp) locally uniformly in its first argument on the appropriate domain.
(Actually, partial differentiability in its second argument, locally uniformly in its first
argument would suffice.) Therefore, we can approximate this term by Whoo, Hoo (0,
Hop — Hop). .

The linear approximation to /n(Ar — Ar) obtained in this way is asymptotically
Gaussian distributed. By the Hadamard differentiability of the product integral (Gill 1994;
or van der Vaart and Wellner 1996, Lemma 3.9.30), this carries over into convergence in
distribution of \/ﬁ(ﬁ — F). Thus we have proved the theorem.

10. Proofs of Theorems 6.1 and 6.2

Because | |dftoé\ = Op(1) and the differences between I:IO(; and I:I1 ¢ and their limits are
Op(n~'/?), we have, uniformly in ¢ € [0, 7],
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iddh g

——— + 0p(n7 12,
[1,e‘jf] 1-— Ho’g, — Hl,G + ldh()ﬁ;

Ag(t) = —J

Changing the integration range in the expression for A(¢) into the stochastic interval [1, eét]
makes a difference of Op(n~'/?), by the delta method (since we assume that /¢ exists and is
bounded). Therefore, the difference between Ag(#) and Ag(?) is up to Op(n~'/?) equal to
J‘[l’e(it]qb(ida h*)dh - J[l’efif](z)(ida h)dh, for
—u
u, v) = ,
PO = Hygum) — Hyaw) + w0

h = hyp, and h= ilojé. It can be decomposed as

(p(id, h_) — ¢(id, h))dh +J ~(id, h)d(h — h)

[l,eer] [l,e”’]

- J (p(id, h_) — ¢(id, h))d(h — h) + Op(n~"/?). (10.1)
[1,e?1]

All three terms can be bounded by ||/ — /|| Op(1). Therefore, the first assertion of the first

theorem is an immediate consequence of Corollary 8.2.

The maximum likelihood estimator for G is obtained by applying the product integral to
Ag. Because the product integral is Lipschitz relative to the uniform norm if restricted to a
domain of functions of uniformly bounded variation (see Gill 1994, Sections 2 and 4; or
van der Vaart and Wellner 1996, p. 391), the uniform rate of AG — A carries over onto
the same uniform rate for G — G. This proves the second assertion of Theorem 6.1.

By partial integration, the second term of (10.1) can be rewritten as

efry
o(id, hy(h — h) {A@wwmm
[

1- 1Lef']

e+

= ¢(id, h)(h — h)

d .
—J (s, h(s))d(H — H)(s). (10.2)
[1,e91] ds

1—

The second term on the right of (10.2) is bounded by
201~ | || far s, Holds = 0p(r '),

because we assume that /(g exists and is bounded. The first term on the right of (10.2), when
multiplied by n'/3, yields a non-trivial limit distribution by Theorem 8.5, which also shows
that we may replace e/’ by e?’.

Because the second-order partial derivative of ¢ relative to its second argument is
bounded and [ d|A| + d|h| = Op(1), the first and third terms of (10.1) change by at most
Op(||h — hHio) if we replace the integrands by their linearization ¢}(id, )(h_ — h) in the
second argument. Thus this change is op(n~'/?) by Corollary 8.2. Next the linearization of
the first term can be written
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J P5(id, hyh' d(H — H) = Op(n~'?).
[1, em
The linearization of the third term contributes

L , $3(d B)h- — dCh — ) = y 93, A = B 1 3 pacid, IARY

[1.e? [1ef]

The absolute value of the first term on the right is bounded by

Ih— hlléfldm(id, | = op(n™'7?)
and hence is negligible at rate n~'/3. However, the second term may contribute to the limit
distribution of (AG — Ag)(f). We conjecture that this term is Op(n~'/?), in which case the
weak limit of the sequence n'/ 3(AG — Ag)(t) is the same as the weak limit of the sequence

P(t, hoo(D)n'(hy g — ho)(©®) = 1n'> > ph(s, hoa()(Ahy5)(s).

s€ll1,e91]

Here we note, by the characterization of fzoﬂ as the slope of I-Alo,g, that
ho g(1=) = hop(1) = Hy 4(1) — Hop(1) = op(n~'73).

The weak limits of the sequences n'/3 (h0 g — ho, 9)(e?") can be shown to be asymptotically
independent for different values of 7. This suggests that the processes ¢ — n'/ 3(AG— Ag)(?)
will at best converge to weak limits in a pointwise sense and not uniformly in their
argument .

Next consider the proof of Theorem 6.2. For #>1 + a, the continuous approximations
hoé of hoé satisfy

1
o (1) — hoo(t) = %j (hy g — hog)(t — awi)du + O(a2).
-1

By this and a similar argument for the cumulative distribution functions, with ||-||(4.s
denoting the supremum norm on [a, b],

1726, = hoslli+ani-an < llgg — hoglin.g + O(al),

1Hy g — Hoolln2a,—an < 14, 4~ Hogllp.n + O(ay).

This implies that the preceding approximations remain valid if hoé is substituted for h0 6
where now the term involving the jumps A#h ; vanishes, of course. Furthermore, for every
fixed ¢,

A~ ~ 1 ~ ~ ~
hog(€”") = hop(e”") = %J (hyg(e”" — ayu) — hop(e”N)du = op(n'17),
—1

in view of the second assertion of Theorem 8.5. The first assertion of Theorem 6.2 follows by
Theorem 8.5. The~ second assertion follows by the delta method and the fact that, since Ag is
continuous, 1 — G(f) = e e,
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