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We consider estimators for the change-point in a sequence of independent observations. These are
defined as the maximizing points of weighted U-statistic type processes. Our investigations focus on
the behaviour of the estimators in the case of independent and identically distributed random variables
(null hypothesis of no change), but contiguous alternatives in the sense of Oosterhoff and van Zwet
are also taken into account. If the weight functions belong to the Chibisov—O’Reilly class we derive
convergence in distribution, including a special Berry—Esseen result. The limit variable is the almost
sure unique maximizing point of a weighted (standard or reflected) Brownian bridge with drift. For
general weight functions the limiting null distribution is analytically not known. However, in the
special case where no weight functions are involved it is known that the maximizer of a standard
Brownian bridge is uniformly distributed on the unit interval. A corresponding result for the reflected
Brownian bridge seems to be unknown in the literature. In this paper we fill this gap and actually
compute the common density of the maximum and its location for a reflected Brownian bridge. From
this one can find the density of the maximizer, which analytically can be expressed in terms of a
series. In a special case even the finite sample size distribution of our estimator is established. Besides
distributional results, we also determine the almost sure set of cluster points.

Keywords: Berry—Esseen estimates; change-point estimation; contiguous alternatives; limiting null
distribution; maximizer of weighted Brownian bridges; sets of cluster points

1. Introduction

We consider a triangular array Xy, ..., Xy, n =2, of rowwise independent random
elements defined on a probability space (Q,.7, P) with values in a measurable space
(2", 7). Suppose that the underlying distribution #(X;,) of X;, changes at an unknown
point T =[nf] from v, to some v,, # vy,, where 6 € (0, 1]. Thus it is £(X;) =
Lii=seyVin + Lii>yVan for 1 < i < n and n € N. Knowing nothing about v;, and v,,, we wish
to estimate the change-point 6. The analysis of change-point estimators in a nonparametric
framework has been of increasing interest in the last decade. A comprehensive review is
given in the monographs of Brodsky and Darkhovsky (1993) and Csorgé and Horvath (1997).
Commonly, the results for estimators of 6 are concerned with the case of an actual change
(0 <O <1), whereas the case of no change (6 = 1) has hardly been investigated. Indeed,
hitherto only a few contributions have addressed this problem: see Ferger (1996), Gombay
and Horvath (1996), Huskova (1996) or Lombard and Hart (1994). They prove convergence
in distribution to a non-degenerate limit variable.
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Note that we need to consider double-indexed random variables X;, in order to enable
asymptotic investigations in the case of the change-point alternative H;: 8 <1. Since in
statistics the null and alternative hypotheses usually constitute a common model, we prefer
also in the case of no change (null hypothesis Hy: 8 = 1) to state our results in terms of
arrays. Moreover, it is the nature of some change-point problems which requires an array as
an appropriate stochastic model. By way of illustration, consider the following examples
taken from Bhattacharya and Brockwell (1976) and Bhattacharya and Frierson (1981).

Example 1.1. A machine produces items, and the process continues uninterrupted until a
problem occurs. The machine is assumed to be adjusted at regular intervals. Between two
successive adjustments we therefore take random samples Xi,, ..., Xy, , of size k, € N.
Then X, represents the value of the ith observation after the nth adjustment and 0 =1
(6 <1) describes a production process which is under control (out of control). Note that due
to the adjustments it is reasonable to assume that (Xi,, ..., X¢,x), n € N, is a sequence of
independent vectors. In this paper we only consider k, = n, but the extension to the general
case merely requires changes in the notation.

Example 1.2. One observes random variables X, ..., X,,, where X, is the sum of a noise
component Y;, and a possible signal a;,. Suppose the noises Y1, ..., Y., form a sequence of
independent and identically distributed (i.i.d.) random variables with distribution v and that
ay, =0 for 1 <i=<[nb] and a;, = r, for [nO] <i < n, where r, — 0 as n — oco. So, up to
time [#60] no signals have been sent, whereas after [n0] we have received faint signals.

In this paper we study the estimators

n k
Z Z K(Xina Xin)

i=k+1 j=1

6, = n~ ! argmax w<f>
n

1=<k<n

and

k n k
0, =n" (—) K(Xiny Xja),
, = nargmaxw . Z Z ( in)

1<k<n i=k+1 j=1

under the null hypothesis Hy of no change (6 = 1). Here w: (0, 1) — (0, co) is a positive
weight function and K :.2? — R is a measurable and antisymmetric mapping (kernel). By
convention arg max,cr f(#) denotes the smallest maximizer of a function f: 7 — R, T C R,
with existing max f(f). For asymptotic properties of these estimators under the alternative
0 <O <1, see Ferger (1994a; 2001).

The paper is organized as follows. In section 2 we prove convergence in distribution of
(6,) and () provided w is a Chibisov—O’Reilly function. The distributions of the limit
variables 7,, = arg maxo<,<; w(#)| Bo(#)| and 7, = argmaxo<,<; w(#)Bo(t), where B, denotes
a Brownian bridge, are not known for general w. But for the special weight function w = 1
one can identify the limit distributions. Indeed, the maximizer 7| = arg maxo<< Bo(f) of
standard Brownian bridge is known to be uniformly distributed on (0, 1); see Ferger (1995)
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or Csorgo and Horvath (1997). Unlike the standard case, the distribution of the maximizing
point 7, = arg maxg<,<|Bo(?)| of a reflected Brownian bridge seems to be unknown in the
literature. By determining the common density of arg maxo<<i|Bo(?)| and max<;<i|Bo(?)]
we fill this gap. In particular, the density of 7; admits an explicit representation in terms of
a series. For general w we at least know that 7,, and ﬁ are continuous random variables.
For the weight function w(f) = (#(1 — #))~"/?, which is extreme in so far as w is not a
Chibisov—O’Reilly function, there is still convergence in distribution, but the limit now is a
Bernoulli(%) variable. Roughly speaking, this means that the estimator also under the null
hypothesis of no change correctly indicates the i.i.d. situation, which can be described
through 6 = 1 as well as @ = 0. This result is actually due to Csorgé and Horvath (1997)
and Lombard and Hart (1994), but for the sake of completeness a more elaborate proof is
given.

In Section 3 we consider the one-sided estimator 0" pertaining to w = 1. As explained
above, 07 — U(0, 1), which by Pélya’s theorem is equivalent to

sup |P(OF < x)—x| — 0, n— 00. (1.1)

O=x=l

Under a uniform moment condition on K, rates of convergence in (1.1) are established.
In Section 4 we determine the almost sure set of cluster points of the sequences (6,) and
(0}). Finally, in Section 5 a necessary and sufficient condition is presented under which
(a slight modification of) 0, induced by w=1 is uniformly distributed on the grid
{kn': 0 < k < n— 1} for finite sample size n € N. Section 6 contains two technical results
which are needed in the proofs.

2. Convergence in distribution

In this section we show that, under the null hypothesis of no change, 6, and 6 converge in
distribution to the almost surely (a.s.) unique maximizer of a weighted reflected Brownian
bridge and a weighted standard Brownian bridge, respectively. For the general weights under
consideration one can approximate the limit distribution by the Monte Carlo method. In the
special case of no weights (w = 1) it is possible to give explicit analytical expressions.

Our first result deals with the special case vi, =v for all n € N; that is, here the
common distribution of Xi,, ..., X,, may not depend on n. However, if the sample space
%" is equal to the real line R, then we can get rid of this restriction as long as vy, is
contiguous to some v in the sense of Oosterhoff and van Zwet (1979).

In the following let 77" denote the class of continuous functions w: (0, 1) — (0, c0),
which are monotone decreasing in a neighbourhood of zero and monotone increasing in a
neighbourhood of one.

Theorem 2.1. For each n € N, let Xy, ..., X, be i.i.d. random elements in (2", 7 ) with
common distribution v. Assume K is antisymmetric with
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2
J|K|P dve@rv<oco, p>2, o J UK(x, y)v(dy)} v(dx) > 0. 2.1)
If we 77" satisfies the Chibisov—O Reilly condition
1
J (11 — 1) Lexp(—ew()2(1(1 — £)) Hdr < o0, Ve>0, (2.2)
0
then
0, 2 7,, = arg max w(t)| Bo(?)| (2.3)
0<<1
and
0" 2 1t = argmax w(£)Bo(1), 2.4)
0<t<l1

where By denotes a Brownian bridge. The maximizing points t,, and T}, are a.s. unique.

Proof: Put S,(1) = 31 (1 SV K(X iy, X)), 0< t <1, and

o 'w(H)n3/28,(¢), 0<t<l,
0, te {0, 1}.

By (2.1) and (2.2) we can apply Corollary 4.1 of Csérgé and Horvath (1988), which says that
there exists a sequence (Bf)m) of Brownian bridges such that

() = {

sup w(t)|o ' n=328,(1) — BY(0)] = op(1). (2.5)

0<t<l1

Since w € 7" meets requirement (2.2), Corollary 1.2 of Csoérgé and Horvath (1993, p. 189)
states that there is an Qg € .2 with P(€y) = 1 such that

lim w(t)B (1) = lim w(t)B" = 0, Vn e N, Yo € Q. (2.6)
11— —

For those w € Q) we define the continuous process

9 (p) = w(nB (1),  0<r<1,
‘ 0, t € {0, 1}.

By construction the stochastic processes I', and Fg”) are random elements in the Skorokhod
space D = DJ[0, 1] endowed with the Skorokhod metric s. According to (2.5),

sup |Ta(6) — T3] = sup |Tu(1) — T (1) = op(1).
0<r<1

o=r=<l1
Thus, by Slutsky’s theorem, we obtain

I, 5T asn— oo in DO, 1]. 2.7)

The mapping v, : D — [0, 1] defined by
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win =agmasr(5), rep,

I<k<n—1

entails the representations

In view of the extended continuous mapping theorem (Billingsley, 1968, Theorem 5.5) we
wish to extend the ‘argmax functional’ to the space D in a suitable way. Since f € D
possibly does not possess a maximizing value, we introduce for all f € D the set

S(f) = {0 sus1:f(u= 0suplf(s) or f(u—) = Osuplf(s)}.

<s< <s<

By Lemma 6.1, S(f) is a non-empty, closed set, whence the mapping ¥ : D — [0, 1] with

Y(f)=minS(f),  feD,

is well defined. Clearly, if f is continuous then S( /') is the set of maximizers, so that y( /') is
the smallest maximizer. In particular, because Fgl) is a.s. continuous by (2.6), we have

7, = (T as. and 7} = @) as. (2.9)
To complete the proof, consider

E:{fEDa(fn)gDafn_’sf"‘/)n(fn)%w(f)}

By Lemma 6.1, the set C of continuous functions on [0, 1] with unique maximizers is
contained in the complement of £ in D: CcC D\ E. Example 2.7 of Ferger (1999) shows that
P(\FBI)| € C’) =1= P(I'E)l) € C’). Consequently, the extended continuous mapping theorem is
applicable, which by (2.7)—(2.9) gives the desired result. O

Remark 2.2. (i) An essential tool in the above proof is Corollary 4.1 of Cs6érgé and Horvath
(1988). However, their results are only formulated for sequences X, X;, ... of i.i.d. real-
valued random variables rather than for arrays Xi,, ..., X,,, n € N, of rowwise i.i.d. .2-
valued random elements. But checking the proofs shows that all statements of their Sections
2 and 4 remain valid in the general case.

(i) If w € 777 is bounded then it suffices to require the existence of the second moment
(p =2) in (2.1). Indeed, then one can apply Theorem 4.1 of Csorgd and Horvath (1988)
to show that T, — wBy in D[0, 1]. The rest of the proof remains the same.

(iii) Note that the first part of condition (2.1) is fulfilled for all distributions v whenever
a bounded kernel is chosen. Observe that most frequently K is of the type K(x, y) =
a(x) — a(y) with some mapping a: .2  — R. Then 0% = var{a(X;)} and the second part of
(2.1) excludes the degenerate case that our transformed observations a(X;,) are all constant
with probability one. Many examples for an appropriate choice of K are given in Ferger
(1994a; 1994c) and Ferger and Stute (1992).

If 2" =R then the statements of Theorem 2.1 can be extended to arrays, where for all
n € R the nth row Xy, ..., X,, of the array consists of independent random variables X,
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with distribution function (df) F;, which may depend on n and even on i. Here we have to
assume that all Fj,, 1 <i<n, n € N, are absolutely continuous with respect to an arbitrary
df F (F;; < F), and that the densities dF;,/dF are determined by

1/2 .
Fo 1
{ddF (F 1(u))} —1 —|—mg<%, u) Ya, O0<u<l, (2.10)

where g € L,([0, 1]?) is bounded and

1
Jg@uMu:O, Vi e [0, 1].
0

1/2
1 (" (i .
ain=91——1 g |-, u|du -1, l<is<n,
4n ), n

ensures that dF;,/dF is a probability density; moreover, we see that

Choosing

max |a;,| = O(n™").

I1<isn
Using the formula for the change of variable one obtains

1 JF(x)
Vo

An important special case is given by g of the type

Fin(x) = F(x) + g(%, u) du+ O(n™Y), x €R. (2.11)

g(t, u) = h(w), O0<tusl,

with bounded % € Ly([0, 1]) satisfying jol h(u)du = 0. This corresponds to Xi,, ..., X
being i.i.d. with common df F, determined by

{dF" F! }1/21 ! h on™! o<u<l 2.12
dF( (u)) = +m (u) +O(n™"), u<l, (2.12)

which according to (2.11) entails the representation

F(x)
F,(x) = F(x) + J h(uydu 4+ O(n™), xeR. (2.13)

Vo

Notice that by Theorem 1 of Oosterhoff and van Zwet (1979) the sequence
Fi, ®...% F,, is contiguous with respect to F ® ...® F. The next result extends
Theorem 2.1 to the case of real-valued observations.

Theorem 2.3. (i) For all n€N, let Xy, ..., X, be independent real-valued random
variables, where X;, have the respective dfs F;, determined by (2.10). Assume that K is
antisymmetric with (2.1) and
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2
o JUK(x, y)F(dy)} F(dx) € (0, c0).

If w e 77" satisfies the Chibisov—O’Reilly condition (2.2), then

0,2 T, = argmax w(£)|o Bo(1) + b(1)| (2.14)
0<t<1
and
o 2 7}, = argmax w(1)[0 Bo(1) + b(1)], (2.15)
0<t<1
where
b(t) = G(1) — 1G(1), 0=<r=<1,
with

t rl poo
G(t) = J J J a(s, w)K(x, F~'(u))F(dx)duds.

0J0J—oc0

The maximizers T, and r;b are a.s. unique.
(1) If, in addition, Xy,, ..., X, arve i.i.d. with common df F, determined by (2.12), then

P (2.16)

Proof. Using the notation of the above proof, Theorem 3.4(b) of Szyszkowicz (1991) states
that

T, 5Ty :=wloBy+b] in D[0, 1].

The same arguments following (2.7) prove (2.14) and (2.15) upon noticing that
P(I'| € C) = P(Ty € C) = 1 by Theorems 2.2 and 2.4 of Ferger (1999). As to (2.16), check
that b(f) =0 for all ¢ € [0, 1] if g(¢, u) = h(u). O

Theorem 2.3 immediately also gives the asymptotic behaviour of 6, and 6 under the
alternative H;: 6 <1 with contiguous distributions. We make this more precise in the
following:
Corollary 2.4. For all n € N, let Xy, ..., X, be independent random variables such that,
for some 6 € (0, 1), Xy, has df F or F,, respectively, according to i < [n@] or i > [n0]. If F,
is determined by (2.12), then

0, Z arg max w(1)|o By(1) + b* ()|
0<t<1

and
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0"~ argmax w(1)[o Bo(1) + b*(1)],
0<t<l1

with
¥ (1—0)t, 0==t=<296,
b (’)_a{a(l—z), <=1,
and
1 poo
a= J J h(u)K(F " (u), x)F(dx)du.
0J—o00
Proof. Apply Theorem 2.3 to g(t, u) = 1y;> g h(u). O

Note that in the above corollary the post-change df F), converges to the pre-change df F
with rate n~'/2. If this rate in (2.12) is replaced by any slower rate r, — 0 — that is, if
ran'/? — 0o — then the asymptotic behaviour of 8, becomes completely different. Indeed in
this case, Theorem 1.1 of Ferger (1994a) states that under some regularity conditions,

(0, — 0) 2 a 2T, 2.17)

provided a # 0. Here, the limit variable 7T is the a.s. unique maximizer of a two-sided
Brownian motion on R with a linear downward drift. This theorem also provides the
Lebesgue density of 7. The reader will find further limit theorems of the type (2.17), for
instance, in Antoch and Huskova (1999), Bhattacharya (1987), Bhattacharya and Brockwell
(1976) or Diimbgen (1991).

For general weight functions w € 77", the distributions of 7,, and ﬁ are not known, but
we have the following features.

Lemma 2.5. The random variables t,, and T, are continuous. If w € 77" is symmetric about
% then t,, and t} are symmetrically distributed about %

Proof. The first assertion is shown in Example 2.7 of Ferger (1999). Notice, furthermore, that
argmaxo<,<1 f(1 — #) = 1 — argmaxo<,<; f(?) for all continuous f* with unique maximizing
point. Recall that {By(#): 0 < ¢t <1} = {Bo(1 — 1): 0 < ¢ < 1} to get the desired symmetry,
u y - (1) M o o

pon noticing again that I';’ and |I';’| € C a.s. O

If w=1 then 7 = T := argmaxo<,<i| Bo(#)| and 7] = T := argmaxo<,<; By(?). In this
case the distributions are completely known. Indeed, Ferger (1995) proves that T is
uniformly distributed on (0, 1). The distribution of 7, as determined in the next theorem is
much more complicated.

Theorem 2.6. Let By denote a Brownian bridge and put My = maxo<,<i|Bo(?)|. Then we
have:

(i) The random vector (Mo, Ty) has Lebesgue density fu, 1,) given by
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8
S, 1)1, 0) = \/;f (u, v)f(u, 1 —v), (2.18)
where 0 = u<oo, 0<v<1 and

_w}

f(u, v) == uv=>"? ;(—1)1‘(21 + l)exp{ 5 .

(ii) The random variable Ty has Lebesgue density

oo OO

) =2 (~DHaa{ai(l —x) + adx} 2, 0<x<l, (2.19)

i=0 j=0
where a; = 2i + 1.
Proof. (i) Let ¢ denote the standard normal density and let B denote a Brownian motion. Put

M = maxg<;<||B(¢)| and T = argmaxo<,<i|B(7)|. By (11.34) in Billingsley (1968), for all
0=x<oo and 0<y<1, we have

P(My<x,Ty<y) = ElifI})P(M =x, T=<)|[B()| <¢)

PM=x, T<y |Bl)|<¢

=1
el P(B()| = ¢)
I
fJ J [J d(s, t, u)du] dtds
— lim 2 JoJo L€ Jo
10 1 (¢
ZJ_g(p(u)du

X (Y
J J d(s, t, 0)dtds

1 )oJo
2 ¢(0)

T (* [
- \/:J J d(s, t, 0)dtds,
2 0J0

where d denotes the common density of (M, T, |B(1)|). Thus

Sy, ) (U, V) = \/gd(u, v, 0), Osu<oo 0<v<l.
By (1.13.8) in Borodin and Salminen (1996, p. 258),

d(u, v, O)%f(u, v)f(u, 1 —v),

which yields (2.18).
(ii) By (i), for all 0 <x <1, we have
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8 o0
Jr,(x) = \/;Jo f(u, x)f(u, 1 — x)du.

Put g; := (—1)'a; and ¢; := a? and recall that

00 2
Jo u? exp{—a%}du = \/ga‘m, Va>0.

Since, for all 0 < u<oo, 0<x<1,

fu, x)f(u, 1 —x) = (x(1 —x))_3/2u2 Z cziczjexp{—u—2 {ﬁ-&- i ]},

= 2 1x 1—x

interchanging integration and summation gives (2.19). (]

Observe that w(t) = (t(1—1) € 7" for all 0<a<j, but w¢ 7" if a= % This
extreme case is treated in the following:

Theorem 2.7. Under the assumptions of Theorem 2.1,

n k
DY KX X)

0,12 = — argmax E £ Z, n— oo, (2.20)

n 1<k<n Vk(n—k)

where P(Z=0)=P(Z=1)= %

Proof. Put k, = (logn)™2, I,=1[k, 1 —k,), G,={kn"':1<k<n} and recall the
definition of S,(#) in the proof of Theorem 2.1. Then

0,12 = argmax(t(1 — £))"2n732|S,,(1)).

1€G,
Next define
Y, = sup («(1—1)""n7S,(0),
teG,NI,
Zy= sup (t(1—0) 207218, (0)
teG,\I,
and
V= sup(«(1 — )20 21S,(0)| = max(Y,,, Z,).
1€G,
From Theorem 4.3 of Csorgé and Horvath (1988) it follows (recall Remark 2.2(i)) that

O
(Qloglogn)/2 72

The derivation of (2.44) and (2.45) in Csorg6é and Horvath (1988) shows that

n — 00. (2.21)
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Y, = Op((logloglog n)'/?),
which implies
Y, P

——0 . 2.22
(2loglog n)!/2 - "o 222)

Since
Py € 1,) < P(Z, < Y,) = P(V, = Y.,
we can conclude from (2.21) and (2.22) that
P01 €1,)— 0, n— oo. (2.23)

Write S,(¢) = S,.(t; Xin, ..., X ) to stress the dependence on the observations X;,. Then by
antisymmetry of K,

Sn(ty Xnna cees Xln) = _Sn(l -5 Xln’ ceey Xnn)a

for all observations Xi,,..., X,, and for all t€ G,. Clearly (Xi,, ..., X,m)é
P(X s - -, X1,), whence

v
{8:()]: t€ G} ={[Sx(1 = D)|: t € Gy},
and therefore 0,/ Z1- 0,,1)> for all n € N. Combine this with (2.23) to see that
P(0,,1> < (log n)2) — 1 n— 00,
which gives the desired result. U]
Remark 2.8. The above proof is due to Lajos Horvath (private communication). A short

sketch of the proof is given by Lombard and Hart (1994, p. 205) and Cs6rgé and Horvath
(1997, p. 135).

3. Berry—Esseen estimates

In this section we confine ourselves to the one-sided estimator 6 with w =1 — that is, to

n k

0" = n~'argmax Z ZK(X,-,,, Xin). 3.1
Isk<n ;=411 j=1

From Theorem 2.1 and Remark 2.2(ii) we can infer under the second-moment condition (2.1)

with p =2 that 0 411*, where 7] is uniformly distributed on (0, 1). If higher moments

exist, then it is possible to establish rates of convergence in law. This is the subject of the

next theorem.

Theorem 3.1. For all n € N, let Xy, ..., X, be i.id. random elements in (%4 ',.7 ) with
common distribution v,. Assume that
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supJ|K|Pdvn RV, < oo, for some p>2, 3.2)

n=1
and that 0% = JIJ K(x, YWu(dY)]*v,(dx) satisfies

liminf o2 > 0. (3.3)

n—oo
Then we have:

p—2
O| n %™ 2<p<5
sup [P0} < x)—x| = ) =2
xe[0,1] O(n~Y*(logny’/*), p=5.

If the array (X;,) arises in the usual way from a sequence X1, X, ... i.id. with X; ~v —
that is, X;p = X;, 1 <i<n, n € N — then under (2.1) we actually have

-2
T 2AptD 2<p<
sup [P0} <x)—x| = o\ ’ p=00
x€[0,1] O(n’l/2 log n), K bounded.

Proof. Let &, be the continuous random polygonal line with vertices at the points
(kn=', on=3/28,(kn"")), 0 < k < n. Thus we have

0; = %U(Sn)
For x € [0, 1) we define the mapping T, : C[0, 1] — R by

T(f)= sup f(2)— sup f(0), f e o, 1],

x=t=<l1 O=r=<x

where as usual C[0, 1] is the set of continuous functions on [0, 1]. Recall that ¥(By) = T is
uniformly distributed on (0, 1). Here, without loss of generality, we can assume that By is
defined on the same probability space (€2, .4, P) that carries our random elements X;,. This
is possible because the following arguments only involve the distribution of By. So for all
x €0, 1),

[P0, < x)— x| = [P(y(&,) < x) — P(Y(By) < x)| (3.4)
= |P(T(&n) < 0) = P(T(Bo) < 0)].
Our goal is to apply Lemma 6.2. For that purpose, note that 7, is Lipschitz continuous:

IT:(f) = Tu(@)] < ZOSupllf(t) —-g(l  Vf, geC[o,1]. (3-3)

st

Furthermore, by the Markov property of By the df H, of T.(By) can be written as
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H(A) = P(T«(Bo) < )

= P( sup By(t) <A+ sup Bo(t)>

xst<I1 0=r=x

- ”P(M; < 1+ Y Bo(x) = wmnsa(dy) Z (Bo())(du)

for all 1 € R, where
M = sup By(?)

x=t=<l

and

M) = P( sup Bo(#) < y|Bo(x) = U>

0=r=x

From (17) in Shorack and Wellner (1986, p. 38) it follows that

- exp{—2y<y - u)}, »> max(0, u),
mx,u(y) = X

0, otherwise,

and

2
1 —exp{—m(/l—i—y—u)(l—i—y)}, y>max(u — 4, =),

P(M; < A+ y|Bo(x) = u) = {
0, otherwise.

Herewith we obtain, for A = 0:

o 2 ‘
ma=[ [-eol-2ottr 06} maan 2@

0

N [1 - exp{ Gyt y)}] e d) 7 (Bo()(du).

0 Ju

Integration yields

H.(A) = 1+22x(1 —x)/mlexp{—li_xﬁ} (3.6)

® (2, /lfxz> - 1] expl{ 242},

for all A =0 and 0 < x <1, where ® is the standard normal df. Differentiation gives

+2[x(42* — 1)+ 1]
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D _ 4exp{_£ﬂ}(1 - 2)y/2x(1 - 0)/x

+ 8 exp{—2/2}[x(442 — 3) + 1] (1 —® (2 1 al xﬂ)).

Consider this expression separately for the three cases 0 <A < 1/v/2, 1/v2<A < V3 and
A >%\/§ to infer that

dH,(A)
Lo := su <
0 nggl dj« >
=0

Consequently, by the mean value theorem, H, is Lipschitz continuous on [0, co) with a
Lipschitz constant L, that does not depend on x:

|H.A+ h) — HiA)| < Loh, YheR,VA=0,Y0<x<l.

Since By(-) Z Bo(1 — -), we have T,(By) Z_r 1—x(Bo), whence the above inequality holds for
all A € R and for all 0 <x < 1. By (3.5) we are in a position to apply Lemma 6.2 to the term
on the right-hand side of (3.4) and obtain
sup |P(0) < x)— x| = sup |P(0} <x)—x|<(@4Ly+ Dp(PoT,", PoB;"),
0=x=l 0<x<1

where p denotes the Prokhorov metric. Now, in the case of (3.2) and (3.3), Theorems 1.1 and
1.2 of Ferger (1994b) state that

o(n—#fn), if2<p<s,

p(PoT,', PoBy') = (3.7)
O(n'*(log n)**), if p=5,

whence the first part of the theorem follows. If the X, arise from a single sequence, then the

rates in (3.7) can be sharpened. This is the message of Theorems 1.3 and 1.4 of Ferger
(1994b), which say that now

p—2 > .
oln———], if2<p<oo,
p(PoT;!, PoB;' = ( 2p+ 1)
O(n~"?)log n, if K is bounded.
This completes the proof. U]

Remark 3.2. Note that

H,(0) = P(T\(By) < 0) = P<arg max By(?) < x)
0=r=l
and that
Hy(A) = P( sup By(f) = }.).

o=r=<1
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So formula (3.6) for A = 0 again yields that the maximizer (By) of a Brownian bridge is
uniformly distributed on (0, 1). For x = 0 it reduces to the well-known boundary non-crossing
probability P(supo<,<1Bo(f) < A) =1 — exp(—24%), 1 = 0.

4. Almost sure divergence

We return to the case of general w € 7. First it will be shown that our estimators are a.s.
divergent under the null hypothesis. Here a specification of the probabilistic relation between
the rows of the array (X;,) is required.

Theorem 4.1. Assume that the rows (Xin, ..., Xmm),n €N, are independent .2""-valued
random variables. Then under the assumptions of Theorem 2.1 the estimators (0,), (0:) and
0,,1)2 are divergent with probability one. If 7" = R the almost sure divergence still holds for
(0,) and (0)) under the weaker assumption of Theorem 2.3(ii).

Proof. Let 9?; denote any of the three estimators 6,, 67, 6, /2. By Kolmogorov’s zero—one
law we know that

P((0%) is divergent) € {0, 1}.

Assume the above probability is equal to zero, which means 0;‘ converges a.s. to some limit
£*. According to Lemma 1.16.6 in Génssler and Stute (1977), this £* is a.s. constant. Since
almost sure convergence implies convergence in distribution, we can conclude from
Theorems 2.1, 2.3 or 2.7, respectively, that E* is equal in distribution to the limit variables
Ty r$ or Z, respectively. However, 7,, and 7, are actually continuous by Lemma 2.5 and Z
is a Bernoulli(%) variable, so that in all three cases we arrive at a contradiction. This
completes the proof. O

Recall Example 1.1 to see that the independence assumption on the rows can have a
quite reasonable statistical justification. In our next result we make the statement on
divergence more precise by specifying exactly the almost sure set of cluster points.

Theorem 4.2. Under the assumptions of Theorem 2.1 or Theorem 2.3(ii), assume that the
rows (Xin, -, Xun), n € N, are pairwise independent. If the distribution functions H and
H" of ©,, and T}, respectively, are strictly monotone, then the sets C and C* of cluster
points of (0,) and (0)), respectively, coincide with probability one with the closed unit
interval:

C=1[0,1]1=C" as. 4.1)
The set Cyy of cluster points of (0,,/) contains the two boundary points of [0, 1]:

{0, 1} € Cy)5 as. (4.2)
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Proof. Consider an arbitrary fix x € (0, 1) and let &g >0 be such that 0 <x —e<x+e<1
for all 0 <e<gy. By (2.3) or (2.16), we have that

lim P(|6, — x| <é&)= H(x+¢&)— H(x—&)>0.
n—oo
Therefore the series

> P60, —x <e)

n=1
is divergent, whence by Theorem 4.2.5 of Chung (1974), P(limsup,_..{|0, — x| < &}) =1
for all 0 <& =< gj. Since

[o<ecolimsup{|6, — x| < e} C {x € C},

this shows that x € C as. It follows that Q:=(0,1)NQ C C as. Let 4 denote the
topological closure of a set 4 C R. Since C is closed and Q is dense in / = [0, 1], we can
further conclude that / C Q C C = C C I, so C = I a.s. The second equality in (4.1) follows
analogously.

Similarly, »,=1P(0,,,, < ¢) is divergent for all £¢>0, because lim, .o P(0,,/, <€) =
%>O by (2.12). Therefore 0 € Cy/; as. and by the same arguments 1 € Cy/, so that
{0, 1} € Cy), as., which finishes the proof. O

Note that the above result extends Theorem 4.1 even under a weaker assumption on the

rows of the array, but on the other hand strict monotonicity of the dfs of 7, and 7 is
needed. For w =1 this is ensured by Theorem 2.6.

5. An exact result

In this section we give a finite sample size result. Therefore it is no longer necessary to deal
with arrays. Consider the slightly modified one-sided estimator of 6} with no weights

(w = 1) pertaining to a sample Xy, ..., X,, n € N:
B 1 n k

07 = — argmax Z Z K(X;, X)).
noo<k<n 550 =

The difference from the original 6 lies in the fact that the argmax now includes the point
zero. Here, as usual, the summation over the empty set is defined to be zero. Our next
theorem gives the exact finite sample size distribution of 0. It suffices to require
exchangeability of X, ..., X,, that is, (X4, ..., Xn)é (Xzq1)s -+ » Xzny) for all permuta-
tions st of the integers 1, ..., n.

Theorem 5.1. Let X, ..., X, be exchangeable. Then éj is uniformly distributed on the grid
{kn=': 0 < k<n}, that is,
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~ k 1
P<9:—>—, foral 0 <k<sn-1,
n n

if and only if

n

k
P> > Kxnxp=0|=0, foralll<k<n-—1. (5.1)
i=k+1 =1
. . n k .
Proof. We consider the increments Y of Sy =210, > 7 K(Xs, X))

n

n k k—1
Yi= > Y KX X)—> Y KX X))

i=k+1 j=1 i—k j=1

n k
=Y K(Xi, X)) = Y K(Xi, X))
i=k j=1

=) KX. Xy,  1<k=n,
i=1

where the last equality holds by antisymmetry of K. By definition 7, := néz is the smallest
index k€{0,1,...,n—1} with Sy = max¢<j<,—1S;. Our goal is the application of
Theorem 2 of Andersen (1953). For that purpose it remains to show that Yy, ..., ¥, are
exchangeable. Let 7t be an arbitrary permutation of the integers 1, ..., n. Then we have

(Y1, .o, Y) = (Z K(X;, Xk)> =T(X1, ..., Xp),
i=1

1<k=n

where T:.2"" — R" is measurable. It follows that

n
(Yzcys -+ Yamy) = (Z KX, Xn(k)))
p

I<k=n

= (Z K(X (i), Xn(k)))
i=1

1<ks=n
= T(Xuy, -+ » Xa(m)
v
=TXy, ..., X)) =M1, ..., Y.
Choosing C = Q in Theorem 2 of Andersen (1953) yields the assertion. O

One might expect the original estimator 6 with w =1 also to be uniformly distributed
on the grid {kn~': 1<k < n—1}. But surprisingly, simulation studies strongly confirm
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our conjecture that this is not true. The two final examples below concern the necessary and
sufficient condition (5.1).

Example 5.2. Let X,,..., X, be iid. and K(x,y)=f(x)— f(y) with f:.2°—> R
measurable. If f(X;) is continuous, then (5.1) is fulfilled for all n € N. Under the
assumption that X has no atoms, it suffices to require that the sets { f = r} are countable
for all » € R, which is quite a weak requirement.

Example 5.3. Let Xy, ..., X, be i.i.d. Bernoulli variables with success parameter p € (0, 1).
If K(x, y) = x — y, then (5.1) is violated for all n € N. For example, for n = 4, p = 0.3 with
Pk = P(O:T =k/4), 0< k=<3, a Monte Carlo method (with 107 replicates) produced
po = 0.458, p; =0.210, p, = 0.166 = ps.

6. Technical lemmas

Lemma 6.1. We use the notation of the proof of Theorem 2.1. Then the following statements
hold:

(1) For all f € D= DI0, 1], the set S(f) C [0, 1] is non-empty and closed.
(ii) The set C of continuous functions on [0, 1] with a unique maximizing point is
contained in the complement of E in D: C C D\E.

Proof. (i) First we show that S(f)# Q. Put M(f) = supo</<1 f(2). Since f € D, it is
bounded and thus & := M(f) € R. In particular, there exists a sequence (u,) C [0, 1] with
f(u,) — & By compactness, we can assume without loss of generality that (u,) converges to
some u € [0, 1]. (Otherwise take a suitable subsequence.) If f is continuous at u then
f(u) =&, whence u € S(f). If f has a positive jump at u, so that f(u) > f(u—), then u, > u
for all but a finite number of n € N. (Otherwise there exists a subsequence (u,, )x of (u,)
with u,, 1 u, which implies § = f(u—) < f(u) < &, a contradiction.) Therefore, by the right
continuity of f we obtain §= f(u) and u € S(f). If f has a negative jump, so that
fu—=)<f(u), then u, <u for all but a finite number of n € N. (Otherwise there exists a
subsequence (u,,)r With u,, | u, whence & = f(u)<f(u—) and f(v)>§& for all v<u
sufficiently close to u, which again is a contradiction.) Thus & = f(u—) and u € S(f). This
shows that S( /) is non-empty. To prove that S( /') is closed let (u,) C S(f) be a convergent
sequence with limit . We can assume without loss of generality that either u, | u or u, T u.
In the first case f(u) = lim,_ .o f(u,) =lim, ., & =&, so that u € S(f). In the second case
f(u) < f(u—), because otherwise f(u)> f(u—)=1im, o f(u,)=5= f(u). If f(u)=
f(u—) then wueS(f) by continuity of f. If f(u)<f(u—), then f(u—)=
lim, . f(u,) =& and u € S(f).
(ii) Let f € C and (f,) C D with f, —, f. We have to show that

Yu(fn) = P(f), n — 00. (6.1)

Since f is continuous we actually have f, —; f, where d denotes the sup metric on D.
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Let ¢>0 and put to=(f), t,=[nt]/n, U= (to—¢, to+¢) and m, = sup{ f(?):
t € [0, 11\U,}. Because f is unique, 6 =, = %(f(to) — m,) > 0. Moreover, there exists an
No = No(0,) € N such that d(f,, /) <6 and |f([nte]/n) — f(tp)| <O for all n = N,. Thus
for all ¢ € [0, 1]\ U, and for all n = Ny, we have

Sultn) = fu(t) = f(tn) = J(O) + [fu(t0) = f(t0)] + [f (1) = fu(D)]
+ [/ (2) = f0] + [fultn) = f(2)] + [f(20) = fu(t0)]

= f(to) — me —4d( [y, ) — | f(tn) = f(10)|

>50—40—-0>0.
Consequently f,(t,)> f,(¢) for all ¢ € [0, 1]\U, and for all n = Ny, which implies

Ya(f) € U, for all n = N,,
proving (6.1). O
The following lemma due to Borovkov (1973) is a sharpening of the continuous mapping

theorem under an additional smoothness condition of Lipschitz continuity. Let (S, d) be a

metric space endowed with the Borel o-algebra .7Z(S), and let p denote the Prokhorov
metric on the set of probability measures on .%(S).

Theorem 6.2 (Borovkov). Let T: S — R be a mapping with
[T(x) = T(y)| < Kid(x, y), Vx, y €8,
for some constant Ky < oo, and let Q be a probability measure on .5 (S) with
OT<A+h)—QT <1< Kyh, VAeR,VE>0,

for some constant Ky <oo. Then for each random element & on a probability space
(Q, 2, P) with values in (S, .%(S)), we have

sup [P(T(E) < 1) = QT < )] < KKy + Dp(Po £ 0.
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