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Abstract

A well-known result by M. Min-Oo et al. states that there are no nontriv-
ial basic harmonic r (0 < r < q = codimF)-forms on a compact foliated
Riemannian manifold (M,F). We extend this result to a complete foliated
Riemannian manifold.

1 Introduction

Let (M, g,F ) be a foliated Riemannian manifold with a foliation F and a bundle-
like metric g with respect to F . A foliated Riemannian manifold is a Riemannian
manifold with a Riemannian foliation, i.e., a foliation on a smooth manifold such
that the normal bundle is endowed with a metric whose Lie derivative is zero
along leaf directions (see [11]). A Riemannian metric on M is bundle-like if the
leaves of the foliation F are locally equidistant, that is, the metric g on M induces
a holonomy invariant transverse metric on the normal bundle Q = TM/TF ,
where TF is the tangent bundle ofF . Every Riemannian foliation admits bundle-
like metrics. Many researchers have studied basic forms and the basic Laplacian
on foliated Riemannian manifolds. Basic forms are locally forms on the space
of leaves; that is, forms φ satisfying i(X)φ = i(X)dφ = 0 for all X ∈ TF .
Basic forms are preserved by the exterior derivative and are used to define basic
de-Rham cohomology groups H∗B(F ). The basic Laplacian ∆B for a given bundle-
like metric is a version of the Laplace operator that preserves the basic forms.
It is well-known [5,12] that on a closed oriented manifold M with a transversally
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oriented Riemannian foliation F , Hr
B(F )

∼= Hr
B(F ), where Hr

B(F ) = ker∆B is

finite dimensional. And so χB(F ) = ∑
q
r=0(−1)r dimHr

B(F ), where χB(F ) is the
basic Euler characteristic [2]. In 1991, M. Min-Oo et al. [8] proved that on a closed
foliated Riemannian manifold M, if the transversal curvature operator of F is
positive definite, then Hr

B(F ) = 0 (0 < r < q), that is, any basic harmonic r-form
is trivial.

In this paper, we study the basic r-forms on a complete foliated Riemannian
manifold.

Main Theorem. Let (M, g,F ) be a complete foliated Riemannian manifold and all
leaves be compact. Assume that the mean curvature form is bounded and coclosed.
(1) If the transversal Ricci curvature ofF is positive-definite, then any L2-basic harmonic
1-forms φ with φ ∈ SB are trivial.
(2) If the curvature endomorphism of F is positive-definite, then any L2-basic harmonic
r-forms φ with φ ∈ SB are trivial.

Here SB is the Sobolev space of basic forms whose derivative belong to L2Ω∗B(F ).

Note that in 1980, H. Kitahara [7] proved that under the same condition of the
transversal Ricci curvature, there are no nontrivial basic ∆T-harmonic 1-forms
with finite global norms. Here ∆T is a different operator to the basic Laplacian
∆B. If F is minimal, then ∆T = ∆B.

2 Preliminaries

Let (M, g,F ) be a (p + q)-dimensional complete foliated Riemannian manifold
with a foliation F of codimension q and a bundle-like metric g with respect to
F . Let TM be the tangent bundle of M, TF its integrable subbundle given by
F , and Q = TM/TF the corresponding normal bundle of F . Then we have an
exact sequence of vector bundles

0 −→ TF −→ TM
π
−→
←−
σ

Q −→ 0, (2.1)

where π : TM → Q is a projection and σ : Q → TF⊥ is a bundle map satisfying
π ◦ σ = id. Let gQ be the holonomy invariant metric on Q induced by g, i.e.,
θ(X)gQ = 0 for any vector field X ∈ TF , where θ(X) is the transverse Lie deriva-

tive [4]. Let RQ and RicQ be the transversal curvature tensor and transversal Ricci
operator of F with respect to the transversal Levi-Civita connection ∇Q ≡ ∇ in
Q [12], respectively. A differential form φ ∈ Ωr(M) is basic if i(X)φ = 0 and
i(X)dφ = 0 for all X ∈ TF . In a distinguished chart (x1, · · · , xp; y1, · · · , yq) of F ,
a basic r-form φ is expressed by

φ = ∑
a1<···<ar

φa1···ar dya1
∧ · · · ∧ dyar ,

where the functions φa1···ar are independent of x. Let Ωr
B(F ) be the set of all basic

r-forms on M. Then Ωr(M) = Ωr
B(F ) ⊕ Ωr

B(F )
⊥ [1]. Now, we recall the star
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operator ∗̄ : Ωr
B(F )→ Ω

q−r
B (F ) given by [5,10]

∗̄φ = (−1)p(q−r) ∗ (φ ∧ χF ), ∀φ ∈ Ωr
B(F ), (2.2)

where χF is the characteristic form of F and ∗ is the Hodge star operator
associated to g. For any basic forms φ, ψ ∈ Ωr

B(F ), it is well-known [10] that

φ ∧ ∗̄ψ = ψ ∧ ∗̄φ and ∗̄2φ = (−1)r(q−r)φ. The operator dB is the restriction of d to

the basic forms, i.e., dB = d|Ω∗B(F ). Let dT = dB− κB∧ and δT = (−1)q(r+1)+1∗̄dB∗̄,

where κB is the basic part of the mean curvature form κ of F [1]. Note that κB is

closed, i.e., dκB = 0 [9,12]. The operator δB : Ωr
B(F )→ Ωr−1

B (F ) is defined by

δBφ = (−1)q(r+1)+1∗̄dT ∗̄φ = δTφ + i(κ♯B)φ, (2.3)

where (·)♯ is the gQ-dual vector field of (·). Generally, δB is not a restriction of
δ on Ωr

B(F ), i.e., δB 6= δ|Ωr
B(F )

, where δ is the formal adjoint of d. But δBω =

δφ for any basic 1-form φ. Let ∆B = dBδB + δBdB be a basic Laplacian. Then
∆M|Ω0

B(F )
= ∆B [5], where ∆M is the Laplacian on M. Let {Ea}(a = 1, · · · , q) be

a local orthonormal basic frame of Q and θa a gQ-dual 1-form to Ea. We define
∇∗tr∇tr : Ωr

B(F )→ Ωr
B(F ) by

∇∗tr∇tr = −∑
a

∇2
Ea,Ea

+∇
κ
♯
B
, (2.4)

where ∇2
X,Y = ∇X∇Y − ∇∇M

X Y for any X, Y ∈ TM and ∇M is the Levi-Civita

connection with respect to g. Then the generalized Weitzenböck type formula on
Ωr

B(F ) is given by [3]

∆Bφ = ∇∗tr∇trφ + F(φ) + A
κ
♯
B
φ (2.5)

for any φ ∈ Ωr
B(F ), where F = ∑

q
a,b=1 θa ∧ i(Eb)R

Q(Eb, Ea) and

AYφ = θ(Y)φ −∇Yφ. (2.6)

In particular, for a 1-form φ, F(φ)♯ = RicQ(φ♯) and AYs = −∇σ(s)π(Y). Let

Ω∗B,o(F ) be the space of basic forms with compact supports.
Let ν be the transversal volume form, i.e., ∗ν = χF . The pointwise inner

product 〈·, ·〉 on Ωr
B(F ) is given by

〈φ, ψ〉ν = φ ∧ ∗̄ψ (2.7)

for any basic forms φ, ψ ∈ Ωr
B(F ). And the global inner product ≪ ·, · ≫ on

Ω∗B(F ) is defined by

≪ φ, ψ≫=
∫

M
〈φ, ψ〉µM (2.8)

for any φ, ψ ∈ Ωr
B(F ), one of which has compact support, where µM = ν ∧ χF is

the volume form with respect to g. It is well-known [3] that ≪ ∇∗tr∇trφ, ψ ≫=
≪ ∇trφ,∇trψ≫ for any φ, ψ ∈ Ωr

B,0(F ) and

≪ dBφ, ψ≫ =≪ φ, δBψ≫ (2.9)
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for any φ ∈ Ωr
B,o(F ), ψ ∈ Ωr+1

B,o (F ). The basic form φ is said to be L2-basic form

if φ has finite global norm, i.e., ‖φ‖2 < ∞. Let Hr
B,2(F ) be the space of L2-basic

harmonic forms, i.e.,

Hr
B,2(F ) = {φ ∈ L2Ωr

B(F ) | dBφ = δBφ = 0}. (2.10)

Generally, the space Hr
B,2(F ) can have infinite dimension. And if the dimension

of Hr
B,2(F ) is finite, then it depends on the bundle-like metric. Trivially, if M is

compact, then Hr
B,2(F )

∼= Hr
B(F ). So we study the vanishing properties of the

L2-basic harmonic spaces on a complete foliated Riemannian manifold.

Remark 2.1. (1) The operator δT is the formal adjoint of dB with respect to the
global norm (·, ·), which is given by

(φ, ψ) =
∫

M
〈φ, ψ〉ν ∧ dx1 ∧ · · · ∧ dxp. (2.11)

Let ∆T = dBδT + δTdB be a Laplacian. If the foliation is minimal, then δT = δB.
So ∆B = ∆T.

(2) In 1980, H. Kitahara [7] proved that if the transversal Ricci curvature is
nonnegative and positive at some point, then there are no nontrivial L2-basic
∆T-harmonic 1-forms.

3 Vanishing theorem

Let (M, g,F ) be a complete foliated Riemannian manifold with a foliation F of
codimension q and a bundle-like metric g with respect to F . Assume that all
leaves of F are compact. Now, we consider a smooth function µ on R satisfying

(i) 0 ≤ µ(t) ≤ 1 on R, (ii) µ(t) = 1 for t ≤ 1, (iii) µ(t) = 0 for t ≥ 2.

Let x0 be a point in M. For each point y ∈ M, we denote by ρ(y) the distance
between leaves through x0 and y. For any real number l > 0, we define a Lips-
chitz continuous function ωl on M by

ωl(y) = µ(ρ(y)/l).

Trivially, ωl is a basic function. Let B(l) = {y ∈ M|ρ(y) ≤ l} for l > 0. Then ωl

satisfies the following properties:

0 ≤ ωl(y) ≤ 1 for any y ∈ M
supp ωl ⊂ B(2l)
ωl(y) = 1 for any y ∈ B(l)
liml→∞ ωl = 1

|dBωl| ≤
C
l almost everywhere on M,

where C is a positive constant independent of l [13]. Hence ωlψ has compact
support for any basic form ψ ∈ Ω∗B(F ) and ωlψ→ ψ (strongly) when l → ∞.
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Lemma 3.1. [6] For any φ ∈ Ωr
B(F ), there exists a number A depending only on µ,

such that

‖dBωl ∧ φ‖2
B(2l) ≤

qA2

l2
‖φ‖2

B(2l),

‖dBωl ∧ ∗̄φ‖
2
B(2l) ≤

qA2

l2
‖φ‖2

B(2l),

‖dBωl ⊗ φ‖2
B(2l) ≤

qA2

l2
‖φ‖2

B(2l),

where ‖φ‖2
B(2l)

=≪ φ, φ≫B(2l)=
∫

B(2l)〈φ, φ〉µM .

Proposition 3.2. For any L2-basic form ψ, if ∆Bψ = 0, then dBψ = 0 and δBψ = 0.

Proof. Let ψ be a L2-basic form. Then we have

≪ ∆Bψ, ω2
l ψ≫B(2l)=≪ dBψ, dB(ω

2
l ψ)≫B(2l) +≪ δBψ, δB(ω

2
l ψ)≫B(2l) . (3.1)

By a direct calculation, we have

dB(ω
2
l ψ) = ω2

l dBψ + 2ωldBωl ∧ ψ, (3.2)

δB(ω
2
l ψ) = ω2

l δBψ + (−1)q(r+1)+1∗̄(2ωldBωl ∧ ∗̄ψ). (3.3)

From (3.1), (3.2) and (3.3), if ∆Bψ = 0, then

‖ωldBψ‖2
B(2l) + ‖ωlδBψ‖2

B(2l)

= −2≪ ωldBψ, dBωl ∧ ψ≫B(2l) +2(−1)q(r+1) ≪ ωlδBψ, ∗̄(dBωl ∧ ∗̄ψ)≫B(2l) .

Hence by the the Schwartz’s inequality and Lemma 3.1, we have

‖ωldBψ‖2
B(2l) + ‖ωlδBψ‖2

B(2l)

≤ ǫ1‖ωldBψ‖2
B(2l) + ǫ2‖ωlδBψ‖2

B(2l) +
B1

l
‖ψ‖2

B(2l)

for some positive real numbers ǫ1, ǫ2 and B1. Therefore, we have

‖ωldBψ‖2
B(2l) + ‖ωlδBψ‖2

B(2l) ≤
B2

l
‖ψ‖2

B(2l)

for some positive real number B2. Since ψ is the L2-basic form, letting l → ∞,
dBψ = δBψ = 0.

Remark 3.3. In 1979, H. Kitahara [6] proved the corresponding result with the
Laplacian ∆T. Namely, on a complete foliated manifold, if ∆Tφ = 0, then
dBφ = δTφ = 0.

Now we prove the vanishing theorem of the L2-basic harmonic form on a
complete foliated Riemannian manifold. First of all, we prepare some lemmas.
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Lemma 3.4. Let (M, g,F ) be a complete foliated Riemannian manifold whose leaves are
compact. Suppose that κB is bounded and coclosed. Then for any L2-basic harmonic form
φ,

lim sup
l→∞

≪ A
κ
♯
B
φ, ω2

l φ≫B(2l)= 0. (3.4)

Proof. Let φ be a L2-basic harmonic form. Since θ(X)φ = dBi(X)φ, from (2.6)
we have

≪ A
κ
♯
B
φ, ω2

l φ≫B(2l)=≪ dBi(κ♯B)φ, ω2
l φ≫B(2l) − ≪ ∇κ

♯
B
φ, ω2

l φ≫B(2l) (3.5)

Since δBφ = 0, from (3.3) and Lemma 3.1, we have

| ≪ dBi(κ♯B)φ, ω2
l φ≫B(2l) | = 2| ≪ ωli(κ

♯
B)φ, ∗̄(dBωl ∧ ∗̄φ)≫B(2l) |

≤ ǫ3‖ωli(κ
♯
B)φ‖

2
B(2l) +

1

ǫ3
‖dBωl ∧ ∗̄φ‖

2
B(2l)

≤ ǫ3‖ωli(κ
♯
B)φ‖

2
B(2l) +

B3

l2
‖φ‖2

B(2l)

for some positive real numbers ǫ3 and B3. By using |i(κ♯B)φ|
2 + |κB ∧ φ|2 =

|κB|
2|φ|2, we have

| ≪ dBi(κ♯B)φ, ω2
l φ≫B(2l) | ≤ ǫ3 max(|κB|

2)‖ωlφ‖
2
B(2l) +

B3

l2
‖φ‖2

B(2l) (3.6)

On the other hand, since δBκB = 0, by a direct calculation, we have

≪ ∇
κ
♯
B
φ, ω2

l φ≫B(2l) =
1

2
≪ dB(|ωlφ|

2), κB ≫B(2l) − ≪ ωlφ, κ♯B(ωl)φ ≫B(2l)

= − ≪ ωlφ, κ♯B(ωl)φ ≫B(2l) .

Hence by the Schwartz inequality, we have

| ≪ ∇
κ
♯
B
φ, ω2

l φ≫B(2l) | = | ≪ ωlφ, κ♯B(ωl)φ ≫B(2l) |

≤ ǫ4‖ωlφ‖
2
B(2l) +

B4

l2
max(|κB|

2)‖φ‖2
B(2l) (3.7)

for a positive real numbers ǫ4 and B4. From (3.6) and (3.7), by letting l → ∞, we
have

lim sup
l→∞

| ≪ dBi(κ♯B)φ, ω2
l φ≫B(2l) | ≤ ǫ3 max(|κB |

2)‖φ‖2,

lim sup
l→∞

| ≪ ∇
κ
♯
B
φ, ω2

l φ≫B(2l) | ≤ ǫ4‖φ‖
2.

Since ǫ3 and ǫ4 are arbitrary positive numbers, we have

lim sup
l→∞

| ≪ dBi(κ♯B)φ, ω2
l φ≫B(2l) | = 0, (3.8)

lim sup
l→∞

| ≪ ∇
κ
♯
B
φ, ω2

l φ≫B(2l) | = 0. (3.9)

Hence from (3.5), (3.8) and (3.9), the proof is completed.
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Theorem 3.5. Let (M, g,F ) be as in Lemma 3.4. Suppose that κB is bounded and
coclosed. If the curvature endomorphism F of F is positive-definite, then any L2- basic
harmonic r-forms φ with φ ∈ SB are trivial, i.e.,Hr

B,2(F ) = {0}.

Proof. Let φ be a L2-basic harmonic r-form. From (2.5) and Proposition 3.2, we
have

〈∇∗tr∇trφ, ω2
l φ〉+ 〈F(φ), ω2

l φ〉+ 〈A
κ
♯
B
φ, ω2

l φ〉 = 0. (3.10)

On the other hand, a direct calculation gives

≪ ∇∗tr∇trφ, ω2
l φ≫B(2l) =≪ ∇trφ, 2ωldBωl ⊗ φ≫B(2l) +‖ωl∇trφ‖

2
B(2l). (3.11)

From Lemma 3.1, we have

| ≪ ∇trφ, 2ωldBωl ⊗ φ≫B(2l) | ≤ ǫ5‖ωl∇trφ‖
2
B(2l) +

B5

l2
‖φ‖2

B(2l)

for some positive constants ǫ5 and B5. Hence by letting l → ∞, we have

lim sup
l→∞

≪ ∇trφ, 2ωldBωl ⊗ φ≫B(2l)≤ ǫ5‖∇trφ‖
2.

Since ǫ5 is arbitrary and φ ∈ SB ( i.e., ‖∇trφ‖2 < ∞), we have

lim sup
l→∞

≪ ∇trφ, 2ωldBωl ⊗ φ≫B(2l)= 0. (3.12)

Hence from (3.11), (3.12) and Lemma 3.4, we have

‖∇trφ‖
2 + lim sup

l→∞

≪ F(φ), ω2
l φ≫B(2l)= 0, (3.13)

which complete the proof.

Since F(φ♯) = RicQ(φ♯) for any basic 1-form φ, we have the following corol-
lary.

Corollary 3.6. Let (M, g,F ) be as in Lemma 3.4. Suppose that κB is bounded and

coclosed. If the transversal Ricci curvature RicQ is positive-definite, then any L2-basic
harmonic 1-forms φ with φ ∈ SB are trivial,H1

B,2(F ) = {0}.
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