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Abstract

In this paper, we prove that if the structure Jacobi operator of a 3-dimen-
sional real hypersurface in a nonflat complex plane is of Killing type, then the
hypersurface is either a tube of radius § over a holomorphic curve in CP? or
a Hopf hypersurface with vanishing Hopf principal curvature in CH?. This
extends the corresponding results in [6].

1 Introduction

A complex n-dimensional Kahlerian manifold of constant holomorphic sectional
curvature c is said to be a complex space form and is denoted by M"(c). A complete
and simply connected complex space form is complex analytically isometric to a
complex projective space CP"(c), a complex Euclidean space C" or a complex
hyperbolic space CH"(c) according respectively toc > 0,c = 0orc < 0.

Let M be a real hypersurface in a complex space form M"(c), ¢ # 0, whose
Kéhler metric and complex structure are denoted by g and | respectively. Then,
we can define on M an almost contact metric structure (¢,¢,1,8) induced from g
and | (see Section 2), where ¢ is called a structure vector field. We denote by D
the distribution determined by tangent vectors orthogonal to ¢ at each point of
M. Let A be the shape operator of M in M"(c). If the structure vector field ¢ is
principal, that is, A = a¢, where & = 11(A¢), then M is called a Hopf hypersurface
and « is called Hopf principal curvature. According to [10, 12, 15], we know that «
is locally constant for any Hopf hypersurface.
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Applying some results obtained by Cecil and Ryan [3] and Takagi [27], Kimura
in [9] obtained the following classification theorem.

Theorem 1.1 ([9]). Let M be a connected Hopf hypersurface of CP"(c), n > 2. Then
M has constant principal curvatures if and only if M is locally congruent to one of the
following:

(A1) a geodesic hypersphere of radius r, where 0 < r < Z;

(A2) a tube of radius r over a totally geodesic CP*(c) (1 < k < n —2), where
0<r<3;

(B) a tube of radius r over a complex quadric CQ" ™!, where 0 < r < Z;

(C) a tube of radius r over CP!(c) x cp'r (c), where 0 < r < F and n > 5 is odd;
(D) a tube of radius r over a complex Grassman CGy 5, where 0 <r < Fandn = 9;

(E) a tube of radius r over a Hermitian symmetric space SO(10)/U(5), where
0<r<fandn=15.

On the other hand, Hopf real hypersurfaces in complex hyperbolic spaces
were classified by Berndt [1] and Niebergall and Ryan [15] as the following.

Theorem 1.2 ([1]). Let M be a connected Hopf hypersurface of CH"(c), n > 2. Then
M has constant principal curvatures if and only if M is locally congruent to one of the
following:

(Ao) a self-tube, that is, a horosphere;

(A1) ageodesic hypersphere of radius r (0 < r < oo) or a tube of radius r over a complex
hyperbolic hyperplane CH"~(c), where 0 < r < oo;

(A2) a tube of radius r over a totally geodesic CH*(c) (1 < k < n — 2), where
0<r <o

(B) a tube of radius r over a totally real hyperbolic space RH"(§), where 0 < r < co.

For simplicity, we say that a real hypersurface M in a nonflat complex space
form is of type A if it is of type A1 or Ay in CP"(c) or type Ap, A1 or Ay in CH"(c).
A well-known characterization of real hypersurfaces of type A can be expressed
as the following.

Theorem 1.3 ([14, 16]). Let M be a real hypersurface in a complex space form M"(c),
c # 0,n > 2. Then M is locally congruent to one of the model spaces of type A if and

only if Ap = pA.

Let R be the curvature tensor of a real hypersurface M in M"(c). Then we call
the Jacobi operator Rz = R(-,&)¢ with respect to the structure vector field ¢ a
structure Jacobi operator.

The problem of characterizations of real hypersurfaces under various differ-
ent geometric conditions has been an important field of research for a long time.
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We now recall some results regarding the structure Jacobi operator under some
additional restrictions. Ortega, Pérez and Santos in [17] proved that there exist no
real hypersurfaces in a nonflat complex space form M"(c), n > 2, whose struc-
ture Jacobi operator is parallel, i.e., VR = 0. Later, a weaker condition named
D-parallel structure Jacobi operator, i.e., Vx Rz = 0 for any vector field X tangent
to D, is considered by Pérez, Santos and Suh [23]. They proved that there exist no
real hypersurfaces in CP"(c), n > 2, with D-parallel structure Jacobi operators.
Generalizing main results in [17] and some non-existence results of real hypersur-
faces in CP"(c), n > 2, in Pérez et al. [25], Theofanidis and Xenos in [29] proved
that there exist no real hypersurfaces in a nonflat complex space form M"(c),
n > 2, with a recurrent structure Jacobi operator, i.e., (VxRz)Y = w(X)Rz(Y) for
any vector fields X, Y tangent to M, where w is a 1-form. Moreover, Theofanidis
and Xenos in [30] proved that there exist no real hypersurfaces in a nonflat com-
plex plane M?(c) with D-recurrent structure Jacobi operators. Recently, this was
extended to the higher dimension case, i.e., there exist no real hypersurfaces in
M"(c), n > 2, with a D-recurrent structure Jacobi operator (see Kon et al. [11]).

Except for the Levi-Civita connection, the parallelism of the structure Jacobi
operator with respect to the Lie derivative and some other connections was also
considered by many authors. In 2005, Pérez and Santos in [22] proved the non-
existence of real hypersurfaces in CP"(c), n > 2, whose structure Jacobi operator
is Lie parallel, i.e., LxRz = 0 for any vector field X tangent to M. Later, a real
hypersurface having a Lie ¢-parallel structure Jacobi operator, i.e., £,§R§ =0,
was studied by Pérez et al. [21] in CP"(c), n > 2 and also by Ivey and Ryan
[6] in CP? and CH?. A weaker condition named Lie D-parallel structure Jacobi
operator, i.e., LxRs = 0 for any X € D, was introduced and studied by Pérez
et al. in [26]. Extending the previous result, Panagiotidou and Xenos in [20]
proved the non-existence of 3-dimensional real hypersurfaces in CP? and CH?>
with a Lie D-parallel structure Jacobi operator. Kaimakamis and Panagiotidou
in [7] proved that there exist no real hypersurfaces in M"(c), n > 2 and ¢ # 0,
whose structure Jacobi operator is Lie recurrent, ie., (LxRz)Y = w(X)Rs(Y)
for any vector fields X, Y tangent to the hypersurface. Recently, Panagiotidou in
[18] proved that there exist no real hypersurfaces in CP? and CH? whose struc-
ture Jacobi operator satisfies either LxRs = VxRs or LxA = VxA for any
X € D. A non-existence result of real hypersurfaces in CP"(c), n > 2, with a
Codazzi type structure Jacobi operator, i.e., (VxRz)Y = (VyRg)X for any vector
tields X, Y, was obtained by Pérez et al. in [24]. Later, this was generalized to
3-dimensional case by Theofanidis and Xenos [28, 31]. Moreover, a non-existence
result of 3-dimensional real hypersurfaces in CP? and CH? with a Codazzi type
structure Jacobi operator with respect to the generalized Tanaka-Webster connec-
tion was obtained by Kaimakamis et al. in [8]

In this paper, we investigate 3-dimensional real hypersurfaces M in a nonflat
complex plane M?(c), ¢ # 0. We prove that if the structure Jacobi operator of
M is of Killing type, then the hypersurface is either a tube of radius 7 over a
holomorphic curve in CP? or a Hopf hypersurface with vanishing Hopf principal
curvature in CH2. Note that any parallel (1, 1)-type tensor field must be of Killing
type, however, the converse is not necessarily true. Obviously, our main result
extends those in [6, Section 3] in which the authors proved that there exist no real
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hypersurfaces in CP? and CH? with a parallel structure Jacobi operator.

2 Preliminaries

Let M be a real hypersurface immersed in a complex space form M"(c) and N be
a unit normal vector field of M. We denote by V the Levi-Civita connection of
the metric § of M"(c) and ] the complex structure. Let ¢ and V be the induced
metric from the ambient space and the Levi-Civita connection of g respectively.
Then the Gauss and Weingarten formulas are given respectively as the following:

VxY =VxY +g(AX,Y)N, VxN = —AX (2.1)

for any vector fields X and Y tangent to M, where A denotes the shape operator
of M in M"(c). For any vector field X tangent to M, we put

JX = ¢X +n(X)N, N = —¢. (2.2)
We can define on M an almost contact metric structure (¢, ¢, 7, g) satisfying
' = —id+y@8 5(0) =1, 95 =0, (2:3)

8(¢X, ¢Y) = g(X,Y) = n(X)y(Y), 1(X) = g(X,¢) (2.4)

for any vector fields X ind Y on M. Moreover, applying the parallelism of the
complex structure (i.e., V] = 0) of M"(c) and using (2.1), (2.2) we have

(Vx¢)Y =n(Y)AX — g(AX,Y)E, (2.5)

Vx¢ = ¢AX (2.6)

for any vector fields X and Y. We denote by R the Riemannian curvature tensor
of M. Since M"(c) is assumed to be of constant holomorphic sectional curvature
¢, then the Gauss and Codazzi equations of M in M"(c) are given respectively as
the following;:

R(X,Y)Z ={8(Y, 2)X — g(X, 2)Y +g(9Y, Z)9X — g(pX, Z)pY
—29(pX, Y)pZ} +g(AY,Z)AX — g(AX, Z)AY,

(2.7)

(VxA)Y = (VyA)X = L{n(X)9Y —n(V)pX —2(9X,Y)&}  (28)

for any vector fields X, Y on M.
From (2.7) we see that the structure Jacobi operator R¢ is given by

c

R-X =
¢ 4

(X =3(X)8) +aAX — n(AX)AS (2.9)

for any vector field X tangent to the hypersurface.
In this paper, all manifolds are assumed to be connected and of class C*™.
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3 Hypersurfaces with Killing type operators in CP? and CH?
Let M be a real hypersurface in a complex space form M"(c). We put

where & = 77(A¢), U a unit vector field orthogonal to ¢ and  a smooth function.
Applying (2.1) and (2.2) we see that BU = —¢V 3. We put

Q= {pe M|B(p) #0}.

Then () is an open subset of M.

A Killing tensor field of type (1,1) was first introduced by Blair [2, pp. 287].
A (1,1)-type tensor field T defined on a Riemannian manifold with the Rieman-
nian connection V is called a Killing tensor field if it satisfies

(VXT)X =0 (<:> (VXT)Y + (VYT)X = 0) (3.2)

for any vector fields X,Y. Recently, Cho in [4] proved that there exist no real
hypersurfaces in a complex space form whose structure tensor field ¢ or shape
operator A is of Killing type. In this paper, we study a three-dimensional real
hypersurface whose structure Jacobi operator R is of Killing type. In what
follows, M?(c), c # 0, is used to denote CP? or CH?.

Lemma 3.1 ([15, pp. 245]). Let M be a Hopf hypersurface in a nonflat complex space
form M"(c). If AX = My X and X € {&}*, then we have

2020 —a)APpX = M +c)¢pX.

If in addition we define Ay by ApX = ArpX, then we have

The above lemma was, in fact, first proved by Maeda [12] for the case CP" and
by Montiel [13] for the case CH".

Lemma 3.2 ([20, Lemma 1]). Let M be a three-dimensional real hypersurface in a non-
flat complex plane M?(c). Then the following relations hold:

AU = ~yU + é6¢U + B¢, ApU = oU + u¢U,

Vi = —0U + U, Vyul = —pl +0pU, Vel = ppU,

Vul = k19U + ¢, Veul = x29U + ug, Vel = x3¢U,

Vupl = —x U — G, VeupU = —1U — 6g, VepU = —x3U — B,

(3.3)

where y, 6, u, «;, i = {1,2,3}, are smooth functions on M and {¢, U, U} is an
orthonormal basis of the tangent space of M at a point of M.
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Since the above lemma can be seen in [19, 20, 30], then here we omit its proof.
Applying this lemma, from the Codazzi equation (2.8) for X = U or X = ¢U and
Y = ¢ we have

U(B) — &() = a6 — 2653, (3.4
¢(9) :a'y+ﬁxl+52+yK3+£—7y—7K3—,Bz. (3.5)
U(a) —&(B) = —3pB6. (3.6)
&(n) = ad + Pro — 20k3. (3.7)
PU(a) = af + Pz — 3Pu. (3.8)
PU(B) = ap— 7+ 82+ E(6) — wapt + Koy + B2+ . (39)
Similarly, from the Codazzi equation for X = U and Y = ¢U we have
U(S) — pU(7y) = ury — yx1 — By — 202 — 2P (3.10)
U(u) — pU(S) = Ko + PO — oy — 20k7. (3.11)

Moreover, applying again Lemma 3.2, from the Gauss equation (2.7) and the
definition of the Riemannian curvature tensor R(X,Y)Z = VxVyZ — VyVxZ —
V(x,y)Z we have

U(rz) — ¢pU (1) = 267 — 2y — Kf — YK3 — K5 — pic3 — C. (3.12)

PpU (k3) — &(r2) = 2By — pky + 0ky + K3k + PKs. (3.13)

Applying Lemma 3.2 and replacing X by U and ¢U, respectively, in (2.9), we
get

Rl = (2 +ay — B2) U +aspU,
. (3.14)
ReU = adUl + (Z +ap) pU.

Lemma 3.3. Let M be a three-dimensional real hypersurface in a nonflat complex plane
M?(c), ¢ # 0, whose structure Jacobi operator is of Killing type. Then M is a Hopf
hypersurface.

Proof. Suppose that a real hypersurface M in M?(c), ¢ # 0, is non-Hopf, then
B # 0 and Q) is a non-empty subset. If the structure Jacobi operator is of Killing
type, replacing both X and Y by ¢ in (3.2) we have RzV¢¢ = 0. Using this and
(3.1) in relation (2.9) we acquire

AU = —ﬁpu, (3.15)

where a # 0. Here we remark that if &« = 0, from RzV#{ = 0 we obtain ¢ = 0,
a contradiction. Comparing (3.15) with the first term of (3.3) we obtain

6=0, apy=—-. (3.16)
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Since R¢ is of Killing type, we also have (VyRg)U = 0. The last equation is
turther analyzed with the aid of (2.9), the first of (3.14) and Lemma 3.2, giving

Uay — %) =0, =1 (wy — B2+ ;L) —0, (3.17)

where (3.16) has been used.

Similarly, because R¢ is of Killing type we have (V;Rz)¢U = 0. Hence, by
applying (2.9), the second term of (3.14), (3.16) and Lemma 3.2 in this relation we
have

pU(au) =0, Ky <uc'y — g%+ 2) =0. (3.18)

In view of second term of relation (3.16), we see that the first term of (3.18)
holds trivially. If ay — B> + £ = 0 holds, then it is combined with (3.16) and
(3.14) in order to yield Rz = 0, that is Rz vanishes. However, Ivey and Ryan in
[6, Proposition 7] proved that this cannot occur.

Next, we consider the only possible case ay — B2+ § # 0 which holds on
some open subset. Applying this in (3.17) and (3.18) we have

k1 =0, xp = 0. (3.19)

Applying (3.19) in relations (3.5) and (3.12), respectively, we have

c
oc'y+pm3+1—'yy—'y;c3—,82:0,

2yp + yxz + pxz + ¢ = 0.

(3.20)

Using (3.16) and (3.19) in (3.7) and (3.11), respectively, we obtain

¢(u) =0, U(p) =0. (3.21)

By virtue of Lemma 3.2 and relation (3.16) we obtain [U,¢] = V¢ — VU =
(7 — x3)¢U. Thus, using (3.21), the action of the above relation on y gives

(v —x3)pU(u) = 0. (3.22)

Because of (3.22), we separate our discussions into two cases.

Case i. We assume that ¢U(u) = 0. The last relation and (3.21) mean that
y is a constant. Hence, by the second term of (3.16), we see that « is a non-zero
constant. Applying this in (3.8) and in view of B # 0 we have

K3 = 3u — a. (3.23)

Thus, k3 is also a constant. Since k3 is a constant, we make use of (3.16), (3.19) and
(3.13) in order to obtain
2u+x3 =0, (3.24)

where we have used B # 0. Combining (3.24) with (3.23) we may write

"= %a, K5 — _ga, (3.25)
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Moreover, replacing with (3.24) in the second term of (3.20), we acquire
ux3 + ¢ = 0 which is combined with the second term of (3.25) giving — %tx U+c=
0. The combination of the last equation with the second term of (3.16) gives c = 0,
which is a contradiction.

Case ii. We assume that ¢U (1) # 0 holds on certain open subset. It follows
from (3.22) that ¢y = x3. In this case, using the first term of (3.16) and relation
(3.19) in (3.7) and (3.11), respectively, we obtain

(o) = U(a) =0, &(u) = U(u) =0, (3.26)

where we have used the second term of (3.16), ¢ # 0 and a # 0. Using U(a) = 0
and 0 = 0 in (3.6) we have ¢(B) = 0. We also observe that under the assumption
$pU(u) # 0 (= v = k3), relation (3.20) becomes

wy+ =7 =B =0, 3+ +c =0, (3.27)

Moreover, from relations (3.8) and (3.16) we have

2
PU(p) = @(a + = 3p).

Also, using the first term of (3.16) and relation (3.19) in (3.10) we have

oU(y) = B(r +2u).

Finally, applying the above two relations, B # 0, the action of ¢$U on the second
term of (3.27) gives

c(y 4+ 2u) (27 +3u) + 129u(a + v — 3u) = 0. (3.28)

From the second terms of (3.16) and (3.27) we see that both « and y depend
only on u and c. Consequently, from (3.28) we conclude that either there exists no
solution for y or y is a constant. In view of $U (u) # 0, in both cases we arrive at
a contradiction. This completes the proof. m

Theorem 3.1. Let M be a 3-dimensional real hypersurface in a nonflat complex plane
M?2(c). If the structure Jacobi operator of M is of Killing type, then M is either a tube of
radius % over a holomorphic curve in CP? or a Hopf hypersurface with vanishing Hopf
principal curvature in CH?>.

Proof. According to Lemma 3.3, a real hypersurface in a nonflat complex plane
M?(c) is Hopf. Then, because of 8 = 0, (3.14) becomes

Rel = (5 +a7) U+adgu,

. (3.29)
RepU = adU + (5 +ap) gU.

Since Ry is assumed to be a Killing tensor field, we obtain (VyRz)U = 0. Using
(3.29) in this relation and applying Lemma 3.2, we acquire

al(y) =0, xqa(y —pu) =0, 6 =0. (3.30)
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Similarly, by virtue of (3.29) and Lemma 3.2, relation (V4 R¢)pU = 0 is analyzed
to give
apU(u) =0, xoa(y —p) =0, 6 =0. (3.31)
We continue our discussions by the following three cases.
Casei. If & = 0, we conclude that M is locally congruent to a tube of radius 7
over a holomorphic curve in CP? (see [3]) or a Hopf hypersurface with vanishing
Hopf principal curvature in CH? (see [6]).

Case ii. If « # 0 and 7y # u hold on certain open subset, then it follows from
(3.30) and (3.31) that k1 = x» = 0. In this case, from (3.5), (3.9) and (3.12) we have

a’r+K3(#—7)+2—w=0f
c

- -
2ypu +x3(y +p) +c=0.

ay + 2yp+ap =0, (3-32)

The subtraction of the second term of (3.32) from the first one of (3.32) gives
k3(u — ) — g + v — ap = 0. Combining the last equation with the second term
of (3.32) we obtain x3 = 5, where we have used the assumption y # . In view
of B = 0 and § = 0, applying Lemma 3.2 we have AU = yU and A¢pU = u¢pU.
Then, from Lemma 3.1 we have

® c
TH = E(’Y +u) + 1 (3.33)

The replacement of k3 = 5 in the third term of (3.32) gives 2y + 5 (v + 1) +¢ = 0.
Comparing this with (3.33) we have

Cc
=g a(y+p)=—c (3.34)

From this we see that both y and y are constants. Since Ry is of Killing type, then
we have (VxRg)Y + (VyRg)X = 0 for vector fields X and Y tangent to M. In
particular, replacing X and Y by U and ¢U, respectively, in the above relation,
we obtain VyRzpU — RzVyupU + VyuRsU — Re VU = 0. The application of
Lemma 3.2 in the last relation, gives
c c
v(gran) =n(z+er)

where we have used (3.29) and k1 = xp = J = 0. Obviously, in view of ¢ # 0,
using the first term of (3.34) in the previous relation, we obtain v = u which is a
contradiction.

Case iii. If « # 0 and v = y, from (3.29) we have
¢
4
Since Ry is assumed to be of Killing type, we obtain (VyiR¢)¢ + (VeRs)U = 0, or
equivalently, —RzsV ;¢ + VzRsU — RzVeU = 0. In the last relation, by making
use of B =6 =0, (3.35), (3.3) and (3.4), we obtain

Y (2 + tw) = 0. (3.36)

Rl = (2 +ay) U, Regl = (5 +a7) pU. (3.35)
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With regard to (3.36), if v = 0, from the first two terms of (3.3) together with
B = 6 = 0 we have AU = 0 and ApU = 0. The application of this in Lemma
3.1 gives ¢ = 0, a contradiction. Otherwise, if § + a7y = 0, from (3.35) we see that
the structure Jacobi operator R¢ vanishes. As pointed out before, it was proved
in [6, section 3] that there exist no real hypersurfaces in CP?> and CH? with par-
allel structure Jacobi operator. Thus, we arrive again at a contradiction. This
completes the proof. n
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