Note on New General Integral Operators of
p-valent Functions

Irina Dorca Daniel Breaz

Abstract

We study new general integral operators of p-valent functions by giving
sufficient conditions of p-valently starlikeness, p-valently close-to-convexness,
uniformly p-valent close-to-convexness and strongly starlikeness of order
T(0 < 7 < 1) in U (open unit disk). We end our investigation with an
example from literature and some other references.

1 Introduction

Let .Ap denote the class of functions of the form

flz)=2"+ Y a7, a;>0pe{1,2,...},zeU 1)
j=p+1
or -
fz)=2"— Y aiZ,a;>0pe{l2..},z€U, )
j=p+1

which are analytic in the open unit disk U = {z : |z| < 1} . We note that A; = A.
A function f € A, is said to be p-valently starlike of order B (0 < B < p) iff

Re <ZJ{;S)) >pB (zel).
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We denote by S;(B) the class of all functions from A, which satisfy the condition
above. On the other hand, a function f € A, is said to be p-valently convex of
order 8 (0 < B < p) if and only if

Re (1 + ZJ{,N(S)) >pB (zel).

Let Ky (B) be the class of all p-valently convex functions of order g in U . Fur-

thermore, a function f(z) € A, is said to be in the class C,(B) of p-valently close-
to-convex functions of order B (0 < B < p) in U iff

Re (f/(z)) >pB (zel).

zp—1

It is easy to be seen that S} (0) = S, K,(0) = Ky and Cp(0) = C, are, respec-
tively, the classes of p-valently starlike, p-valently convex and p-valently close-
to-convex functions in U . We note also that S} = §*, K1 = K and C; = C are,
respectively, the well known classes of starlike, convex and close-to-convex func-
tions in U.

A function f € A, is said to be in the class ¢/Cp(pB) of uniformly p-valent
close-to-convex functions of order 8 (0 < B < p) in U iff

(5 -0) 8] e,

for some g(z) € US,(B), where US () is the class of uniformly p-valent starlike
functions of order f (—1 < B < p) in U that satisfy

£\ |
Re(f(Z) ’3)2 6 p‘ (zed). ®

The uniformly starlike functions are firstly introduced in [8].

2 Preliminary results

Definition 2.1. [2] Let B, A € R, > 0,A > 0and f(z) =z + ajzj. We denote by
j=2
Dﬁ f(z) the linear operator defined by

Df:A— A, DPflz)=z+ i 1+ (- 1)A)Pa2 . (4)
j=n+1

Remark 2.1. The following linear operator of complex functions with negative coeffi-
cients is introduced in ([1]) :

DP:A— A, DFf(z) :z—‘il[l—l—(j—l)/\]ﬁa]’z]’. ®)
j=nt

The neighborhoods with respect to the class of functions defined using the operator (5) is
studied in [5].
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Remark 2.2. Let consider the following operator of the functions f € S, S={f € A:
f is univalent in U} :

,3_1 c
Dzlﬁ)\zf() (h*yq* f)(z _ziz 11)] .1+ .C(n,k).ak.zk,

k>2 1—/\2(k ))]'B k+c
(6)

where C(n, k) = (HH)";l ; (n)y is the Pochammer symbol; k > 2, ¢ > 0 and Re{c} >
0, zeU.

Remark 2.3. If we denote by (x); the Pochammer symbol, we define it as follows:

B 1 fork=0, xeC\{0}
(x)k = { x(x+1)(x+2)-...-(x+k—1) forke N—{0}and x € C.

Let consider the following integral operators:

1
_170} _176? B
Dy Azf](tn) )2 1] . (DA filt "))?r 1] ]dt

t(7'

{ﬁ/ 1BI—1 . 1—[
@)

where a, 71, 72, B € C, Rea = a > 0 and DK’lKAzf]-(z) € A, A\, Ay, k >
0,c€R,j=1,p, peN, D;’L;KAij(z”)ofform (6) and

1
X

B g (ny\2y1—1
(DR ] o

tO’

B sy \272—17%
(D) fi(#"))*7 1] it

tO’

2@ = {x [#]]

0 =1

where &, 71, 72, x € C, Rezx=a>0andD§fj(z) €ceA,B>0,A>0,0¢€

R, Dﬁf(z”) of form (5).
We will make use of the following Lemmas in order to derive our main results.

Lemma 2.1. [10] If f € A, satisfies

Re{1+ZJJ:,”(S)} < p+i (ze U,

then f is p-valently starlike in U .

Lemma 2.2. [6] If f € A, satisfies

zf"(2)
f'(2)

then f is p-valently starlike in U .

+1—p'<p+1 (zel),
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Lemma 2.3. [13]If f € A, satisfies

zf"(z) a+b
Re{1+ e }<p+(1+a)(1_b) (zel),

wherea >0, b > 0and a+2b < 1, then f is p-valently close-to-convex in U .

Lemma 2.4. [3]If f € A, satisfies

Re{l ]5/(/)}<p+% (zel),

then f is uniformly p-valent close-to-convex in U .

Lemma 2.5. [14]If f € A, satisfies

Re{l-l—zjj:,ﬂ(iz))} > %—1 (zel),

then

2f'(z) _ /P
Rey /14 ) > 5 (zel).

Lemma 2.6. [11]If f € Ay, satisfies

Re{1+2f”(‘z)}>p—Z (ze U,

f'(2) 2
then (2)
zf'(z T
arg B > 5T (zel).

Let consider the following integral operators:

{'B/ptp ! H[ /\1,)»2f](t”) )7-71—1]

(5

tp

i 177 )7
(DS E)PT 1] dt}

©)

and

1
X

f](i’n) )271 1

B s (my\272—17%
(D) fi(t"))*7 1] it

tp

o for 11|

(10)

We derive new general integral operators from (9) (or (10)), for which we

study the sufficient conditions of p-valently starlikeness, p-valently close-to-con-

vexness, uniformly p-valent close-to-convexness and strongly starlikeness of or-
der T (0 < 7 <1)in U, giving also several examples that prove its relevance.
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3 Main Results

We consider the following operators:

— / - 2 )\1,/\2f](tn)//)271 ' 5
{ﬁO/Ptpl.ﬂ[ pip—1 ]

n,K /1272119 G
(DA, fi(E) % ] 0

ptr~!
(11)
with respect to the general integral operator Irl, (z) of form (9) and
Dﬁf ()21 [(Dﬁf (t1))/]272 1 57 *
/ ptP H AL dt
ptv- ptr~!
(12)

with respect to the general integral operator I%(z) of form (11).

Further, we give sufficient conditions for the operator IS (z) of form (11) to
be p-valently starlike, p-valently close-to-convex, uniformly p-valent close-to-
convex and strongly starlike of order 7 (0 < 7 <1)inU.

Sufficient conditions for the operator Ig(z)

For further simplification, we note the integral operator IS (z) of form (11) as fol-
lows:

((D;lxlk/{zzf] (tn))Zw—l
ptr~!

1)
B(z) = ﬁ/ptpl ]dt , (13)

ae{l 2}

where DY, f(2") = (DI, (=) and DY f(2") = (DR,
zeu.
We firstly study the sufficient conditions for the operator Ig(z) to be in the
class S; .
p

Theorem 3.1. Let 5]‘?, Y. €C,ae{1,2},j= Lm.If fj € Ay forallj = 1,m,
satisfies

2[(DI4 £z ) |
Re |14 - — y— uy, (14
| T Eel), a4
ae]{12}

where DKlKAlzf](z”) (DY), fi(z"))" and DKlezjf](z”) (D5, fi(z") z e U,
D"\, fj(z") is of form (6), then [3(z) is p-valently starlike in U .
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Proof.
From (9) we see that I3(z) € A, . Moreover, by differentiating (13) logarithmi-
cally, multiplying by z and adding 1, we have

a /
[(( e ()1 dt]

14 2[(2)]"  1-p ' [ ae{l 2} s 15)
I3Z o nx,a nY\27a—1 o7
[P( ) p fptp 1 Hm] ) [((DAl A;J;(fl)) i } ]dt
ae{1,2}
m m nku o1
A EE V] R W TR R
j=1 =1 Dy, /\zfj( ")
ae{1,2} ac{1,2}

where DKlK)if](z”) (D3, fi(z"))" and DY Kfzf](z”) (D5, fi(Z") z e U,
D"\, fi(z") is of form (6).
After we take the real part of (15) and consider its conditions, we obtain the

following
2" _1-8 o
Re 1+ 7 <—F4pli- & | +
< ey )< F PN B0
ae{1,2}
m DA Z1))27va—1)/
Y. &% Re i\ Q;A;f]( ))27 _1] . (16)
=1 (DAlAZfJ( "))
ace{1,2}
From (14) and (16) we obtain that
ZI3 z 1 1_ m m 1
Re |1+ [5( )], < ’B+p 1— Z 25;Z + Z (5;?- p+ ————
[Ip(z)] p =1 j=1 4.y o
ac{1,2} ac{1,2} -
ac{1,2}
g : (17)
:T—HH_Z'

We apply Lemma 2.1 to an integral operator of order % and we obtain imme-

diately that I7(z) € Sj;.
Remark 3.1. If B = 1, we apply Lemma 2.1 to (17) and we directly obtain that I;’( )

Sy (B =1), where (17) becomes Re (1 + [[Ilj(( ))}] ) <p+ }I-
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Remark 3.2. Let 5]1 =O0and B € C. Then, forallj =1,m, m € N — {0}, we obtain
the following integral operator:

2yp—1 (5]2 %
131 { /ptp 1 H[ )\1,/\2;2£ 1)) T ] dt} ‘ (18)

On the other hand, if 5]2 = 0, we obtain the following integral operator:

29,-119; p
I32 {,B/Ptp 1 H )\1/\2f]( )),Y ] dt} ' (19)

ptr~!
Corollary 3.1. a) Let 6; =0, 6%, 12 € C, j=1,m, m € N—{0}.If fj € A, for
allj =1,m, m € N — {0}, satisfy

2[(D, fi(z))21) |
o T, e

j=1

where DKlKAlzf](z”) (DY), fi(z"))" and D;l\lK/\ZZ'f] (z") = (D), fi(z") , z € U,
D"\, fi(z") is of form (6), then I;’l (z) of form (18) is p-valently starlike in U .

b)Let6? =0, 06}, 1 €C, j=Lm.If fi € Ay, forall j=1,m, satisfy

2[(D MML@@V””V]< L1
(O fi@z1y | =F i 3

j=1

where DY\ f;(z") = (D}¥, f;(z"))" and DY fi(z") = (DY*, f;(z"))',z € U,
DK;‘AZ f]( ) is of form (6), then Igz(z) of form (19) is p-valently starlike in U .

Re |1+

(zel),

Re |1+

(zel),

Furthermore, if we take j = p = V] =1m, me N—{0}, 6 = 6! €
C, 02 = ¢* € Cand D;’t1 W12 = /\1 Mf(z ) in Theorem 3.1, we obtam the

result below.

Corollary 3.2. If f € A, a € {1,2}, satisfies the condition

z[(DY", f(z") 21" 1
Re |1+ anz 14 - zeul
(DY, f ()P 1) i e G
ac{1,2}
1
z 5 B
then {,prti’—l. I1 [(D;’l;’f}fzf(tn))zw—l] dt} is starlike in U, for any
ac{1,2} ’

7172 € €, DL (") = (DS, ) and DY f() = (DY, f(="))', where
D"\ f(z") isof form (6),j =1, z € U.
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Moreover, if we take 6} = 67 = § € C in Corollary 3.2, we have the following
result:

Corollary 3.3. If f € A, 6 € Cand a € {1,2}, satisfies the condition

z[(Dﬁ;’fAzf<z”>>2’m—1]"]
(D55, fE T

1
<l+— (zel),

R
¢ 4

1+

4

5
then [ TI [(DK;Kfo(t”))ZW_l} dt is starlike in U, for any y1, 72 € C,
0 ac{1,2} ’

4 /1 —_ 7 4 /2 —_ 4 7
D;’q’fAzf(z”) = (DK;fAzf(Zn))H and Dzl’f)‘zf(z”) = (D;’q’fAzf(z”))’ , where DKl’fAzfj(z”)
isofform(6),j =1, ze€ U.

Theorem 3.2. Let 67, v, € C, a € {1,2}, j=1,m, m € N—{0}.If f; € A, for
allj=1,m, m € N — {0}, satisfy the condition

z[(DY5, fi(2") 271" p+1
1+ 1A —p+1 (zel), (0)
(D, fi(z)) 2 a1y 4. % g0
=1/
ae{1,2}
L o1 , 2
where L of > 1, DY fi(z") = (DY, fi(z")" and DY fi(z") =

ae{1,2}
(D5, fi(z")', z € U,z € U, DY, fi(z") is of form (6), then I;(z) is p-valently
starlike in U .

Proof.
From the relation (15) and the hypothesis (20), we obtain the following;:

Z[I;(2)]"

T

S Z[(DY i E)» ) 1)
=78 = j (DK;T’AZJG(Z”))Z"”*

ae{1,2}

z[(Dyy fi(2")2 1)
(DY fi(z"))1e 1

1-p
<T+ ;{ o7 —-p+1

ae{1,2}

<T'B+(P—1) Y, o+ ) #_(P—l)
i=1 —1 . 5;?
=

ae{l1,2}

ue{l,z} ue{l,z}

<1;+p+1
5 :

Using Lemma 2.2 for an integral operator of order % , we get immediately that
I(z) € S;.
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Remark 3.3. If B = 1, we apply Lemma 2.2 to the relation above and we obtain that

z[I3(2)]"
Ig(z) € 85 (B = 1) under the condition (20), where |1 + [[IIQ’(( ))%,
p z

<p+1,zel.

Lettingj =p=1, 6 =6' € C, 62 =6? € Cand Dy fi(z") = DY\ f(z")
in Theorem 3.2, we have the following corollary.

Corollary 34. If f € A, a € {1,2}, satisfies the condition below

Z[(D"%4 £.(z))27a=111 )
| < s e,
[(D,\l,/\zfj(z ))#ra1] Y 0
ac{1,2}
1
z 57 B
then {ﬁf IT [(D;’\;Kfzf(tn))zw—l} dt} is starlike in U, for any 1, 72 € C,
0 ac{1,2} ’
Dy, f(2") = (DY f(2"))" and DY'5 f(2") = (D, f(2"))' , where DY, f(2")

isof form(6), (j=1),z€ U.

Moreover, if we take (5% = 5% = ¢ € Cin Corollary 3.4, we have the following
result:

Corollary 3.5. If f € A, 6 € Cand a € {1,2}, satisfies the condition

Z[ (D3 () P

2
o gy | S FEd

o

=

z )
then {,Bf I1 [(D;’l'l"’)fzf(t”))z"fﬂ_l] dt} is starlike in U, for any 1, 72 € C,
0 ac{1,2} ’

Dy, f(2") = (D5 f(2"))" and DY f(2") = (D, f(2"))', where DY, f(2")
isof form(6), (j=1),ze U.

Next, we apply Lemma 2.3 and Lemma 2.4 in order to obtain sufficient con-
ditions for I;’ to be p-valently close-to-convex and uniformly p-valent close to
convexin U.

Theorem 3.3. Let &7, 7+ € C, r € {1,2}, j = 1,m, meIN—{0}.If f; € A, for
allj=1,m, m € N — {0}, satisfy

ADRL A ath
[(DK;’f’)fo]-(zn))zw—q/ (1+a)(1—b)- g 5]?
i—1

re {71,2}

Re |1+

(ze U,

(21)
wherea >0, b>0,a+2b <1, D™ f(z") = (DY*, f;(z"))" and DY fi(z") =
(DY, fi(z"), z € U,z € U, DY, f;(z") is of form (6), then I3(z) is p-valently
close-to-convex in U .
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Proof. Using (16) and (21), we apply Lemma 2.3 to an integral operator of order %
and we have that I;(z) € Cp(a) (0 < a < p).

Lettingj=p =1, 6] =6' € C, & = 6 € Cand D}, fi(z") = D}") f(z")
in Theorem 3.3, we have:

Corollary 3.6. If f € Aandr € {1,2}, satisfies the following condition

z[(Dy, f(2) )" b
Re |1+ b2 | < p+ at — (z e U),
[(D/\l,/\zf(z )21 (1+a)(1-b)- ¥ &
ae{1,2}
1
z 5 B
wherea > 0, b > 0,a+2b < 1, then lgf I1 [(DKK/{ f(tn))?yr—l} dt
0 re{1,2} 12
is close-to-convex in U, for any 1, 72 € C, DK;K'Alz f(z") = (DK;KAZ F(z)" and

DY) = (DR, F(2"))', where DY, f(2") is of form (6), (= 1), 2 € UL

1,

Moreover, if we take 8{ = 62 = § € C in Corollary 3.6, we have the following
result:

Corollary 3.7. If f € A, 6 € C, r € {1,2}, satisfies the condition

(D f(2)2r1) a+b

| o e ] P araa-n-e

(zel),

z

5 B
where o > 0, b > 0,a+20 < 1, then $p] TT [(DR £ ]
0 re{1,2} 172

is close-to-convex in U, for any v, 72 € C, DK’l"’AlZ f(z") = (DK;KAZ f(z")) and

DIR2 f(21) = DI, £(21), DI, (2" is of form (6), i = 1), 2 € U.

Theorem 3.4. Leté)’;?, Ya €C, re{l,2},j=1m, me N-{0},.Iffj € A

forallj =1,m, m € N — {0}, satisfy

ADTLACE

(D fiz")2r =ty 3. % o
; ]
j=1

ae{1,2}

where DK1K2\12f](Zn) = (D)), fi(z")" and D;’q")if](z”) = (DY), fi(z") , z e U,
z € U, DY, fi(z") is of form (6), then I;’(z) is uniformly p-valent close-to-convex in

—_

Re |1+ (zel), (22)

3

Proof. From (16), (22) and applying Lemma 2.4 to an integral operator of order % ,
we get that Ig(z) € UC,(B) .

Lettingj=p =1, 6; =46' € C, & = ¢6* € Cand D}, fi(z") = D}, f(z")
in Theorem 3.4, we have the result below.
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Corollary 3.8. If f € A, a € {1,2}, satisfies the following condition

2[(Dy7, f(Z”))z%_l]"] 1
Re |1+ 2 <pt———— (zel),

[(DM,Azf( ")) 3- Y 6@

ae{1,2}
1
z 50 B
then { Bl TII [(DK;‘ o f (¢ ))2%_1} dt} is uniformly close-to-convex in U , for

0 ac{1,2}

any 11, 12 € C, DKK;\lzf( ") = (D35, f(2")" and DY f(z") = (D35, f(2"))
where D", f(2") is of form (6), (j = 1),z € U.

Moreover, if we take 6] = 62 = § € C in Corollary 3.8, we have the following
result:
Corollary 3.9. If f € A, 6 € C, a € {1,2}, satisfies the condition
Z[(DK;K’)?Zf(Z”))Z%_l]"

YD ey

Re

1
]<P+3—5 (ZEU),

z 5 B
then {[3 i {Fllz} [(DS’J{Z f(t ))2%—1] dt} is uniformly close-to-convex in U, for
0 ac

any 71, 12 € C, DY f(2") = (DS, f(2"))" and D2 f(2") = (D5, f(z")),
D"\ f(z") isof form (6), (j=1),z € U.

Theorem 3.5. Let (5;?, Yo € C,a € {1,2},j = 1,m. Iffi € Ap, forall j =
1,m, m € N — {0}, satisfy

2[(D fi(z")) 2 1) 3p+ 4
Re |1 122 - u, 23
‘T (DX, fi(2) 27 1] oF 4y 51 eeh @
ae{:1T2}
then
z[I(2)]" _ /p
ReJ ) > 5 (zel),

where DY fi(2") = (D5, fi(=)" and DYS2F(") = (D% )2 € U,
D"\, fi(z") is of form (6),z € U.

Proof. From (16) and (23) we get that

z[15(2)]" m o 3p+4 p
Re<1+ B@T >pl1- 21 o7 | + 21 5; BT =51
= ] 4 Yy 4
ac{1,2} ac{1,2} j=1
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We apply Lemma 2.5 and we obtain that

I3 !
Z[Ig((j))] > ? (zel).

Lettingj=p =1, 6; =46' € C, & = ¢6* € Cand D}, fi(z") = D}, f(z")
in Theorem 3.5, we have the following corollary.

Corollary 3.10. If f € A, a € {1,2}, satisfies the following condition

(DY F(2)2e )

3
Re |1+ > (zel),
[(DK;’ffzf(z”))zw—l]’] b g Y
ace{1,2}
then
z[R(z)] 1
Re B(2) >3 (zel),

Moreover, if we consider that (5% = (5% = ¢ € Cin Corollary 3.10, we obtain the
next result.

Corollary 3.11. If f € A, 6 € C, a € {1,2}, satisfies the condition

Z[(DVEA £(z1))27a—11/
Re |1+ [(Dl’/l\j(’,il\zrf( n ))2'70—1]/ ] > _Lm (Z < U),
(DY, f(z")) ] 4. Yy ¢
ace{1,2}
then
zZ[B(z)]) 1

Furthermore, if we take 6 = 1 in Corollary 3.11, we have the following result:

Corollary 3.12. If f € A, 6 € C, a € {1,2}, satisfies the condition

2[(Dy F) )

3
Re 1+ (DY f(z"))?ra=1] ] -7y (zel),
then
z[I3(z)]
Re [Ilé((z))] >% (zel),

Remz'arlf 3.4. The sufficient conditions for the operator If; (z) of form (12) can be obtained
in a similar way.
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Strong starlikness of the integral operator I;’(z)

Theorem 3.6. Let 5;?,% € C,a € {1,2},j = Lm. If fj € Ap, for all
j=1,m, me N — {0}, satisfy

ADVLAC

Re |1+ _ S S
ORfE T | 7P

zel), (29

then Ig is strongly starlike of order v (0 < v < 1) in U, where DKlKAlzfj(z”) =

(DY, fi(z")" and Dgf;jfzfj(z") = (D" fi(z"), z € U,z € U, D}¥, fi(z")
is of form (6).

Proof. We apply Lemma 2.6 twice and use the inequality (16), which follows that
[ is strongly starlike of order ¢ (0 <y < 1)inU.

Lettingj = p =1, 6] = 6" € C, 6 = 6> € Cand D", fi(z") = D", (")
in Theorem 3.6, we obtain the next result.

Corollary 3.13. If f € A, a € {1,2}, satisfies the condition

2[(DIE () ) )
Re 1+ n%éuz >1—# ZGU,
(D78 Fz) ] , & . W
ae{1,2}

>l

4 of
then {/3 [ 11 [(D;’l'l"’)fzf(t”))zw_l] dt} is strongly starlike of order v (0 < ¢ <
0 ac{1,2} ’

1) in U, where D f(") = (D3, f(="))' and DY FG) = (D3, f(")',
Dy, fi(2") ds of form (6), z € U..

Moreover, if we take 8] = 62 = § € C in Corollary 3.13, we have the following
result:

Corollary 3.14. If f € A, 6 € C, a € {1,2}, satisfies the condition

z[(DK;’ffJ(z”))Z%—l]"] 7

B R D) R R

20

=

z - 5

then {ﬁ [ TI (DK;Kfzf(tn))ma—l] dt} is strongly starlike of order v (0 < v <
0 ac{12} * ’

1) in U, where DK’le'Zf(z”) = (Dy5,, f(z"), D;’\;K’Alzf(z”) = (DY, f(zM),

D"\, fj(z") is of form (6), z € U.

Remark 3.5. The strongly starlikness condition for the integral operator If;(z) of form
(12) can be obtained in a similar way.
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Example 3.1. Let = 0 in fo(z) of form (4) or (5), where n = 1. So, we have that
DVf(z) = f(z), YA > 0,f(z) € A,. We will use this form of the integral operator,
where the function f is of form (1) with respect to the integral operator (12). For further
simplification, we consider that y1 = v, =1,and 6 =1

If x =1, 25].:0, Vi = 1,m, m € N — {0} and we consider 52 = uj,

- &j
Vji=1,m, m € N — {0}, we obtain the operator G,(z) = Ofptp 1 H (pﬂf )1) dt,

which is already studied in [7].

Remark 3.6. There are other integral operators of p-valent functions in literature (e.g.
see[4], [9], [12]) for whom the sufficient conditions of p-valently starlikeness, p-valently
close-to-convexness, uniformly p-valent close-to-convexness and strongly starlikeness of
order T (0 < T < 1) in U (open unit disk) is covered by our present work.
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