Dual cyclic Brunn-Minkowski inequalities
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Abstract

New cyclic Brunn-Minkowski inequalities for dual quermassintegrals of
star bodies are established. These inequalities are obtained with respect to
radial Minkowski addition as well as radial Blaschke and harmonic Blaschke
addition.

1 Preliminaries

The setting for this paper is n-dimensional Euclidean space R"”. We reserve the
letter u for unit vectors, and the letter B for the unit ball centered at the origin.
The surface of B is S"~1. We use V(K) for the n-dimensional volume of a body
K. Let | - |« denote the maximum-norm on the space of continuous functions
C(S" 1 ons" 1,

Associated with a compact subset K of R”, which is star-shaped with respect
to the origin, is its radial function p(K, -) : §"~1 4 R, defined for u € §" 1, by

p(K,u) = max{A > 0: Au € K}.

If p(K, -) is positive and continuous, K will be called a star body. Let S denote
the set of star bodies in R". Let § denote the radial Hausdorff metric, i.e., for
K,L € 8", 5(K, L) = |ok — pL|e (see e.g. [9] or [24]). In the following we recall
some basic notions and results from the dual Brunn-Minkowski inequality (see,
e.g., [12], [14], [15], [18], [22], [25] and the references therein).
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1.1 Radial Minkowski addition and dual mixed volumes

ForKiy,...,K, € S"and A4, ..., A, € R, the radial Minkowski linear combination,
MK+ - - - FAK,, was defined by Lutwak by (see [19])

MK+ FAK, = {/\lxl‘T‘ R € Ki}-
It has the following important property, for K,L € S" and A, u > 0,
p(AKFuL, ) = Ap(K, ) + pp(L, ") (1.1).
For Kq,...,K, € 8" and A4,..., A, > 0, the volume of the radial Minkowski

linear combination A1K;+ ... +A,K; is al homogeneous polynomial of degree n in
the A;,

VMK F . FAKD) =Y Vi A Ay (1.2)

where the sum is taken over all n-tuples (iy,...,i,) whose entries are positive
integers not exceeding r. If we require the coefficients of the polynomial in (1.2)
to be symmetric in their argument, then they are uniquely determined. The co-
efficient Vil,...,in is nonnegative and depends only on the bodies K;, ..., K;,. It
is written as V(Kj,, ..., K;,) and is called the dual mixed volume of K;, ..., K;,.
IfKy =+ =K,.; =K, K,_jy1 = --- = K, = B, the dual mixed volumes
V(Ky,...,Ky) is written as W;(K) (see e.g. [8]).
For K; € §", the dual mixed volumes satisfy (see [20])

1

V(Ky, ..., Ky) = E/Snlp(Kl,u) - o(Kp, u)dS (1), (1.3)

For K,L € 8" and i € R, the ith dual mixed volume of K and L, V;(K, L), is
defined by,

Vi(K,L) = %/5 (K, u)" (L, w)idS ). (1.4)
From (1.4) and in view of p(B, u) = 1, we have
Wi(K) = % [S p(K,uw)"idS(u), i € R. (1.5)

1.2 Radial Blaschke addition

IfK,L € S"and A, u > 0, then A - K+ - L is the star body whose radial function
is given by
p(A-KFpu-L)"" = Ap(K,-)" " + po(L,-)" 1. (1.6)
This addition is called radial Blaschke addition (see e.g. [19]).
Lutwak established the following dual Brunn-Minkowski inequality for radial
Blaschke addition.
IfK,L € 8", then

V(KTL) =1/ <y (k) =U/m oy pye=b/n (1.7)

with equality if and only if K and L are dilates.
This inequality is dual to the Kneser-Siiss inequality (see [19]).
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1.3 Harmonic Blaschke addition

Another addition called harmonic Blaschke addition was defined by Lutwak [21].
Suppose K,L € §" and A, > 0 (not both zero). In order to define the harmonic
Blaschke linear combination, AK+uL, first let & > 0 be defined by

/) — 2 [ AV Tk (L) (L) S ),

Then AKFuL € S" is defined as the body whose radial function is given by
¢ (AKF L, )" = AV(K) T p(K, )"+ pv (L) Thp(L, )"
It follows immediately that { = V(AK+ul), and hence

p(AKFuL, )"t p(K,-)"+!

,O(L/ ,)n+1
V(AK+uL) 7 V(K) ‘ (18)

V(L)

+u

Lutwak established the following dual Brunn-Minkowski inequality for har-
monic Blaschke addition (see [21]). If K,L € S" and A, u > 0, then

V(AKFuL)V" > AV(K)Y" + uv(L)V/", (1.9)
with equality if and only if K and L are dilates.
For more information and characterizations of additions and related binary
operations on convex and star bodies we refer to [6], [10], [11] and [13].

2 Statements of main results

The dual Brunn-Minkowski inequality for radial Minkowski addition was estab-
lished in [20]. If K, L € 8", then

S

V(KFL)" < V(K)% + V(L)*, (2.1)

with equality if and only if K and L are dilates.
A general version of the dual Brunn-Minkowski inequality is the following
(see [27]):

Theorem AIfK,L € S"andi < n —1, then

1 1 ~ 1

Wi (KFL)n < Wi(K)m= 4+ Wi (L), (2.2)

with equality if and only if K and L are dilates.

The following cyclic inequality for dual mixed volumes was established in
[20].

Theorem BIfK,L € 8" and j < i <k, then

Wi (K)*T < Wi (K)* Wi (K) (2.3)
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with equality if and only if K is an n-ball centered at the origin.

The first aim of the present paper is to establish the following new dual cyclic
Brunn-Minkowski inequality for radial Minkowski addition, which has inequal-
ities (2.1), (2.2) and (2.3), as special cases!

Theorem 2.1 Let K, L € S"andi,jk c R Ifj<i<kandi<n—10rk<i<j
andi < n —1, then

— i—

k— ]
Wi (KTFL)7 < W;(K) T ) W (K) O D W (L) 00D W (L) 007 (2.4)

with equality for j # k if and only if K and L are n-balls centered at the origin, and for
i =jori=kifand only if K and L are dilates.

The inequality is reversed if k > j > iandn —1 < i < n,ork < j < iand
n—1<i<n.

Remark 2.1 Takingi = j =0 ork =i = 0 in (2.4), (2.4) reduces to (2.1).

Taking i = j or k = iin (2.4), (2.4) changes to the dual Brunn-Minkowski
inequality (2.2). If K or L is a single point in (2.4), (2.4) becomes the cyclic inequal-
ity inequality (2.3). This shows that inequality (2.4) is not only a generalization of
inequalities (2.2) and (2.3), but also a perfect fusion of inequalities (2.2) and (2.3).

Another aim of the present paper is to establish the following new cyclic
Brunn-Minkowski inequalities for radial Blaschke addition and harmonic
Blaschke addition, respectively.

Theorem 2.2 Let K,L € S"andi,j,k e R. Ifj <i<kandi <1l ork <i<j
and i < 1, then
(k )(n-1) (l*])(" 1 (k 1)( w
Wi (K¥L) i < W;(K) =06 Wi (K) =00 + Wi(L) &= Wk(L) n=0k=i) (2.5)
with equality for j # k if and only if K and L are n-balls centered at the origin, and for
i =jori=kifand only if K and L are dilates.
The inequality is reversed ifk > j > iand 1 <i<mn,ork <j<iand1l <i<n.

Remark 2.2 Taking fori = j = 0 or i = k = 0 in Theorem 2.2, (2.5) reduces to
(1.7).
Taking k = i or i = j in (2.5), (2.5) changes the following result: If K,L € S§"
and i < 1, then
PRV = R n=l n=1
Wi (K—|—L) n—i < Wi (K) n—i - WI(L) n—i,
with equality if and only if K and L are dilates. This inequality is reversed if
1<i<n.
This Brunn-Minkowski type inequality for radial Blaschke addition was pre-
viously established in [28].
Moreover, if K or L is a single point, then (2.5) reduces to (2.3).

Theorem 2.3 Let K,L € §", A,y > 0,andi,j,k e R. Ifj <i<kandi < —1, or
k<i<jandi < —1, then

(k=i)(n+1) _ (i—j)(n+1) (k=i)(n+1) _ (i—j)(n+1)

Wi (AK$-uL) . W (K) (=000 Wi (K) (=060 (L) =06 W (L) t=00=)
V(AK+uL) — V(K)

(2.6)
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with equality for j # k if and only if K and L are n-balls centered at the origin, and for
i =jori=kifand only if K and L are dilates.

The inequality is reversed if k > j > iand =1 < i < n,ork < j < iand
-l1<i<n.

Remark 2.3 Taking i = j = O or i = k = 0 in Theorem 2.3, (2.6) reduces to
(1.9).

Taking i = j or k = i in Theorem 2.3, (2.6) reduces to the following result. If
K,L e S"andi < —1, then

n+1

Wi(AKEuL) =i Wi(K)imr  Wi(L)n
VoKD v TR

SIS

with equality if and only if K and L are dilates. This inequality is reversed if
—1<i<n.

This is an inequality previously established in [28].

Taking A = land 4 = 0, or y = 1 and A = 0 in Theorem 2.3 reduces to the
cyclic inequality (2.3).

For more information on Brunn-Minkowski type inequalities for different ge-
ometric functionals we refer to the recent articles [1], [2], [3], [5], [7], [23] and
[26].

3 Proofs of the main results

In order to prove our main results, we first derive a new norm inequality. In the
following let f,g € C((S"~!) and denote by | - ||, the usual Ly-norm for functions
on §" 1.

Lemma3.1Let f,g > 0andr,s,t € R.Ifs>r >tandr > 1,0rt > r > sand
r > 1, then

—r) ) t(s—r)

1f(x) + gl < IIf(x)Hs Hf( Wi+ lg(x )Hs Mgl 61

with equality for s # t if and only if f and g are constants, and for r = s or v = t if and
only if f and g are proportional.
The inequality is reversed if t <s <rand 0 <r <l,ort>s>rand 0 <r <1.
Proof We first suppose thats > r >t or t > r > s. Notice that

. . S
s>r>tort>r>simplies

—t
> 1.
t

Using the Minkowski inequality ([4, p 21]) forr > 1 and followed by the Hoélder
inequality ([4, p.22]) with exponents *=f > 1 and =, we obtain

156+ g@le < IF@e + 3l
= If )"

) Hs=r) s(r—t) t(s—r)
,t)f(x) r(s—1) ||r + Hg(x) r(s—t)g(x) (50 ||r
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5= - Hs=r)
< [If(x )Hs IIf( Ol + llg(x )Ils Mgl (3-2)

In the following, we discuss the equality conditions. In view of the equality con-
ditions of the Minkowski and the Holder inequalities, it follows that equality in
(3 1) holds if and only if f and g are proport10na1 J& and f ¥ are proportional and
¢" and g# are proportional, where A = ! and y = 2=L. Since s # t, it follows
that f and g have to be constant.

Next, consider the case r = t or r = s. If r = t or r = s, then using only the
Minkowski integral inequality for r > 1, we have

1f(x) +8(x)[lr < ||f(X)||r + gl
4 =) Hs=r)

(
= [If(x )||s Hf( M + llg (e )Hs gl (33)

with equality if and only if f and g are proportional. This proves inequality (3.1)
in the case r = t or r = s and with equality if and only if f and g are proportional.

Theorem3.1Let K,L € S"andi,jk e R Ifj <i<kandi <n—1,0rk <i <j
andi < n —1, then

~ ii k 71
W(K+L)% < W;(K) - i) Wi (K) =00 4+ Wi (L) =00 Wi (L) =060 (3.4)

with equality for j # k if and only if K and L are n-balls centered at the origin, and for
i =jori=kifand only if K and L are dilates.

The inequality is reversed ifk > j > iandn—1 < i < mn,ork < j < iand
n—1<i<n.

Proof We first consider the case that: j <i <kandi<n—1,0ork <i <jand
i<n-—1

From (1.1), (1.5), and Lemma 3.1, it follows thats > r > tand r > 1, or
t>r>sandr > 1,then we have withr = n — i,

;

Wi (KTL)F = (% /Sn_lp(K—T—L,u)rdS(u))

— ([ (oK) +p(L,u))ds(u)
(n /S” 1 )

= (% /Snlp(K,u)st(u))y(rS—jt) (% /Snlp(K,u)tdS(u)) e

r—t s—r
1 s r(s—t) 1 ; )
* <; / oo L) dS(u)) (; /S p(Lu) dS(u)) .
By (1.5), we have for K € §" and s,t € R

Wi o(K) = % /S (K, updS(u), Wai(K) = % /5 p(K,u)'ds(u).
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If wetaker =n—i,s =n—jandt = n —kin (3.5), then since r > 1 we have
i<n—1land

s>r>tort>r>simpliesj <i<kork<i<j.

Thus, we obtain

— i—

~ . ] j
(WZ(K+L));1 i < W(K) n—i) k ) Wk(K) n—i) _|_W(L) Wk(L) n—i)(k=j) |

From that equality conditions of Lemma 3.1, it follows the equality in (3.4) holds
for j # k if and only if p(K, u) and p(L, u) are constants, it follows that equality
in (3.4) holds for j # k if and only if K and L are n-balls centered at the origin.
Moreover, ifi = j ori = k, equality in (3.4) holds if and only if K and L are dilates.

Similar to the above proof, we can also establish the reverse inequality for
k>j>iandn—-1<i<mn,ork<j<iandn—1 < i< n. Here, we omit the
details.

Theorem 3.2 Let K,L € S"andi,j,k e R. Ifj <i<kandi <1, ork <i<j
and i < 1, then

1 ~ (k 1)( i—j)(n-1) k—i)(n—1) (17])(11 1)

( (i=j)(n—1) (
W(K_i_L)f W](K) n—i) Wk(K) n—i)(k—j) _|_W(L) n—i)(k—j) Wk(L) n—i)(k—j) (3 6)

with equality for j # k if and only if K and L are n-balls centered at the origin, and for
i = jori=kifand only if K and L are dilates.
The inequality is reversed ifk > j > iand 1 <i <mn,ork <j<iand1l <i <mn.
Proof From (1.5), (1.6), and Lemma 3.1, it follows thatif s > r > tand r > 1,

ort >r>sandr > 1, wehave withr = ”_i

n—1

~ o n— 1 o : n—t
RRFLE = ([ pKFLw ds(a))

==

r—t s—r

s(n—l) r(s—t) 1/ t(n—l) r(s—t)
Jo ot Vst ) ([ e Vst

1 V{sitt) 1 (5= 1)
+ (n /SMP(L,u) dS(u)) (n /Snlp(L,u) ds(u)) ,
By (1.5), we have

= (5 [ o ot as(a)
;

A 1 s(n—
Wn—s(n—l)(K) = n /Snlp(K/ u) ( 1)dS(u), Wn—t(n—l)(K) =

1
- (n—1)
oL ek Vas )
Hence
~ v ~ r—t s—r
Wi(KTFL)7 < W) (K) W) (K) 604

Wn—s(n—l) (L) rle=1) Wn—t(n—l) (L) . (3.7)
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Taking r = Zf_i, s = % and t = Z—:ll‘ in (3.7), then since r > 1 we have i < 1 and

s>r>tort>r>simpliesj<i<kork<i<j

Thus, we obtain

n=1 (k=i)(n=1) (i=j)(n—1 (k=i)((n—1 (i=j)(n-1)

~ o , - (k=i)(n1) (=pln-1) ((n=1) Jn—1
(Wi(K—l-L)) =i < Wj(K) (=0 Wi (K) =07 4 Wj(L) (=0=) W (L) =00,

From that equality conditions of Lemma 3.1, it follows the equality in (3.6) holds
for j # k if and only if p(K, u) and p(L, u) are constants, it follows that equality
in (3.6) holds for j # k if and only if K and L are n-balls centered at the origin.
Moreover, ifi = jori = k, equality in (3.6) holds if and only if K and L are dilates.
Similar to the above proof, we can also establish the reverse inequality for
k>j>iand1 <i<mnork<j<iand1 <i < n. Here, we omit the details.

Theorem 3.3 Let K,L € §",and A,y > Oand i, j,k e R.Ifj <i<kandi < —1,
ork<i<jandi < —1, then

- ntl x (k=D(nt1) =) (nt) ~ (k=D)(ntl) (k=) nt1)
Wi(AKHpL) 5= Wi (K) 0700 W (K) =007 . Wi (L) 0=00) Wy (L) =007
VAK+uL) = V(K) K V(L) ’
(3.8)
with equality for j # k if and only if K and L are n-balls centered at the origin, and for
i =jori=kifand only if K and L are dilates.
The inequality is reversed if k > j > iand =1 < i < n,ork < j < iand
-1<i<n
Proof From (1.5), (1.8), and Lemma 3.1, it follows thatif s > r > tand r > 1,

ort>r>sandr > 1, we have withr = Z;i

n+1
n+ n—i

- R 1 R .
KL = (1 pOKEaL 0 s (o))

1
r

| =

= (5 [ (v etk nvn) p(t ) dstw)

r—t

< (1 /Sﬂ—l (gAV(K)—1>Sp(K,u)S(n+1)dS(u)) (5—F)

n

(3 o (2v60) oty Vs )

n

r(s—t)

n

(5 Lo (v ) ple e Vasi )

n

<1 /Snl ((:'uV(L)_1>tp(L,u)t(n—H)dS(u)) r(s—1) ‘
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By (1.5), we have
Wi—s(ni1) (K) = %[9;1_1P(K,u)5(”+1)d5(u), W, snr1)(K) =
. [, o) s )
Hence,
WH(KFL)" < [(@AV(K) ™ Wy (K) (;jt) @AV (K) ™) Wiy (K) | o

r—t s—r

* [(gyv(L)_l>5Wn—s(n+1)(L)} " [(CVV(L)_l)th—t(nH)(L)] A
| (3.9)
5= Z+1 and t = n+1 in (3.9), then since r > 1 we havei < —1

Taking r =
and

n+1’
s>r>tort>r>simpliesj <i<korj>i>k.
Thus, we obtain

n+ - (k=i)(n+1) (i—j)(n+1)

Wi (AKFpL) v < EAV(K) 71, (K) 000 Wi (K) =06

=

(k (n+1) (i*]')("ﬂ)

+ SV (L)L) T i (L) 00,

where ¢ = V(AK+uL).

From that equality conditions of Lemma 3.1, it follows the equality in (3.8)
holds for j # k if and only if p(K,u) and p(L,u) are constants, it follows that
equality in (3.8) holds for j # k if and only if K and L are n-balls centered at the
origin. Moreover, if i = j or i = k, equality in (3.8) holds if and only if K and L are
dilates.

Similar to the above proof, we we can also establish the reverse inequality for
k>j>iand -1 <i<mn,ork <j<iand —1 <i < n. Here, we omit the details.
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