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CHAPTER VI

Measure Theory for Euclidean Space

Abstract. This chapter mines some of the powerful consequences of the basic measure theory in
Chapter V.

Sections 1-3 establish properties of Lebesgue measure and other Borel measures on Euclidean
space and on open subsets of Euclidean space. The main general property is the regularity of all
such measures —that the measure of any Borel set can be approximated by the measure of compact
sets from within and open sets from without. Lebesgue measure in all of Euclidean space has an
additional property, translation invariance, which allows for the notion of the convolution of two
functions. Convolution gives a kind of moving average of the translates of one function weighted
by the other function. Convolution with the dilates of a fixed integrable function provides a handy
kind of approximate identity.

Section 4 gives the final form of the comparison of the Riemann and Lebesgue integrals, a
preliminary form having been given in Chapter III.

Section 5 gives the final form of the change-of-variables theorem for integration, starting from
the preliminary form of the theorem in Chapter III and taking advantage of the ease with which
limits can be handled by the Lebesgue integral. Sard’s Theorem allows one to disregard sets of
lower dimension in establishing such changes of variables, thereby giving results in their expected
form rather than in a form dictated by technicalities.

Section 6 concerns the Hardy-Littlewood Maximal Theorem in N dimensions. In dimension 1,
this theorem implies that the derivative of a 1-dimensional Lebesgue integral with respect to Lebesgue
measure recovers the integrand almost everywhere. The theorem in the general case implies that
certain averages of a function over small sets about a point tend to the function almost everywhere. But
the theorem can be regarded as saying also that a particular approximate identity formed by dilations
applies to problems of almost-everywhere convergence, as well as to problems of norm convergence
and uniform convergence. A corollary of the theorem is that many approximate identities formed
by dilations yield almost-everywhere convergence theorems.

Section 7 redevelops the beginnings of the subject of Fourier series using the Lebesgue integral,
the theory having been developed with the Riemann integral in Section 1.10. With the Lebesgue
integral and its accompanying tools, Fourier series are meaningful for more functions than before,
Dini’s test applies even to a wider class of Riemann integrable functions than before, and Fejér’s
Theorem and Parseval’s Theorem become easier and more general than before. A completely new
result with the Lebesgue integral is the Riesz—Fischer Theorem, which characterizes the trigonometric
series that are Fourier series of square-integrable functions.

Sections 8-10 deal with Stieltjes measures, which are Borel measures on the line, and their
application to Fourier series. Such measures are characterized in terms of a class of monotone
functions on the line, and they lead to a handy generalization of the integration-by-parts formula.
This formula allows one to bound the size of the Fourier coefficients of functions of bounded variation,
which are differences of monotone functions. In combination with earlier results, this bound yields
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1. Lebesgue Measure and Other Borel Measures 335

the Dirichlet—Jordan Theorem, which says that the Fourier series of a function of bounded variation
converges pointwise everywhere, the convergence being uniform on any compact set on which the
function is continuous. Section 10 is a short section on computation of integrals.

1. Lebesgue Measure and Other Borel Measures

Lebesgue measure on R! was constructed in Section V.1 on the ring of
“elementary” sets— the finite disjoint unions of bounded intervals —and extended
from there to the o-algebra of Borel sets by the Extension Theorem (Theorem
5.5), which was proved in Section V.5. Fubini’s Theorem (Theorem 5.47) would
have allowed us to build Lebesgue measure in RY as an iterated product of
1-dimensional Lebesgue measure, but we postponed the construction in RV
until the present chapter in order to show that it can be carried out in a fashion
independent of how we group 1-dimensional factors.

The Borel sets of R! are, by definition, the sets in the smallest o -algebra
containing the elementary sets, and we saw readily that every set that is open
or compact is a Borel set. We write 3; for this o-algebra. In fact, B; may
be described as the smallest o -algebra containing the open sets of R! or as the
smallest o -algebra containing the compact sets. The reason that the open sets
generate B is that every open interval is an open set, and every interval is a
countable intersection of open intervals. Similarly the compact sets generate 3;
because every closed bounded interval is a compact set, and every interval is the
countable union of closed bounded intervals.

Now let us turn our attention to R" . We have already used the word “rectangle”
in two different senses in connection with integration—in Chapter III to mean an
N-fold product along coordinate directions of open or closed bounded intervals,
and in Chapter V to mean a product of measurable sets. For clarity let us refer to
any product of bounded intervals as a geometric rectangle and to any product of
measurable sets as an abstract rectangle or an abstract rectangle in the sense of
Fubini’s Theorem. In R", every geometric rectangle under our definition is an
abstract rectangle, but not conversely.

Define the Borel sets of R" to be the members of the smallest o-algebra By
containing all compact sets in RY. It is equivalent to let By be the smallest
o -algebra containing all open sets. In fact, every open geometric rectangle is the
countable union of compact geometric rectangles, and every open set in turn is
the countable union of open geometric rectangles; thus the open sets are in the
smallest o -algebra containing the compact sets. In the reverse direction every
closed set is the complement of an open set, and every compact set is closed; thus
the compact sets are in the smallest o -algebra containing the open sets.

Functions on RY measurable with respect to By are called Borel measurable
functions or Borel functions. Any continuous real-valued function f on RY
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is Borel measurable because the inverse image f~'((c, +0c]) of the open set
(c, +00] has to be open and therefore has to be a Borel set.

Proposition 6.1. If m and n are integers > 1, then B,, x B, = B,,, within
the product set R™ x R" = R"*",

PROOF. If U is open is R and V is open in R”, then U x V is open in R"*",
and it follows that B,, x B, C B,,1,. For the reverse inclusion, let W be open
in R™*", Then W is the countable union of open geometric rectangles, and each
of these is of the form U x V with U open in R™ and V open in R". Since
each such U x V isin B,, x B,, so is W. Thus we obtain the reverse inclusion
Bitn € By x By,. (]

Lebesgue measure on RY will, at least initially, be a measure defined on the
o -algebra By . Proposition 6.1 tells us that the o -algebra on which the measure is
to be defined is independent of the grouping of variables used in Fubini’s Theorem.
It will be quite believable that different constructions of Lebesgue measure by
using different iterated product decompositions of R, such as (R! x R!) x R!
and R! x (R' x R"), will lead to the same measure, but we shall give two abstract
characterizations of the result that will ensure uniqueness without any act of
faith. These characterizations will take some moments to establish, but we shall
obtain useful additional results along the way. The procedure will be to state the
constructions of the measure via Fubini’s Theorem, then to consider a wider class
of measures on By known as the “Borel measures,” and finally to establish the
two characterizations of Lebesgue measure among all Borel measures on RY.

It is customary to write dx in place of dm (x) for Lebesgue measure on R!, and
we shall do so except when there is some special need for the symbol m. Then the
notation for the measure normally becomes an expression like dx or dy instead
of m. To construct Lebesgue measure dx on R, we can proceed inductively,
adding one variable at a time. Fubini’s Theorem allows us to construct the product
of Lebesgue measure on RY~! and Lebesgue measure on R', and Proposition
6.1 shows that the result is defined on the Borel sets of R". Let us take this
particular construction as an inductive definition of Lebesgue measure on RV .
It is apparent from the construction that the measure of a geometric rectangle is
the product of the lengths of the sides.

Alternatively, we could construct Lebesgue measure on R" inductively by
grouping RV as some other R” x RN~ and using the product measure from
versions of the Lebesgue measures on R” and RY . Again the result has the
property that the measure of a geometric rectangle is the product of the lengths of
the sides. It is believable that this condition determines completely the measure
on R¥, and we shall give a proof of this uniqueness shortly.
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A Borel measure on R" is a measure on the o-algebra By of Borel sets of
RN that is finite on every compact set. A key property of Borel measures on R"
is their regularity as expressed in Theorem 6.2 below. The theorem makes use of
two simple properties of RV:

(i) there exists a sequence {F,}°°

-2, of compact sets with union the whole

space such that F,, C F:H for all n,

i1) for any compact set K, there exists a decreasing sequence of open sets
y p g seq P

U,, with compact closure such that ﬂ:il U,=K.

For (i), we can take F, to be the closed ball of radius n centered at the origin.
For (ii), we can take U,, = {x | D(x,K) < l/n} if K # @, and we can take all
U,=0if K = 2.

Theorem 6.2. Every Borel measure i on RY is regular in the sense that the
value of i on any Borel set E is given by

n(E) = sup u(K)= inf u(U).
KCE, U2E,
K compact U open

REMARK. This conclusion is new for us even for R!. Although regularity of
1-dimensional Lebesgue measure was introduced before Proposition 5.4, it was
established only for the elementary sets at that time.

PROOF. We shall begin by showing for each Borel set E and for any € > 0 that

there exist closed C and open U such that %)
CCECUanduU —C) <e.

Let A be the set of Borel sets E for which (*) holds for all € > 0.

If E is compact, then we can take C = E and U = U, as in (ii) for a suitable
n in order to prove (x); Corollary 5.3 gives us lim, u(U, — C) = 0, since the
compact closure of U, forces (U} ) to be finite. Therefore A contains all compact
sets.

To see that A is closed under complements, suppose E is in A. Lete > 0
be given and choose, by (x) for E, a closed set C and an open set U such that
C CECUand u(U — C) < €. Taking complements, we have U¢ C E¢ C C°¢
and u(C¢ — U = u(U — C) < €. Thus E€ isin A.

Let us see that A is closed under finite unions. Suppose that E| and E, are
in A. Let € > 0 be given and choose, by (x) for E; and E,, two closed sets C;
and C, and two open sets U, and U such that C; € E; C Uy, u(U; — Cy) < €,
C, CE,CUy,and u(Uy —Cy) <e€. ThenCyUC, C EyUE, C U UU,
and /L((Ul U Uz) — (C1 U Cg)) < M(Ul — Cl) + M(Uz — C2) < 2e¢. Since € is
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arbitrary, E; U E5 is in A. Hence A is closed under finite unions, and A is an
algebra of sets.

The proof that A is closed under countable unions takes two steps. For the
first step we let a sequence of sets E, in A be given with union E, and first
assume that all £, lie in one of the sets Fj; in (i) above. Let € > 0 be given
and choose, by () for each E,, closed sets C,, and open sets U, such that C,, C
E, C U, and u(U, — C,) < €/2". Possibly by intersecting U, with Fy, ,, we
may assume that all U, lie in the compact set Fy4i. Set U = U;’;l U, and
C = Uiozl C,. Then C € E € U with U open but C not necessarily closed.
Nevertheless, we have U — C C U;’il (U, — C,), and Proposition 5.1g gives
pwW —C) <y, nU, —Cy) < €. Thesets S,, = U — |J,_, C, form a
decreasing sequence within Fjs4 with intersection U — C. Since u(Fpy1) is
finite, Corollary 5.3 shows that (S,,) decreases to u(U — C), which is < €.
Thus there is some m = mg with p(S,,) < €. The set C' =, C, is closed,
and we have C' € E C U and (U — C’) = u(Sp,) < €. Therefore E is in A.

For the second step we let the sets E, be general members of 4. Since A is
an algebra, E, N (F,,+1 — F,) is in A for every n and m. Applying the previous
step, we see that E/, = E N (F,,41 — F,,) is in A for every m. The sets E, have
union E, and E,, is contained in F,, ;| — F,. Changing notation, we may assume
that the given sets E, all have E, C F,,, — F,. If € > 0 is given, construct U,
open and C,, closed as in the previous paragraph except that U, is not constrained
to lie in a particular Fy,. Againlet U = (J72, U, and C = |J.2, C,, so that
C CECUandu(U —C) <e. The set U is open, and this time we can prove
that the set C is closed. In fact, let {x;} be a sequence in C convergent to some
limit point xo. The point xo is in some F, since the sets Fj; have union the whole
space. Since Fyy C Fy,,, and Fy;_ | is open, the sequence is eventually in FY, e
The inclusion C,, € E,, C F, 4| — F,, showsthat C, N Fy;,1 = S forn > M+ 1.
Thus no term of the sequence after some point lies in Cps41, Cpr42, - - -, 1.€., all
the terms of the sequence after some point lie in Uy: 1 Cu. This is a closed set,
and the limit xo must lie in it. Therefore x lies in C, and C is closed. This proves
that E is in .A. Hence A is a o -algebra and must contain all Borel sets.

From () for all Borel sets, it follows that every Borel set E satisfies

m(E) = sup wu(C)= inf w(U). (o)
CCE, UDE,
C closed U open

Proposition 5.2 shows that the sets F), of (i) have the property that u(C) =
sup u(CNFy,) forevery Borel set C. When C is closed, the sets CN F), are compact,
and thus (%) implies the equality asserted in the statement of the theorem. This
completes the proof. (]

Recall from Section II1.10 that the support of a scalar-valued function on a
metric space is the closure of the set where it is nonzero. Let Ceom(RY) be the
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space of continuous scalar-valued functions on RY of compact support. If there
is no special mention of the scalars, the scalars may be either real or complex.

If K is a compact set and the open sets U,, are as in (ii) before Theorem 6.2,
Proposition 2.30e gives us continuous functions f;; : RY — [0, 1] such that fa
is 1 on K and is 0 on U¢. The support of the function f;, is then contained in U¢',
which is compact. By replacing the functions f, by g, = min{fy, ..., f.}, we
may assume that they are pointwise decreasing. Consequently

(iii) there exists a decreasing sequence of real-valued members of Ceom(RY)
with pointwise limit the indicator function of K.

Corollary 6.3. If 1 and v are Borel measures on RV such that fRN fdu =
fRN £ dv for all continuous functions on R" of compact support, then jt = v.

PROOF. Let K be a compact subset of R", and use (iii) to choose a decreasing
sequence {f,} of real-valued members of C.om(RY) with pointwise limit the
indicator function /. Since f) is integrable, dominated convergence allows us
to deduce [py Ix dp = [gu Ix dv from the equality [pn fudp = [pu fodv for
all n. Thus u(K) = v(K) for every compact set K. Applying Theorem 6.2, we
obtain w(E) = v(E) for every Borel set E. O

Corollary 6.4. Let p = 1 or p = 2. If u is a Borel measure on R", then
(@) Ceom(RY) is dense in L (RN, ),
(b) the smallest closed subspace of L”(R", 1) containing all indicator func-
tions of compact sets in RV is L?(R", u) itself.

REMARK. The scalars are assumed to be the same for Ceom(RY) as for
L'®RM, ) and L?>(R", n); the corollary is valid both for real scalars and for
complex scalars.

PROOF. If E is a Borel set of finite u© measure and if € is given, Theorem 6.2
allows us to choose a compact set K with K € F and u(E — K) < €. Then
fRN |Ig—Ix|Pdu = n(E—K) < €, and consequently the closure in L? (RY, )
of the set of all indicator functions of compact sets contains all indicator functions
of Borel sets of finite © measure. Proposition 5.56 shows consequently that
the smallest closed subspace of L”(R", 1) containing all indicator functions of
compact sets is L (RY, 1 itself. This proves (b).

For (a), let K be compact, and use (iii) to choose a decreasing sequence
{fa} of real-valued members of Ceom(RY) with pointwise limit /x. Since f! is
integrable, dominated convergence yields lim, fRN |fu — Ix|? dp = 0. Hence
the closure of Ceom (RY) in L? (RY, 1) contains all indicator functions of compact
sets. By Propositions 5.55¢ and 5.55d this closure contains the smallest closed
subspace of L”(R", ) containing all indicator functions of compact sets. By
(b), the latter subspace is L” (R", 1) itself. This proves (a). O
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Fix an integer n > 0, and let (a, ..., ay) be an N-tuple of integers. The
diadic cube Q,(ay, ..., ay) in RY of side 27" is defined to be the geometric
rectangle

Onlar,....ay) ={(x1, ..., xn) | 27"a; <x; <27"(aj + D) for1 < j < N}.

Let Q,, be the set of all diadic cubes of side 27". The members of Q, are disjoint
and have union R". Thus we can associate uniquely to each x in RY a sequence
{0,} of diadic cubes such that x is in @, and Q, is in Q,,. Since for each n,
the members of 9, are obtained by subdividing each member of Q,, into 2V
disjoint smaller diadic cubes, the diadic cubes Q, associated to x must have the
property that Q,, 2 Q4+ foralln > 0.

Lemma 6.5. Any open set in R is the countable disjoint union of diadic
cubes.

PROOF. Let an open set U be given. We may assume that U # RY, so that
U¢ # @. We describe which diadic cubes to include in a collection A so that A
has the required properties. If x is in U, then D(x, U¢) = d is positive since U°
is closed and nonempty. Let {Q,} be the sequence of diadic cubes associated to
x. The distance between any two points of O, is < 2_”\/ﬁ ,andthisis < d ifnis
sufficiently large. Hence Q,, is contained in U for n sufficiently large. The cube
in A that contains x is to be the Q, with n as small as possible so that Q, € U.

The construction has been arranged so that the union of the diadic cubes in 4
is exactly U. Suppose that Q and Q' are members of A obtained from respective
points x and x" in U. If Q N Q' # &, let x” be in the intersection. Then Q
and Q' are two of the diadic cubes in the sequence associated to x”, and one has
to contain the other. Without loss of generality, suppose that Q 2 Q’. Then x’
lies in Q as well as Q’, and we should have selected Q for x’ rather than Q' if
0 # Q'. We conclude that 0 = Q’, and thus the members of A are disjoint.
Each collection Q,, is countable, and therefore the collection A is countable. [J

Proposition 6.6. Any Borel measure on R” is determined by its values on all
the diadic cubes.

REMARK. We shall apply this result in the present section in connection with
Lebesgue measure on RY and in Section 8 in connection with general Borel
measures on R!.

PROOF. The values on the diadic cubes determine the values on all open sets
by Lemma 6.5, and the values on all open sets determine the values on all Borel
sets by Theorem 6.2. O
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Corollary 6.7. There exists a unique Borel measure on R" for which the
measure of each geometric rectangle is the product of the lengths of the sides.
The measure is the N-fold product of 1-dimensional Lebesgue measure.

REMARKS. The uniqueness is immediate from Proposition 6.6. The first
version of Lebesgue measure that we constructed has the property stated in the
corollary and therefore proves existence. All the other versions of Lebesgue
measure we constructed have the same property, and so all such versions are
equal. The corollary therefore allows us to use Fubini’s Theorem for any decom-
position RN = R™ x R" with m +n = N. As in the 1-dimensional case, we
shall often write dx for Lebesgue measure.

Corollary 6.7 gives one characterization of Lebesgue measure. We shall use
Proposition 6.6 to give a second characterization, which will be in terms of
translation invariance.

Proposition 6.8. Under a Borel function F : R¥Y — RN, F~1(E) is in By
whenever E is in By-. In particular, this conclusion is valid if F' is continuous.

PROOF. The set of E’s for which F~!(E) isin By is a o-algebra, and the result
will follow if this set of E’s contains the open geometric rectangles of RY'. If Fj
denotes the j™ component of F, then F; : R¥ — R! is Borel measurable and
Proposition 5.6¢c shows that Fj_l(Uj) is a Borel set in R if U; is open in R'.

Then F~'(U; x --- x Uy)) = ﬂ;\;l F;='(U;) is a Borel set in RY. O
Corollary 6.9. Any homeomorphism of RY carries By to By.

Corollary 6.9 is a special case of Proposition 6.8. The particular homeomor-
phisms of interest at the moment are translations and dilations. Translation by
Xo is the homeomorphism 7,,(x) = x + xo. Its operation on a set E is given by
T (E) = {1, (x) | x € E} = {x 4+ x0 | x € E} = E + X0, and its operation on a
function f on R" is given by Ty () () = f(7,, '(x)) = f(x —xp). Its operation
on an indicator function I is 7o, (Ig) (x) = Ig(x — x0) = Ig4x,(X) = T (E) (x).
Because of Corollary 6.9, translations operate on measures, the formula being
Ty (W (E) = (T, '(E)); since homeomorphisms carry compact sets to compact
sets, the right side is a Borel measure if 1 is a Borel measure. The actions of 7.,
on functions and measures are related by integration. If f > 0 is a Borel function,
then 5o is 7,,(f), and [y fd(tTun) = [gn 7o' (f) dp; this formula is verified
by checking it for indicator functions and then passing to simple functions > 0
by linearity and to Borel functions f > 0 by monotone convergence.

Dilation §. by a nonzero real c is given on members of RY by §.(x) = cx, and
the operations on sets, functions, indicator functions, and measures are analogous
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to the corresponding operations for translations. Although dilations will play a
recurring role in this book, the notation §, will be used only in the present section.

Theorem 6.10. Lebesgue measure m on RY is translation invariant in the
sense that 7,,(m) = m for every x¢ in R¥. In fact, Lebesgue measure is the
unique translation-invariant Borel measure on R that assigns measure 1 to the
diadic cube Q¢(O0, ...,0). The effect of dilations on Lebesgue measure is that
Sc(m) =lc|™Vm,ie., [pn flex)dx = |c|™ [pn f(x)dx for every nonnegative
Borel function f.

REMARKS. From one point of view, translation and dilation are examples
of bounded linear operators on each L?(RY, dx), with translation preserving
norms and with dilation multiplying norms by a constant depending on p and
the particular dilation. From another point of view, translation and dilation are
especially simple examples of changes of variables. Operationally the theorem
allows us to write dy = dx when y = 7,,(x) and dz = lc|N dx when z = cx.
These effects of translations and dilations on integration with respect to Lebesgue
measure are special cases of the general change-of-variables formula to be proved
in Section 5.

PROOF. For any xo in RV, m and t,,(m) assign the product of the lengths of
the sides as measure to any diadic cube. From Proposition 6.6 we conclude that
m = tT,,(m). The assertion about the effect of dilations on Lebesgue measure is
proved similarly.

We still have to prove the uniqueness. Let u be a translation-invariant Borel
measure. The members of Q,, are translates of one another and hence have equal
w measure. The members of 9, are obtained by partitioning each member
of Q, into 27 members of Q,+1 that are translates of one another. Thus the u
measure of any member of Q,, is 2~V times the u measure of any member of
Q,. Consequently the  measure of any diadic cube is completely determined
by the value of  on Qg(0, ..., 0), which is a member of Qy. The uniqueness
then follows by another application of Proposition 6.6. (]

For a continuous function on a closed bounded interval, it was shown at the
end of Section V.3 that the Riemann integral equals the Lebesgue integral. The
next proposition gives an N-dimensional analog. A general comparison of the
Riemann and Lebesgue integrals will be given in Section 4.

Proposition 6.11. For a continuous function on acompact geometric rectangle,
the Riemann integral equals the Lebesgue integral.

PROOF. The two are equal in the 1-dimensional case, and the N-dimensional
cases of each may be computed by iterated 1-dimensional integrals —as a result of
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Corollary 3.33 in the case of the Riemann integral and as a result of the definition
of Lebesgue measure as a product and the use of Fubini’s Theorem (Theorem
5.47) in the case of the Lebesgue integral. O

So far, we have worked in this section only with Lebesgue measure on the
Borel sets. The Lebesgue measurable sets are those sets that occur when
Lebesgue measure is completed. The Lebesgue measurable sets of measure 0
are of particular interest. In Section III.§ we defined an ostensibly different
notion of measure 0 by saying that a set in R" is of measure 0 if for any € > 0,
it can be covered by a countable set of open geometric rectangles of total volume
less than €, and Theorem 3.29 characterized the Riemann integrable functions on
a compact geometric rectangle as those functions whose discontinuities form a
set of measure 0 in this sense. Later, Proposition 5.39 showed for R! that a set
has measure O in this sense if and only if it is Lebesgue measurable of Lebesgue
measure 0. This equivalence extends to RY, as the next proposition shows.

Proposition 6.12. In RV, the Lebesgue measurable sets of measure 0 are
exactly the subsets E of RV with the following property: for any € > 0, the set
E can be covered by countably many geometric rectangles of total volume less
than €.

PROOF. Let m be Lebesgue measure on RY. If E has the stated property, let
E,, be the union of the given countable collection of geometric rectangles of total
volume < 1/n used to cover E. Proposition 5.1g shows that m(E,) < 1/n, and
hence the Borel set E' = (), Ex has m(E’) < 1/n for every n. Therefore
m(E’Yy = 0. Since E C E’, E is Lebesgue measurable and has Lebesgue
measure 0.

Conversely if E is Lebesgue measurable of Lebesgue measure 0 and if € > 0
is given, we are to find a union of open geometric rectangles containing E and
having total volume < €. Find a set E in By with E C E’ and m(E’) = 0. Itis
enough to handle E’. Writing R" as the union of compact geometric cubes C,,
of side 2n centered at the origin and covering £’ N C,, up to € /2", we see that we
may assume that E’ is bounded, being contained in some cube C,,.

Within R' N [—n, n], we know that the set of finite unions of intervals is an
algebra A" of sets such that B" = By N [—n, n] is the smallest o-algebra

containing AY’). Applying Proposition 5.40 inductively, we see that the set of
finite disjoint unions of N-fold products of members of Ag") is an algebra AW,
and then Proposition 6.1 shows that the smallest o-algebra containing Ag\',’) is
Bg{,’) = By N C,. Proposition 5.38 shows that the measure m on Bg\']’) is given by

m*, where m*(A) is the infimum of countable unions of members of AE\',') that
cover A. Consequently the subset E’ of C,, can be covered by countably many
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geometric rectangles of total volume < €. Doubling these rectangles about their
centers and discarding their edges, we obtain a covering of E’ by open rectangles
of total volume < 2" ¢, and we have the required covering. g

Borel measurable sets have two distinct advantages over Lebesgue measurable
sets. One advantage is that Borel measurable sets are independent of the particular
Borel measure in question, whereas the sets in the completion of a o-algebra
relative to a Borel measure very much depend on the particular measure. The other
advantage is that Fubini’s Theorem applies in a tidy fashion to Borel measurable
functions as a consequence of the identity B,, x B,, = B,,+, given in Proposition
6.1. By contrast, there are Lebesgue measurable sets for RV that are not in the
product of the o-algebras of Lebesgue measurable sets from R™ and RV~ For
example, take a set E inR! that is not Lebesgue measurable; such a set is produced
in Problem 1 at the end of the present chapter. Then E x {0} in R? is a subset
of the Borel set R' x {0}, and hence it is Lebesgue measurable of measure 0.
However, E x {0} is not in the product o -algebra, because a section of a function
measurable with respect to the product has to be measurable with respect to the
appropriate factor (Lemma 5.46).

On the other hand, Lebesgue measurable functions are sometimes unavoidable.
An example occurs with Riemann integrability: In view of Proposition 6.12,
Theorem 3.29 says that the Riemann integrable functions on a compact geometric
rectangle are exactly the functions whose discontinuities form a Lebesgue mea-
surable set of Lebesgue measure 0, and Problems 31-33 at the end of Chapter V
produced such a function in the 1-dimensional case that is not a Borel measurable
function.

The upshot is that a little care is needed when using Fubini’s Theorem and
Lebesgue measurable sets at the same time, and there are times when one wants
to do so. The situation is a little messy but not intractable. Problem 12 at the
end of Chapter V showed that a Lebesgue measurable function can be adjusted
on a set of Lebesgue measure 0 so as to become Borel measurable. Using this
fact, one can write down a form of Fubini’s Theorem for Lebesgue measurable
functions that is usable even if inelegant.

2. Convolution

Convolution is an important operation available for functions on R . On a formal
level, the convolution f * g of two functions f and g is

(f % 9)(0) = /R Fe =g dy.
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One place convolution arises is as a limit of a linear combination of translates:
We shall see in Proposition 6.13 that the convolution at x may be written also
as fRN f(ngx —y)dy. If f is fixed and if finite sets of translation operators
7y, and of weights f(y;) are given, then the value at x of the linear combination
> f(i)ty, applied to g and evaluated at x is ), f(yi)g(x — y;). Corollary 6.17
will show a sense in which we can think of fRN f(»)gx — y)dy as a limit of
such expressions.

To make mathematical sense out of f * g, let us begin with the case that f and g
are nonnegative Borel functions on RY . The assertion is that f * g is meaningful
as a Borel function > 0. In fact, (x,y) — f(x — y) is the composition of
the continuous function F : R?¥ — RY given by F(x, y) = x — y, followed
by the Borel function f : RY — [0, 4o0c]. If U is open in [0, +-00], then
f~Y(U) is in By, and Proposition 6.8 shows that (f o F)~'(U) = F~'(f~1(U))
is in Boy. Then the product (x, y) — f(x — y)g(y) is a Borel function, and
Fubini’s Theorem (Theorem 5.47) and Proposition 6.1 combine to show that
x — (f % g)(x) is a Borel function > 0.

Proposition 6.13. For nonnegative Borel functions on RV,

(@ fxg=gxf,
(b) fx(g*xh)=(fx*g)*h.

PROOF. We use Theorem 6.10 for both parts and also Fubini’s Theorem for
(b). For (a), the changes of variables y — y + x and then y — —y give

Jev F =g dy = [pn f(=0)g(y +x)dx = [on f(¥)g(x — y)dy. For
(b), the computation is

(f * (g h)(x) = [pv f(x —¥)(gxh)(y)dy
= fer [ Jan £ (x = )g(y — Dh(2) dz] dy
= Jov [Jov f(r = 9)8(y — 2)h(2) dy]dz
= fav [Jan F(x — 2= gh(z)dy]dz
= Jan (f % @)(x — Dh(z)dz = ((f * &) * h)(x),

the change of variables y — y 4 z being used for the fourth equality. O

In order to have a well-defined expression for f % g when f and g are not
necessarily > 0, we need conditions under which the nonnegative case leads to
something finite. The conditions we use ensure finiteness of (| f| * |g|)(x) for
almost every x. For real-valued f and g, we then define f * g(x) by subtraction
at the points where (| f| * |g|)(x) is finite, and we define it to be O elsewhere.
For complex-valued f and g, we define (f * g)(x) as a linear combination of the
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appropriate parts where (| f|* |g|)(x) is finite, and we define it to be O elsewhere.
When we proceed this way, the commutativity and associativity properties in
Proposition 6.13 will be valid even though f and g are not necessarily > 0.

Proposition 6.14. For nonnegative Borel functions f and g on R", convo-
lution is finite almost everywhere in the following cases, and then the indicated
inequalities of norms are satisfied:

(a) for f in L'(RY) and g in L' (RY), and then || f * gll; < I f1l,llglls
(b) for f in L'(R") and g in L*(RY), and then || f * gll, < [l £Il, 1]l
for f in L>(R") and g in L'(R"), and then || f * gll, < | fll,llgll;3
(c) for f in L'(RY) and g in L®(RY), and then || f * glloc < Il f 1,118l
for f in L(RY) and g in L'(R"), and then || f * gllo, < Il fllllgll;3
(d) for fin L>(RY) and g in L>(R"), and then || f * glloo < I £1,lIgll,-
Consequently f *x g is defined in the above situations even if the scalar-valued
functions f and g are not necessarily > 0, and the estimates on the norm of f x g
are still valid.

PROOF. For (a) and the first conclusions in (b) and (c), let p be 1, 2, or co as
appropriate. By Minkowski’s inequality for integrals (Theorem 5.60),

Ifsgl, = fan SO =y dy| < fan IF & =W, dy

px —
= fan [F D lgx =2, dy = fen [FDI N, dy = 11£111Igll,,

the next-to-last equality following from the translation invariance of dx. The
second conclusions in (b) and (c¢) require only notational changes.
For (d), we have

sup |(f * g)(x)| = sup, | fuv F(M)gx — y)dy|

= sup, [ flLllgx =Wl = 1 £ 1,185,
the inequality following from the Schwarz inequality and the last step following
from translation invariance of dy and invariance under y — —y.
Going over these arguments, we see that we may use them even if f and g are
not necessarily > 0. Then the last statement of the proposition follows. O

Next let us relate the translation operators of Section 1 to convolution. The
formula for the effect of a translation operator on a functionis t; (f) (x) = f(x—1).

Proposition 6.15. Convolution commutes with translations in the sense that
n(f*xg) =(wf)*xg=[f*ug.
PROOF. It is enough to treat functions > 0. Then we have 7,(f * g)(x) =

(f*8)(x—1) = [px f(x—1=y)g(y) dy, whichequals [px (7, f)(x—y)g(y) dy =
((z; f) = g)(x) on the one hand and, because of translation invariance of Lebesgue
measure, equals fRN f(x—y)gly —t)dy = (f * 1;2)(x) on the other hand. [J
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Proposition 6.16. If p = 1 or p = 2, then translation of a function is
continuous in the translation parameter in L? (RY, dx). In other words, if f is in
L? relative to Lebesgue measure, then limy, ¢ ||ti4n f — 7 f | p = 0 for all ¢.

REMARK. However, continuity fails on L. In this case, there is a substitute
result, and we take that up in a moment.

PROOF. Let f be in L?. By translation invariance of Lebesgue measure,
Itwnf = wfll, = lltnf = fll,. If gis in Ceom(RY), then |z, — glly =
fRN |g(x —h) — g(x)|? dx, and dominated convergence shows that this tends to 0
as h tendsto 0. Let e > 0 and f be given. By Corollary 6.4a, Ccom(RY) is dense
in L?(R", dx), and thus we can choose g in Ceom(RY) with || f —gll, < €. Then

lenf = fll, < llenf — wgll, + ltng — gll, +llg = flI,
=20f —gll, + lltng — gll, < 2¢ + lltag — &ll-

If A is close enough to O, the term || 7, ¢ —g||p is < €, and then |7, f — f||p < 3e.

Corollary 6.17. Let p = 1 or p = 2, and let gy, ..., g be finitely many
functions in L?(RY). If a positive number € and a function f in L'(R") are
given, then there exist finitely many members y; of R¥,1 < j < n, and constants
cj such that || f % g — Y ¢jTy, 8 Hp <eforl <k <r.

REMARK. In the case r = 1, the corollary says that any convolution f * g can
be approximated in L? by a linear combination of translates of g. The result will
be used in Chapter VIII withr > 1.

PROOF. Let V be the set of functions f in L'(RY) for which this kind of
approximation is possible for every ¢ > 0. The main step is to show that V
contains the indicator functions of the compact sets in R". Let K be compact,
and let /x be its indicator function. Proposition 6.16 shows that the functions
y > T,g are continuous from K into LP(RN) for 1 < k < r, and therefore
these functions are uniformly continuous. Fix € > 0, and let § > 0 be such that
llTygk — Ty &kll, < € for all k whenever |y — y’| < § and y and y” are in K. For
each y in K, form the open ball B(8; y) in RY. These balls cover K, and finitely
many suffice; let their centers be yi, ..., y,. Define sets Sy, ..., S, inductively
as follows: §; is the subset of K where |y — y;| < dbut |y — y;| > 8 fori < j.
Then K = U;’:l §; disjointly. By the choice of §, we have ||7,gx — 7y, gll, <€
for all y in S; and all k. Using Minkowski’s inequality for integrals (Theorem
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5.60), and writing m for Lebesgue measure, we have

|25, % gk = m(SpTy,ge], = | [, (gxx = ») = gx =y v,

< ij lge(x —¥) — g(x — I, dy

< em(S)).
Summing over j gives
||IK * 8k — Z}lzl m(Sj)fngk ”p < em(K).

Since € is arbitrary, I liesin V.

If fi and f, are in V and if gy, ..., g- are given, then we may assume, by
taking the union of the sets of members y; of RY and by setting any unnecessary
constants ¢; equal to O, that the translates used for f; and f> with the same

€ > 0 are the same. Thus we can write ”f1 * gr — 27:1 CjTy,; 8k Hp < €/2 and

H fox gr — Z?zl d;ty, 8k Hp < €/2 for suitable y;’s and c;’s, and the triangle
inequality gives ||(f1 + f2) * gr — Z;’:l(cj + dj)Ty, 8k ||p < €. Hence V is
closed under addition. Similarly V is closed under scalar multiplication. If
fi — fin L' with f; in V and if € > 0 is given, choose / large enough so that

If = fill, < €/@max [Igll,). If | fi % g — 31—, cj(.l)‘cyj(_ngk |, < €/2, then the

inequality || f * g« — fi * gkll, < I/ — fill,llgkll, and the triangle inequality

together give ||f * gL — 27:1 C;I)Ty(/) gk Hp < €. Hence fisin V,and V is closed.
N J

By Corollary 6.4b, V = L'(R"), and the proof is complete. O

In some cases with L>(R"), results have more content when phrased in terms
of the supremum norm || f ||Sup = sup, v | f(x)| defined in Section V.9. For a
continuous function f, the two norms agree because the set where | f(x)| > M
is open and therefore has positive measure if it is nonempty. For a bounded
function f, the condition limy,—¢ [|7a f — fllg, = O is equivalent to uniform
continuity of f, basically by definition. The functions f in L*° for which
limy—0 |7h f — fll = O are not much more general than the bounded uniformly
continuous functions; we shall see shortly that they can be adjusted on a set of
measure 0 so as to be bounded and uniformly continuous.

Proposition 6.18. In R" with Lebesgue measure, the convolution of L' with
L, or of L® with L1, or of L? with L? results in an everywhere-defined bounded
uniformly continuous function, not just an L* function. Moreover,

1f*glsup = IF N NENoe 1 *&llup = NNl lgllys or I f g, = I1F 1211811

in the various cases.
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PROOF. We give the proof when f is in L' and g is in L™, the other cases
being handled similarly. The bound follows from the computation || f * gl|s,, =
sup, | fpx f(x = Mg dy| < sup, lIglls fpw 1f G = DIy = 1£111118s-
For uniform continuity we use Proposition 6.15 and the bound || f * g||sup <
Il £1I,llgll, to make the estimate

la(f % 8) — (f * &) llsp = 1T f) * 8 — [ * gllsup
= f = ) *gllgp < ltaf — fIli 118l

and then we apply Proposition 6.16 to see that the right side tends to O as 4 tends
to 0. (]

A corollary of Proposition 6.18 gives a first look at how differentiability
interacts with convolution.

Corollary 6.19. Suppose that f is a compactly supported function of class
C" on R" and that g is in L” (R", dx) with p equal to 1, 2, or co. Then f * g is
of class C", and D(f * g) = (Df) = g for any iterated partial derivative of order
<n.

PROOF. First suppose thatn = 1. Fix j with1 < j < N,and put D; = 9/0x;.
The function (D; f) * g is continuous by Proposition 6.18. If we can prove that
D;(f *g)(x) exists and equals ((D; f) * g)(x) for each x, then it will follow that
D;(f * g) is continuous. This fact for all j implies that f x g is of class C h
by Theorem 3.7, and the result for n = 1 will have been proved. The result for
higher n can then be obtained by iterating the result for n = 1.

Thus we are to prove that D;(f * g)(x) exists and equals ((D; f) * g)(x) for
each x. In the respective cases p = 1, 2, 0o, put p’ = 00,2, 1. Let ¢; be the jth
standard basis vector of R" and let & be real with |h| < 1. Proposition 6.15 gives

RN((f % @)+ hep) = (f %)) = (B (Tone f — [ % 8)@). ()

Proposition 3.28a shows that 1! (T—ne; f — [f) converges uniformly, as 1 — 0, to
D; f on any compact set; since the supportis compact, h! (T—ne; f — f) converges
uniformly to D; f on RY. Hence the convergence occurs in L, and dominated
convergence shows that it occurs in L' and L? also. Combining Proposition 6.18
and (), we see that

KNS %) (x+he)—(f8)@)) —(D; )| < 1h(T_pe, f~)=D; £l 118l

The right side tends to 0 as # — 0, and thus indeed D;(f * g)(x) exists and
equals ((D; f) * g)(x). ]
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Twice in Chapter I we made use of an “approximate identity” in R', a system of
functions peaking at the origin such that convolution by these functions acts more
and more like the identity operator on some class of functions. The first occasion
of this kind was in Section 1.9 in connection with the Weierstrass Approximation
Theorem, where the functions in the system were ¢, (x) = ¢, (1 —x2)" on[—1, 1]
with the constants ¢, chosen to make the total integral be 1. The polynomials ¢,
had the properties

(1) @n(x) =0,
i) [1 gn(x)dx =1,

(iii) forany § > 0, SUPs<|x|<1 ¥n (x) tends to O as n tends to infinity,
and the convolutions were with continuous functions f such that f(0) = f(1) =
0 and f vanishes outside [0, 1]. The second occasion was in Section I.10
in connection with Fejér’s Theorem, where the functions in the system were
trigonometric polynomials Ky (x) such that

(i) Kn(x) =0,
(i) 5 [T, Kn()dx =1,

(iii) forany § > 0, sups-| <, Kn(x) tends to 0 as n tends to infinity.

In this case the convolutions were with periodic functions of period 27 over an
interval of length 277, and the integrations involved % dx instead of dx.

Now we shall use the dilations of a single function in order to produce a more
robust kind of approximate identity, this time on R"Y. One sense in which con-
volution by this system acts more and more like the identity appears in Theorem
6.20 below, and a sample application appears in Corollary 6.21. The corollary
will illustrate how one can use an approximate identity to pass from conclusions
about nice functions in some class to conclusions about all functions in the class.

Theorem 6.20. Let ¢ be in L' (RY, dx), not necessarily > 0. Define
@:(x) = e Ve x) fore > 0,

and put ¢ = [y (x) dx. Then the following hold:
(@) if p=1or p=2andif fisin L?(RY, dx), then

{;ifgllws * f—cfll, =0,

(b) the conclusion in (a) is valid for p = oo if f is in L*(R", dx) and
limollz f — flloo =0,

(c) if f is bounded on R" and is continuous at x, then lim, 10(@s * fH(x) =
cf(x)3

(d) the convergence in (c) is uniform for any set E of x’s such that f is
uniformly continuous at the points of E.
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PROOF. We prove conclusions (a) and (b) together. Since [,y ¢:(y)dy =
eV [ov 0 y)dy = [on 0(y) dy = ¢, we have

1@ % ))X) — cf ] = | faw 0: ) fx = y)dy — cf (x)]
= | fay 0O f(x —y) — F(x)1dy]|
< Jan losOI 1 f(x = y) = f(x)|dy. (*)

Now we apply Minkowski’s inequality for integrals (Theorem 5.60), taking p to
be 1, 2, or 0o, and we obtain

e # f = cfll, < | Jon loeOI1fx =) = feoldy],
< Jan HeeWIfx =) = FOI N, dy
= fan loeI Ity f = f1,dy
= [en LoD ey (f) = I, dy.

Let ¢ decrease to 0. For p = 1 or p =2, ||7ey(f) — f1l, tends to O for each y by
Proposition 6.16; for p = oo, it tends to O for each y by assumption on f. The
integrand |@(y)| lze, (f) — f1l » is dominated pointwise by the integrable function
2[o(MI I f1l, independently of &, and therefore we have dominated convergence
along any sequence ¢, tending to 0. Since convergence to a limit within R occurs
as ¢ | 0 if and only if convergence to that limit occurs along every sequence
decreasing to 0, we conclude that lim, o ||@. * f — cf || » =0. This proves (a)
and (b).
For (c), inequality (x) and a change of variables by a dilation gives

[(@e % £)(X) = cf O] = fan oW f (x — ) — f0)] dy.

Since f is bounded and ¢ is integrable, dominated convergence shows that the
right side tends to O if f is continuous at x. This proves (c).

For (d), let n > 0 be given, and choose M > 0 by the boundedness
of f and integrability of ¢ such that 2(sup,cp~ | f(#)]) f‘y|>M lo()|dy < n.
Then choose § > 0 by uniform continuity such that || < § implies that
| f(x +u) — f)] < n/llell;. Whenever e < §/M, the inequality |y| < M
implies that | f(x —ey) — f(x)| < 17/||(p||1. Then

S 19O 1f G = ) = £y = ( [y + Jly pr) (s2me) dy
S0+ fiyem leMI/llell) dy < 21,

and (d) follows. ]
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Corollary 6.21. If f in L*¥(R", dx) satisfies lim,_ |7, f — fllso =0, then
f can be adjusted on a set of measure O so as to be uniformly continuous.

PROOF. Let ¢ be a member of Ceom(RY) such that fRN o(x)dx = 1. Fix a
sequence {g,} decreasing to 0 in R!. Proposition 6.18 shows that each ¢, * f
is bounded and uniformly continuous for every n, and Theorem 6.20 shows that
{¢e, * f}is Cauchy in L*°. Since the L*° and supremum norms coincide for
continuous functions, {¢,, * f} is uniformly Cauchy and must therefore be uni-
formly convergent. Let g be the limit function, which is necessarily bounded and
uniformly continuous. Then || f —gllo. < |f —@e, * flloo + @5, * f — &ll o> and
both terms on the right tend to 0 as n tends to infinity. Consequently || f—g|l,, = 0,
and g is a bounded uniformly continuous function that differs from f only on a
set of measure 0. (]

3. Borel Measures on Open Sets

A number of results in Sections 1-2 about Borel measures on R" extend to
suitably defined Borel measures on arbitrary nonempty open subsets V of RV,
and we shall collect some of these results here in order to do two things: to prepare
for the proof in Section 5 of the change-of-variables formula for the Lebesgue
integral in RY and to provide motivation for the treatment in Chapter XI of Borel
measures on locally compact Hausdorff spaces.

Throughout this section, let V be a nonempty open subset of RY. We shall
make use of the following lemma that generalizes to V three properties (i—iii)
listed for R" before Theorem 6.2 and Corollary 6.3. Let Coom(V) be the vector
space of scalar-valued continuous functions on V of compact support in V. If
nothing is said to the contrary, the scalars may be either real or complex.

Lemma 6.22.

(a) There exists a sequence {F,}>°, of compact subsets of V with union V
such that F,, C F, , for all n.

(b) For any compact subset K of V, there exists a decreasing sequence of open
sets U, with compact closure in V' such that ﬂ;’;l U,=K.

(c) For any compact subset K of V, there exists a decreasing sequence of
functions in C¢on, (V') with values in [0, 1] and with pointwise limit the indicator
function of K.

PROOF. In (a), the case V = R" was handled by (i) before Theorem 6.2. For
V # RY, we can take F, = {x € V| D(x,V¢ > 1/nand |x| < n} as long
as n is > some suitable ng. We complete the definition of the F,’s by taking
Fi=-.--= no—1 = .
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In (b), the case V = R" was handled by (ii) before Theorem 6.2. For V # R,
every x in K has D(x, V¢) > 0 since V¢ is closed and is disjoint from K.
The function D(-, V) is continuous and therefore has a positive minimum on
K. Choose ng such that D(x, V¢) > 1/ng for x in K, i.e., [x — y| = 1/ng
forall x € K and y € V¢ Then D(y,K) > 1/ng if y is not in V. Let
U, ={y € RY| D(y,K) < 1/n} for n > ng. This is an open set containing
K, and its closure in R" is contained in the set where D(y, K) < 1/n, which in
turn is contained in V. The set where D(y, K) < 1/n is closed and bounded in
RV and hence is compact. Therefore U¢! is contained in a compact subset of V.
We complete the definition of the U,’s by letting Uy, ..., Uy, all equal U, 4.

For (c), we argue as with (iii) before Corollary 6.3. Choose open sets U, as in
(b) that decrease and have intersection K, and apply Proposition 2.30e to obtain
continuous functions f, : RN — [0, 1] such that f, is 1 on K and is 0 on Us.
The support of the function f, is then contained in U ,?1, which is compact. By
replacing the functions f,, by g, = min{fj, ..., f,}, we may assume that they
are pointwise decreasing. Then (c) follows. (I

The Borel sets in the open set V are the sets in the o-algebra
BN(V):BNHV:{EOV|EEBN}

of subsets of V. We can regard V as a metric space by restricting the distance
function on RY, and because V is open, the open sets of V are the open sets of
RV that are subsets of V. We shall prove the following proposition about these
Borel sets after first proving a lemma.

Proposition 6.23. The o-algebra By (V) is the smallest o-algebra for V
containing the open sets of V, and it is the smallest o-algebra for V containing
the compact sets of V.

Lemma 6.24. Let X be a nonempty set, let U/ be a family of subsets of X, let
B be the smallest o -ring of subsets of X containing I/, and let £ be a member of
B. Then BN E is the smallest o -ring containing &/ N E.

PROOF OF LEMMA 6.24. Let A be the smallest o -ring containing /N E, and let
A’ be the smallest o -ring containing /N E. Since BNE is a o -ring of subsets of X
containing/N E, A is contained in BNE. Similarly A" € BN E€. Thus the set of
unions AUA’ with A € Aand A’ € A’ is contained in BB, contains U4, and is closed
under countable unions. To see that it is closed under differences, let A U A/1 and
Az U A be such unions. Then (A; U A}) — (A, U A) = (A — Ap) U (A] — A))
exhibits the difference of the given sets as such a union. Hence the set of such
unions is a o -ring and must equal B. (]
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PROOF OF PROPOSITION 6.23. The statement about open sets follows from
Lemma 6.24 by taking X to be R, I/ to be the set of open sets in R, and E to
be V. The set U/ N E is the set of open subsets of V, and the lemma says that the
smallest o -ring containing /N E is By (V). This is a o-algebra of subsets of V
since V itselfisinU/ N V.

Let {F,,} be the sequence of compact subsets of V produced by Lemma 6.22a.
Since V = |J,Z, F,, V is a member of the smallest o-ring of subsets containing
the compact subsets of V. If F is arelatively closed subset of V, theneach F N F,,
is compact, and the countable union F is therefore in this o-algebra. Taking
complements, we see that every open subset of V is in the smallest o -algebra of
subsets of V containing the compact sets. Therefore By (V) is contained in this
o-algebra and must equal this o -algebra. O

A Borel function on V is a scalar-valued function measurable with respect to
By (V). A Borel measure on V is a measure on By (V) that is finite on every
compact setin V.

Theorem 6.25. Every Borel measure p on the nonempty open subset V of
RY is regular in the sense that the value of « on any Borel set E in V is given by

E)= K)= inf )
H(E) ngg u(K) Jnf u)

K compact in V U openin V

REMARK. If u is a Borel measure on V and if we define v(E) = w(E NV) for
Borel sets E of RY, then v is a measure on the Borel sets of RY, but v need not
be finite on compact sets. Thus Theorem 6.25 is not a special case of Theorem
6.2.

PROOF. This is proved from parts (a) and (b) of Lemma 6.22 in exactly the
same way that Theorem 6.2 is proved from items (i) and (ii) before the statement
of that theorem. O

Corollary 6.26. If 1 and v are Borel measures on V such that | vfdun =
[y fdvforall finCeom(V), then = v.

PROOF. This is proved from Theorem 6.25 and Lemma 6.22¢ in the same way
that Corollary 6.3 is proved from Theorem 6.2 and item (iii) before the statement
of that corollary. O

Corollary 6.27. Let p = 1 or p = 2. If i is a Borel measure on V, then

(@) Ceom(V)isdensein L?(V, ),
(b) the smallest closed subspace of L”(V, i) containing all indicator func-
tions of compact subsets of V is L?(V, u) itself,
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(¢) Ceom(V), as a normed linear space under the supremum norm, is separa-
ble,
(d) LP(V, w) is separable.

PROOF. Conclusions (a) and (b) are proved from Lemma 6.22¢ with the aid of
Propositions 5.56 and 5.55d in the same way that Corollary 6.4 is proved from
item (iii) before Corollary 6.3 with the aid of those propositions.

For (c), Lemma 6.22a produces a sequence {F,}>2 ; of compact subsets of V
with union V such that F,, C F)/ 1 for all n. Since the open sets F’ cover V, they
cover any compact subset K of V, and K must be contained in some F,). Let us
put that observation aside for a moment. For each n, we can identify the vector
subspace of Ccom(V) of functions supported in F,) with a vector subspace of
C(F,). The latter is separable by Corollary 2.59, and hence the vector subspace
of Ceom(V) of functions supported in F,) is separable. If we form the union on
n of these countable dense sets of certain vector subspaces and if we take into
account that the functions supported in any compact subset of V have compact
support within some F,?, we see that Ccom(V') is separable.

For (d), we apply (a) and (c) with V replaced by F,? and take into account that
wn(F,) < oo. Let f be arbitrary in L?(F, ii|,). If € > 0 is given, choose g in
Ceom(FY) with || f — gll,, < €. Then choose A'in the countable dense set D, of
Ceom(Fy)) such that ||g — hllsuyp < €. Since || f —hll, < f —gl, +1g— Al
and ||g — hll} = [, 18) — h(N)IP dpa(x) < € u(F,), we obtain || f — hll, <
€+eu(F,)"/P. Hence the closure in LP (V, w) of the countable set D = | J°2 | D,
contains f. In particular, D! contains a vector subspace containing all indicator
functions of compact subsets of V. By (b), D' = L?(V, u). ]

Proposition 6.28. With V still openin R", let V' be an open setin RY'. Under
a continuous function or even a Borel measurable function F : V. — V', F~I(E)
is in By (V) whenever E is in By (V’).

PROOF. The set of E’s for which F~!(E) is in By (V) is a o-algebra, and this
o -algebra contains the open geometric rectangles of R’ by the same argument
as for Proposition 6.8. Thus it contains By (V). [

Corollary 6.29. If V' is a second nonempty open subset in RV besides V,
then any homeomorphism of V onto V' carries By (V) to By (V).

If K is a nonempty compact subset of RY, it will be convenient to be able to
speak of the Borel sets in K, just as we can speak of the Borel sets in an open
subset V of RV, The theory for K is easier than the theory for V, partly because
Borel measures on K can all be obtained by restriction from Borel measures on
RV,
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The Borel sets in K are the sets in By (K) = By N K. Using Lemma 6.24, we
readily see that By (K) is the smallest o-algebra for K containing the compact
subsets of K ; the argument is simpler than the corresponding proof for Proposition
6.23 in that it is not necessary to produce some sequence of sets by means of
Lemma 6.22.

A Borel function on the compact set K is a scalar-valued function measurable
with respect to By (K). A Borel measure on K is a measure on By (K) that is
finite on compact subsets of K. In this situation regularity is a consequence of
the regularity of Borel measures on R", and no separate argument is needed. In
fact, if & is a Borel measure on K, we can define v(E) = w(E N K) for each
Borel subset £ on R¥, and then the finiteness of ;(K) implies that v is a Borel
measure on R". Borel measures on R" are regular, and therefore we have

V(E) = sup v(KY= inf ().
K'CE, UDE

K’ compact in RV U open in RY

Replacing E by E N K and substituting from the definition of v, we obtain the
following proposition.

Proposition 6.30. Every Borel measure ;1 on a compact nonempty set K in
RY is regular in the sense that the value of 1 on any Borel set E in K is given by

wE)=  sup wK)= inf ).
KCE, U2E,
K’ compact in K U relatively
open in K

4. Comparison of Riemann and Lebesgue Integrals

This section contains the definitive theorem about the relationship between the
Riemann integral and the Lebesgue integral in RY. The Riemann integral is
defined in Section IIL.7, the Lebesgue integral is defined in Section V.3, and
Lebesgue measure in RY is defined in Section 1 of the present chapter. In order
to have a notational distinction between the Riemann and Lebesgue integrals,
we write in this section R | 4 J dx for the Riemann integral of a bounded real-
valued function on a compact geometric rectangle A, and we write | 4 Jf dx for
the Lebesgue integral.

Theorem 6.31. Suppose that f is a bounded real-valued function on a compact
geometric rectangle A in RY. Then f is Riemann integrable on A if and only if
f is continuous except on a Lebesgue measurable set of Lebesgue measure 0. In
this case, f is Lebesgue measurable, and R [, fdx = [, f dx.
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PROOF. Proposition 6.12 shows that a set in RY has “measure 0” in the sense
of Chapter III if and only if it is Lebesgue measurable of measure 0, and Theorem
3.29 shows that f is Riemann integrable on A if and only if f is continuous
except on a set of measure 0. This proves the first conclusion of the theorem.

For the second conclusion, suppose that R [, f dx exists. Lemma 3.23 shows
that there exists a sequence of partitions P*) of A, each refining the previous one,
such that the lower Riemann sums L(P®), f)increaseto R | 4 J dx and the upper
Riemann sums U (P(k), f) decrease to R f A f dx. For each k, we define Borel
functions Ly and Uy on A as follows: If x is an interior point of some component
(closed) rectangle S of P®), we define L(x) = mg(f), where mg(f) is the
infimum of f on §; otherwise we let Ly (x) = 0. If we write | S| for the volume of
S, then the Lebesgue integral of Ly over S is given by fs Li(x)dx =mg(f)|S|.
Consequently

/ALk(x)dx =Y ms(HISI=LPY, /).
N

We define Uy (x) similarly, using the supremum Mg (f) of f on § instead of the
infimum, and then

fAUk(x) =Y Ms(NISI=UPY, f).
S

Let E be the subset of points x in A such that x is in the interior of a component
rectangle of P for all k. The set A — E is a Borel set of Lebesgue measure 0.
Since P**+D is a refinement of P% for every k, we have L;(x) < Ly, (x) and
Ur(x) > Ugyi(x) for all x in E and all k. Therefore L(x) = lim L;(x) and
U (x) = lim Ui (x) exist for x in E. Since Ly (x) < f(x) < U(x) for x in E, we
see that

Lx)< f(x)<U) for all x in E.

Define L(x) = U(x) = 0on A — E. Then L and U are Borel functions with
L(x) < U(x) everywhere on A. On E, we have dominated convergence, and
thus

/ L(x)dx = lim/ Li(x)dx and / U(x)dx :lim/ Ur(x)dx.
E k JE E k JE

The set A — E has Lebesgue measure 0, and therefore these equations imply that

/L(x)dx:limek(x)dx and /U(x)dx:lim/ Ur(x)dx.
A ko Ja A k- Ja
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Consequently
/L(x)dx :lim/ Li(x)dx =1lim L(P®, f) :R/ fdx
A k- Ja k A
=1limU PP, f) =lim/ Uy (x) dx =/U(x)dx.
k k A A

Since L(x) < U(x)on A, Corollary 5.23 shows that the set F where L(x) = U (x)
is a Borel set such that A — F has Lebesgue measure 0. Since the inequalities
L(x) < f(x) < U(x) are valid for x in E, f(x) equals L(x) atleaston E N F.
The set E N F is a Borel set, and L is Borel measurable; hence the restriction of f
to ENF is Borel measurable. The set A— (ENF) is a Borel set of measure 0, and
the restriction of f to this set is Lebesgue measurable no matter what values f
assumes on this set. Thus f is Lebesgue measurable. Then the Lebesgue integral
[ f dx is defined, and we have

ff(x)dx: f(x)dx:/ L(x)dx:/L(x)dx:R/fdx.
A ENF ENF A A O

5. Change of Variables for the Lebesgue Integral

A general-looking change-of-variables formula for the Riemann integral was
proved in Section III.10. On closer examination of the theorem, we found that
the result did not fully handle even as ostensibly simple a case as the change from
Cartesian coordinates in R? to polar coordinates. Lebesgue integration gives us
methods that deal with all the unpleasantness that was concealed by the earlier
formula.

Theorem 6.32 (change-of-variables formula). Let ¢ be a one-one function of
class C! from an open subset U of R" onto an open subset ¢(U) of RV such that
det ¢’ (x) is nowhere 0. Then

f(y)dyZ/Uf(<p(x))|det<p’(X)|dx

oU)
for every nonnegative Borel function f defined on ¢(U).

REMARK. The o-algebra on ¢(U) is understood to be By N ¢(U), the set
of intersections of Borel sets in RY with the open set ¢(U). If f is extended
from @(U) to RY by defining it to be 0 off ¢(U), then measurability of f with
respect to this o-algebra is the same as measurability of the extended function
with respect to By.
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PROOF. Theorem 3.34 gives us the change-of-variables formula, as an equality
of Riemann integrals, for every f in Ceom(¢(U)). In this case the integrands on
both sides, when extended to be 0 outside the regions of integration, are continuous
onall of R", and the integrations can be viewed as involving continuous functions
on compact geometric rectangles. Proposition 6.11 (or Theorem 6.31 if one
prefers) allows us to reinterpret the equality as an equality of Lebesgue integrals.

In the extension of this identity to all nonnegative Borel functions, measur-
ability will not be an issue. The function f is to be measurable with respect
to By (¢(U)), and Corollary 6.29 shows that such f’s correspond exactly to
functions f o ¢ measurable with respect to By (U).

Using Theorem 5.19, define a measure p on By (U) by

W(E) = / | det g’ (x)] dx.
E

Corollary 5.28 implies that p satisfies

f gdu = / ¢(x) | det @' (v)] dx *
U U

for every nonnegative g on U measurable with respect to By (U). Next define
another set function v on By (U) by

V(E) = m(¢(E)),

where m is Lebesgue measure. It is immediate that v is a measure, and we have
o TE@™ IO dy = [, Lo(ey dy = m(@(E)) = v(E) = [, I dv. Passing
to simple functions > 0 and then using monotone convergence, we obtain

/ gow‘ldy=/gdv (%)
o) U

for every nonnegative g on U measurable with respect to By (U).
If in (%) and (x) we take g = f o ¢ with f in Ceom(@(U)) and we substitute
into the change-of-variables formula as it is given for f in C.om(¢(U)), we obtain

the identity
/ gdv = / gdn ()
U U

for all g in Ceon(U). From Corollary 6.26 we conclude that 4 = v. Hence
(1) holds for every nonnegative g on U measurable with respect to By (U). We
unwind () using (x*) and (x) with g = f o ¢ but now taking f to be any
nonnegative function on ¢(U) measurable with respect to By (¢(U)), and we
obtain the conclusion of the theorem. O
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Let us return to the example of polar coordinates in R?, first considered in
Section III.10. The data in the theorem are

U={(;)|0<r<+oo and 0 <6 <27},
() =e()=(20).

o) =R —{(;) [x z0}.

Since det ¢’ (;) =r, Theorem 6.32 gives

and we have

f(x,y)dxdy:/ f@rcos@,rsinf)rdrdd

oU) 0<r<oo, 0<6<2m

for every nonnegative Borel function f on ¢(U). The set of integration ¢ (U) on
the left side is not quite the whole plane; it omits the part of the x axis where
x > 0. But this is a harmless defect: this subset of the x axis is contained in the
entire x axis, which is an abstract rectangle in the sense of Fubini’s Theorem and
has measure 0. Thus the formula can be changed to read

/ f(x,y)dxdy:/ f(rcosO,rsin@)rdrdo
R2 0<r<oo, 0<6 <27

for every nonnegative Borel function f on R%. Here is an application of this
formula that we shall use in proving the Fourier Inversion Formulain Chapter VIIIL.

o0

Proposition 6.33. / e dx = 1.
—00
REMARK. Since we now know from Theorem 6.31 that there is no discrepancy
between the Riemann integral and the Lebesgue integral with respect to Lebesgue
measure, there will be no harm in the future in writing limits of integration in the
usual way for integrals with respect to 1-dimensional Lebesgue measure.

PROOF. We use polar coordinates and Fubini’s Theorem to compute the square
of the integral in question:
2
(fR e—ﬂxz dx) _ fRZ e—nx2e_ny2 dxdy = fR2 e—n(x2+y2) dx dy
= /> 02” e r do dr =21 I re " dr

= 27 limy fON re= ™" dr = limy [ — e””z]N

. =L

Since the integral in question is certainly > 0, the proposition follows. (]
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Proposition 6.33 is closely related to properties of the “gamma function,” a
certain function of a complex variable that reduces essentially to the factorial
function on the positive integers. The definition of the gamma function makes
use of the expression ¢* defined for 0 < ¢ < +o0c and s in C by ¢ = e*1°8",

Fix s € C with Res > 0. The function t — #*~!e~" is continuous on
(0, +00) and hence Borel measurable. Let us see that it is integrable with respect
to Lebesgue measure. Since |#*~'e™| = tR¢*~!e~" we may assume that s is real
(and positive) in showing the integrability. Integrability on (0, 1] is no problem,
since we know that fol t*~1dt < oo for s > 0. To handle [1, +00), let n be

an integer > s — 1. Then t*~! < " = 2”n!(%(%)") < 2”n!2,fi0%(%)k =

2"nle'/?. Hence t*~'e™ < 2"nle™"/?, and the integrability on [1, +00) follows.
With this integrability in place, we define the gamma function by

o
C(s) = / e dt for Res > 0.
0

Proposition 6.34. The gamma function has the properties that
(@) '(s+ 1) =sI'(s) forRes > 0,

(b) T(1) =1and I'(n + 1) = n! for integers n > 0,

© I(}) = V.

PROOF. Part (a) follows from integration by parts, which needs to be done on
an interval [¢, M] and followed by passages to the limit ¢ — 0 and M — oo. In
(b), the formula I'(1) = 1 just amounts to the elementary integral fooo e 'dt =1,
and then the formula I'(n + 1) = n! for integers n > 0 follows by iterating (a).
For (c), the change of variables t = mx? gives

r(3)=Jt7" e dt = fooo(nxz)’l/ze’”z%rx dx = 2w [}~ e ™ dx.

Since [;° e dx = L e~ dx, Proposition 6.33 allows us to conclude
that 2 [ e dx = 1. Hence I'(}) = /7. O

It is often true in applications of the change-of-variables formula that the set
¢ (U) does not exhaust the set that one might hope to have as region of integration.
For polar coordinates the exceptional set was the part of the x axis with x > 0,
and an easy argument showed that the exceptional set had measure 0. In a more
complicated example, that easy argument will not ordinarily apply, but still the
exceptional set has a certain “lower-dimensional” quality to it. A general result
saying that certain lower-dimensional sets have measure 0 will be given as a
corollary of Sard’s Theorem, which we prove now.

Let ¢ : V — RY be a smooth map defined on an open subset V of RV. A
critical point x of ¥ is a point where ¥'(x) has rank < N. In this case, ¥ (x) is
called a critical value.
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Theorem 6.35 (Sard’s Theorem). If ¥ : V. — R is a smooth map defined
on an open subset V of RY, then the set of critical values of v is a Borel set of
Lebesgue measure 0 in RV,

PROOF. The set where 1/ (x) has rank < N — 1 is relatively closed in V and
hence is the union of countably many compact sets. The set of critical values is
then the union of the compact images of these sets and consequently is a Borel set.
Let us see that this Borel set has Lebesgue measure 0. Since V is the countable
union of compact geometric rectangles and since the countable union of sets of
measure 0 is of measure 0, it is enough to prove the theorem for the restriction of
¥ to a compact geometric rectangle R.

For points x = (x1,...,xy) and x" = (x{,...,x)) in R, the Mean Value
Theorem gives

N
ov;
Vi(x) — ¢i(x) = E _BW
i=1 9%j

@) & —xp), (+)

where z; is a point on the line segment from x to x’. Since the g% are bounded
7

on R, we see as a consequence that

[y (x) — ¢y (0)] < alx’ — x| (k)

with @ independent of x and x". Let L,(x") = (L, 1(x'),..., Ly y(x")) be the
best first-order approximation to i about x, namely

o,
e, (O — ).

N
Lei(x)=vi(x)+)
Jj=1

Subtracting this equation from (x), we obtain

N
/ / awl a]//l /
Yi(x)) = Lyi(x) = ]; (axj @)~ 50 (x)) (x] — x;).
Since % is smooth and |z; — x| < |x’ — x|, we deduce that
J
W () = L ()] < blx' —x]? ()

with b independent of x and x'.

If x is a critical point, let us bound the image of the set of x” with |[x' — x| < c.
The determinant of the linear part of L, is 0, and hence L, has image in a
hyperplane, not necessarily a coordinate hyperplane. By (), ¥ (x’) has distance
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< bc? from this hyperplane. In each of the N — 1 perpendicular directions,
(x%) shows that ¥ (x") and ¥ (x) are at distance < ac from each other. Thus
Y (x’) is contained in a box' centered at v (x) with volume 2V (ac)N =1 (bc?) =

INGN=1p N+1
We subdivide R into M smaller compact geometric rectangles whose dimen-
sions are 1/M times those of R. If d is the diameter of R and if one of these
smaller geometric rectangles R’ contains a critical point x, then any point x" in R’
has |x" — x| < d/M. By the result of the previous paragraph, ¥ of R’ is contained
in a box of volume 2Va™~'b(d/M)N+!. The union of these boxes, taken over all
of the smaller geometric rectangles containing critical points, contains the critical
values. Since there are at most M of the smaller geometric rectangles, the outer
measure m* of the set of critical values, where m refers to Lebesgue measure, is
< INGN=1pgN+1 pr=1 This estimate is valid for all M, and hence the set S of
critical values has m*(S) = 0. Therefore the Borel set S has Lebesgue measure 0.
O

Corollary 6.36. If v : V. — R" is a smooth map defined on an open subset
V of RM with M < N, then the image of ' is a Borel set of Lebesgue measure 0
in RV,

PROOF. Sard’s Theorem (Theorem 6.35) applies to the composition of the pro-
jection RY — R¥ followed by . Every point of the domain is a critical point,
and hence every point of the image is a critical value. The result follows. g

We define a lower-dimensional set in R" to be any set contained in the
countable union of smooth images of open sets in Euclidean spaces of dimension
< N. The following result is immediate from Corollary 6.36.

Corollary 6.37. Any lower-dimensional set in R” is Lebesgue measurable of
Lebesgue measure 0.

The N-dimensional generalization of polar coordinates in R? is spherical
coordinates in R". In the notation of Theorem 6.32, we have

0<r <+4o0,

[
U = :l 0<fj<mforl <j<N-2,
9;\;;1 0<0Oy_1 <27
’ r cos b
X o, r sin 6 cos 6
and = - = :
<XN) ’ rsin@---sinOy_3 cos Oy

On_1 . . .
rsinfq---sinOy_p sinOy_;

I'This box need not have its faces parallel to the coordinate hyperplanes.
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Problem 2 at the end of the chapter asks for three things to be checked:
(i) the determinant factor in the change-of-variables formula is given by

N-1

|dety'| =r sinV 720, sin" 36, - - sinOy_s,

(i) ¢ is one-one on U,
(iii) the complement of ¢(U) in R" is a lower-dimensional set.

Then it follows that the change-of-variables formula applies and that the integra-
tion over ¢(U) can be extended over RY. We can write the result as

00 b4 b4 2
/ f(x)dx:/ / / / f(rcosby,...)
RN r=0 9]=0 91\/,2:0 9}\/,]:0
% N

N1 ginV 2 Or---sinBy_rdOyN_1---db dr.

The expression sinV 20, ---sinfy_,dOy_, - - - d9, we abbreviate as dw. Geo-

metrically it is the contribution to Lebesgue measure on R" from the sphere SV !
of radius 1 centered at the origin. In Chapter XI we shall speak of Borel sets in
any compact metric space. The sphere SV~! is a compact metric space, and we
shall note that dw refers to a rotation-invariant Borel measure on SV ~!. We write

QN—l = / dw
SN-1

for the “area” of the sphere S ~!. This constant is evaluated in Problem 12 at the
end of the present chapter with the aid of Proposition 6.33. In terms of dw, the
change-of-variables formula for spherical coordinates is

/ f(x)dx=/oo/ fro)r¥ Ydwdr.
RN r=0 JweSN-1

This formula allows us quickly to check the integrability of powers of |x| near
the origin and near oco. In fact, we have

1
/ x4 dx = QN_1/ rdtN=1 gy
[x[<1 0

o
and / Ix|9dx = QN1/ ratN=1 gy,
[x[>1 1

from which we see that
0 forg > —N,

|x|? is integrable near {
oo forg < —N.
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6. Hardy-Littlewood Maximal Theorem

This section takes a first look at the theory of almost-everywhere convergence.
The theory developed historically out of Lebesgue’s work on an extension of the
Fundamental Theorem of Calculus to general integrable functions on intervals of
the line, work that we address largely in the next chapter. We shall see gradually
that the theory applies to a broader range of problems than the ones immediately
generalizing Lebesgue’s work, and one can make a case that nowadays the theory
in this section is of considerably greater significance in real analysis than one
might expect from Lebesgue’s work on the Fundamental Theorem.

The theory brings together two threads. The first thread is the observation that
an effort to differentiate integrals of general integrable functions on an interval
of the line can be reinterpreted as a problem of almost-everywhere convergence
in connection with an approximate identity of the kind in Theorem 6.20. In
explaining this assertion, let us denote Lebesgue measure by m as necessary.
To differentiate F(x) = fax f(t)dt, one forms the usual difference quotient
h~'[F(x + h) — F(x)], which can be written for 4 > 0 as

1

—1

i oy Sy = [ 76 =y 00 i) dy
oras f ¢y (x), where p(y) = m([—1,0])~! I;—1,01(y). Here ¢ has integral 1, and
¢y, is the normalized dilated function defined in Section 2 by ¢, (y) = h~'p(h~'y)
in the 1-dimensional case. Theorem 6.20 says for p = 1 and p = 2 that as &
decreases to 0, f * ¢y, converges to f in L? if fisin L?. Also, f * ¢, converges
uniformly to f if f is bounded and uniformly continuous, and f ¢, (x) converges
to f(x) at the point x if f is bounded and is continuous at x. The problem about
differentiation of integrals asks about convergence almost everywhere.

We shall want to have a theorem in R” | and for this purpose an N-dimensional
version of /[_; o) does not seem attractive for generalizing. Instead, let us general-
ize from /[_1 1, taking the N-dimensional problem to involve a ball B of radius 1
centered at the origin; there is some flexibility in choosing the set B, and a cube
centered at the origin would work as well. We write r B for the set of dilates of
the members of B by the scalar r. Thus we investigate

e8! [ fe-ydy
rB
as r decreases to 0; equivalently we investigate

f*e(x), where o(y) =m(B) ' I(y).
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The second thread comes from making a simple observation and then trying
to prove the converse in specific settings, as improbable as it sounds. The
observation is that if some sequence of nonnegative functions indexed by n
is to converge almost everywhere, its supremum on n must be finite almost
everywhere. A converse would say that a finite supremum almost everywhere
implies convergence almosteverywhere. Banach succeeded in proving an abstract
such converse in a 1926 paper, making use of the completeness of the space of
functions he was studying. In a celebrated 1930 paper, Hardy and Littlewood
proved a concrete such converse in connection with differentiation of integrals;
they obtained a quantitative estimate about the supremum, and then the almost
everywhere convergence followed from that estimate and from the fact that the
convergence certainly takes place for nice functions. Here is an N-dimensional
version of the basic theorem in that direction.

Theorem 6.38 (Hardy-Littlewood Maximal Theorem). If f is in L'(RV),
then
5N £

mix| f7@) > &) = =

for every £ > 0, where

Ff) = sup m(rB>—1fB|f(x—y>|dy.

O<r<oo
Before examining the statement of the theorem more closely and then proving
the theorem, let us see how to derive a corresponding N -dimensional convergence
result from it, and let us see how the first part of Lebesgue’s version of the

Fundamental Theorem of Calculus, the part about differentiation of integrals,
follows as well.

Corollary 6.39. If f is integrable on every bounded subset of RY, then

lim m(rB)—lf fx—y)dy = f(x) ae.
0 rB

PROOF. Since the convergence for a particular x depends on the behavior of
the function only near x, we may assume that f is identically O off some bounded
set. The effect of this assumption for our purposes is that f then has to be in
L'(RN). Define

T,(f) =m@B)™ /B fx—y)dy,

bearing in mind that f*(x) = sup,., 7, (| f|)(x). If g is continuous of compact
support, then lim, o 7, g(x) = g(x) everywhere by Theorem 6.20c. Lete > O be
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given, and choose by Corollary 6.4 a function g in Ceom(R"Y) with || f —g|l; < €.
Then

limsup |7, f(x) — f(x)|
rl0

< limsup [T, (f — g)(0)[ + limsup |T,g(x) — g(0)[ + |g(x) — f(x)]

rl0 rl0
< sugITr(f -9+ lgx) — f(x)]
< SugTrﬂf —ghx) +lgx) — f(x)I.

If the left side is > &, at least one of the terms on the right side is > £/2. Hence

{x| limsup|T, f(x) — f(x)| > £}
C{x|(f - ) >&2}Ufx|Ifx)— g > &/2}.

By Theorem 6.38 and the inequality o m{x | |F (x)| > a} < ||F|, the Lebesgue
measure of the right side is

< 25N f =gl +2||f—g||1 562(5N+1)‘
3 3 3

Since € is arbitrary, S(§) = {x | limsup |7, f(x) — f(x)] > S} has measure 0.
Letting £ tend to O through the values 1/n, we see that S(0) has measure 0, i.e.,
that lim, o 7, f (x) = f(x) almost everywhere. ]

Corollary 6.40 (first part of Lebesgue’s form of the Fundamental Theorem of
Calculus). If f is integrable on every bounded subset of R', then fax f(y)dyis
differentiable almost everywhere and

d X
" f FOYdy = f(x) ae.
X a

PROOF. For f in L'(R!), let f* be as in Theorem 6.38, and define

1 (" 10
S (x) = sup Z/o |f(x+1)dt and f(x) = sup E/hlf(x—i-t)ldt.

h>0 h>0 —

Then .,
1
£ < sup 4 /h (x4 Dldf = 2% (0),

h>0 —
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and similarly f;**(x) < 2f*(x). From Theorem 6.38 it follows that

m{x | ) > €} <101 £l /&
and m{x| fi*(x) > &} < 10| fII1 /&.

The same argument as for Corollary 6.39 allows us to conclude, for any f
integrable on every bounded subset of R!, that limy, o % foh fx+ndt = f(x)

ae. and limyyo 1 [°, f(x + 1) dt = f(x) ae. Hence L [* f(r)dt = f(x)
almost everywhere for such f. (]

Let us return to Theorem 6.38. The function f*(x) is called the Hardy—
Littlewood maximal function of f. It is measurable because the supremum
over rational 7 gives the same value of f*(x) for each x. If we let £ tend to oo in
the inequality m{x { fH(x) > 5} <5V Hf|| 1/5, we see immediately that f*(x)
is finite almost everywhere, i.e., that the supremum in question is actually finite
almost everywhere. The inequality is a quantitative version of that qualitative
conclusion.

For any situation in which it is desired to prove an almost-everywhere conver-
gence theorem, there is an associated maximal function in modern terminology,
which can be taken as the supremum of the absolute value of the quantity for
which one is trying to prove almost-everywhere convergence. In the above case
we used the supremum for | f| instead, which in principle could be larger.

There is no hope that the Hardy-Littlewood maximal function f* is actually in
L' if f is not a.e. the O function because the occurrence of large values of r in the
supremum already rules out L' behavior: infact, f*(x) is necessarily > a positive
multiple of |x|~" for large |x|, and thus f* cannot be integrable. On the other
hand, f* is close to integrable: We shall see in Section 10 that the integral of any
nonnegative function g can be computed in terms of the functionm{x | g(x) > &}
of £, the formula being [y g(x) dx = fooom{x | g(x) > &} d&. Theorem 6.38
shows that the integrand in the case of f* is < a multiple of 1/&, and 1/§ is
close to being integrable on (0, +00). This is a better qualitative conclusion than
merely finiteness almost everywhere, and Theorem 6.38 is a quantitative version
of just how close f* is to being integrable.

The particular property of f* that is isolated in Theorem 6.38 arises fairly
often. If g > 0 is integrable and § is the set where g > &, then g > &[5
everywhere; hence ||g||; > & m(S) and m(S) < ||g||1/§. A function g is said to
be in weak L' if

mix|lgx) > &} <C/&

for some constant C and for all £ > 0. Theorem 6.38 says that the nonlinear
operator f > f* carries L' to weak L' with C bounded by a multiple of the L'
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norm of f, and an operator of this kind that satisfies also a certain sublinearity
property is said to be of weak type (1, 1). We return to this matter, with the
definition in a clearer context, in Chapter IX.

Now let us prove Theorem 6.38. One modern proof uses the following covering
lemma, which takes into account the geometry of R" in a surprisingly subtle way.
Once the lemma is in hand, the rest is easy.

Lemma 6.41 (Wiener’s Covering Lemma). Let E € R" be a Borel set, and
suppose that to each x in E there is associated some ball B(r; x) with r perhaps
depending on x. If the radii r = r(x) are bounded, then there is a finite or
countable disjoint collection of these balls, say B(ry; x1), B(rz; x2), ..., such
that either the collection is infinite and inf;<j .o 7; 7 0 or

0
E C U B(Sr/-; .X'j).
Jj=1

In either case,
o0

m(E) <5V Zm(B(l’j; Xj))-

j=1

REMARK. The shape of the sets of B(r; x) is not very important. What is
important is that there be some neighborhood B of the origin that is closed under
the operation of multiplying all its members by —1 and by any positive number
r < 1. The other sets are obtained from B by dilation and translation.

PROOF. Let
Ay = {all sets B(r; x) in question}
and R, =sup {r | B(r; x)isin A; for somex}.
By hypothesis, R is finite. Pick some B(ry; x1) withr; > %Rl, and let
Ay = {members of A; disjoint from B(ry; xl)}.

If A, is empty, let all further R;’s be 0 and let all further B(r;; x;)’s be empty. If
A, is nonempty, let

R, = sup {r | B(r; x) is in A, for some x}.
Pick B(ra; x2) in Ay withr; > JR;. Let

As = {members of A, disjoint from B(r;; X2)},



370 VI. Measure Theory for Euclidean Space

and proceed inductively to construct Rz, B(r3; x3), A4, etc.

The numbers R; are monotone decreasing. We may assume that lim R; = 0,
since otherwise inf; ; # 0 and )~ m(B(r;; xj)) = +oo. Let

V; = union of all sets in A; — A, for j > 1

and Vo = union of all sets in A;.
Then Vy = U;; V;; in fact, if B(r; x) is in A;, then the equality limR; = 0
forces there to be a last index j such that B(r; x) is in A;, and this j has the
property that B(r; x) is in .A; and not A; ;.

Since E C J,op B(r; x) = Vo = ;2 V}, the proof will be complete if we

show that
Vj - B(Srj;xj). (%)

Thus let B(r; x) bein A; — Aj;. Thenr < R,
B(r; x) N B(rj; xj) # 9,
andr; > %Rj. Consequently r < 2r; and
B(r; x—x;) N B(rj; 0) # @.

This condition means that there is some p in B(r;; 0) with |[x —x; — p| <r. If
q is any member of B(r; x), then

lg —xj| <lg —x|+|x—x; —pl+Ipl <r+r+r;=2r+r;.
Thus g is in B(2r +r;; x;) € B(5r;; x;), and (x) follows. O

PROOF OF THEOREM 6.38. Let E = {x| f*(x) > &}. If x is in E, then
m(B(r;0))! fB(r_x) |f(y)|dy > & for some r > 0. Associate this r to x in
applying Lemma 6.41. Since

£ < m(B(r;O»—l/ O dy < Vm(BQ:0) £

B(r;x)

we see that ¥V < £7'm(B(1;0))"'|| fll;. Hence the numbers r are bounded.
Thus the lemma applies, and we obtain

m(E) < 5"y m(B(rj; x;) < 5N IFldy < SMET £,
J J

B(rjixj)

the last inequality holding because of the disjointness of the sets B(r;; x;). [
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Let us return to the theme of almost-everywhere convergence in connection
with approximate identities. Theorem 6.38 has the following consequence of just
that kind.

Corollary 6.42. Let ¢ > 0 be a continuous integrable function on R" of the
form ¢ (x) = @o(|x]), where ¢ is a decreasing C' function on [0, 00), and define
@:(x) = e Ng(e7'x) for ¢ > 0. Then there is a constant C,, such that

sup [(ge * f)(X)] < Cy f*(x)

e>0

for all x in RY and for all f in L'(R"). Consequently if [,y ¢(x) dx = 1, then
lim (g, * f)(x) = f(x)
el0

almost everywhere for each f in L'(RM).

PROOF. Put ¥ (r) = —¢,(r) = 0, so that ¢y (r) — ¢o(R) = er Y(s)ds. The
integrability of ¢ and the fact that ¢ is decreasing force limg_, o, po(R) = 0, and
we obtain ¢o(r) = [ ¥(s)ds and p(x) = flj‘f ¥ (r) dr. Meanwhile, the inte-
grability of ¢, together with the formula for integrating in spherical coordinates,
shows that [~ ¢o(r)r¥N~'dr = C < +o0. Integrating by parts on the interval
[0, M] gives

_ M
C = o)y rVdr = L[eo) V] + & f vy N dr,
and thus
L w @) rVdr < C < 4oo.
The form of ¢ implies that
g:(0) = eV [ Y@ dr.

If, as in the statement of Theorem 6.38, we let B be the ball of radius 1 centered
at the origin, we obtain

[(@e * D] < fan 0D f(x — y)|dy
= [y €N [0, VOLF =yl dr dy
= [Zo v O™ [ze 1f & =l dy]dr
= [ZmBYY ) [merB) [ | f(x — y)|dy]dr
=mB)[ [Zyw ) rVdr]f* ().
The right side is < C, f*(x) with C, = CNm(B). Applying Theorem 6.38,
we see that the operator f > sup,_q (¢ * f)(x)]| is of weak type (1,1). Since
@. * f converges pointwise (and in fact uniformly) to f when f is in Ceom(RY),

the same argument as for Corollary 6.39 shows that lim, o(¢,: * f)(x) = f(x)
almost everywhere for each f in L'(RV). O
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1
1+ x2
in R'. We shall see in Chapter VIII that the function A (x, y) = (Py * f)(x) for
this ¢ is the natural function on the half plane y > 0 in R? that is harmonic, i.e.,
0%h n 3h
0xz  9y?
has f(x) as boundary values almost everywhere if f isin L'(R").

EXAMPLE. An example of a function ¢ as in Corollary 6.42is P(x) =

has = 0, and has boundary value f. Corollary 6.42 says that h(x, y)

7. Fourier Series and the Riesz—Fischer Theorem

As mentioned at the beginning of Chapter V, the use of the Riemann integral
imposes some limitations on the subject of Fourier series that no longer apply
when one uses the Lebesgue integral. In this section we shall redo the elementary
theory of Fourier series of Section 1.10 with the Lebesgue integral in place, with
particular attention to the improved theorems that we obtain. It will be assumed
that the reader knows the theory of that section.

The underlying measure space will be [—, 7 ] with the o -algebra of Borel sets
and with the measure % dx, where dx is 1-dimensional Lebesgue measure. The
complex-valued functions under consideration will be periodic of period 2, thus
assuming the same value at 7w as at —z. The spaces L', L?, and L™ will refer
to this measure space when no other parameters are given. Since the measure
of the whole space is finite, these spaces satisfy the inclusions L>* € L?> C L!,
The functions in L™ being essentially bounded, they are certainly integrable and
square integrable. The inclusion L?> C L' follows from the Schwarz inequality:
3 ST 11 < (3 ST 1P dx) P (5 7, 1)

There is another way of viewing this measure space that will be especially
helpful in relating convolution to the theory. Namely, a periodic function on the
line of period 2 may be viewed as a function on the unit circle of C with the angle
as parameter. In fact, convolution is a construction that combines group theory
with measure theory when the measure is invariant under the group, and that is
why convolution appears more natural on the circle than on [—m, 7r]. The limits
of integration do not have to be written differently from the way they are written
on the line, but we must remember that functions are to be extended periodically
when we interpret integrands. The factor % in front of the measure means that
all convolutions of functions are to contain this factor. Thus the definition of
convolution for nonnegative f and g is

T

1
(f*9x) = T fx—=yegdy.

Convolution is commutative and associative on the circle just as in Proposition
6.13, and the various norm estimates of Section 2 are valid in the setting of the
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circle. The use of dilations has no analog for the circle, and thus the circle has
no approximate identities of the form ¢,.
If fisin L', the trigonometric series

o0 T

. 1 .
Z cpe'™ with = — f(x)e * dx
2w

n=—o0 -
is called the Fourier series of f. This time we regard the integral as a Lebesgue
integral. We write

00 N
f(x) ~ Z cpe’m™ and sy(f;x) = cpe"r.
N

n=—o0 n=—

A Fourier series can be written also with cosines and sines, and the coefficients
a, and b, are unchanged from Section I.10.

Theorem 6.43. Let f be in L?>. Among all choices of d_y, ..., dy, the

expression
™ 2
dx

2w J_,

N
fG) =) dpe™
n=—N

is minimized uniquely by choosing d,,, for all n with |n| < N, to be the Fourier
coefficient ¢, = % ff ) (x)e™"* dx. The minimum value is

N

1 T
— | If@Pdx— " el

2 - n=—N
PROOF. The proof is the same as for Theorem 1.53. O

Corollary 6.44 (Bessel’s inequality). If fisin L2 with f(x)~Y0 _ c,e™™,
then

1 s
D lalP = — | IfPdx.
T J-n

oo

2
n=—oo |Cn |

In particular, is finite.

PROOF. The proof is the same as for Corollary 1.54. g

Corollary 6.45 (Riemann-Lebesgue Lemma). If f is in L' and has Fourier

coefficients {c,}5° ., then limy;| o ¢, = 0.

REMARK. Since L? is properly contained in L', this corollary is not a special
case of Corollary 6.44, unlike the situation with the Riemann integral.
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PROOF. The result is immediate from Corollary 6.44 in the case of L? func-
tions and in particular in the case of continuous functions. Write ¢, (k) for the
th Fourier coefficient of any function 4. Let € > 0 be given. Choose by
Corollary 6.27a a continuous g with || f — g||; < €/2. Then choose N such that
In| = N implies |c,(g)| < €/2. Then [c, ()] < lea(f — &)+ [ca(g)] < € since
len(f = < 3 [T 1 —glle™™ [ dx = || f — gl < €/2. O

Theorem 6.46 (Dini’s test). Let f bein L', and fix x in [—7, 7 ]. If there is a
constant § > 0 such that

/ |f(x+1)— fx)l dt
lt|<8

|t]

’

then limy s, (f; x) = f(x).

REMARK. The condition in the corresponding result for the Riemann integral,
namely Theorem 1.57, was that | f (x 4+ 1) — f(x)| < M|t| for |t] < § and some
constant M. The condition in the present theorem is satisfied by f(x) = /[x] at
x = 0, and the condition in the earlier theorem is not.

PROOF. The proof is the same as for Theorem 1.57 except that we need to
appeal to the improved version of the Riemann-Lebesgue Lemma in Corollary
6.45. g

Now we work toward a proof of Parseval’s Theorem for all of L. We need to
know about Fourier coefficients of convolutions.

Proposition 6.47. If f(x) ~ Y 02 c,e™ and g(x) ~ Y o2 d,e™™, then
(f % 8)(x) ~ D02 cudne™.

PROOF. This is a consequence of Fubini’s Theorem and the translation invari-
ance of Lebesgue measure:

1 [7 .
o [ roweman= [ f Fx = y)gre ™ dy] d
T J_x 27

-

1
27
(%) f f(x)g(y)e_i”("+y) dX] dy

<2L/ fx)e dx)(%/z g(y)e " dy). O

) / f(x —ygye ™ dX] dy
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The proof of the version of Parseval’s Theorem for all of L? will make use of
the Fejér kernel Ky (¢) introduced in Section [.10. We do not need to recall the
exact formula for Ky, only the fact that it is a trigonometric polynomial of degree
N with the following three properties:

() Kn(x) =0,
(i) 5 7, Kn()dx =1,
(iii) forany 8 > 0, sups- <, Kn(x) tends to 0 as n tends to infinity.
These three properties identified Ky as an approximate identity in the setting of
periodic functions, and Fejér’s Theorem in the form of Theorem 1.59 gave the
consequence for convergence at points of continuity of f. With the Lebesgue
integral, we get also results about norm convergence in L' and L?.

Theorem 6.48 (Fejér’s Theorem). Let f be in L'. Then

(a) limy ||Ky * f — f]l1 = 0 with no additional hypotheses on f,

(b) limy |[Ky * f — fllo = 0if fisalsoin L?,

(©) limy(Ky* f)(x0) = f(xp)if f is bounded on [—7, 7] and is continuous
at xo,

(d) the convergence in (c) is uniform for x¢ in E if f is bounded on [—7, 7]
and is uniformly continuous at the points of E,

(e) limy(Ky * f)(xg) = %(f(xo—l—) + f(xo—)) if f is bounded on [—, 7]
and has right and left limits f(xo+) and f(xo—) at xo.

PROOF. For (a) and (b), let p = 1 or p = 2 as appropriate. Then

”Kn*f - f“p
1 /g
~ |5 [ Kvre—n - fwia by (i)
T J_n P.X
1 T
<5 | KvOIf&x =0 = FDllpadr by (i) and
TS Theorem 5.60
< sup I (x = 1) = F@llps +20 sup_ KISl

[t]<é S|t

Given € > 0, choose § by Proposition 6.16 to make the first term of the final
bound be < €/2, and then choose Ny by (iii) to make the second term of the final
bound be < €/2 for N > Ny. Then the final bound is < € for N > Nj.

Parts (c) and (d) are proved exactly as in Theorem 1.59. For (e), we may
assume without loss of generality that xo = 0 because convolution commutes with
translations. If we can prove (e) for a single function g with a jump discontinuity
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at x = 0 equal to the jump for f, then we can apply (c) to f — g and deduce (e)
for f. Let us see that such a function g may be taken as a multiple of

h(x):{%(n_X) forO<x<m

(=7 —x) for —m <x <O.

In fact, a computation at the beginning of Section 1.10 shows explicitly that the
series Z;’il (sinnx)/n converges to h(x) for x # 0, but we do not need this fact.
All that we need is that the series Z:il (sinnx)/n is the Fourier series of &, a
fact that we can readily check from the definition. The sum of this series at x = 0
is manifestly 0, and this sum matches the average of the jumps %(% + =F). The
Cesaro sums of the series Y .- (sinnx)/n must have the same limit 0, according
to Theorem 1.47, and (e) is proved. OJ

Theorem 6.49 (Parseval’s Theorem). If f is a function in L? with f(x) ~
3% . cne™, then

n=—0o0

lim i/n |f () —sy(f:x)Pdx =0

N—oo 27 —x

and
o0

L 2 2
— x)|[“dx = cal”.
2 | ) n;o' |
PROOF. From the first conclusion of Theorem 6.43, we obtain0 < || f —sy |13 <
Il f—(Ky=* f)||%, and we know from Theorem 6.48b that || f — (K * f)||§ tends
to 0. This proves the first formula, and the second formula follows by passing to
the limit in the second conclusion of Theorem 6.43. O

Corollary 6.50 (uniqueness theorem). If f is in L' and has all Fourier
coefficients 0, then f is the O element in L'.

PROOF. Proposition 6.47 shows that the Fourier coefficients of Ky * f are
cn(Ky % F) = c,(Ky)c,(f), and this is O for all n. By Proposition 6.18, Ky * f
is continuous, and thus Ky * f = 0 by Corollary 1.60. Since Ky * f tends to f
in L1 according to Theorem 6.48a, we conclude that f is the O element in L IO

Now we come to the Riesz—Fischer Theorem, which historically was a great
triumph for the Lebesgue integral over the Riemann integral. The result uses the
completeness of L? and has no counterpart with Riemann integration.

Theorem 6.51 (Riesz—Fischer Theorem). If {c,} is a given doubly infinite
sequence of complex numbers with }"°° _ |c,|> < oo, then there exists an f in

L? whose Fourier series is Y oo c,e'™ .
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PROOF. Define fy(x) = ZlnlsN cp,e™. For M > N, Parseval’s Theorem
(Theorem 6.49) gives || far — fn ||§ = ZN+1§InI§M |c,|?, and the right side tends
to 0 as M and N tend to infinity because of the convergence of Y oo |c,|.
Thus { fy} is a Cauchy sequence in L. By Theorem 5.59, L? is complete as a
metric space, and thus { fy} converges in L2. Let f be (a function representing)
the limit element in L2. The inner product in L? is a continuous function of the
L? function in the first variable, and therefore the Fourier coefficients of f satisfy

cn(f) = (f.€™) =lim (fy, ™).

As soon as N gets to be > |n, (fy,e™) equals ¢,. Thus ¢,(f) = ¢, for all n,
and f has the required properties. (]

8. Stieltjes Measures on the Line
A Stieltjes measure’ is a Borel measure on R'. Lebesgue measure dx is
an example, as is any measure f(x)dx in which f is nonnegative and Borel
measurable and is integrable on every bounded interval. A completely different
kind of Stieltjes measure is one that attaches nonnegative weights to countably
many points in such a way that the sum of the weights in any bounded interval
is finite. In this section we shall see that the Stieltjes measures stand in one-one
correspondence with a class of monotone functions on the line that we describe
shortly. We shall also obtain an integration-by-parts formula in which a Stieltjes
measure plays the role of the derivative of its corresponding monotone function.
If a Stieltjes measure  is given, we associate to u the function F : R! — R!
defined by
FQ) = { —p(x, 0] ?fx <0,
(0, x] ifx > 0.
The function F is called the distribution function of . It has the following
properties:?

(i) F is nondecreasing, i.e., is monotone increasing,

(ii) F is continuous from the right in the sense that F'(xo) = lim, ., F(x)
for every xo in R!, ie., lim, F(x,) = F(xyo) whenever {xy}n>1 15 @
sequence tending to x¢ such that x,, > xo foralln > 1,

(ii1) F(0) =0.

2Many books, this one included, take Stieltjes measures by definition to occur on the line.
However, there is a theory, albeit a somewhat unsatisfactory one, of “Stieltjes measures” in higher-
dimensional Euclidean space. It is of interest chiefly in probability theory.

3 An alternative definition says F(x) equals —u[x,0) and u[0, x) in the two cases, and then
property (ii) says that F is continuous from the left. The choice made here between these alternatives
is governed by keeping technicalities to a minimum in Section 10.
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Properties (i) and (iii) are immediate from the definition. With (ii), there are two
cases according as the limit x¢ is < 0 or > 0, and both cases are settled by the
complete additivity of u.

The measure w is completely determined by its distribution function F. In
fact, the definition of F forces u((a, b]) = F(b) — F(a), and Proposition 6.6
implies that p is determined as a Borel measure by this formula.

Theorem 6.52. The Stieltjes measures p stand in one-one correspondence
with the functions F : R' — R! satisfying (i), (ii), and (iii), the correspondence
being that F is the distribution function of u.

PROOF. We have seen that each u leads to an F and that F uniquely determines
u. We need to see that every F satisfying (i), (ii), and (iii) arises from some .
If such a function F is given, we define a set function p on bounded intervals by

u((a, b)) = F(b) - F(a),
u((a, b)) =lim F(b — ;) — F(a),

u(a,b]) = F(b) —lim F(a — 3),

u(la, b)) =limF(b — 1) —limF@@ - 1).

We extend 1 to the ring R of elementary subsets of R!, i.e., the ring of all finite
disjoint unions of bounded intervals, by setting © of a finite disjoint union of
bounded intervals equal to the sum of the values of u on each of the intervals,
just as with Lebesgue measure in Example 4 at the end of Section V.1.

To see that p is unambiguously defined and is additive on R, we readily
reduce matters, just as with Lebesgue measure, to showing that if an interval is
decomposed into the union of two smaller intervals, then u of the union is the
sum of u of the components. Thus let a < b < ¢, and let an interval I from a
to ¢ be the union of an interval from a to b and an interval from b to c. If the
interval I from a to c is (a, ¢), then the two possible cases are handled by

u(a, b)) + u((b. ) =lim F(b — 1) = F(a) + lim F(c — ;) = lim F (b — 1)

= u((a, c))

and
u((a, b]) + p((b,c)) = F(b) — F(a) + lign F(c—1)—F®) = na,0).

If the interval / from a to c has one or both endpoints present, then the computation
is the same except that F(a) is replaced by lim, F(a — %) if @ is in I and
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lim,, F(c — rll) is replaced by F(c) if c is in I. Thus u is unambiguously defined,
and it is nonnegative and additive.

The next step is to prove, just as with Lebesgue measure in Section V.1, that
w is regular on ‘R in the sense that for each £ in R and € > 0, we can find a
compact K in R and an open U in R suchthat K € E C U, m(K) > m(E) —e€,
and m(U) < m(E) + €. As with Lebesgue measure, the proof comes down to
the case that E is a single interval, and this time there are four subcases. Choose
n large enough so that % < €, and then

for [a,b), take K =[a,b— 1] and U =(a —1,b),
for[a,b], take K =[a,b] and U = (a— 1, b+ 1),

n

for (a,b], take K =[a+1,b] and U = (a,b+ 1),
for (a,b), take K =[a+1,b—1] and U = (a, b).

An exception occurs in the definition of K if the listed left endpoint of K exceeds
the listed right endpoint of K, and then K is defined to be empty. Each of these
definitions contains a parameter n; if we write K, and U,, for the corresponding
sets K and U, then we can check from the definitions and property (ii) of the
function F that lim, u(K,) = pu(E) and lim, u(U,) = u(E). The regularity
condition for E follows from these limit relations.

The next step is to prove that p is completely additive on R by imitating
the proof for Lebesgue measure. In fact, the proof of Proposition 5.4 applies
word-for-word except that m has to be changed to u throughout and the word
“proposition” in the last sentence of the proof should be changed to “complete
additivity.”

Then p extends to a measure on the Borel sets by Theorem 5.5. The extended
measure is o -finite on R! because R! is the countable union of bounded intervals
and u is finite on every bounded interval.

Finally we need to show that the distribution function G of u is equal to F.
Our definitions make

Gio = | 0D = —(FO) — Fe) = F@) ifx <0,

= { (0, x]) = F(x) — F(0) = F(x) ifx >0,

Thus G = F. O
EXAMPLES.

(1) Let F be any continuous distribution function that has a continuous de-
rivative f except possibly at finitely many points. If x is a point of conti-
nuity of f, then the Fundamental Theorem of Calculus (Theorem 1.32) gives
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A% f(ydt = f(x). Put
(= fPrwdr ifx <o,
L rwar ifx > 0.

Then G is a continuous distribution function, and the formula for the derivative of
the integral shows that F’(x) = G’(x) except at finitely many points. Recursive
application of the Mean Value Theorem, starting from x = 0, to F — G on
intervals having F/ — G’ = 0 in their interiors, shows that F = G everywhere.
The Stieltjes measure u associated to F, by the uniqueness in Theorem 6.52, is
given by

G(x)

M(E)Z/ f@)dr.
E

The special case with F(x) identically equal to x has f identically equal to 1,
and the measure is just Lebesgue measure.

(2) The function F' with

{ 0 forx > 0,

F(x) =

—1 forx <O,

has the three properties of a distribution function, and the associated measure p
is a point mass assigning weight 1 to x = 0. The measure u takes the value 1
on every Borel set containing O and takes the value 0 on every Borel set not
containing 0. This measure is sometimes called the delta measure at O or “delta
mass” at 0. Whenever a Stieltjes measure v has v({p}) > 0 for some p in R!,
we say that v contains a point mass at p of weight v({p}). Then v is the sum of
a point mass at p of weight v({p}) and a Stieltjes measure containing no point
mass at p.

(3) Let {x,} be a sequence in R. For example, {x,} could be an enumeration
of the rationals. Let {w,} be a sequence of positive numbers with ) w, < oo,

and define
wy, forx >0,

{n]0<x,<x}
F(x) =
— Z wy, forx < 0.
{n|x<x,<0}
Then F satisfies (i), (ii), and (iii), and hence F is the distribution function of some
Stieltjes measure 1. The measure is given by

pl@bh= > w,
{nla<x,<b}

It is a countable sum of point masses. The function F', though monotone increas-
ing, is discontinuous at every x,, and this set is allowed to be dense.
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(4) This example will be a nonzero Stieltjes measure that is carried on a Borel
set of Lebesgue measure 0 and yet has a continuous distribution function. We start
from the standard Cantor set C in [0, 1] described in detail in Section I1.9. This set
is compact and is obtained as the intersection of a sequence {C}} of sets with each
C,, consisting of the finite union of closed bounded intervals. The set Cy is [0, 1],
and C, 4 is obtained from C, by removing the open middle third of each of the

Fy P

0.8 08
06 06
0.4 04

0.2 0.2

F3 Fy

08 0.8
06 06
0.4 04

0.2 0.2

FIGURE 6.1. Construction of a Cantor function F. Graphs of
approximations Fy, Fp, F3, Fyto F.

constituent closed intervals of C,,. The Lebesgue measure of C,, is (2/3)", and
thus C has Lebesgue measure lim, (2/3)" = 0. The measure ; we construct will
have u(C) = 1 and u(C¢) = 0, yet it will assign 0 measure to every one-point
set. The properties that are needed of the corresponding distribution function F
so that  has these properties are that F' is continuous, F is O forx <0, F is 1
for x > 1, and F is constant on every open interval / of [0, 1] — C, i.e., on every
open interval of every [0, 1] — C,. This condition will make w(/) = O for all
such /. Since the metric space [0, 1] — C has a countable base, it is the union of
countably many such open intervals 7, and thus @ ([0, 1] — C) = 0. Since F is
constant for x < 0 and for x > 1, u is 0 on (—o0, 0) and (1, +00) as well, and
thus w(C¢) = 0. To obtain the distribution function F, we construct a sequence
of approximating functions F), and show that the sequence is uniformly Cauchy.
The set C¢ N [0, 1] is the union of 2" — 1 disjoint open intervals. On the k™ such
interval we define F,, to be k27". We let F,(x) = 0forx <Oand F(x) = 1
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for x > 1. On the complementary closed intervals, define F, in any fashion that
makes F,, monotone increasing and continuous. Graphs of F) through F, are
shown in Figure 6.1 with the interpolation in the graphs done by straight lines.
The result is that

[ Fp(x) — Frye(x)] < 27"

for all x. Hence {F,} is uniformly Cauchy and therefore uniformly convergent.
Let F be the limit function. The function F continuous by Theorem 1.21, and
it is monotone increasing, satisfies F(0) = 0, and is constant on every open
interval contained in C¢. According to Problem 15 at the end of the chapter, it
is independent of the method of interpolation used in constructing the F),’s. The
function F' is called the Cantor function corresponding to the standard Cantor
set.

The most general monotone increasing function F on R! is not far from
being the distribution function of some Stieltjes measure. In the first place the
monotonicity of F implies that F has left and right limits at every point, and
consequently its only discontinuities are jumps. There can be only countably
many such jumps: in fact, if there were uncountably many jump discontinuities,
there would be uncountably many in some bounded interval, and that interval
would contain uncountably many of magnitude at least 1/n for some integer n;
hence F would have to be unbounded on that bounded interval. Let us define
a function Fy by Fi(x) = lim, F(t). This is well defined, since F has right
limits at every point, and we have F (x) = Fj(x) except on a countable set. If we
define F,(x) = Fi(x) — F1(0), then F, satisfies the three defining properties (i),
(ii), (iii) of a distribution function. If u is the Stieltjes measure corresponding to
F, under Theorem 6.52, we call u the associated Stieltjes measure for F'.

Theorem 6.53 (integration by parts). Leta < b, let F be a monotone increas-
ing function on R! that is continuous from the right at a and b, and let u be the
associated Stieltjes measure. If G is a C! complex-valued function on [a, b] with
derivative g, then

b
/ F(x)g(x)dx = G(b)F(b) — G(a)F(a) — / Gdu.
a (a,b]

PROOF. Without loss of generality, we may assume that G is real-valued. Let
F, be the distribution function of . By construction of F5, there is a constant ¢
such that F — F, = c except possibly at points of discontinuity of F', and the set
S of such points S within [a, b] is countable. This exceptional countable set S
does not contain a or b, since F and F, are continuous from the right at a and b.
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‘We have

[P (F = F)gdx = [((F — Fy)gdx + ["cg(x) dx
= ¢ [? g(x)dx = c(G(b) — G(a)

and also
G(b)(F(b)—F2(b))—G(a)(F(a)—Fy(a)) = G(b)c—G(a)c = c(G(b)—G(a)).
Thus

) (F = F)gdx = Gb)(F(b) — Fy(b)) — G(a)(F(a) — F2(a)).

Comparing this formula with the formula in the statement of the theorem, we see
that if the theorem holds for F,, then it holds for F. Changing notation, we may
therefore assume that F is the distribution function of .

Let P be a partitiona = x¢p < x| < -+ < Xy—1 < X, = b of [a, b] with
mesh to be specified. For 1 <i < n, we use the Mean Value Theorem to choose
t; € (xj—1, x;) with G(x;) — G(x;—1) = g(t;)(x; — x;—1). We can do so since we
have assumed that G is real valued. Then we have

Fxp)g(ti)(xi —xi—1) = F(x)G(x;) — F(x))G (xi-1)

and

S F(x)g(t) (i — i)

i=1

= F(x,)G(x,) + i Fxi—)G(xi—1) — i F(x)G(xi-1)
i=2 i=1

= F(xy)G(xn) — F(x0)G(x0) — i G (xi—1)(F(xi) — F(xi-1))
i=1

= F()Gb) — F(a)G(a) — iG(xi—l)(F(xi) — F(xi-1)).

1=

We shall show for small enough mesh that 2?21 F(x;)g(t)(x; —x;_1) is close to
fab F(x)g(x)dxandthat ) " G(x;—1)(F(x;) — F(x;—1)) is close to f(u,b] Gdpu.
Let M be an upper bound for |g| and |F| on [a, b], and let € > 0 be given.
Choose a number § > 0 by uniform continuity of G and g such that |x — x| < §
implies |G (x) — G(x')| < €¢/M and |g(x) — g(x")| < €/(M(b — a)), as well as
another condition to be specified. If the mesh of the partition is < §, then
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2": Gxi—)(F(xi) = F(xi—1)) = [iu Gdu‘
i=1

Z f(xi—l,x,'][G(xifl) —GWx)]du
i=1
= .72:1‘/‘()51‘—1,)(1'] |G(xi—1) — G(x)|dun

= 2 i€/ M) i

= (¢/M)(F(b) — F(a))
<2e since |F| < M.

Also,

> Pl — v = [ g d|

§f<] (FG(8() = 8 + (F(x) = F0)g() d|
<3 o [EGlg) — gl dx + 3 [ [ — F)llg(o)ldx
= i=1

< ; Jo oy M(e/(M(b = a))) dx + 3 |F(x)) — F(xi—1)| M8

i=1
=€+ (F(b)— F(a)M$ by monotonicity of F
<e+2M%.

Thus if § satisfies the additional condition that § < €/(2M?), then the absolute
value of the difference of the two sides in the formula of the theoremis < 2e+2¢ =
4¢. This completes the proof. (]

9. Fourier Series and the Dirichlet—Jordan Theorem

A real-valued function f on a bounded interval [a, b] is said to be of bounded
variation on [a, b] if there is a constant M such that every partition

P: a=xo<xi<- - <xp_1<x,=0b

has

sup ) 1f () = f (xi-)] = M.
i=1
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Let us write || f|| 3, for the least M such that this inequality holds. The set of
functions f of bounded variation on [a, b] is a pseudo normed linear space in the
sense of Section V.9, the pseudonorm being || - || z,,. The only functions f with
| f1l 5y = O are the constants.

Examples of functions of bounded variation are furnished by arbitrary bounded
monotone functions and by any function with a continuous derivative. In fact,
if f is monotone increasing, then f is of bounded variation with || f|| 5, =
f () — f(a). If f has f’ continuous, then the Mean Value Theorem gives

Y oFG) = fiol =Y 1f @I —xim)  withx g <6 < x;
i=1 i=1

<1 llp Y i = i)
i=1
= ”f/”sup(b _a)7

and we see that f is of bounded variation with || fl 5, < || f ’||sup(b —a).

Let us associate two functions on [a, b] to f if f is of bounded variation. For a
real number r, define ¥+ = max{r, 0} andr~ = — min{r, 0}, sothatr =r* —r~
and |r| = r* +r~. The functions are the positive and negative variations of 1,
given by

n

VIH@ = sup Y () — Flin)”

P with xo=a i=1
and x,=x

n

VIH® = sup o D (f) = flEn)

P with xp=a i=1
and x,=x

the supremum in each case being taken over all partitions of [a, x].

Proposition 6.54. If f is of bounded variation on [a, b], then VT (f) and
V= (f) are monotone increasing functions such that

f) = f@+VI(Hx) =V (H)

for all x in [a, b]. In particular, f is the difference of two monotone increasing
functions.

REMARK. Since monotone functions have left and right limits at each point,
it follows that every function f of bounded variation has left and right limits at
each point. We denote these by f(x—) and f(x+), respectively. The function f
is continuous from the left at x if and only if f(x—) = f(x), and it is continuous
from the right at x if and only if f(x) = f(x+).
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PROOF. Itis evident from the definitions that V*( f) and V ~( f) are monotone
increasing. Fix x, and let P be a partition of [a, x]. Then

n

o) = f@) =" (f&xi) = fxion)

i=1

=Y (fO) = Fimn) " =) (fO) = Fxion)
i=1

i=1

Hence

n n

Y (fG) = faiD) =Y () = Fain) + (F@) = f@)

i=1 i=1

<V(H® +(fx) ~ f@),

and

V@) = VT(HE) + (f(x) — f(@).
Also,

Y (e = fEn) =Y (fo) = fxi)' = (F@) = f(@)
i=1 i=1
<VHHE = (F0) - f@),

and
VI(HE) < VIH®) = (f) = f@).
Therefore
F) = f@) =V (Hx) =V (H),
and the proof is complete. (I

Theorem 6.55 (Dirichlet-Jordan Theorem). If f is a function of bounded
variation on [—m, 7], then the Fourier series of f converges at each point to
%( fx—)+ f(x +)) and it converges uniformly to f(x) on any compact set on
which the periodic extension of f is continuous.

By way of preparation, it will be convenient to extend the definition of Fourier
series to allow integrable functions to be replaced by more general Borel measures.
If u is a Borel measure on [—, 7], we want to be able to regard u as periodic.
One way to proceed would be to insist that u really be a measure on the circle
group, hence be defined on (—m, ]. Alternatively, we could insist that any point
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mass contributing to u at —m be matched by an equal point mass for p at 7.
A way of avoiding point masses contributing at the endpoints is to change the
interval [—m, 7] to a suitable [c — 7, ¢+ 7]; we can find a number ¢ with no point
masses at the ends because only countably many point masses can contribute to p
and still have w be a finite measure. In any event, we define the Fourier-Stieltjes
series of 1 to be the series

o
Z cpe™ with Cn :/ e~ du(x).

n=—00 (—m,m]

The usual factor of % is dropped because we identify an integrable function f > 0
with the measure ﬁ f dx when making the generalization. From the definition
of the Fourier—Stieltjes coefficients, we see immediately that |c,| < w((—m, 7]);
hence the coefficients are bounded.

PROOF OF THEOREM 6.55. We take the given function f to be periodic of
period 27r. On some closed interval [a, b] containing [—r, 7] in its interior, let
us decompose f according to Proposition 6.54 as f = f(a) + VT (f) — V= (f).
It is then enough to prove the theorem for the monotone increasing functions
f(a) + V*(f) and V~(f) separately. These functions need to be extended to
all of R!, and we may make that extension by taking them to be constant to the
left of [a, b] and to the right of [a, b].

Changing notation in the theorem, we may assume from the outset that f is
monotone and bounded, though no longer periodic. Neither the Fourier coeffi-
cients of f nor the hoped-for values of the sum of the Fourier series are changed
if we adjust f on a subset of the countable set where f is discontinuous. Thus
we may assume without loss of generality that f is continuous from the right at
every point. Let f(x) ~ Y 72 c,e"* be its Fourier series.

Let u be the Stieltjes measure associated to f. Applying integration by parts
(Theorem 6.53) on the interval [—7, w] with G(x) = e ¥ and g(x) = —ine™""*,
we obtain

JZ FQ(=imye™ ™ dox = e f () — e f(=70) = [ g™ d ().

The left side is —2minc,, and the right side is the sum of two bounded terms
and the negative of a Fourier—Stieltjes coefficient of . These Fourier—Stieltjes
coefficients are bounded, and hence |c,| < C/|n| for some constant C.

Let sy(x) = Y.\ c,e™™ be the N™ partial sum of the Fourier series
of f, and let oy (x) = N+rl Z,]{V:O sk(x) be the N™ Cesaro sum. We know
that on(x) = (Ky * f)(x), where Ky is the Fejér kernel. Fejér’s Theorem
(Theorem 6.48) shows that limy o, (x) = %(f(x—) + f(x+)) for all x and
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that limy oy (x) = f(x) uniformly on any compact set of points where f
is continuous. The Tauberian theorem stated as Proposition 1.50 allows us to
conclude that sy (x) converges and has the same limit as o, (x) if it is shown that
the sequence n(c,e™ 4 c_,e~"") is bounded for n > 0. But this boundedness
is immediate from the estimate |c,| < C/|n| for the Fourier coefficients of f. [J

10. Distribution Functions

This section concerns the computation of integrals. A measure space (X, A, p)
will be fixed throughout. A need to estimate integrals arises in two quite dis-
tinct situations, and the emphasis is different for the two situations. One is in
connection with problems in Fourier analysis and differential equations, and the
underlying measure space typically has X equal to R, A equal to the o -algebra
of Borel sets, and p equal to Lebesgue measure. The other is in connection with
probability theory, and the underlying measure space is typically a complicated
space with p(X) = 1. Although the word “distribution” acquires multiple
meanings in the process, the theory can begin at the same point in the two cases.

Let f : X — R be a measurable function. We define a measure s on the
Borel sets of R and a function A : (0, +00) — [0, +o00] by

ur(E) = p(f ' (E) = p({x € X| f(x) € E}) for each Borel set E,
A€ = p(IfI7 (& +00) = p({x € X |1 f ()] > £}).

Proposition 6.56. If f : X — R is a measurable function, then
(@) [y ®(f(x)dp(x) = [ ®(t)dus(t) for every nonnegative Borel mea-
surable function ® : R — R,
(b) fX D fX)])dp(x) = fooo Ar(&)p(&) d& whenever (&) dé is a Stieltjes
measure on R! and & is its distribution function.

PROOF. In (a), when @ is an indicator function /g, the two sides of the identity
are p(f~'(E)) and wr(E), and these are equal by definition of py. We can
pass to nonnegative simple functions by linearity and then to general nonnegative
Borel measurable functions ¢ by monotone convergence.

In (b), when f is a nonnegative simple function s, let s = Y ;_, cxIg, be the
canonical expansion of s as a linear combination of indicator functions, with the
¢;’s arranged so that ¢y > ¢ > --- > ¢, > 0. Put ¢,4.1 = 0. Then we have

S ®e@© ds =30 [ (U E)e(®) dé
=Y (U Ej) @) — @(crsn)]
= Y0 Yhy p(ENI®(ci) — P (cr)]
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= o1 2hej PENIP(cr) — P(cxs1)]
=i P(ENP(c)) since ®(0) =0
=1 [g, @) dp ()

=[x ®(s(x) dp(x).

This proves (b) for nonnegative simple functions f. For a general measurable
| f| on X, choose an increasing sequence of nonnegative simple functions s,
with pointwise limit | f|. The definition of ® in terms of ¢ makes ® monotone
increasing and continuous, and thus ® (s, (x)) increases to ® (| f(x)|). Also, the
set {x e X | [f(x)] > & }, for each fixed £, is the increasing union of the sets
{x € X|s,(x) > &}, and thus A,,(§) = p({x € X | s,(x) > &}) increases to
Ar(E) = ,o({x eX | | f(x)] > é}) for each £. Hence we can pass to the limit in
the identity for each s, and obtain the identity for | f| by monotone convergence.
This proves (b) for a general measurable | f|. (|

For applications to Fourier analysis and differential equations, it is (b) that is
important, and the function ® of most interest is ®(¢) = ¢ with0 < p < +o0.
The formula in this case is

t&u&wwmn=pﬂ Jy (©)EP de.

Somewhat unfortunately, the function A, is called the distribution function of
f; the term does not conflict with the notion of the “distribution function” of a
Stieltjes measure as long as one does not make any associations between functions
and measures.

A special case of the displayed formula is that X is RY, p is Lebesgue measure,
and p is 1. In this case the formula simplifies to [ | f(X)|dx = [ Ar(§) dE, a
formula that was mentioned after the statement of the Hardy—Littlewood Maximal
Theorem (Theorem 6.38).

The displayed formula shows that | x |.f17 dp can be computed from the func-
tion Az, and it is apparent that the integral cannot be finite if A ¢ (£) is everywhere
> some positive multiple of £ 77. This observation can be improved upon without
the aid of Proposition 6.56 in the following way. We have f [ fOIPdp(x) =

f{xGX 1) >€) | f(x)|Pdp(x) > E”p({x € X| |f(x)] > E}. Thus we obtain

ffxlflpdp’

pfrex|Ifwl >} = 25

an inequality that goes under the name Chebyshev’s inequality.
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11. Problems

Let S! be the unit circle of C, let T’ be the subgroup of elements of finite order,
and let E be a subset of S! that contains exactly one element of each coset in
S'/T. (Such a set E exists by the Axiom of Choice.) Prove that E is not a
Lebesgue measurable subset of the circle and therefore that the corresponding
subset of (—, 7] is not Lebesgue measurable on R!.

Let ¢ be the mapping given explicitly in Section 5 that allows one to substitute
in an expression in Cartesian coordinates and obtain an expression in spherical
coordinates. Let U be the domain of ¢. Prove that

(a) the determinant factor in the change-of-variables formula is given by

|det’| = rV =" sin¥ 726, sin" 736, - - - sin Oy,

(b) ¢ is one-one on U,
(c) the complement of ¢(U) in RY is a lower-dimensional set.

Let L be a nonsingular N-by-N real matrix. Prove that

/f(Lx)dx=|detL|—1/ fx)dx
RN RN

for every nonnegative Borel measurable function f.

Let My denote the N2-dimensional Euclidean space of all real N-by-N matrices,
and let dx refer to its Lebesgue measure. Prove that

f(y)ldt|: f()Idetl

for each nonsingular matrix y and Borel measurable function f > 0. In the
formula, yx is the matrix product of y and x.

Fix o with 0 < a < 1. Suppose f : R — C is periodic of period 27, is

smooth except at multiples of 27, and satisfies the inequalities | f (x)| < C|x|%,

|/ (0] < Clx|*~ !, and | £ (x)| < Clx|*~ for |x| < 1.

(a) By breaking the integral at |[x| = 1/|n|, prove that the Fourier coefficients
cp of f satisfy |c,| < K /|n|'T.

(b) How can one conclude from (a) that the Fourier series of f converges
uniformly? Why is the limit equal to f?

(c) Prove or disprove: The real and imaginary parts of the function f are of
bounded variation on every bounded interval.

Let 1« be a nonzero measure on the o -algebra of all subsets of R! assigning to
each set either measure 0 or measure 1. Prove that y is a point mass.
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Determine all Stieltjes measures v % 0 on the line with

/legdvz(/R]fdv)(/ngdv>

for all continuous nonnegative functions f and g.

Problems 8—10 make use of Fubini’s Theorem in unexpected ways.

8.

10.

(a) Show that the complement of any Lebesgue measurable set of Lebesgue
measure 0 in RY is dense.

(b) Let u be a Stieltjes measure on the line, and let E be a Borel set in R!
with Lebesgue measure 0. Prove that £ (E + ¢) = 0 for almost every ¢ with
respect to Lebesgue measure.

(c) Suppose that a Stieltjes measure p on the line satisfies lim,_.o u(E +¢t) =
w(E) for each bounded Borel set E in R!. Prove that 1 (E) = 0 for every
Borel set E of Lebesgue measure 0.

In potential theory a positive charge on R is by definition any finite Borel measure
du@y)

lx—yl"
is finite almost everywhere with respect to Lebesgue measure.

1, and its potential % is the function A(x) = fR3 Prove that the potential

Let P(xy, ..., x,) be a real-valued polynomial on R” that is not identically O.
Prove by induction that the set in R” where P = 0 has Lebesgue measure 0.

Problems 11-14 concern the gamma function and some associated changes of vari-
ables.

11.

12.

13.

Prove that

1
/ [le(l _ l)y71 dt — F(x)r()’)
0 Flx+y)

by starting from the product of I" (x +y) and the left side, substituting for I' (x +y),
making a change of variables, using Fubini’s Theorem, and making another
change of variables.

By evaluating the integral /RN e~ 5" dx first in Cartesian coordinates by means
of Proposition 6.33 and then in spherical coordinates by means of the change-
of-variables formula for multiple integrals, obtain an expression for the area
Qy_1 = fSN—l dw of the sphere SN-1 Express the answer in terms of a value
of the gamma function.

Let I be the “cube” of all u = (uy, ..., u,) in R” withO < u; < 1 for all i, and
let S be the “simplex” of all x = (xq, ..., x,) in R" with x; > 0 for all i and
> xi < 1. Define x = ¢(u) by
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X1 = Uy,

x2 = (1 —upus,

Xp=00—up) - A —up_1)uy.

(a) Provethat )/ ,x; =1—[['"_; (1 —u;).
(b) Prove that ¢ maps I one-one onto S, with inverse given by
X

u; = .
T=xp = =X

(c) Prove that |deto’(u)| = (1 — uy)" " '(1 —u2)"2--- (1 — u,_;) and that

ldet(p™ Y () = [0 —x)( —x1 —x2) -+ (I —x1 =+ —x,- )]

14. Using Problems 11 and 13, prove for the simplex S in Problem 13 that

I'(aTl(ap) -~ T'(an)
Fa+---4+a,+1)

a—1_a—1 a,—1 _
/le Xy eex" T dx =

when a; > 0 for all j.

Problems 15—17 concern the Cantor function for the standard Cantor set.

15. Prove that the values of the Cantor function F' for the standard Cantor set
are independent of the method of defining the approximating functions F;, on
the complementary closed intervals as long as F), is monotone increasing and
continuous.

16. Compute fol F (x)dx if F is the Cantor function for the standard Cantor set.

17. The Stieltjes measure p corresponding to the Cantor function for the standard
Cantor set C is called the Cantor measure. The set C consists of the members
of [0, 1] that can be expanded in the digits O, 1, 2 of base 3 without using any 1’s.
Show, for each n-tuple of 0’s and 2’s, that  attaches measure 27" to the subset
of C whose base 3 expansion begins with that n-tuple.

Problems 18-20 introduce the Poisson integral formula for the unit disk in R2. The
Poisson kernel was the subject of Problems 27-29 at the end of Chapter I and is given
by

o0

P0)= Y rlle =

n=—00

1—r2

1 —2rcosf +r2’
Harmonic functions in the unit disk were the subject of Problems 14—15 at the end

of Chapter III and also Problems 10-13 at the end of Chapter IV. The present set of
problems begins to relate the Poisson kernel to harmonic functions via convolution.



18.

19.

20.
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If fisin L'([—m, 7], % db), then the Poisson integral of f is the function in
the unit disk defined in polar coordinates by

T

1
u(r,0) = —— F@)P (0 —p)de.

If ¢, is the n'" Fourier coefficient of f, prove that u(r, 8) = > °°

inf
n 9

—oo Cnl Inlg
and conclude that u is harmonic in the open unit disk.

If p equals 1 or 2 and if f is in LP([—7, ], 2 d6), prove that the Poisson
integral u(r, 6) of f has the properties that |lu(r, M, = ||f||p forO0 <r <1
and that u(r, -) tends to f in L? in the sense that lim, 4 [[u(r, -) — f||p =0.

Suppose that f is in L ([—r, 7], % d6) and that u(r, 6) is the Poisson integral

of f.

(a) Prove that lim,yj u(r,0) = f(6) uniformly on any set of 6’s where f is
uniformly continuous.

(b) For f of class C2, prove that the Poisson integral of f is the only harmonic
function u(r, 6) in the disk such that lim, 4 u(r, 6) = f(#) uniformly in 6.

(c) Provethatu(r, -) tends to f weak-star in L relative to L' in the sense that
limeqy [7 u(r,0)g(0)d0 = ["_ f(6)g(0)do for all g in L'. (Weak-star
convergence was defined in Section V.9.)

Problems 21-25 concern functions of bounded variation. For such a function f, the
positive and negative variations of f were defined in Section 9, and their values at x
were denoted by VT (£)(x) and V= (f)(x).

21.

22.

23.

24.

Prove that the product of two functions of bounded variation on [a, b] is of
bounded variation.

This problem concerns a certain minimality property of the decomposition
fx) = f@)+VT(f)x)— V(f)(x) of a function f of bounded variation on
[a, b]. Prove thatif g and g are any two nonnegative monotone increasing func-
tions such that f(x) = f(a) + g1(x) — g2(x) for all x, then V¥ (f)(x) < g1 (x)
and V7 (f)(x) = g2(x).

Prove that if f is of bounded variation on [a, b] and is continuous at a point x in
(a, b), then both VT (f) and V~(f) are continuous at x.

If f is of bounded variation on [a, b], define the total variation of f as the
function given by

ViHE = sup D olfG) = Fin
with xo=a ;1
and x,=x

3

the supremum being taken over all partitions of [a, x]. Prove that V(f)(x) =
VE) @) + V7 (f)(x) for all x.
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25.
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Prove that the function f on [—1, 1] given by

| x sin(1/x) for x # 0,
f = { 0 forx =0,

is not of bounded variation. Prove or disprove that the function g on [—1, 1]
given by
x2 sin(1/x) for x # 0,
gx) =
0 forx =0,

is of bounded variation.

Problems 26-27 use elementary complex analysis as in Appendix B to shed further
light on the gamma function as defined in this chapter.

26.

27.

(a) Prove that I'(s) is continuous for Re s > 0.

(b) Use Morera’s Theorem to prove that I'(s) is analytic for Res > 0.

Prove that the analytic function I"(s), initially defined for Res > 0, extends to
a meromorphic function in C whose only poles are at the nonpositive integers.
Prove moreover that the extended function satisfies I' (s +1) = sI"(s) at all points
s other than the nonpositive integers.





