Gevrey series in compensators linearizing a
planar resonant vector field and its unfolding

Patrick Bonckaert

Abstract

We consider a planar vector field X near a saddle type p : —g resonant sin-
gular point. Assuming that it has a normal form with a Gevrey-d expansion
(like d = p + q which is in particular the case when starting from an ana-
lytic vector field) we show that X can be linearized working with a change
of coordinates that is of Gevrey order d in certain log-like variables, called
compensators or also tags, multiplied by the first integral u = x7y” of the
linear part. Next we consider the unfolding of such a resonance, and pro-
vide (weaker) Gevrey-type linearization using compensators.

1 Introduction

Let X be a planar vector field with a saddle type p : —g resonant singularity
at (0,0), where p and g are positive integers with gcd(p,q) = 1. With this we
mean that the linear part of X at (0,0) has eigenvalues A > 0 > u with a ratio
A/u = —p/q. When X is C* near (0,0), there exists a C® change of variables
(a conjugacy) putting X in the following normal form:

V() = A+ FW) 5 + (s + Glu)) <1>

where u = x7y” is the first integral of the linear part, where (F,G)(u) = O(u);
see for instance [8].
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Let us define the notion of Gevrey asymptotics for a formal power series:

Definition 1. Let n > 1 be an integer. For x = (x1,...,X,) € C" and

k = (ky,...,ky) € IN" we use the habitual multi-index notations xk = x11(1 .. xl,ﬁ”,
k! = kqy!...kpland |k| = k1 + - + ky. Let (ay)renn be a sequence in some normed
space.

Let s > 0. We say that a formal power series ¥ jcnn axx* is of Gevrey order s if there

exist C,r > 0 such that |ay| < Ck'*rl¥ for all k € N™.

Remark that for s = 0 the series has a strictly positive radius of convergence,
that is: it defines an analytic function near 0.

Throughout this paper we will often need [6, Theorem 2.4]. For the conve-
nience of the reader we state this here once more. With N , we mean all the

qua
n-tuples k = (kq,..., k) with |k| > 2.

Theorem 1. Given is a formal vector field

Rs:x=Asx+ Y fr(d)xk
k| >2

where:
(i) 6 € A where A is some set of parameters,
(ii) Ay is the diagonal matrix As = diag[u1(9), ..., un(9)],
(iii) the coefficient functions fy are in some subalgebra of the algebra of bounded functions
N — C", equipped with a complete multiplicative norm.

Assume that this series is of Gevrey order s for some s € [0,1]. Let B C {1,...,n} x
lNZu o4 And let G be its complement. We make the following hypothesis:

3K > 0,6 € A,V(,K) € G2 [((u1(0), .., wn(8)),K) — (8)] = KIK' 5. (@)

Then there exists a formal power series transformation

Po(x) =x+ Y w(6)x"

of Gevrey order s conjugating X to

Y(; (X = Asx + Z gk(é)xk
|k|>2

with the property: (j,k) € G = g; = 0, that is: only monomials with index inside B
may appear in the normal form Y;.

Remark 1. Here we recall some classical facts that will be a commonly used
throughout this article.

(i) Several results will be about formal power series. A theorem of Borel states
that every formal power series can be realized as the Taylor series of a (non-
unique) C* function, and for Gevrey series additional properties of such a ‘real-
izing” function can be obtained (Borel-Ritt theorem). For a proof, and for further
basic information about Gevrey series, we refer the reader to [14, 2, 1].
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(ii) Concerning conjugacies: when Y = $*X (that is: the vector field X is
conjugated to Y by the transformation ), where X, Y and ¢ are formal power
series, we can thus consider C* realizations X, Y respectively ¢. Then
Y = 9*X + Re, where Re has a vanishing Taylor series. In case that X is
hyperbolic at 0 (which will always be the case in this paper), the ‘flat remain-
der’ Ry can be removed by a C™ transformation infinitely tangent to the identity.
For a proof, see for example [8]. In case that X, Y and ¢ have a positive radius
of convergence (that is: they are analytic near 0) the flat remainder R« is also
analytic near 0 and is hence identically zero. So in that case we have Y = ¢*X.

Let X be a planar vector field with a saddle type p : —g resonant singularity
as in the beginning of this introduction, and let Y be its normal form (1). As a
corollary of Theorem 1 one has:

Theorem 2. If X has a Taylor series, at (0,0), that is of Gevrey order 1, then the trans-
formation into the normal form 'Y is also of Gevrey order 1.

In Theorem 6 and section 5 we will come back to this result, and will explain
why this is indeed a corollary. Observe that if X is in particular analytic, then its
Taylor series is surely of Gevrey order 1, so Theorem 2 can be applied; neverthe-
less, it is ‘exceptional” that this transformation is convergent [12].

Example 1. The result in Theorem 2 is ‘optimal”: for the (even polynomial) vector
field

10 1,0
X(x,y) = x(1— ixy)a +y(=1- Xy +x y)@,

with a 1: —1 resonance, it appears that the normalizing transformation contains
formal series of the form )~ n!z". (Thanks to Peter De Maesschalck for this
example.)

In this paper we want to remain as much as possible in this Gevrey category.
Generically, one can further reduce X to a polynomial normal form by a C* trans-
formation [13, 17, 11], but we ignore if this can be done Gevrey; this is not the
subject of this paper.

In the sequel we shall thus start from a vector field of the form (1) which we
rename again X and where the series of (F, G)(u) is of Gevrey order 1in (x,y). As
u = x7yP, this means that (F, G)(u) is of Gevrey order d := g+ p in the variable u.
In the next result, stated below in Theorem 3, the value of 4 > 0 will be arbitrary
(and is not necessarily equal to g + p, although this would be a ‘natural” choice).

The terms in F and G are usually called resonant terms; in general they
cannot be ‘transformed away’ by a smooth (even C?) change of variables. How-
ever, it is known that there exists a so called Logarithmic Mourtada Type (LMT)
homeomorphism that linearizes X: see [7] for a definition of LMT in a general
context and for a proof. However here we won't need that general definition and
it will suffice to state that the linearizing transformation (x,y) = ¥(%,7) will be
of the form

(x,y) = H(% 7, log(|2])%, log(|7])7) 3)
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where H is of class C*. Let us denote #i = £7§)7. In Theorem 3 we will obtain that
‘H is the following form:

{ x = 2(1+ x1(log(|£])2,
y = (1 + x2(log(|£[)a, log(|7])

and we will prove that (x1, x2) has a Gevrey-d series in its variables.

In a family of planar vector fields, the ratio of the eigenvalues can change when
the parameters vary. Generically, we need one parameter, say ¢ close to zero, to
unfold the resonance. We will study this unfolding, from different viewpoints.

One approach is to consider the parameter as an extra variable. In this case
the linear part is Axd/9x + pyd/dy + 0.0/0¢, and is thought as ‘fixed’. We shall
explain why one can apply directly Theorem 1 and obtain the usual formal nor-
mal form with a formal power series that is Gevrey-1 in the variables (x, y, €).

Another viewpoint is to consider the normal form obtained by perturbing the
linear part, which is then in essence of the form a(e).((p + €)xd/0x — qyd/dy)
with a(0) # 0; see section 2 for explanation. In this case, the condition needed
to apply the result in Theorem 1 becomes fragile when the parameter ¢ varies,
notably the hypothesis in (2). We provide an adapted version, taking into account
this issue, and where series in (x,y) are used in which the coefficients are (for
instance analytic) functions of the parameter. The domains of these functions
will depend on the degree and will likely shrink inversely proportional to the
degree: see section 2 (especially Theorem 5) for more precision. We comment on
such type of series in Remark 4.

In Theorem 7 we extend the ideas of Theorem 3, about the removal of resonant
terms, to the presence of the unfolding parameter ¢. In this case, we shall have
to unfold the logarithm function to Roussarie-Ecalle compensators denoted s, t,:
see (27), (28). In accordance with Theorem 3 for the non-parametric case, we infer
asymptotic properties of the linearizing transformation in sections 6.3 and 6.4.
The estimates are summarized in Theorem 7, and we were only able to obtain a
Gevrey order one worse than in the non-parametric case in Theorem 3.

It is unclear whether we can sharpen this result or not: in section 6.3 we use
the majorant method leading to rather involved upper estimates, see Remark 9 in
section 6.4. So far we were unable to construct examples showing the optimality
of Theorem 7.

In the above, we lose information when starting from an analytic (family of)
vector field(s) with a p : —g resonant singularity. In Theorem 8 we give an explicit
expression of a ‘near’ normal form that can be obtained by analytic conjugacy. In
this expression, apart from the usual development in resonant terms in u = x7y?,
one inevitably also encounters terms with a nonzero resonance condition, but as
‘flat” as desired. See Theorem 8 for precision.

Finally, in Theorem 9 we try out the method in [5], where linearization is car-
ried out starting from the analytic vector field obtained like in Theorem 8, but this
time with an unfolding parameter ¢, and we give an explicit procedure. Com-
pared to Theorem 7, we shall need a more involved (multi-)sequence of polyno-
mial functions (wg, : n > 1,K, € Z") of the Roussarie-Ecalle compensators.
These polynomials are obtained in an algorithmic way and are ‘universal” in the
sense that they do not depend on the given vector field, only on (p, q).

)
; @)
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A natural question is again about the asymptotic nature of the linearizing
transformation. Although the procedure to obtain the linearization is also here
a step by step method and is explicitly obtained from a recursion, it is more
intricate than in Theorem 7 or than in [5]. So far we were unable to address this
question in a satisfactory way.

2 Main results

We state the main theorems of this paper, and defer their proofs to later sections.
We start from a vector field X in normal form (1) like in the introduction:

Theorem 3. Let

X(x,9) = x(A-+ F0) 5 +3(u+ Glu)) 5 6

with A/u = —p/q, ged(p,q) = 1 and u = x9yP. Assume that (F, G) is of Gevrey
order d > 0. Then there exists a change of variables (x,y) = (%, 7) of the form (4) such
that ¢*X(%,9) = A%d /0% + ujyd/ay. Moreover (x1, x2) is of Gevrey order d.

Remark 2. In some specific circumstances [9, 10, 18, 19] it can happen that the normal
form in (5) is analytic. In this case we can take d = 0, and from Theorem 3 it then follows
that, in the expression (4) of the linearizing transformation 1, the function (x1, x2) is
analytic in its variables a neighbourhood of (0,0, 0).

Next we consider the unfolding of a p : —q resonance. More specifically,
let X; be a family of vector fields near (0,0), depending smoothly (see below
for more precision) on a parameter J close to zero, and assume that, for § = 0,
there is a p : —q resonant singularity in (0,0). By the implicit function theorem
we may, and will, assume that X;5(0,0) = 0 for all ¢ close to zero. Moreover,
the eigenvalues of the linear part of X; at (0,0) are functions A(é), u(6) of the
parameter § with

A0
M) _ 2 ©)
#O) g
One approach is to consider the parameter J as an extra variable near § = 0,
and to examine the vector field

X5(x,9) = (M0)x +O(](x,,0)P)) o + (u(0)y + o<|<x,y,5>|2>>% +0.2 @

The linear part, in this point of view, is

0 0 0

In the next theorem we will, among other things, recall the formal Poincaré-Dulac
normal form, and in its proof we will thereby estimate, from below, the ‘small
denominators” appearing in the normalizing transformation.
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Theorem 4. If X5 in (7) has a Taylor expansion that is Gevrey-1 in (x,y,0), then there
is a formal power series transformation in (x,y,0) of type Gevrey-1 conjugating Xs to
the formal normal form

H(A(0) + F(6,10) 52 + ¥(1(0) + G0, )30 + 0.5 ®)

where u = xTyP and where (F,G)(5,u) = O(|(6, u)|).

In the study of this unfolding, we shall need some elementary facts from num-
ber theory [15], based on Euclid’s algorithm:

Proposition 1. Let p and q be integers with gcd(p,q) = 1. There exists a unique
(r0,50) € N2 with 0 < rg < gand 0 < sg < p such that

{(ro,50), (P, —q)) = pro —qso = 1.

Let us denote (r1,s1) = (g, p) — (ro,50), as well as

[ ( q 7o )
P So
Then:

_ (49 n
M= ( - )
(i) ((r1,81), (p, —q)) = -1,

(ii) L and M define one-to-one maps Z* — Z2.

and

Proof. Statement (i) is trivial, and (ii) follows from the fact that the determinants
of L and M are equal to —1 respectively 1. m

Statement (ii) above means that for each (k;,ky) € Z2? there exist unique
(m1,my) € Z? such that

(k1,k2) = m1(q, p) + ma(ro,s0), )

Examples: for a 1 : —1 resonance with (g, p) = (1,1) we take (ro,s0) = (1,0),
and for (g, p) = (2,5) we take (rg,s9) = (1,2).

Another approach is to consider the normal form obtained by perturbing the
linear part of the vector field:

) )
As(x,y) = Mo)xz + u(é)y@, (10)

always with the resonance hypothesis (6). Let us denote

Lo MO u(0) (11)
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Assuming that the eigenvalues vary in a Lipschitz way in  we have

[(A(6), #(8)) = (A0), u(0))] < L.|¢]

for some L > 0.

For k = (ki,k) € IN? we consider ‘typical’ monomials x¥1y*2x9/dx and
xklykzya/ay. Let (my,my) = L™ '(k1,k2) be as in (9). Monomials with nm, = 0
are of the form u™xd/x or u™yd/dy and are called resonant; the other ones are
called nonresonant.

In view of condition (2) we want to estimate the quantity |((k, (A(5), u(9))|
from below. We can write

(k, (A(6), 1(8)) = ama — (k, (A(0), u(0)) — (A(6), (9))),

where « is defined by (11). Hence in case of nonresonance, that is: |my| > 1, we
can estimate form below:

[(k, (A(6), 4(0))[ = laflma| — LIK[|6] = [a] — Lk}[d]. (12)

Remark that this last number might become zero or negative for large |k||d]. It is
clear that we will have to confine |§|, depending on k. One classical approach is
in [13]: given a ‘wanted” degree of differentiability M € IN, there exists K > 0,
depending on M and on (A(0), #(0)), and there exists éy > 0 such that X; is CM
conjugated to polynomial normal form of degree at most K in # whose coefficients
are smooth functions of 4, |6| < dy. We will not consider this here any further.

We now present the topic from another angle, and will reconsider Theorem 1
and its proof in [6, Theorem 2.4]. We modify the hypothesis H; on page 380 of
this paper and adapt it to the situation encountered above, that is: if |k| increases
then we have to confine the parameter J to a smaller domain. From the inequality
in (12) we see that the diameter of this domain decreases to zero proportional to
1/]k|. In order to be self contained, we now redefine the concepts used in this
result.

Notation 1. Let [ be a positive integer (think of: I = |k| in the above). In view of
the estimate in (12), we consider, for the parameter J, the ball A; = B(0, %) and
let A; be a subalgebra of the algebra of bounded functions of § on A;. We equip
this space with a complete multiplicative norm |.|;. We furthermore assume that

the following property holds:

feAand g € Ay = [f-glivm < |fl1-1g]m- (13)

Observe that for all § € A; and for all |k| = [ we have the estimate
|(k, (A(), u(8))| > |«|/2. In order to fix the ideas of the reader, we could for
example take A; to be the space of bounded analytic functions on A;, equipped
with the sup-norm.

We consider a family of vector fields

Rs:x=Asx+ Y fi(d)xk (14)
|k|>2

in n dimensions such that the coefficient functions satisty fy € Aj. We assume
that A is the diagonal matrix A5 = diag[u1(9), ..., un(9)].
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Definition 2. (Compare with the hypothesisin (2).) Lets > 0and G C {1,...,n} x

lNZu a4+ We say that G satisfies the hypothesis of order s if

JK > 0,V(j,k) € G,V € A= [((11(6), .., un(5)), k) — uj(6)| > K|k[}™s. (15)
Definition 3. We say that the series in (14) is of Gevrey order s if there exist C,r > 0
such that |fk||k\ < C|k|'51’|k‘

We can almost repeat the proof of [6, Theorem 2.4] and obtain:

Theorem 5. Let X5 be a formal vector field as in (14). Assume that the series in (14) is
of Gevrey order s, with0 <s < 1. IfG C {1,...,n} x ING1qq Satisfies the hypothesis of
order s (15), then there exists a formal power series

Po(x) =x+ Y we(6)x",

with uy € Ay, of Gevrey order s, conjugating X5 to

Y5 X = Asx + Z gk(é)xk
k| =2

with the property that (j, k) € G = g ;(0) = O, that is: only monomials with index in
the complement of G may appear in the normal form Y.

Remark 3. Note that the property in (13) is used in the proof of [6, Proposition
2]. In fact, we could have made the sequence of spaces .A; in Theorem 5 more
abstract, but we will not need this here.

Remark 4. Let us comment on series of the form } fk(é)xk like in (14), where
fr € A|k‘. Let us consider the case where, for the integers | > 2, the space A,
consists of the bounded analytic functions of |§| < D/I for some constant D, and
|.|; denotes the sup norm. Now assume that we have, for s > 1, the Gevrey s-type
estimate

| fel g < Clk|rerl (16)

for some C,r > 0. Let us write | = |k|. As we assume f; to be analytic on
|6 < D/I we can write it as a convergent power series fi(5) = L% fkjéf with
a radius of convergence more than D/I. We apply Cauchy’s inequalities in the
usual way:

fil = 1£0)/]
_ 1 fi(2)
— |2—7Ti7|{z—TD ijﬂ dz|
l V1 fil i

).Clk|1=rlH

< (
< |

= (

Ol -9 ~ T

).Clse, (17)
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We claim that the series } fklxkél is ‘somehow better’ than being Gevrey-s in
(x,6); what we mean by this is indicated below. Stirling’s approximation for
factorials yields

V2rltie ! <l <elltae!,
In particular:
(l +j)!s > (\/E)S(l _’_]')(l—i-j—&-%)se—ls—js.
We can estimate, by (17), for j > 1:

1 .
[fiil < C—.l](e.ll+%e_l)srl

D/
< Ces(e_s)léljﬁ(”“%)srZ (18)
< Ces(e_s)lé(l+]')7S+(l+%)srl (19)
< Ce e oo (1 )VER e
= CeV2m C(Jk| + )k (DTes ). (20)

Inequality (20) shows that } ; fijkéj is of Gevrey-s order in (x, §), but moreover
in (19) we have a strict inequality that ‘becomes stronger” since the base [ + j of the
involved power increases when j increases. It would be interesting to investigate
the possible significance of this observation, but we have no further clue for the
moment.

Remark 5. It appears to be important that s > 1 in Remark 4, notice the estimate
in (18). Indeed, consider for instance the case s = 0 and the following counterex-
ample in dimension n = 1. Take f;(J) = 12 and D = 1/2, thus fij = K. Then
fx is analytic on |6| < 1/(2k) and |fk|x = SUP|5/<1/ (2k) |fc(0)] = |fk(1/(20)] =2,
and hence we have inequality (16) for s = 0 with C = 2 and r = 1. On the other
hand, the series }; kix¥/ is not analytic near (x,5) = (0,0).

Combining the requirements s > 1and 0 < s < 1 from Theorem 5 only leaves
us s = 1, which fortunately will be the only case that we shall need and that will
occur ‘naturally” below.

Let us come back to the family X with linear part As as in (10), that is: it
unfolds a p : —q resonance. Generically, we only need one parameter to describe
this unfolding, and use the parameter ¢ such that

A(0)  p+e

@)  —q

or equivalently ¢ = ¢(6) = —q% — p; notice that ¢(0) = 0.

We make the assumption that ¢(J) is a submersion, and hence pass to the
parameter ¢ instead of 6. From here on we may, and do, assume that

Ale)  p+e
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Let us summarize here that we shall consider a family X, with linear part
Ag = dX,(0) of the following form:

Acl,9) = )0 + o3 — ) @

with a(e) = —u(e)/q and a(0) = —u(0)/q # 0. First of all, we confine ¢ so that
a(e) stays away from zero, for example we let &g > 0 be so that for all |e| < ¢p:

()] > 51a(0)] 2)

Definition 4. Let, for [ > 1 an integer, A; be a subalgebra of the algebra of
bounded functions of ¢ on the ball A; = B(0, ;) N B(0, o).

In the next theorem we will assume that the nonlinear part is Gevrey of order
s = 1, which of course includes the analytic case. We shall also assume that the
manifolds x = 0 and y = 0 are invariant. Thanks to the hyperbolicity this is no
restriction: see for example [3, 6].

Theorem 6. Let X be a one-parameter family of planar vector fields of the form

0 0 0 0
Xe(x,y) = ale)(p+ €y —qys) + Fleny)vg, + Glex vy,

where (F,G)(g,x,y) = O(|(x,y)|) is Gevrey of order s = 1. Then there is a change of
variables . of Gevrey order 1 conjugating X, to

) ;9
Ye(x,y) = a(e)-((p +e)xo —qya )+ x Y a(e)u’ — +ysz a_ (23)
Yy I>1 1>1 Y

where the functions a;, by belong to A(q )l and moreover, there exist C,r > 0 such that

] (gpy1 < ClatPy,;
similarly for b;.

In the sequel we take the expression in (23) as a starting point. Let us rename
Y, again X,, and let us abbreviate

(F', GY)(e,u) = Y (ar, by) (et

1>1

Then this series is of Gevrey order g + p in the variable u, and we can thus write

d d d d
Xe(xy) = a(e)(p +e)rg. —qy3) +xFeu) s +yGl o) @Y

Next we give a procedure, inspired by the one in Theorem 3, in order to lin-
earize X,. The logarithm-like functions now shall have to be unfolded and will
depend on the parameter &: we will use Roussarie-Ecalle compensators [16], see
below for specific formulas and details.
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Also the asymptotics will be given in terms of a Gevrey majorant. Although
the ideas will be comparable to the ones used for Theorem 3, the computations
and estimates shall turn out to be more involved.

We will need below a new variable s, such that

g5 = 1 — a(e)gese. (25)
In order to fix the ideas, consider the linearized vector field
Lo _d _0
Ae(%,7) = a(e)-((p + )52 — Wa_g)’ (26)
we look for s, = s¢(%) satisfying (25). A direct calculation shows that
1|z
J— x €
T el )
is a solution. Similarly, for t, = s,(#) we can take
_|le
o LI (28)

a(e)ge

Remark 6. (i) Functions such as in (27) and (28) are sometimes referred to as
Roussarie-Ecalle compensators. They are encountered for instance in the calculation
of the Dulac transition map near a saddle type hyperbolic singular point of a
tamily of planar vector fields [16].

(ii) Often one is only interested in equivalence instead of conjugacy, meaning that
changes of variables preserve orbits but not necessarily time for the vector fields.
In that case, these compensator functions s¢ and f. can be simplified by taking
a(e) = 1.

(iii) An easy computation shows that the limit of the compensators when ¢ — 0
for fixed (%, ) are: lim,_,o s, = @ log |%| and lim,_,o t, = ﬁo%q log |77].

In the next theorem we use the symbol ‘<" in the context of formal power

series for: ‘is majorated by’.

Theorem 7. Let X, be of the form (24). There exists a formal change of variables (x,y) =
(%, 7) determined by

o Sk pk N
(%,9) = Freu)y ) 5 tG(eu)  (29)
k=1 ’

conjugating X, to A in (26), where (Pk, GK) (e, u) = O(uk).

Moreover, assume that the series (F*, G') in (24) is of Gevrey order d > 0 in u. Then
the series in (29) has a majorant

L

1
ka (e,u) = s Zn'du”—i—z' Yo 2d+1(n+1)n+17(n—1))

n>1 n>2

+ Y Ul Y (seu)* Z fin’ (30)
=0

i>0 k>3
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where
3i+2k—1 1
fixo P
2(k=1)(d+1) { 4+ 1

e —1)!
fz’k]' < (i + k)!d2_kd+d+7d+73l+2k_1%for 1< ] <k-2 (31)

IN

(i + k)1

; 1
fick-1 < (+ k)!d21+k_1E
and where 1 = |a(€)qe|. In particular, the series in (30) is of Gevrey order d + 1 in the
variables (u,s.u). Similar estimates hold for the series defining .

Remark 7. Apparently we have to take this Gevrey order d + 1 because of the
formula in (31), which contains a factor ~ k!“*1; in the other formulas we have
better estimates ~ k!9,

Assume that the initial family X, consists of analytic vector fields (locally near
(0,0), see below for precision). When invoking Theorem 6 one has to weaken this
information and we only had inferred Gevrey-type results. In this paragraph we
explicate a kind of ‘nearly’ normal form that can be obtained by analytic conju-
gacy, thereby letting the first integral u = x7y? of dX((0,0) play a dominant role

We reconsider the family X, with linear part (21), that is: the parameter e
unfolds the p : —g resonance, and we assume analyticity in the following sense.
Let X, have a Taylor series near (0,0) of the form

Xe(x,) = ale)(p + gy — vz )+

0 0
Z alklkz (g)xklykz'xa + Z aZklkz (g)xlqykz_ya_, (32)
ki+ko>1 ki+ko>1 Y

where « is continuous and «(0) # 0.

Notation 2. We will furthermore assume that the coefficient functions in ¢,
appearing in (32), are all in some algebra .A(¢) of bounded continuous functions
on | — gy, €[, for some fixed gy > 0, equipped with a complete multiplicative
norm.

For example: A(gg) could be the space of bounded analytic functions equipped
with the sup-norm.

In the next theorem 8 we will consider series like above that are locally analytic
in (x,y). With this we mean by definition: there is a majorant series in (x,y),
independent of ¢, with a positive radius of convergence. (Note: the assumption in
expression (32) that the manifolds x = 0 and y = 0 are invariant is no limitation,
since it is well known that the stable and unstable manifolds are analytic; for
instance [6] contains one more proof of this fact.)

The idea now is to rewrite the series in (32), using conjugacy, in a form that
emphasizes the first integral u = x7y” of dX((0,0). The integer K > 0 in the next
theorem will reflect, loosely speaking, the ‘order of deviation’ from the normal
form; we will make this more precise below in Remark 8.
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Theorem 8. Let X, be a family of the form (32) where:

(i) the coefficient functions in this series are in A(gg) (see Notation 2),

(ii) the series is locally analytic in (x, ).

Let (ro,so) and (rq,s1) be defined as in Proposition 1. Denote u = x7yP.

Let K > 0 be a given integer. If € is sufficiently small, then there exists a locally analytic
(in (x,y)) change of variables of the form

Pe(x,y) = (L y) + Y (xurg (€)X 15R2, yuugy i, (€)x5142), (33)
k1+ky>1

with coefficient functions in A(eg), conjugating X into Y = 3 X, taking the form

d
X = +&)x=— — qy=—
(x,y) ()-(p +e)x5y —ay5.)
d
k k k, Kk
kgBstu (xToyyS0 )k K ;§1Fk€u TRDITAE: 3
ZGk g u X0 so k Kk+ ZGk e u ( rlysl)k Kk) (34)
k>0 k>1

where Fy, B, Gy and Gy, are locally analytic in u and F(¢,0) = E(¢,0) = Gi(e,0) =
Gi(g,0) = 0.

Remark 8. Recall the formal normal form like in (8); this is equal to the terms in
(34) with k = 0, that is:

J 0 J 9
0‘(0)(ng - qy@) + 1—"()(£,Lt)xa + Go(g,u)y@’

and the remainder of the nonlinear expression in (34)

7045 ~ J
Re(x,y) = () Fleu)(x Oyo)kuKkJrZFk(s,u( 11 )k KRy e
k=1 k>1
0
7’0 50 k Kk 714,51 k. Kk 9
I{;eru +k>Zinsu(x ¥ ) u )yay

is a finitely flat perturbation of this normal form, more specifically:

Re(x,y) = O(u") = O(xTyH").

Notice that this flatness is large, when K is large, simultaneously in both x and y.
So a consequence of the theorem above is that this can be achieved analytically,
see also [3].

Finally in this paper, we want to use the first integral u = x7y” in the lineariza-
tion process of a family X; as in Theorem 8, since we are close to p : —g resonance.
For that purpose, we start from expression (34) for K = 0, and we may hence start
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from an analytic vector field (rename Y, again X;) of the form

Xe(xy) = w0 +exgs — w3

- 0
+(Y Be(e,u)(x"0y0) 4+ Y Fk(&”)(xrlysl)k)xa—
k>0 k=1 x

. 0
+(Y Gile,u) (x0y™)* + ) Gk(&u)(x“ysl)k)ya—- (35)
k>0 k>1 Yy

We want to rewrite the occurring summations as one sum ) ;. as follows. Let
us use notations

Fk = F_k
Gk = G_k
| (xToy)Rif k>0
% = { (x"1y*)"kifk <0, (36)

where (79, s0) and (71, s1) are as in Proposition 1. This way we can rewrite (35) in
the following manner:

d 0 d d
Xela) = w(@M((p e~z ) + ¥ kil + 1 uGeler g
@)

We consider again the variables s, and t, satisfying equation (25); they unfold the
logarithm function, see Remark 6. We have to consider these variables as ‘large’
for x close to 0. On the other hand, when multiplied by x or y, they become small,
essentially like x log |x| or ylog |y|.

Notation 3. e We denote
Ky = (ki,..., kn_1,kn) = (Ky—1,kn) € 2"
and define inductively, starting from (36):
UK, = UK,_,-Uk,- (38)
e With ) x we mean: a summation over all K, € Z".
e For k € Z we use the symbol

=0fork>0
5k_{zlfork<0. (39)
e For K,, € Z" we denote

Ok, = (ks -1 0k, ),
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Theorem 9. Let X, be of the form (37). There exists a formal change of variables
(x,y) = P(&,7) determined by

(%7) = (xy)+ il(—l)” }K:wK,,(S)vK,,(xFKn(&u)/yGKn (eu)  (40)

where s = s; or s = tg, linearizing X¢, and with the following properties:
(i) (Fk,, Gk, ) (&, u) = O(u"),

(ii) wg,, is a polynomial of degree at most D(Ky,),

(iii) for a term in the summation (40) we can write

w, (8)vk, (Fk,, Gk, ) (u, &) = Pk, (sx,sy).Ex, (X, y) (41)

where
(a) Px, . is a polynomial of degree at most D(Ky,), with coefficients that are analytic
functions of e, and
(b) Ex,, ¢ is a power series with coefficients that are analytic functions of .

Moreover, the polynomials wy, only depend on p and q, and the multi-sequences
(Fk,, Gk, ) and wg, can be generated recursively (see the explicit formulas in sections
8.2 and 8.3).

3 Proof of Theorem 3

In order to make the exposition self-contained we recall, following [7], briefly
how to obtain #, see the transformation in (3).
First of all we calculate that

W = u(gF(u) + pG(u)). @)

Let us denote H(u) = gF(u) + pG(u), then v’ = uH (u).

We introduce two additional variables s and t with the property that
s’ = t' = 1. These variables are sometimes referred to as tags. The meaning
of these tags will become clear below.

3.1 Step one

We consider the new variables
(x1,1) = (x = xsF(u), y — ytG(u)); (®3)
then, for the first component we can calculate that
x] = x1A —xs(F(u).F(u) + F'(u)uH(u)).
Similar computations for the second component of (43). If we denote
(F2,G?)(u) = (F(u).F(u) + F'(w)uH(u), G(u).G(u) + G’ (u)uH(u)) = O(u?)

then
(x1,¥1) = (Axy, muy1) — (xsF> (u), ytG*(u)).
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3.2 Induction step and formal limit

Assume, by induction, that we have for n > 2:

_1\n—1
(K 1o¥i1) = W i) + s s ),y 16 )

where (F",G")(u) = O(u"). We consider the new variables

Conyn) = o yn )+ LGP )G ). @)

Let us concentrate on the first component of (45), since the second one is
completely similar. We get, after a short computation:

X, = Ax,+ (_nll)nxs”(F(u)P”(u) + (F") (u)uH (u)).

Therefore, if we denote

(F"*, G ) (u) = (F(u)F" (u) + (F")' (w)uH (u), G(u)G" (u) + (G")' (u)uH (u)),

(46)
the change of variables (45) transforms the equations (44) into
o (_1)n npn+1 n~n+1
(0, Yn) = (A, ) + === (s F" 2 (u), yt" G ().
Also: (F™1,G" 1) (u) = O(u"*1). Observe that
L(-DF k ~k
(X0, yn) = (x,y) + )~ (s Fr (u), £ G (w)). (47)
k=1 "
We take the formal limit n — oo of (47):
() = (5,9) + 3 I G P ),y GH ) = ¥ s,t). (a8
Xoo, Yoo) = (X, ¥ k21 (s F(u), y u)) =:¥(x,y,s,t). (48)

Let us substitute (s,t) = (A7!log|xe|, # 1 10g |ye|) in (48) and consider the
equation

(Yoo, Yoo) = ¥ (2,1, A7 10g |Xeo |, 1t 108 [ Yoo )

Let us also denote uo, = x&y%. We introduce extra variables

(gl G1, 1, 771) = (sz SXeo, LY, tyoo);

(0,01, T,71) = (Su,SUeo, tU, tios);

then we can write ¥ in the form

Y(xy,s,t) = (x+xpy (ExTyP ),y +ypa (naTy' " u)) =
(x +xyp1(o,u),y + yga(T,u)) (49)
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where 1, 1P, are O(1). With these notations we have

(E1,1m) = (sXeo,tYoo) = (s +sxp1 (ExT 1P, u), ty + tygo (yxTy?P ' u))
(& + S (8T 1yP u),  + o (pxTyP 1 ).

hen

the {uw:uu+¢mmwwa+¢xnww
01 — o1+ P10, 1)1 (L + a(r, 10))7 (50)
7 = 11+ 1(0, 1)1+ ()

and

Xeo = X + X1 (E17 1P, )

Yoo = Y + Y2 (nxTyP 1, u) 51)
&1 =&+ P (ExT1yP,u)

n =1 +npa(nxTy? =t u).

Using (50) and the inverse function theorem, for formal power series, we can

write
u = uoo(l + 90(0—1/’(1/ uoo))
c=01(1+¢(01, 11, o)) (52)
T=71(14+¢(01, T, Uc))

for some formal power series ¢ of order O(1). We write (51) as follows:

x = Xoo(1 4 1 (0, ) !
Y = Yoo(1 4 Pa(7,u)) 7"
E=C(1+¢i(o,u)) !
n=m(l+va(t,u))"

and in the right hand side of the above we can subsequently substitute (u, o, 7)
by their power series from (52): we can write

(1+¢1(o,u)) ™t =1+ x1(0q, 1, tieo) and (1 4+ a(T, 1)) "1 =14 x2(01, 71, tieo)
(53)
for some power series x1, x2 of order O(1). We obtain

Xoo (1 + X1 (Sthoo, thoo, Ueo))

Yoo (14 x1(E16% vk, maxLoyls ! tico))
yoo(l + XZ(Suoo/ fUeo, uoo))

Yoo(1 +X2(Clxoo_1yoo,17 xgoyfo_l,uoo))
’é: 61(1—’_%1(0'1/’(1/“00)) 1(1 +X1(Suoo,tuoo,uoo))

& (14 x1 (Ex Y, mxlyls ! ue)
m (1 +X2(Suoo/ tUoo, Z/loo))

(1 + x2(E1x% 'yl malyh o).

(X = Xoo(1+ x1(01, 71, Ueo))

y= yoo(]‘ +X2(0—1/T1/ Moo))

1 =m1+ x2(01, 71, tieo))

\

Let us abbreviate the first two lines by writing (x,y) = H (Xeo, Yoo, €1,71)- Let
H be a C* map such that its Taylor series is equal to H (see Remark 1 (i)). Then
the transformation

(x,) = H (oo, Yoo, A~ 1108 |Xoo| Yoo, ™1 10g |oo| Yoo
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conjugates X to the linear vector field A := Ax00/0Xc0 + Y00/ Yoo up to an
‘infinitely flat remainder’ term R, that is: with a Taylor series ]oo R(0,0,0,0) = 0.
We lift A to these four variables, and remark that s’ = A1 1 x/, = 1 and hence

& = sx + Xoo = AG1 + Xoo; similarly #] = p#1 + Yeo. This hnear vector field is
hyperbolic, and R can be removed by a C* transformation with at Taylor series
equal to the identity (see Remark 1 (ii)).

3.3 Gevrey order of (x1,x2)

Now we prove that (x1, x2) is of Gevrey order d. Since we assume that F is of
Gevrey order d, we have a majorant of the following form:

u) < Z Ckl9vkyk
k>1

Although this is not essential, we shall pass to new rescaled variables (%,7) =
(px, py) in order to make the estimates and formulas in the sequel more concise,
for some p > 0 to be determined presently. We denote

= fqu — qu'_pryp — pq+pu.

. _ 1
P x(/\+F(pq+pu)).

We consider the majorant

1 Kk
F(pq—+pu> ;<>21C<Pq“’) k! a". (54)

By taking p > 0 large enough, and since g + p > 0, we can take care that

v < . ]
p ’

F () % L Cmmpht < Lk 6

k>1

Then

In a completely similar way we can treat G and obtain a majorant of the form (55).
Concerning the function H(u) = gF(u) + pG(u), like in (42), we compute easily

that
o i i
¢ = (o (i) +16 () )

In an analogous manner as above we can obtain a majorant

i dk
iF (i) 496 (i) = D
pIF? a+p k;
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We conclude here that, up to a rescaling, we may, and shall, omit the tilde”symbol
and assume that F(u), G(u) and H(u) have the majorant Y ;- k!“u* for some
d>0.

We now look for a majorant of the F¥(u) in (48), using the relation (46). Let us
write F1 (1) = F(u) and assume, by induction on N, that we have a majorant of
the form

FN(u) = Y nta,yu”. (56)
n>N

We have the initial conditions a,,; = 1 for all n > 1. Recall the recursion
FN* () = FN(u).F(u) + (FN) (u).u.H(u). (57)
We remind of some useful inequalities concerning factorials:
Lemmal. Letk = (kq,...,kp) € NP and denote |k| = ki + - - - + ky.

e We have:
K|t < plligt .k (58)

o Ifall ki > 1 then
1

Let us continue with the proof of Theorem 3. We consider the first term in the
right hand side of (57) and majorate, also using formula (59) with p = 2:

FN(u).F(u) = Y ntla,nu™. Y k%
n>N k>1

=< > Y. m!tu™ Y. aun

= ld Y. m!%u™ N, (60)

and for the second term in (57):

(FNY(u)aHu) = Y nntanu tu Y k%

n>N k>1
1 m—1
= ) m!y™ Y nayn
m>N—+1 n=N
Therefore
1 m—1
FN*ly) < > Yo mtTu™ Y (14 n)an.
m>N-+1 n=N

Let us hence define inductively, for m > N + 1:

1 m—1

A, N+1 = Z_d 2 (Tl + 1)anN (61)
n=N

with a,, 1 = 1, and let us estimate the solution of the recursion equation (61).
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Lemma 2. For all P > K we have

P

n;((n—l)(n—Z)...(n—K-l—l) = %P.(P—l)...(P—K—kl). (62)
Proof. Use induction on P. u

Lemma 3. The solution of (61) is estimated by

1

amNHgmN (m+N)(m+N-1)...(m+1)m...(m—N+1) =

1 (m+ N)!

NG Ni(m — Ny (&%)
forallm > N + 1.
Proof. For N = 1 we observe that
1 m—1
amz — Z_d (n+1)
n=1
1 m+1
< Y1)
Zd n=2
11
= oipm+ )
Assume by induction that the estimate is true for N, then for all m > N + 2:
1 m—1
AmNt2 = 57 Z+ (n+1)au N1
1 m_l 1 1
n= N+1
(m+n...(n—N+1)
1 1 m—1
= oN(d+1)+d NI Y, mn+N+1)(n+N)...
n=N+1
(n+1)n...(n—N+1)
L L (1 -2) . (r 4 D )
< - n—1)(n-2)....n+1)n...(n —2N —1
oN(d+1)+d NI 5
1 1
= (m+N+1)(m+N)...(m—N) (64)

P(NFD@+1) (N 4+ 1)1

in which we have applied formula (62) with K = 2N +2and P = m + N + 1.
Thus we have formula (63) where N is replaced by N + 1. m

From (56) and Lemma 3 we conclude that

N 1 Jgm+N-1)!
Fru) = 2IN-D)(d+1)(N — 1)! y (n —N+1)

n>N

1’1




Gevrey series in compensators linearizing a planar resonant vector field 41

This is also a majorant for G (u). Let us hence consider the majorant, for the
series in (48), given by

1 g(m+k—1) "
mi = o
kglklzkld—&-l(k_l)!rgc (n_k+1)
and let us denote
n(n+k—1)! .
k2(k=1(d+1) (k —1)1(n —k +1)!

Ynk =

then

S(u,s) = ZZ'ynku”sk

k>1n>k

= Y Y vt (su)f

k>1i>0

We estimate 7,y x, also using formula (58) with p = 3:

(i + k)i + 2k —1)!
Yitkk PENERS]
k2k=1)(d+1) (k — 1)!(i +1)!
(i + k)93 2141kt (k — 1)1
= k120D (k — 1)1 4 1)!
3i+2k—1 1 p
pum ] '
o TR (65)
Hence S(u,s) is of Gevrey order d in the variables (u,su). Therefore the series
P1(0, u) and (T, u), in expression (49), are Gevrey-d in their variables. We can
apply the inversion theorem in [4] to (52) to obtain that also the series ¢ is Gevrey-
din (01, Ty, U ). Hence also x1 and yx; in (53) are Gevrey-d. Recall that

(%, 1) = (Yoo (1 4 X1 (Sthoo, tthoo, thoo) ), Yoo (1 + X2 (Sthco, tiloo, Ueo) ) ).
This ends the proof of Theorem 3. m

4 Proof of Theorem 4
We recall the linear map
(1)
P S0
from Proposition 1, as well as the number

_AO) __p(0)

p q
For k = (ky, ko, k3) € Z3 we have, for (mq,my) = L= (k, kp):

(k, (A(0), 1(0),0)) = a(k, (p, —4,0)) =
a(m1((q,p), (p, —q)) +ma((ro, 50), (P, =4))) = amz. (66)
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From (66) it follows that a monomial

0
xk1 -l-lykz §k3 a (67)

is resonant iff m, = 0, whence (ki, kp, k3) = m1(q, p,0) + (0,0,k3). So this mono-
mial is of the form

d d
gmy, pmy ks — my gk3
X.X y 0 ax = x.u"é p) .

In a similar way we find that the resonant monomials in the d/0dy component are
of the form

d
ny k3
y.u'o 3y

From this we obtain the formal normal form in (8).
We want to apply Theorem 1 concerning the Gevrey character of the normal-

izing transformation. For that purpose, we compute for any nonresonant mono-
mial (67), using (66) and the fact that |my| > 1:

(k1 +1, k2, k3), (A(0), 1(0),0)) — A(0)] = |amz| > |a| > 0.

Similar computations for the 9/dy component. Hence condition (2) of that
theorem is fulfilled for s = 1 and K = |«a]. n

5 Proof of Theorem 6

We want to apply Theorem 5 for a well chosen set G. Let us define G as
follows. For (1,1+ ky,k2), (2,k1,1+ k) € {1,2} X Nswd we consider (mq, my) =
L~Y(kq, ko) as in Proposition 1. We say that (1,1 + k1, kz) and (2, k1,1 + k2) belong
to G iff my # 0. Remark that G corresponds to the nonresonant monomials of the
form x!TF1y%29 /9x and xf1y/*2 19 /9y.

We claim that this set G satisfies the hypothesis of order s = 1 from Defini-
tion 2. Indeed, for (1,1 + kq,ky) € G we have

a(e e),a(e)(—q)), (1 + ki, k) —a(e €
O LA, bl p + ot sop +
= |a(e)[-[m2(pro — gs0) + eku|
= a(e)].[mz + eki |
> a(e)l.(Jmz] — [el.[K|). (68)

Using (22) we can continue (68), and have for all ¢ € A, since m # 0 is an
integer:

{(@(e) (p +€),a(e) (), (1 + 1, k) —a()(p+e)| > 2[a(0)](ma] — )
> 1[a(0)] > 0.

Similar estimates for (2,k1,1+ k2) € G. Hence the set G satisfies the hypothesis
of order s = 1 with K = |a(0)|/4. Therefore we can finish the proof by applying
Theorem 5. u
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6 Proof of Theorem 7

Lemma 4. We have
u' = a(e)geu + u(qF' + pGh).

Proof. This is a straightforward calculation. m

6.1 A first change of variables

We consider the new variable
X1 = x — xw(se)FH(u,€) (69)

where w is yet to be determined in such a way that terms of order not O(u?) are
eliminated (precision follows below). We calculate:

Xy = ae)(p+e)x+ xF! — (a(e)(p + &)x + xF').wF! — x%(w(sg))F1
—xwd, F.(a(e)geu + u(gF* + pGh)).
We replace the first x using (69) and, for the convenience of the reader, we mark
canceling terms; we also mark terms not of order O(u?):

Xy = a(e)(p+e)(x +xwF!) +xF! — (a(e)(p +e)x + xF1).wF! — x%(w(s,;))lf1

—xwd, FL.(a(e)geu + u(gF* + pGl))
= a(e)(p +e)x; +xF! — xFL.wF! — x— (w(se))F!

—xwd, FL.(a(e)geu + u(gF* + pGh)). (70)

F! — %(w(sg))lf1 — wd, Fr.a(e)geu. (71)
Since F!(e,u) = O(u), we have 9, F! (e, u).u = F'(e,u) + O(u?). If we insert this
in the last term of (71) we get

(71) = ! — %(w(sg))l-"l — W (F + O(2))ae(e)ge.

We see that all the terms that are possibly not O(u?) contain the factor F'. We
want them to be zero. Therefore we want to solve

0 = 1- iw(sg) — w(se)a(e)ge

dt
)
%W(Ss) = 1—w(se).ale)ge (72)
)
dw ds,

oA 1 — w(se).a(e)ge.



44 P. Bonckaert

We can take w(s;) = s, in view of equation (25). We insert (72) into (71):
(71) = w(se)a(e)ge(F! —a,Flu).
We enter this in (70) and obtain

xy = a(e)(p+e)x; — xFL.wF!
+xwa(e)ge(F! — 9, Flu) — xwd, Fr.u(gF' + pGh).

We can rewrite this in the form
Xy = a(e)(p +e)x; — xwF?(g, u)
where
F2(e,u) = FL.F' — a(e)ge(F' — 0, F .u) + 0, Fru(qF' + pGh).
Observe that F2(e,u) = O(u?).

Completely similar calculations for the second component.

6.2 Induction

Assume by induction that we have, for n > 2:

_1\n—1
(5ot ¥i1) = 06 (€02, =)+ s ), w216 e )

where (F",G") (¢, u) = O(u"). We consider the new variables
(_1)71 ngn nen
(o, Yn) = (Xn—1,Yn-1) + == (xscF" (e, 1), yt G" (e, u))- (73)
With completely similar computations as in section 6.1 we obtain

1)
x, = a(e)(p+e)xy + ( n!) xs" F" (g, u)

where
F"™ (e, u) = FL.F" + a(e)ge(—nF" + 9,F".u) + 9, F".u(gF* + pGl), (74)
and
o = —alayn+ Ly w)
with
G" (e, u) = G'G" + a(e)ge(—nG" + 0,G".u) + 9,G".u(qgF* + pGh).

In the same way as in section 3.2 we take the formal limit (¥, §) = lim,—co(Xy, Y1)
of (73) and shall estimate its asymptotics. We consider the first component, the
second one being similar.
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6.3 Asymptotics of the F”

We recall that F'(e,u) = Y;-ia;(e)u’ with a; defined on |¢] < 1/(2dl) and
lag|ar < Cl'%!. In the sequel, the value of 4 > 0 is unimportant, but as we have
indicated in Theorem 6, a ‘natural” choice would be d = g + p.

Again, just like in section 3.3, we can perform a rescaling and work with the
following majorant for F':

Fle,u) < Y ntfu”, (75)

n>1

and in a completely similar way we can arrange that also G! and gF! + pG! have
this majorant (75).

We recall that 4 = |a(e)ge|. We consider the recursion (74). Assume, by induc-
tion on N, that FN has a majorant of the form

FN(pu) = Y na,n(n)u".

n>N
with, thus,
an(n) =1
for all n > 1. We majorate FN*1:
FNtU < FLEN £ (=NFN +0,FN.u) + 0, FN u.(gF* + pG?). (76)

For the first term in the right hand side of (76) we have, just like in (60):
1 p m—1
FLEN < i 2 m!“u™ 2 auN-
m>N+1 n=N

For the second term we get

(=NEN +9,FNu) < #5.(=N n'%a, yu + nnta, yu"
n n

n>N n>N

= 7. Y (n—N)na,nu"
n>N+1

and for the third term we obtain

ouFN.u.(gF' +pGt) = Y nnta, . ) k1% uk

n>N k>1
1 m—1

= T 2 mty™ 2 na,n-
m>N+1 n=N

We conclude here that

1 m—1
FN+1 < Z m!d(z_d Z (n+1Da,n +14.(m — N)ay,n)u™.
m>N+1 n=N
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It follows that

A, N+1(1 Z (n+Dann (1) +n.(m — N)ayn (17).

Now we proceed using induction and propose the estimate

N-1

- ;qjﬁjN(erN—j)...(m—NJrl)
j=

+yN(m —1)(m —2)...(m — N)

for BN to be determined. Induction gives a majorant

77)

y
InN+2 S o 2 (n+Dagn+1(7) +7.(m — N = D)ay,n+1(7)
n=N+
y 1
< Y, (n+1)] T)N'(n—i—N)(n—l—N—1)...(n—N—i—1)(78)

n=N+1
N-1

+ Z{iyjﬁjN(nJrN—j)...(n—NJrl)
=

+7N(n—1)(n—2)...(n— N)]

+17.(m — N —1)]

N-1

+ Z%nfﬁjN(erN—j)...(m—NH)
7=

+yN(m —1)(m —2)...(m —N)]

ON(d+1) NI

(79)

(80)

(m+N)(m+N-—-1)...(m—N+181)

(82)

(83)

in which we will treat now the terms (78) to (83) separately. For convenience we

recall the formula

P 1

Z(n—l)(n—Z)...(n—KJrl):EP.(P—l)...(P—KJrl).

n=K
First, in precisely the same way as in (64):

m—1

(84)

1
(78) < ?n_;ﬂ(n—l—N—l—l)m(n—i—N)(n—l—N—1)...(n—N—|—1)
1 1

SN (N+1)!(m+N+1)(m-|—N)...(m—N).
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Second:
1 m=1 N-1 '
(79) = T Z (n—l—l)quﬁjN(n—i—N—])...(n—N—l—l)
n=N-+1 =1
1 N=1 m—1
< 5 Wpin Y, m+N—j+1)(n+N—j)...(n—N+1)
j=1 n=N+1
1 N-1 m+N—j+1
< 5 Wpin Y, (m—1)...n—(2N+1-j))
j=1 n=2N+2—j
(apply formula (84) for K =2N+2—jand P=m+ N —j+1)
1 N=1 1 ‘
= 2dZqﬁ]Nm(m—l—N—]—l—l)...(m—N).
Third:
80 _ L DN —1)(n -2 - N
(80) = % Y, (n+D)y(n—=1)(n=2)...(n=N)
n=N+1
1 m—1
< —din Y, (n+1)mn—1)...(n —N+1)
2 n=N+1
1 N m+1
< 5l Y, n—1)(n—-2)...(n—N—-1)
n=N+42
(apply formula (84) for K= N+2and P =m+1)
1 1
Fourth:

(81) = n.(m—N-1)

1
= ”'zN(d—&-l)N!

N (M N+ N =1).. (=N +1)

(m+N)(m+N-1)...(m—N+1).(m—N).

Fifth:
N-1
82) = n.(m—N—=1). ) y/Bin(m+N—j)...(m—N+1)
=1

j=2
j=2

Sixth:
83) = N m—1)...(m —N).(m—N —1).



48 P. Bonckaert

We derive the following recursion for the §;y now. Since, for N = 1, we have for
all m > 2:

Ay (m+1)ym+n(m—1), (85)

2d+1
we can calculate for all m > 3

1 m=1
Iy = o Z n+1)ana(n) +1.(m — 2)am (17)

m—1

u 22(n+1)[2d—1+1(n+1)n+;7(n—1)]

IN

+17-(m = 2) [ (m 4 D)m 45 (m —1)]

2d+1
m—1

rg(n—i—l)n—l—q (m — 2)2d1+1 (m+1)m

IN

- 1
Z (n+2) de n+1)n+172—d
=

+17%(m —2)(m — 1)

m—+2 m—+1

d+1+d2 —2)(n=3)+1.5; Y (n=1)(n—2)+

n:3

IN

.m — 2)2d1+1(m+1)m+17 (1 —2)(m —1)
1 1 11
243

- = 2) ey O+ Dy o = 2) o = 1)
%.%(m-i—Z)(m-i—l) (m —1)+;7(ld
+17?(m —2)(m — 1).

We see that

IN

(86)
Let N > 2. We want

am,N+2§m(m+N+1)...(m—N)+

N .
Y Binii(m+N—j+1)...(m—N)+nN(m—1)...(m—N-1). (87)
=1
The first and third term above correspond to (78) and (83). For the second term
in (87) we infer the following recursion. For j = 1 we have

1 1

P1N+1 = Z_d’BlNZN—i— 7t SNEFONT (88)

for2 <j<N-1:

1
:Bj,N+1 = F,B]Nm + ,Bj—l,N} (89)
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forj=N

Lemma 5. For all N > 2 we have the estimates

B1,N+1

.BN,N—H

1 1

21N +2

1

pin < e

PN < S

1

PN-1N < TS

1

(NZ\—] 1)'

Proof. For N = 2 this follows from (86); note that (91) and (93) are the same in this
case. Assume, by induction, that the lemma is true for N > 2. Below, we shall
apply Pascal’s triangle identity several times. First of all, we use (88):

1)(d+1)(N —

+ BN-1,N-

5l

(I;])for2§j§N—2,

1 1
2PN IN 1 T NN

1 N 1 1 N
202 (N=-1D(d+1) (N — 1)! (1 2N +1 + 2 N(d+1) N1 <0

1

2dp(N— 1)(d+1

() (3)

2N(d+1)N|

1

a7

Second, for2 < j < N — 1 we apply (89):

BiN+1

IN

IN

1

2PN T2 =

1

2dp(N={)(d+1)(N + 3)

1

2d(N—j)(d+1)
1

o (N—j+1)(d+1)
1

o(N—j+1)(d+1)

2

(

o

N
j

vl(1) 2

+Bj-1,N

)

()G
)

(

N +1
j

2(
1

)

N
d+1 )N\ 0

1 N
T @ -1

N
N=+1)(d+1) \j — 1

()2

)

49

(90)

1)
(92)

(93)
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Finally, we use (90):
11
BNN+1 = N2 BPN-1,N
B i 1 N n 1 N
 2dN+42\N/  2d+1\N -1
< 1 N N
- 2d+1( N * N-—-1 )
B 1 /N+1
- 2d+1 N :
The induction is finished. n

From (77), (85) and Lemma 5 we obtain:
Lemma 6. The following estimates hold:
1
an2(17) < g (m 4 L)m + g (m —1)
and for all N > 2:

1 (m+ N)!
am,N—l—l(”) < 2N(d+])Nl( —N)!

N\ (m+ N —j)! (m—1)!
277] (N=/)( d+1 (]) (m—N)! +17N(m—N—1)!'

Lemma 7. We have the followmg majorants:

_|_

1
F(g,u) 3 1 (g (n 4+ Dy — 1))
n>2

and for all N > 3:

1 (n+N-—1)!

= 2(NEDE) (N — 1)t (n— N+ 1)!

+Nyjj 1 N-—1\(n+N-1—j)!
= TN (n—N+1)!

N-1 ((:_—;]))!! Y.

+17

6.4 Asymptotics of the ‘final’ transformation

Using Lemma 7 we have, for the left hand side in (30), a majorant of the form

1
S(e,u,s —sg;n'du”—f—z' Zn'd 2d+1(n-|—1) n+
n

k-1
n(n =)+ 3 3 Y yausg (94)

k>3 n>k j=0
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where, as before, 7 = |x(¢)qe| and where the coefficients 7,; are:

n(n+k—1)!
k=1 @+1) (k —1)1(n —k +1)!

1d _ —1— i\
n! (k 1)(n-|—k 1 ])'forlgjgk—Z,

Ynko

Tk = i@\ i) n—k+1)!
o (n—1)!
Tnkk—1 = m

We rewrite the summation in (94) as follows:
k—1 . , 8 k—1 _
YN Y qwiuss = Y ut Y (sew)™ Y vipwain'-
k>3 n>k j=0 i>0 k>3 j=0

Let us now examine and estimate the coefficients fi; = it For j = 0 we
have, in precisely the same way as before in (65):

3i+2k—1 1 . J
fixo = YVitkko < S 1 (i + k)",

For 1 <j <k — 2 we can make the estimates

o= e = AR (1 (4 2k -1 )t
ikj i+kk,j k12 (k=1—j)(d+1) j (i T 1)!
< _UABY KT gy IR 1)!
= k12(k=1=j)(d+1) j (i+1)!
~ - dainisok—1 (k—1)!
< !d kd+d+jd+jai+2k 1(7
< (i+k)"2 3 —,
and finally for j = k — 1:
i+ +k—1)!
fikk=1 = Yitkkk-1 = ( ) lE!i! )
(i + k)142itk=1i1(k — 1)!
N k!i!
= (i+ k)!d2i+k—1%

From these estimates it follows that the series in (30) is of Gevrey order d 41 in
the variables (1, s¢1t). We can proceed in the same way as in section 3. n

Remark 9. From the above calculations it is unclear to us whether these Gevrey
type results can be sharpened or not, in particular the estimates leading to the
terms with1 <j < N —2in Lemma 7.
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7 Proof of Theorem 8

We recall the linear maps L and M from Proposition 1 which are one-to-one from
72 to Z?. We define the sets

31 = {(m,my) € Zzlmz > 0and my; > Kmy +1},

Gy = {(my,my) € Zz|m2 > 0 and _TSOmz < my < Kmy},
By = L(By) and G; = L(Gy). Similarly:
By = {(my, my) € Z*|my > 1and m; > Kmy + 1}, (95)

Gy = {(m1,my) € Z*|my > 0 and _TSlmz <my < Kmyp},

Bz = M(Bz) and Gz = M(Gz)

Remark 10. Notice that the sets By and B, do not overlap, because of the follow-

ing. The matrix
L M= 0 ro—rn
o 0 S50 — 51

cannot be zero, since (rp — 11,50 —s1) = (ro —q + 10,50 — P + So0) = 2(ro,50) —
(9,p) # (0,0) because gcd(q,p) = 1. Hence the kernel of L — M is equal to
{my = 0}, and we have removed my = 0 from the definition of B, in (95).

We could call, informally, the sets G; and G, ‘good’, because we will explain
below why monomials x¥14/%2 in the series (32) of X, with (ki,k») in a good set
can be removed by an analytic change of variables. The sets B; and B, could be
called ‘bad’.

We have, for all (ky, ko) € Z2, writing (mq,mo) = L™ (k1 k2):

((a(e)(p +&—q) (ki k2)) = ((a(e)(p +&—q),mi(q, p) +ma(ro,s0))
= «(e)(myeq +mp(1l+erpg)).

Let (kq,k2) € G1. Then |mq| < max{ %0, K}my and hence, on the one hand:

{(a(e)(p+e&—q), (ki,ka))| > |a(e)](|ma(1+erg)| — [ma]|elq)
> |a<e>|mz<|1+ero|—max{%“,memx

on the other hand:

| (k1, ko)

IN

im1|(q + p) + ma(ro + o)
< mz(max{%o,K}(q—l—p)—l—ro—i—so).

We obtain:
|a(e) (|1 + ero| — max{=}, K}|eq)

o)+ ) Gkl > — e e e

|(k1,k2)]. (96)



Gevrey series in compensators linearizing a planar resonant vector field 53

Since «(0) # 0 and by continuity, there exists g > 0 such that, for the numerator
in (96):
min Ja(e)| (|1 + erol —max{%’,mem) > 0.

le]<eo

Hence, the hypothesis (2) of Theorem 1 is fulfilled for the set G, for s = 0. In
a completely analogous way we obtain a similar condition for the set G,. We
infer that there exists an analytic transformation . of the form (33) conjugating
X¢ into Y = ¢ X, of the following form (let us rename m; = k in order to get the
expression in (34)):

Ylxy) = w(@(p+orgs — )

+(2 uKk 2 bmlk(g)uml—Kk(xroyso)k
k>0 my>Kk+1

- d
k —Kk k
+ k§>1 ufe N by () u™ TR (o) )x—ax
= mlsz-H

+(2 uKk 2 lek(g)uml—Kk(xroyso)k
k>0 my>Kk+1

0

k ~ —Kk k

+k>21uK Y, Gmr(e)uM TR My )y@-
= mlsz-H

Inboth i, and Y. the coefficient functions of the series belong to the algebra A(¢y),
provided thus that ¢ is sufficiently small. Now it suffices to define

Fe(gu) = Y bup(e)u™ ",
Feu) = ) bupleu™ ™™,
mlsz—H
Grleu) = Y cuplepu™ ™™,
mlsz—H
Ge(eu) = Y Euu(eyu™ Kk

in order to obtain the expression (34) for Y. in the statement of the theorem.
Observe that F.(e,0) = F(,0) = Gi(e,0) = Gi(g,0) = 0. m

8 Proof of Theorem 9

We recall that u = x7y? and that v is defined as in (36).We will need to compute
u’" and v} below, and define for that purpose

ke(€)(1 +roe) ifk >0

Ze(k) = { (—k)a(e)(—1 +re) ifk <0 ©7)

and also
sz . k(}’oFkZ + S()sz) ifk>0
ko —k(?’lez + slez) ifk <0.

From a straightforward computation one obtains:
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Lemma 8. The following formulas hold:

' = en(e)qu +u Y v(qFe(e u) + pGile, u))
k

and

v = Ze(k)vg + v kazH,’fZ(e, u). (98)
ko

8.1 A first change of variables

We consider the new variable

x1=x—x)_ wi(se)vpFe(e, u)
2

where wy is yet to be determined in such a way that terms of order not O(u?) are
eliminated (precision follows below). We calculate, in a similar way as section 6.1
(but slightly more involved), marking terms not of order O(u?):

xp = ale)(p+e)x+x) vk
k

d
—X Z Ukszz- Zwkkak — X Z a (wk(SS)).Z)ka
ko k k

ke 77007 ky

—x ) w0 duFy.(a(e)geu 4+ u')_vg, (9F, + pGr,))- (99)
K Tt ks

In those terms we always have a factor x.vy, and the remaining factor is equal to

d
F. — awk(sg).Fk — wi(se)Ze (k). Fr — wi(se).0y Fy.a(€)geu. (100)
Since Fi(e,u) = O(u) we have 9, F (e, u).u = F.(e,u) + O(u?), and if we insert
this in the last term of (100) we get that this is equal to

d
Fi — 1 w(se)-Fie — wi(se)Ze (k).F — wi(se)- (B + O(u?))a(e)ge.
We observe that all the terms that are not O(u?) contain the factor F.. We want
them to be zero. This comes down to solving the equation

d

k() = 1= wi(se) (Ze(k) + a(e)ge) (101)

dwk %
ds, ~ dt

= 1 — welse) (e (k) + a(e)ge). (102)
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In the case that k # 0, we have X (k) = ka(0) # 0 and hence we can take

1
wk(ss) = Zg(k) —|—tx(e)qs (103)

provided that the denominator is nonzero. In the case that k = 0, we take
wo(se) = e (104)
and check indeed that the left hand side of (102) is equal to, using (25):

ds
d—: =1 — a(e)ges;

and the right hand side of (102) is equal to
1 — wo(se) (Ze(0) + a(e)ge) = 1 — sea(e)ge.

We insert (101) into (100), and this respectively into (99), and obtain

k
xi = oc(s)(p + 8).‘)(1 - vakszz. ZwkUka —X Z Wy Uk kaszsz

k> k k>0 ks
+x ) wivga(e)ge(Fe — 0y Feu) — x Y wivgdyFeu ) vk, (9F, + pG,)-
k k ka

We can rewrite this in the form

xp=a(e)(p+e)x1 — x ) wyog kazF(k,kz) (e,u)
k k

where F 1) is defined as follows:
1. for ko, = 0 we take

Fy.0) = FoFx + HY.Fc — a(e)qe(F — 9uFy.ut) 4 9, Fe.u(qFy + pGo);
2. for ky # 0 we take
F(k,kz) = FkZFk + H]]:z.Fk + aqu.u((]sz + kaZ)'

The second component is treated in the same way.

8.2 Induction

Assume by induction that we have, for n > 2:

{ X =ae)(p+e)x,_1+ (—1)" x YK, WK,_, (Se)vk, Fk, (& 1)
Vo1 = —a(e)qyn—1 + (=1)" 'y L, wk, ,(se)vk, Gk, (& u)

with (F,, Gk, ) (e, u) = O(u"). In order to compute vy we define the quantities,
by induction from (97), as

Zs(Kn) - Ze(Kn—l) + Zs(kn)-
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We already had in (98):

= Te(k)og + v Y v, HE (e, 1).
ka

By induction one readily shows that

U}(n =2 (K”)UKn + UK, kaHIk<n (8, u)
k

where
Hllin(s,u) = H1k<n,1(5z u) + H]I:n (e, u).
We define the new variables

{ Xp = Xp_1+ (=1)"x T, w, (s¢)v, Fk, (€ 1)
Yn = Yn—1 + (=1)"y Lk, w, (se)vk, Gk, (& 1)

where we choose wk, (s¢) to be a solution of the differential equation

d
—wg, + wi, Ze(Ky) + wi,-a(e)gen =0

WK T gy

or equivalently, using equation (25):

dwg, dse  dwg,

ds, ~dt  ds,

(1 —a(e)gese) = wk, | — wk,-(Ze(Ky) +na(e)ge).  (105)

Theoretically this has, of course, a solution, but we will come back to this more
explicitly below. A straightforward computation, comparable to the one in
section 6.1, shows that, by this choice of wg,, the terms not of order O(u"*1) are
eliminated. Moreover, if we denote K, 1 = (Ky, k1), then we find the following
equations for (xy, y,):

{x = (e)(p €0+ (1) i, @ (50K F 6 1)
~a()qyn + (~1)"y T, , Wk, (56)0k, ., Gy (6 1)

where (Fx,,,, Gk, ,,) is defined as follows:
1. for k;;11 = 0 we take

Fik,0) = (Fo+ HI%,Z)GKW + a(e)qe(9y Fx,.u — nFg,,) + 0y Fx,.u(qFo + pGo), (106)

G(K 0) = (Go + HK )GKn + [X( )qe(au Gk, -u — TZGKH) + auGKn (qFo + PG()) (107)
2. for k41 # 0 we take

ky,
FKn+1 - (Fkn+1 + HKnH)FKn + auFK"'u(qun-H + kaVH-l)’ (108)
ky
GKn+1 = (Gkn+1 + HK,,+1)GKH + a”GKn‘u(qun+1 + karH»l)' (109)
Observe that (F, ,, Gk,,,) = O(u"t1).
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8.3 On the sequence of differential equations defining the wy,

We had defined the functions wy, k € Z, in (103) and (104), and by induction we
had the differential equations (105) for the wg,, that is:

dwKn
dse
for K,, € Z", n > 2. Let us come back to the numbers ¥¢(K; ). For n = 1 we recall

the formulas in (97) and also the fact that r; = g — rp. Hence we can write for
k <0:

(1 —a(e)gese) = wi, , — wk,-(Ze(Ky) + na(e)ge) (110)

Ye(k) = ka(e)(1 —rie) = ka(e)(1 +rp)e + |k|.a(e)ge.

Summarizing, we can write for all k € Z:
Ye(k) = ka(e)(1 + roe) + O |k|a(e)ge

where Jy is defined by (39) in Notation 3. Forn > 1 and K, = (ky,...,k,) € Z"
we denote

By induction one easily shows:
Ze(Kn) = S(Kn)a(e) (1 + roe) — (0k,, Kn)a(e)ge. (111)

Observe that the factor —(Jk,, K,) is always a nonnegative integer. Let us fix € for
a moment and denote s, = s. Although this is not essential, we can avoid some
hassle with the minus signs by considering the variable o = —s and by studying
instead the functions

™, (0) = (=1)"wk, (=0). (112)

We have, for k # 0:
1

Ze(k) + a(e)ge

(o) = -

and
(o) = 0.

The differential equation for 1, is then:

d
%.(1 +a(e)ger) = 1, | + Tk, (Ze(Ky) + na(e)qge),
and using (111) this becomes
d
T (14 a(e)ger) = T, + i, (S(K)a(e) (1 +708) + (— 5k, Ke) + 1) ()ge).

(113)
Below we will study this inductively determined sequence of differential equa-
tions. We shall obtain polynomial solutions for these equations. The way they are
obtained differs according to the fact that S(Kj,) is zero or nonzero.

Definition 5. If S(K;) = 0 we will say that 7, is obtained from 7x, , by an arrow
Tk, , — Tk, of type A. If S(K;;) # 0 we will say that such an arrow 1, , — T, is

of type B.
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8.3.1 An arrow of type A

Let D > 1be a given integer and let
D-1
T=Y aj’
j=0

where a; = a;(e) is a function of e. Let us for simplicity pass to the new small
parameter 17 = a(e)ge. We look for 7 such that

A

d
Egﬂﬁwm)zr+fDm (114)

see equation (113) with S(K,) = 0 and D = —(Jk,, K») + n. We look for 7 of the
form

>

D
j=1

Inserting this in both sides of equation (114) gives, after some easy calculation:

D—i— 1)y~ (115)

forall 1 < j < D. We can consider this as a linear map CP — CP mapping
the ila; to the j!4;, as defined by (115), that is: (Olag,...,ila;,...,(D—=1lap_1) —
(1!41,...,j'j,...,Dlap) . Ithasa D x D matrix C = (Cjx)1<jk<p with

(D—k)! ik ¢ :
Cix = o i =k
0if j < k.

8.3.2 An arrow of type B

Lett = Z}i:o a]-cfj where a; = a;(¢) is a function of e. We look for % such that

Z—;.(l + a(e)geo) = T+ T.(Se + Da(e)qge) (116)

where we assume that S, # 0. We think of S, = S(K;)a(e)(1 + rpe) and
D = —(dk,, Ku) + n, see equation (113). We look for 7 of the form

~

d
=) a0
i=0
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Inserting this in both sides of equation (116) readily yields the following ‘down-
ward’ inductive scheme:

_ 1

= Se+ (D — d)zx(e)qs’ad
1
~la = Se + (D —d-i—l)zx(s)qe'(d(_ad) +aa-1)

i 1 . _
T s (D—i)oc(s)LIe'((]+1)(_aj+l)+aj)

_ 1 ~ 117
—dg = Sg—i—D—tx(e)qs'(_al +ap), (117)

that is: we solve this successively from top to bottom, determining all the 4;.

Remark 11. If one looks for a ‘simpler” majorant for this arrow B, and if one
assumes that for small ¢ all denominators in (117) are estimated from below, that
is: suppose there exists an S > 0 such that

|Se + (D — j)a(e)gel = S >0
forallj =0,...,d, then a calculation shows that
d .
1 1!
8 =) 5%
] = Gi ]+1]!

provides a majorant. This could perhaps be helpful in answering the pending
question that we pose below in paragraph 8.3.4.

8.3.3 Conclusion of the proof of Theorem 9

We recall Notation 3, especially D(K,,) = —(Jk,, K,,) + n; observe that D(K,) <
|Ky| + n.

Lemma 9. We have:
(i) wg, is a polynomial of degree at most D(Kj,),
(i) vk, = x*yP with a + B > |Ky|.

Proof. (i) We have foralln > 1

D(Ky+1) = _<§Kn+1’Kn+1> +n+1
D(Ky) — 0k, knt1 + 1
> D(K,)+1

and hence the sequence (D(K})),>1 is strictly increasing. The statement in (i) is
clearly true for n = 1. Assume, by induction, that (i) holds for n > 1. Recall g,
from (112). We obtain 7k, ,, either by an arrow of type A or B. For an arrow of
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type A we have to take D = D(K,,41) and T = Tx,. The degree of 7 is indeed at
most D(K;) < D(K,4+1) —1 = D — 1, as it should be, and the degree of 1,,, = T
is then at most D(K;,11). For an arrow of type B, the degree does not change. This
finishes the induction for (i).

(ii) Recall the definition (36) of v. First of all, since (7, sg) # (0,0) # (r1,51),
one has vy = x*yP with « + B > |k|. Statement (ii) now immediately follows by
induction from (38). ]

We claim that a term wg, (s)vk, (Fx,, Gk, ) (4, €) can be written in the form (41).
Indeed, by Lemma 9, such a term is of order wg,(s)vg,.O(u") =
wg, (s)x*yKe=4y"O(1) for some integer & > 0. For each 0 < j < D(K,) we can
decompose a monomial s/x*ylKnl=4y" with 0 < j < D(K,), as s/x*y/Kel=aym =
(sx)%.(sy)P (su)xv—tylKnl—a=Pyn=7 \where all the occurring exponents are inte-
gers > 0. This is possible since j < D(K,) < |K,|+ n. (Remark that such
a decomposition is not unique; in order to fix the ideas we give an example:
$Bx?ytud = (sx)?(sy)*(su)?u = (sx)(sy)*(su)3x.) m

8.3.4 Digression and question about Theorem 9

Remark 12. (i) The domain for € depends on Kj;: see (117).
(ii) The form in (41) is not unique.

We end this paper with a question:

Remark 13. From the theorem it follows that (%, ) in (40) is a formal power series
in (sx,sy, x,y), and it would be interesting to investigate its asymptotics, in a
similar manner as in sections 3.3 and 6.4.

The polynomials wg, are obtained from equation (110) in a recursive way us-
ing arrows of type A or B. They are “universal’ in the sense that they only depend
on p and g, not on the family of vector fields we start from. Furthermore, the
functions (Fg,, Gk, ) are generated by an explicit recursion, as can be seen in the
formulas (106) - (109).

Despite the explicit nature of this procedure, we did not succeed in computing
a satisfactory majorant (for instance of Gevrey type) in a comparable way as in
Theorem 7, nor as in [5, section 5.4]. Let us indicate what are the difficulties
that we encounter here. In section 6.2 we only had to consider functions of the
compensator for the special case K, = (0,...,0), that is: wg,(s¢) = s;/n!. For
a general K;;, the expressions obtained from equation (110) are less understood.
Moreover, for ¢ # 0 we cannot invoke the method of [5, page 1153, Lemma 1],
stating that an arrow of type B followed by an arrow of type A is majorated by
reversing the two, which is no longer true here, and which could have made the
estimates manageable. It would be interesting to get more insight in this issue.
One aspect of this is a better understanding of the “universal” (multi-)series of the
wg,, compare to [5, inequality (71)].
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