Coarse Lipschitz embeddings of James spaces

F. Netillard*

Abstract

We prove that, for 1 < p # g < oo, there does not exist any coarse
Lipschitz embedding between the two James spaces |, and J;, and that, for
1<p<g<owandl < r < oo such that r ¢ {p,q}, J, does not coarse
Lipschitz embed into [, @ J,.

1 Introduction

Let (M, d) and (N, §) be two metric spacesand f : M — N.
The map f is said to be a coarse Lipschitz embedding if there exist 8, A, B > 0 such

that
Vx, y€Md(x,y) > 0= Ad(x,y) <6(f(x), f(y)) < Bd(x,y).

Then we say that M coarse Lipschitz embeds into N.

R.C. James introduced in [7] a non-reflexive space defined by :

J= {x:]N—>]Rs.t.x(n)—>Oand

pP1<...<Pn i=

1
n—1 2
[x[[; = sup ( |x(Pi+1)_x(Pi)|2> <°°}
1
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We will use the following spaces (where 1 < p < o), which are variants of | :

e

Jp = {x:]N—HRs.t.x(n)—)Oand

<=

n—1
[x[ly, = sup <Z|X(Pi+1)_x(l7i)|p>

P1<...<Pn i=1

Like in the case of ], the codimension of ], in ];* is 1.
In this respect, we precise that ],* can be seen as :

1
n—1 v
];* = {x :IN = Rs.t. sup ( |x(pis1) —x(Pi)|p> < OO}
1

pP1<...<Pn i=

All those spaces are studied in [13].

In 2008, N.J. Kalton and N.L. Randrianarivony [10] proved that, ifr & {p1,..., pn}
where 1 < p; < pp <... < py < o, then ¢, does not coarse Lipschitz embed into
lp, @ ... 0Ly,

The aim of this article is to prove similar results for the ], spaces. One of the main
obstacles is the lack of reflexivity, which was crucial in Kalton-Randrianarivony’s
work. However, the James spaces have nice properties of asymptotic uniform
smoothness and weak™® asymptotic uniform convexity that we shall use (see [10]
or [11] for the definitions). We shall not refer to these notions in our paper, but
we will build concrete equivalent norms on |, that will serve our purpose. Some
compactness arguments will also be used to deal with the extra dimension in J*.

This paper is organized as follows. In Section 2 we summarize the notation and
terminology and we give the basic results. Section 3 contains the proof of the
nonexistence of a coarse Lipschitz embedding between two James spaces [, and
Jq for 1 < p # q < co. At the end of this last section, we show that, for 1 < p <
g < oand1 < r < oosuch thatr ¢ {p,q}, ] does not coarse Lipschitz embed
into |, & Jj.

2 Preliminaries

Notation 2.1. Let e, defined by e, (k) = 9, for k € IN. The sequence (e,)$_; is a
Schauder basis of |, (wWhere p > 1).

Moreover, the sequence (e;;)5_; of the coordinate functionals associated with
(en);= is a Schauder basis of .

For x € Jp, we denote supp(x) = {n € N, e;;(x) # 0} (support of x).

When u and v in ], have consecutive and disjoint finite supports with respect to
(en)s> 1, we will denote u < v.

Likewise, when u* and ™ in [, have a consecutive and disjoint finite supports

with respect to (e};)5”_;, we will denote u* < v*.

We start with the construction of an ad’hoc equivalent norm on J,. We follow
the construction given in [12] for J5.
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Lemma 2.2. Let x1,...,xy, in ], such that their supports are consecutive and finite with
respect to the basis (e;)_;. Then

Hzsz] (2" +1) Z”sz]

Proof. We can find disjoint intervals in IN, [s;,s!], with1 < i < nand s} < s;j1q,
such that :

V1 < i< n supp(x;) C [si,s!] (for convenience, we fix s; = 0 et we denote
Snt1 = ©9).

Letnow g1 < ... < g be an arbitrary sequence in IN. We must show that

k—1 n
L ly(a) ~y(aje)|” < @+ D L il
j=

i=1

n
wherey = ) x;.
i=1
There exist an increasing sequence (i), _; in {1,..., n} and an increasing
sequence (j, ), _;in {1,...,k} with j; = 1 such that,
forany 1 <m <1-1,{q;,,---,9j,.,-1} C [SisSin+1)- Therefore

-1 ja—2
2}3/(%)—1/(11;“)}”: 21 v(a;) —y(gi=0)|" + [y(aj,-1) —y(q;,)|" +
j= j=

j3—2
Y vy —y@0)|” + - (-0 — yg )] + Z y(a5) —y(gj1)|" -
J=2 J=i-1
We have that
]m+1 2
Vi<m<I=1, ) [y(q) —y(gj:1)|" < [, ] .
J=im

Andforall2 <m <[-1,

v (@j—1) —yv(a;,)|" <277 ly(@j,—1) " + 2P y(g;,)]" <
2P, N7+ 2Pl 17

Then

k—1

Y Iy(a) — (gl < @7+ Dl llf + @7+ Dl|x I+ +
j=1

@+ Dl 17+ @27 4+ 1) 1

This concludes the proof of our lemma. n
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We now define a new norm on J, as follows. Let g be the conjugate exponent of

1 1
p, in other words E + 5 =1, where p € (1, ). For x* € ];, we set

n 1
|x*[j: =sup { (Y [Ix/]1%)7 :x* =xf+...+xjandx} < ... < x} ¢,
Tp P
i=1

where | - [|}- denotes the dual norm of || - [[;,. Note that x}; is not supposed to be

finitely supported.
We can now state the following proposition.

Proposition 2.3. The norm | - | J; is the dual norm of an equivalent norm on Jp (that we
shall denote | - |, ).

Moreover, | - | J; satisfies the following property: for any x*,y* in ], such that x* < y*,
we have that

o+ y (s > (] + Iyl

]*
Proof. To show that | - [}; is a norm, we only detail the proof of the triangle

2
inequality : let (x*,y*) € ( ];) that we may assume with finite supports. Let
now uy < u; < ... < uy, in J, such that

Xyt =ul . tu,

) n n
We write, for i € [1,n] NIN, uf = x; +y}, where x* = ‘21 x; and y* = 121 ;.
1= 1=

Thank to the triangle inequality for [| - ||, we get:

;
4 * & x x q
<2 Ju ||”’;> < (2 (15 + Ny ) )
i=1 1

i=1

1
q

It then follows from Minkowski’s inequality that

1 1

n q n q n
)3 ||u?\|q; <X fo‘\lq; + | i
i=1 i=1 i=1

We have shown that the triangle inequality is valid for |.[};.

1
q
?;;) < x| + 1y |-

Next we show that for x7, ..., x; in ], satisfying x < ... < x;, with respect to

the basis (e;)5”_;, we have:
* 1 * (19
| Zx || = W ZHX | 2 (2.1)
So, let x7 < ... < xn, with, fori € [1,n — 1] NIN, supp(x) C [ry,si], where
s; < riyq fori € [1,n — 2], and supp(x};) C [ry, o0). Fix now ¢ > 0.
e i) = NIl -
Yi , wng—1
U il < ||q
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For r € IN, denote P, the projection onto the linear span of {e;, 1 < i < r} with
kernel span{e;, i > r}.

Since (e;)$ ; is a monotone bas1s |Ps; — Pr,_1|| < 2and, for x; = (Ps; — Pr,—1)(vi),
we have x/(x;) = x/(y;). S

xf(xi) > |l —e
1
Il | Iy, < 200
supp(x;) C [ri,si]

Thank to Lemma 2.2: || Z xl||] (2P +1) Z ||xl||]

Since || - [[: is the dual norm of || - ||, we have that

n n n n -1
[DIEA = (Zﬁ) (in> <|| inllfp>
i=1 i=1 i=1 i=1
and
n n n
1Y« lly; > (Z ) <|| szH]p) >
i=1 =1 i=1
1\ —1

(;1 17, - ) @ 1)} (2 ||xl||]p)
! !
) (i>_:1||xi||@;).

1
N <Z||x*\|q*> .
2P —|—1 Po\i=1

1__
Il < I < 227 + 1) 77 |lx* gy = 2028 + 1) |27 .

>

i=1

Moreover, <Z ||xl||] ) <2 (

Letting ¢ tend to 0, we obtain :

x|

"SD—‘

||Zx||fp_ 2@+ 1)} (ZHx*H)

So, we have established inequality (2.1).
It follows easily that

Moreover, | - | j; is the dual norm of an equivalent norm on J,. Indeed, it is clear
that | - |- is o'(]};, Jp) lower semi-continuous.

Finally, it follows clearly from the definition of | - |+ that for all x*,y* in J; such
that x* < y*, we have that

o+ y 1 = ]+ g m

Corollary 2.4. The dual norm | - |z of | - | satisfies the following property.
For x € ], with a finite support and y € ],* (not necessarily with finite support) such
that x <y, we have

p p p
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Proof. Let x € ], which has a finite support and y € J,* such that x < y, with
supp(x) C [m,n], supp(y) C [m’,00) and n < m’. Fix ¢ > 0.
There exists z* € |, such that

2*[; =[x +y ?;_*1 and z'(x+y) > |x +y|i§* —&.

Moreover, we can write z* = x* 4+ y*, with x* < y*, z"(x) = x*(x) and
2 (y) =y ().

We deduce that |x + y!?;* < x*(x) +y*(y) + e Then Holder’s inequality and

Proposition 2.3 yield

==
<=
==

byl < (0l + 1y )T (el + 100 e < (0 437 13) (xll + Iyl )P +e.
. -1
Since ]z*]]; = ]x—i—y!?;* , we get
-1 1
byl < (x+ gl ) (el + ylh) +e
We conclude our proof by letting € tend to 0. n

We now turn to the study of the coarse Lipschitz embeddings between James
spaces. Let us first recall some notation.

Definition 2.5. Let (M, d) and (N, J) be two metric spaces and f : M — N be a
mapping. If (M, d) is unbounded, we define

0((f(x). f(y)
dxy)

Note that f is coarse Lipschitz if and only if Lipe (f) < oo.

Vs >0, Lips(f) = sup{

(x,y) = s} and Lips(f) = inf Lips(f).

We also recall a classical definition.

Definition 2.6. Given a metric space X, two points x,y € X, and § > 0, the
approximate metric midpoint set between x and y with error ¢ is the set :

Mid(x,y,8) = {z € X : max{d(x,z),d(y,z)} < (1 —I—é)@}

The use of approximate metric midpoints in the study of nonlinear geometry

is due to Enflo in an unpublished paper and has been used elsewhere, e.g. [2], [4]

and [8]. The next proposition and its proof can be found for instance in [10] and
[11].

Proposition 2.7. Let X be a normed space and suppose M is a metric space.
Let f : X — M be a coarse Lipschitz map. If Lipso(f) > 0, then for any t,e > 0
and any 0 < 6 < 1, there exist x,y € X with ||x —y|| > t and

f (Mid(x,y,6)) € Mid (f(x), f(y), (1 +¢€)d) .
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Let us now recall the definition of the metric graphs introduced in [10] that
will be crucial in our proofs.

Notation 2.8. Let M be an infinite subset of N and k € IN. We denote
Gi(M) ={n=(ny,...,nx), n, EM  ny < ...<ng}.
Then we equip G(IM) with the Hamming distance dy (72, 717) = |{j, n; # m;}|.

We end these preliminaries by recalling Ramsey’s theorem and one of its im-
mediate corollaries (see [5] for instance).

Theorem 2.9. Letk,v € Nand f : G,(IN) — {1,...,r} be any map. Then there exists
an infinite subset M of N and i € {1,...,r} such that, for everyn € G (M), f(n) = i.

Corollary 2.10. Let (K,d) be a compact metric space, k € N and f : G¢(IN) — K.
Then for every € > 0, there exist an infinite subset M of IN such that for every
n,m e Gy(M), d(f(n), f(mn)) < e.

3 The main results

Our first lemma gives a description of approximate metric midpoints in J, that is
analogous to the situation in £, (see [10] or [11]). However, we need to use both
the original and our new norm on J,.

Lemma 3.1. Let 1 < p < oo. We denote En the closed linear span of {e;, i > N}. Let

now x,y € J, 6 € (0,1), u = x—;—y and v = xz;y Then
(i) There exists N € IN such that:

1 .
u+droly,B CMzd‘,‘]p(x,y,é).

EN/|'|];7)

(ii) There is a compact subset K of [, such that:

. 1
Mid.y, (x,y,0) C K+207|v[|7, By, 1.,

Proof. Fix A > 0.
Let N € N such that [v — vy, < Alo[j,, where vy = YN o(i)e;.

(i) Let now z € Ey so that |z|§’p < (5|v|i. Then
x— () =lo—zl! = [o—oy+oy—zI"
It follows from the Corollary 2.4 that:
= () < lo—oy —zl +[onl?, < (o —only, + 2], )7 + lonl?

Therefore, thanks to the last inequality and the triangle inequality for | - [;,, we
obtain :

= (u+2)[] < ((A+6YP)P+ A+ 1)")l] < (1+06)P[ol],
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if A was chosen initially small enough.
We argue similarly to show that [y — (u +z)|j, = [v+z[;, < (1+J)|v[j, and
deduce that u +z € Mid(x,y, ).

(ii) Fix v > 0 and choose N € IN such that ||7JN||§; > (1- vp)||v||?p. We
assume now that u + z € Midl\'\lfp (x,y,6) and write z = 2/ + 2" with 2/ € Fy =
span{e;, i < N} and z” € Ey.

Since |lv —z|[y,, [[v+ 2z}, < (1+90)|vll},, we get, by convexity, that
12115, < l12lly, < (X +8)[oll,-

Therefore, u + z’ belongs to the compact set K = u + (1 + ) ||U||pr(FN,H-H1p)'
Moreover, for any (m,n) € (IN*)?, with m > n:
1
max{[v(n) —o(m)[", [z(n) —z(m)|P} < S(|(v(n) —z(n)) = (v(m) —z(m))|”

+(o(n) +z(n)) = (v(m) +z(m))|7).
Therefore
—yP P P p an
A= v")llell?, + 2717 < lowll? + 12”117 <
1 p p Pl lP
Slo =2l +llo+2ll}) < (1 + 870l
Then, if v was chosen small enough, we get
", p P_(1_qP p p p
1217 < [(1+6) — (A= vM)l[lell?, < 2vlloll. :
Proposition 3.2. Let 1 < p < q < ooand f: (Jg,|-1},) = (p, Il -l},) be a coarse

Lipschitz embedding. Then, for any T > 0 and for any € > O, there existu € J5, 0 > T,
N € N and K a compact subset of |, such that

f(u-l—GB( )) C K+€QB(]p,

Proof. If Lipeo(f) = 0, the conclusion is clear. So we assume that Lipe(f) > 0.
We choose a small 6 > 0 (to be detailed later). Then we choose s large enough so

that Lips(f) < 2Lipeo(f).
Then, by Proposition 2.7,

dx,y€Jg |x—ylj, > s and f(Mid‘,‘]q(x,y,é)) C Mz'dH,H]p(f(x),f(y),Z(S).
x+y XY

Enl-ly II-1l7,)°

Denote u =
such that u + GB(

1
and 0 = 67 |v|;,. By Lemma 3.1, there exists N € N

Enly) © MidH]q (x,y,0) and there exists a compact subset K of

J so that Mid).;, (£(x), f(y),26) € K+ (26)7 | (x) — F()| 1B, ) But:

(28)7 [ £(x) — FW)Il), < 2Lipeo(£)(26)7|x — g1,

< 4Lipes(f)276
if & was chosen initially small enough.

10 < 0,

=

1.1
Then an appropriate choice of a large s will ensure that 6 > 5545 > 1. This

finishes the proof. ]
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Corollary 3.3. Let 1 < p < g < oo.
Then ], does not coarse Lipschitz embed into J,.

Proof. We proceed by contradiction and suppose that there exists a coarse Lips-
chitz embedding f : (Jg, |- [5,) = Up, |l - I},)-

With the notation of the previous proposition, we can find a sequence (1)}, in
u—+ QB(EN/H]q)’ such that |u, — um|]q > 6 for n # m. Then f(u,) = k, + €0v,, with
kn € Keton € By, ,)
may assume that || f(un) — f(um)l|j, < 3e0.

Since ¢ can be chosen arbitrarily small and 6 arbitrarily large, this yields a contra-
diction. n

. Since K is compact, by extracting a subsequence, we

In order to treat the coarse Lipschitz embeddability in the other direction, we
shall use the Kalton-Randrianarivony graphs and some special sets of pairs of
elements of these graphs that we introduce now.

Definition 3.4. Let 77, m € G;(IM) (where M is an infinite subset of IN).
We say that (7,m) € (M) if 1y < my < np <myp < ...<np < my.

Proposition 3.5. Let ¢ > Oand f : G(IN) — (J;*,| - |j;+) be a Lipschitz map.
Then, for any infinite subset M of IN, there exists (1, m) € I(IM) such that

f(7) — ()| < 2Lip(f)k? +e

Proof. We shall prove this statement by induction on k € IN.

The proposition is clearly true for k = 1.

Assume now that it is true for k > 1.

Let f : Gx(M) — J;* be a Lipschitz map and ¢ > 0.

By a diagonal extraction process and thank to weak*-compactness, we can find
an infinite subset IM; of M such that

Vi€ G (M), w* — lim f(n,ng) = g(n) € J,* (3.2)
nreM;

Then Lip(g) < Lip(f), by weak*-lower semicontinuity of | - |}:-.

We recall that the codimension of ], in J;* is 1.

So, we can denote g(77) = v(7) + cz 1l (where v(77) € Jp, ¢z € R and T is the
constant sequence (1,1,1,...)).

Let 7 > 0 (small enough : to be detailed later).

By Ramsey’s theorem, there exists an infinite subset M, of IM; such that

Vi, e Ge1(My), |eq —cm| = [(v(7) — (7)) — (8(7) — g())[j;+ < 7. (3.3)
Forn,m € Gr_1(M3) and £,1 € M, set
unmtl = f(,t) — g() + g(m) — f(im, ).
Using (3.2), we have
Vi€ Gy (M), w* — lim (f(7,ng) — g(7)) = 0.

nyeMy
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Then, with Corollary 2.4, we deduce that there exists [y € IN such that for all
t,1 € Manlly, + o0):

|g(7) — g(7m) + uﬁ,ﬁ,t,l’%* < |o(7) + ezl — v(m) — CW]U?;* + |uﬁ,ﬁ,t,l|ij* +17.

Note that f(7,t) — f(m,1) = g(n) — g(11) + Uz 1.
Then it follows from (3.3) and the triangle inequality, that for all
t,l € M>N [l(), +00):

f(7,t) —f(m,l)]%* < ’uﬁ,ﬁ,t,l’?;* + (lo(@) —o(m);, + 1) + 1.

Moreover : f(n,t) — g(n) = w* — lim(f(n,t) — f(n,1)).

Therefore, by weak*-lower semiconltinuity of | - [z« : |f(11, ) — g(m) |+ < Lip(f).
Likewise : |f(m,1) — g(1m)|}:+ < Lip(f).

Then, we deduce the following inequality : |uz; 7 1, |?;* < 2PLip(f)P.

On the other hand, it follows from our induction hypothesis that:

3 (m, m) € iea(Ma), |g(71) — g(m)|jy- < 2Lip(f)(k — )7 +7.
n,t),

Then, for t, | € M, N [ly, + o0) such that my_; < t < I, we have ((7,
Ik(Mz), and

(m,1)) €

|f (L, 8) = f(m, D}. < 2PLip(f)P + (2Lip(f) (k — 1)F +2)7 +7.
So:

G, 8) = fOm, D). < 2"Lip(F)"k + 9(n), with () — 0.

Thus, if 7 was chosen small enough :

£, 8) — F(, )]y < 2Lip(F)k? + e

This finishes our inductive proof. n

Corollary 3.6. Let 1 < g < p < co.
Then ], does not coarse Lipschitz embed into J,.

Proof. Suppose that ¢ : J; — ], is a map such that there exist 6, A and B real
positive numbers such that :

Vx,y € Jo [lx —ylly, = 0 = Allx —yll;, < lg(x) —gW)lj, < Bllx—yllj,-
Let us rescale by defining f(v) = (A8) 'g(6v), for v € J;- We have that there

exists C > 1 such that

Vx,y € g llx =yl 2 1=l =yllj, < [f(x) = fW)];, < Cllx =yl G4

We still denote (e, ), the canonical basis of .
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Consider the map ¢ : (G¢(N),dn) — (Jg, || - [|;,) defined by ¢(77) = en, +...+

e, -

Note that for all 7,1 € Gi(IN),

[(eny + - +en) = (emy + - Fem)lly, < Y llew, — ey, < 2du (7, ).

ni7#m;

Thus, Lip(¢) < 2. Since moreover ||¢(7) — ¢(m)[|;, > 1 whenever 7 # m, we
have that Lip(f o ¢) < 2C. It then follows from Proposition 3.5 that there exists
(n,m) € I(IN) such that:

(f 0 @)(7) — (f 0 )]}, < 5Ck.

On the other hand, since (77,7) € I;(IN), we have that

lg(i) — p(m)||}, > 2Kk, fork > 2.

This is in contradiction with (3.4), for k large enough.
Therefore, there is no coarse Lipschitz embedding from J; into J,. ]

We now explain how to get a quantitative version of the above result. A sim-
ilar study was done by F. Baudier [1] for £,-spaces and by B.M. Braga [3] for the
p-convexified Tsirelson spaces. First we introduce a definition due to E. Guentner
and J. Kaminker [6].

Definition 3.7. Let X and Y be two Banach spaces. The compression exponent of
X in Y, denoted ay(X) is the supremum of all « € (0,1] such that there exist a
constant C > 0 and amap f : X — Y so that

VX' € X CHx = &||* = C < || f(x) = f(x)]| < Cllx =" + C.

The next result follows from a straightforward adaptation of the previous
proof.

Theorem 3.8. Let 1 < q < p < co. Then ay, (Jg) < .

We conclude with a result combining the approximate midpoint principle and
the use of Kalton-Randrianarivony’s graphs.

Corollary 3.9. Let 1 < p < g < oo, and r > 1 such thatr ¢ {p, q}.
Then ], does not coarse Lipschitz embed into [, & ],

Proof. When r > ¢, the argument is based on a midpoint technique like in the
proof of Corollary 3.3.

If r < p, we mimic the proof of Corollary 3.6.

So we assume, as we may, that 1 < p <r<g<ooand f : ], = J, D Jyisa
map such that there exists C > 1 such that

Vx,yelr lx—yl >21=|x—yl;, <|[f(x) = fW)I <Clx—yl;,. B5)
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We follow the proof in [10] and write f = (g,/1). We still denote (e,)5_; the
canonical basis of J,. We fix k € IN and ¢ > 0. We recall that

39 >0, Vx e, vl < lxl; < 2l

We start by applying the midpoint technique to the coarse Lipschitz map g and

deduce from Proposition 3.2 that there exist 8 > v~ 1(2k) ", u€], NeNandK
a compact subset of ], such that :

g(u + QB(EN’|,|]V)) C K+ EGB(];’/H'H];;)' (3.6)

LetM={n€N, n>N}and ¢ : G,(M) — J, be defined as follows

==

Vi = (ny,...,nc) € Gc(M), o(n) = u+60(2k)" " (en, + ... +en,).

Then () € u+6B(g, ||, ) forall 7 € G¢(M).
And, from (3.6) we deduce that (g0 ¢)(G¢(M)) C K+ EGB(I;:/H'HJP)' Thus, by

Ramsey’s theorem, there is an infinite subset M’ of M such that
diamy. (g0 9)(Gr(M")) < 3eh. (3.7)

Since for 11 # m, we have

(i) — @)}, > vl@(@) — @), > 16(2k)"T > 1,
it follows from (3.5) that
V7, 7 € Gp(M) ||lio ¢(71) —ho g()|lj, < Clo(@) — p(7)|;, < Cllp() — (@)]]),-

We recall that for all 7, € G;(IN),
||(en1 tot enk) - (eml ot emk)H]q < Z ||eni - emi“]q < 2dy (7, m).
n;#m;
Since moreover | - |, < |- ||, Lip(h o ¢) < 2C9(2k)_1?, when /1 o ¢ is considered
as a map from Gi(M’) to (Jg, | - [5,)- Thus, we can apply Proposition 3.5 to obtain:

3 (1, ) € L(M), [lro p(7) — h o ()|}, < 5C0(2k) ki,
Then, if k was chosen large enough, we have:
A (7,7m) € (M), [ho¢(@i) —ho ¢()|;, < eb.
This, combined with (3.7) implies that
3 (m,m) € (M) ||f o @(7) = f o p(m)|| < 3¢h.

But,
v(n,m) € (M) |o(n) — (m)]}, > vll@(®) — ()]}, > 6.

If ¢ was initially chosen such that ¢ < %, this yields a contradiction with (3.5),

which concludes our proof. n



Coarse Lipschitz embeddings of James spaces 83

Remark. This result can be easily extended as follows. Assume r € (1,00) \
{p1,.--, pn} wherel < p; < pa < ... < pn < oo, then J, does not coarse Lipschitz
embed into [y, @ ... D Jp,.
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