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Abstract

We establish the existence of local solutions for the Cauchy problem for
one-dimensional p-Laplacian equation with a concentrated nonlinear source.

1 Introduction

Consider the Cauchy problem for one-dimensional p-Laplacian with a concen-
trated nonlinear source

∂u

∂t
− D(|Du|p−2Du) = δ(x) f (u), (x, t) ∈ QT, (1.1)

u(x, 0) = u0(x), x ∈ R, (1.2)

where δ(x) is the Dirac measure, p > 2, D =
∂

∂x
, QT = R × (0, T).

During the past years, there are rich references concerning the partial differ-
ential equations with measure data as the sources, see for example [1]–[5]. In
particular, the problems with the source of the form δ(x) f (u) have been consid-
ered by some authors in recent years, see for instance [6]–[10]. If p = 2, Olmstead
and Roberts [6] studied the initial boundary value problem, which is motivated
by the model that a combustible medium be ignited by using a heated wire or
a pair of small electrodes to supply a large amount of energy to a very confined
area. The authors discussed a possible blow-up solution of the problem by using
Green’s function and analyzing its corresponding nonlinear Volterra equation of
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the second kind at the site of the concentrated source. For the porous medium
equation with this kind of source, Yin et al [10] studied the existence of general-
ized solutions for the Cauchy problem based on some a priori estimates on solu-
tions. When the nonlinear source term in Eq. (1.1) is replaced by Dirac measure
δ(x), the existence of generalized solutions was obtained by Li et al [11] for p > 2;
while when the nonlinear source term is replaced by a bounded Borel measure,
in [12] the authors considered the existence of solutions and gave summability
results for the gradients of solutions for the case p > 1. And also there are a
large amount of papers devoted to this type of degenerate parabolic problems
when the nonlinear source is of the form f (u), such as [13], in which the authors
studied the local existence of solutions by the regularized methods.

The purpose of this paper is to investigate the local existence of generalized
solutions for the problem (1.1)–(1.2). Due to the degeneracy, we have to consider
solutions in some weak sense, namely

Definition 1.1. A nonnegative function u : QT → [0,+∞) is called a generalized
solution of the problem (1.1)–(1.2) in QT, if u ∈ C

(

(R\{0}) × (0, T)
)

∩

L∞
(

0, T; L∞

loc(R)
)

∩ BVx(QT), and u satisfies

∫

R

u0(x)ϕ(x, 0)dx +
∫∫

QT

(

uϕt − |Du|p−2DuDϕ
)

dxdt

+
∫ T

0

1

2

(

f (ul(0, t)) + f (ur(0, t))
)

ϕ(0, t)dt = 0,

for any ϕ ∈ C∞(QT), which vanishes for large |x| and t = T, where BVx(QT) is a
subset of L1

loc(QT), in which the derivatives in x of each function are Radon measures in

QT, for fixed t ∈ (0, T), ul(0, t) and ur(0, t) are the left limit and the right limit of u at
x = 0.

The main result of the paper is the following theorem.

Theorem 1.1. Let f (s) be nonnegative, bounded and continuously differentiable,
and u0(x) be nonnegative and Hölder continuous with compact support. Assume that
u0(x) ∈ W1,p(R). Then there exists a finite T∗

> 0, such that the Cauchy problem
(1.1)–(1.2) admits a generalized solution in QT∗ .

Since p > 2, the appearance of the diffusion term makes the theory of Green’s
function used in [6] inapplicable. In addition, by noticing that both δ(x) and
f (u) appear in the source term, some estimates we needed cannot be obtained
by using the methods in [11]–[13]. In our paper, just as done in [10], we should
first make an approximation of the Dirac measure. Owing to the degeneracy of
Eq. (1.1), we should also use parabolic regularization to approach the equation.
Then we establish the existence of local solutions by some suitable estimates on
the approximate solutions.
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2 Proof of the Main Result

In this section, we give the proof of our main result. In order to prove the exis-
tence of generalized solutions, we first consider the following approximate prob-
lem

∂u

∂t
− D

(

(

|Du|2 +
1

n

)(p−2)/2

Du

)

= δε(x) f (u), (x, t) ∈ QR,T, (2.1)

u(x, 0) = u0(x), x ∈ (−R, R), (2.2)

u(±R, t) = 0, t ∈ (0, T), (2.3)

where QR,T = (−R, R)× (0, T), R is a properly large positive constant, and

δε(x) =
1

ε
j(

x

ε
), 0 < ε < 1,

j(x) =







1

A
e1/(|x|2−1), |x| < 1,

0, |x| ≥ 1,

A =
∫ 1

−1
e1/(|x|2−1)dx.

Obviously, we have

∫

R

δε(x)dx = 1, 0 ≤ δε(x) ∈ C∞

0 (R),

suppδε(x) = {x ∈ R, |x| ≤ ε},

and

lim
ε→0+

∫

R

δε(x)φ(x)dx = φ(0), ∀φ ∈ C(R).

By classical theories for parabolic equations, the problem (2.1)–(2.3) admits a
unique nonnegative solution uε,R,n.

Next we make some estimates on uε,R,n.

Lemma 2.1. There exists T′ ∈ [0, T], such that

‖uε,R,n‖L∞(QR,T′ )
≤ C1,

where C1 is a positive constant depending on ε and T′.

Proof. Let w(t) be the solution of the ordinary differential equation

dw

dt
= Mε f (w), (2.4)

w(0) = ‖u0(x)‖L∞(R), (2.5)

where Mε = max
x∈R

δε(x). Then there exists T0 ∈ (0, T) such that the problem (2.4)–

(2.5) has a solution w(t) on [0, T0] and T0 depends only on ‖u0(x)‖L∞(R), see [14].
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Set φ = uε,R,n − w. Then φ satisfies

∂φ

∂t
− D

(

(

|Dφ|2 +
1

n

)(p−2)/2

Dφ

)

=δε(x) f (uε,R,n)− Mε f (w)

≤Mε

(

f (uε,R,n)− f (w)
)

=Mε(uε,R,n − w)
∫ 1

0
f ′
(

θuε,R,n + (1 − θ)w
)

dθ

=MεCε,R,n(x, t)(uε,R,n − w)

=MεCε,R,n(x, t)φ.

Thus φ satisfies

∂φ

∂t
− D

(

(

|Dφ|2 +
1

n

)(p−2)/2

Dφ

)

− MεCε,R,nφ ≤ 0,

and φ(±R, t) ≤ 0 on t ∈ [0, T0], φ(x, 0) ≤ 0 on x ∈ (−R, R). By the maximum
principle, φ ≤ 0 on QR,T0

. Hence, there exists T′ ∈ (0, T0), such that

‖uε,R,n‖L∞(QR,T′)
≤ max

t∈(0,T′)
w(t).

Taking T′ = T0/2 and C1 = w(T′), we obtain

‖uε,R,n‖L∞(QR,T′)
≤ C1.

The proof is complete.

Lemma 2.2. There exists a positive constant C2 depending on ε and T′, such that
∫∫

QR,T′

|Duε,R,n|
pdxdt ≤ C2.

Proof. Multiplying (2.1) by uε,R,n, and integrating it over QR,T′ , we get

1

2

∫ R

−R
u2

ε,R,n(x, T′)dx −
1

2

∫ R

−R
u0(x)dx

+
∫∫

QR,T′

(

|Duε,R,n|
2 +

1

n

)(p−2)/2

|Duε,R,n|
2dxdt

=
∫∫

QR,T′

δε(x) f (uε,R,n)uε,R,ndxdt.

By virtue of Lemma 2.1, we further obtain
∫∫

QR,T′

|Duε,R,n|
pdxdt

≤
∫∫

QR,T′

(

|Duε,R,n|
2 +

1

n

)(p−2)/2

|Duε,R,n|
2dxdt

≤
1

2

∫ R

−R
u0(x)dx −

1

2

∫ R

−R
u2

ε,R,n(x, T′)dx

+ C1

∫∫

QR,T′

δε(x) f (uε,R,n)dxdt.
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According to the assumption on f and u0, there exists a positive constant C2, such
that

∫∫

QR,T′

|Duε,R,n|
pdxdt ≤ C2.

The proof is complete.

Lemma 2.3. There exists a positive constant C3 depending on ε and T′, such that

∫∫

QR,T′

∣

∣

∣

∣

∂uε,R,n

∂t

∣

∣

∣

∣

2

dxdt ≤ C3.

Proof. Multiplying (2.1) by
∂uε,R,n

∂t
and integrating on QR,T′ , we have

∫∫

QR,T′

∣

∣

∣

∣

∂uε,R,n

∂t

∣

∣

∣

∣

2

dxdt

+
∫∫

QR,T′

(

|Duε,R,n|
2 +

1

n

)(p−2)/2

Duε,R,nD

(

∂uε,R,n

∂t

)

dxdt

=
∫∫

QR,T′

δε(x) f (uε,R,n)
∂uε,R,n

∂t
dxdt.

Since

∫∫

QR,T′

(

|Duε,R,n|
2 +

1

n

)(p−2)/2

Duε,R,nD

(

∂uε,R,n

∂t

)

dxdt

=
1

2

∫ R

−R

∫ T′

0

∂

∂t

(

∫ |Duε,R,n|
2

0

(

s +
1

n

)(p−2)/2

ds

)

dtdx

=
1

2

∫ R

−R

(

∫ |Duε,R,n(x,T′)|2

0

(

s +
1

n

)(p−2)/2

ds

)

dx

−
1

2

∫ R

−R

(

∫ |Du0(x)|
2

0

(

s +
1

n

)(p−2)/2

ds

)

dx

=
1

p

∫ R

−R

(

|Duε,R,n(x, T′)|2 +
1

n

)p/2

dx

−
1

p

∫ R

−R

(

|Du0(x)|
2 +

1

n

)p/2

dx,

and

∫∫

QR,T′

δε(x) f (uε,R,n)
∂uε,R,n

∂t
dxdt

≤Cε

∫∫

QR,T′

∣

∣ f (uε,R,n)
∣

∣

2
dxdt +

1

2

∫∫

QR,T′

∣

∣

∣

∣

∂uε,R,n

∂t

∣

∣

∣

∣

2

dxdt,
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it follows that

∫∫

QR,T′

∣

∣

∣

∣

∂uε,R,n

∂t

∣

∣

∣

∣

2

dxdt

≤
2

p

∫ R

−R

(

|Du0(x)|
2 +

1

n

)p/2

dx + 2Cε

∫∫

QR,T′

∣

∣ f (uε,R,n)
∣

∣

2
dxdt.

According to Lemma 2.1–2.2, there exists a positive constant C3, such that

∫∫

QR,T′

∣

∣

∣

∣

∂uε,R,n

∂t

∣

∣

∣

∣

2

dxdt ≤ C3.

The proof is complete.

Utilizing the results in [15], we can easily obtain the uniform Hölder norm
estimates on uε,R,n. From Lemma 2.1–2.3, we conclude that there exists a subse-
quence of uε,R,n, denoted by uε,R,n itself, and a function uε,R in QR,T′ , such that

uε,R,n → uε,R, a.e. in QR,T′ ,

∂uε,R,n

∂t
⇀

∂uε,R

∂t
, in L2(QR,T′),

(

|Duε,R,n|
2 +

1

n

)(p−2)/2

Duε,R,n ⇀ ζ, in Lp/(p−1)(QR,T′).

Using the methods in [16], we can get
∫∫

QR,T′

|Duε,R|
p−2Duε,RDϕdxdt =

∫∫

QR,T′

ζDϕdxdt,

where ϕ ∈ C∞(QR,T′), which vanishes for t = T′, x = ±R.
Consider the following problem

∂uε

∂t
− D

(

|Duε|
p−2Duε

)

= δε(x) f (uε(x, t)), (x, t) ∈ QR,T′ , (2.6)

uε(x, 0) = u0(x), x ∈ (−R, R), (2.7)

uε(±R, t) = 0, t ∈ (0, T′). (2.8)

Due to the degeneracy of Eq. (2.6), we should give the definition of generalized
solutions of the problem (2.6)–(2.8).

Definition 2.1. A nonnegative function uε : QR,T′ → [0,+∞) is called a general-
ized solution of problem (2.6)–(2.8) on QR,T′ , if uε ∈ C(0, T′; L∞(−R, R)) ∩ Lp(0, T′;

W
1,p
0 (−R, R)),

∂uε

∂t
∈ L2(0, T′; L2(−R, R)), and for all 0 < t1 < t2 < T′, uε satisfies

∫ R

−R
uε(x, t2)ϕ(x, t2)dx −

∫ R

−R
uε(x, t1)ϕ(x, t1)dx =

∫ t2

t1

∫ R

−R
uε ϕtdxdt

−
∫ t2

t1

∫ R

−R
|Duε|

p−2DuεDϕdxdt +
∫ t2

t1

∫ R

−R
δε(x) f (uε(x, t))ϕ(x, t)dxdt, (2.9)
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and

lim
t→0+

∫ R

−R
uε(x, t)ψ(x)dx =

∫ R

−R
u0(x)ψ(x)dx, (2.10)

where ϕ ∈ C∞(QR,T′), which vanishes for t = T′, x = ±R, and ψ(x) ∈ C∞

0 (−R, R).

Similarly, to define a lower(super) solution u ε(x, t)(uε(x, t)), we need only to
ask ϕ(x, t) ≥ 0, ψ(x) ≥ 0, u ε(±R, t) ≤ 0(uε(±R, t) ≥ 0) in (0, T′) and the equality
in (2.9) and (2.10) is replaced by ≤ (≥).

Utilizing the methods in [15], we can derive the following result.

Lemma 2.4. Suppose that u ε and uε are lower and super solutions of (2.6)–(2.8)
respectively, then u ε ≤ uε a.e. in QR,T′ .

By using a standard limiting process and Lemma 2.4, it is easy to see that uε,R

is a unique generalized solution of the problem (2.6)–(2.8).

Lemma 2.5. There exist positive constants λ1 and λ2 depending on R, such that

uε,R(x, t) ≤ λ1 −
∫ x

−R

(

λ2

∫

R

H(s − y)δε(y)dy

)1/(p−1)

ds, ∀(x, t) ∈ QR,T′ ,

where H(x) is the Heaviside function.

Proof. Let

uε,R(x, t) = λ1 −
∫ x

−R

(

λ2

∫

R

H(s − y)δε(y)dy

)1/(p−1)

ds, (x, t) ∈ QR,T′ ,

where λ1 and λ2 are two positive constants to be determined. Then

∫ t2

t1

∫ R

−R

∂uε,R

∂t
ϕdxdt −

∫ t2

t1

∫ R

−R
D
(

|Duε,R|
p−2Duε,R

)

ϕdxdt =
∫ t2

t1

∫ R

−R
λ2δε(x)ϕdxdt,

where 0 < t1 < t2 < T′, ϕ(x, t) ≥ 0, ϕ ∈ C∞(QR,T′), which vanishes for
t = T′, x = ±R.

It is easy to see that

∫ x

−R

(

λ2

∫

R

H(s − y)δε(y)dy

)1/(p−1)

ds = 0, for x ≤ −ε,

and for x > −ε, we have

∫ x

−R

(

λ2

∫

R

H(s − y)δε(y)dy

)1/(p−1)

ds

=
∫ x

−ε

(

λ2

∫

R

H(s − y)δε(y)dy

)1/(p−1)

ds

≤
∫ x

−ε

(

λ2

∫

R

δε(y)dy

)1/(p−1)

ds

≤ λ
1/(p−1)
2 (|x|+ 1).
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According to the assumption on f , there exists a positive constant M0, such that

f (s) ≤ M0, ∀s ∈ R.

Choosing a positive constant λ2 ≥ M0 and λ1 − λ
1/(p−1)
2 (R + 1) ≥ ‖u0(x)‖L∞(R).

Thus we can obtain

∫ t2

t1

∫ R

−R
λ2δε(x)ϕdxdt ≥

∫ t2

t1

∫ R

−R
δε(x) f (uε,R)ϕdxdt,

∀(x, t) ∈ (−R, R) × (t1, t2).

Noticing that

u0(x) ≤ ‖u0(x)‖L∞(R) ≤ λ1 − λ
1/(p−1)
2 (R + 1) ≤ uε,R(x, 0), ∀x ∈ (−R, R),

and

uε,R(±R, t) ≥ 0, ∀t ∈ (0, T′),

thus uε,R is a super solution of the problem (2.6)–(2.8). By Lemma 2.4, we get

uε,R(x, t) ≤ λ1 −
∫ x

−R

(

λ2

∫

R

H(s − y)δε(y)dy

)1/(p−1)

ds, ∀(x, t) ∈ QR,T′ .

The proof is complete.

Now, we prove the property of finite propagation of disturbances of uε,R.

Lemma 2.6. Let suppu0 ⊂ I, r1 < 0 < r2, where I = [r1, r2] ⊂ (−R, R) is a closed
set in R. Then there exists 0 < T∗

< T′, such that

supp uε,R(·, t) ⊂ [R1, R2], a.e. t ∈ (0, T∗),

where

R1 = r1 − C4T∗µ, R2 = r2 + C5T∗µ,

with the positive constants C4, C5, µ depending on p and R.

Proof. Set

gm(y) =
∫∫

QR,t

(x − y)m
+|Duε,R|

pdxdτ, m = 1, 2, · · · , y ≥ r2, 0 < t ≤ T′.

Using the techniques in [11], we can obtain

g′1(y) ≤ −Ct−λ/(θ+1)[g1(y)]
1/(θ+1) ,

where

λ =
1 − a

σ(2p + 1)
, θ =

pγ

σ(2p + 1)2
−

1

2p + 1
,
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with the positive constants

a =

1

2
+

1

p + 2
−

1

p
1

2
+

2

p + 2
−

1

p

, σ = 1 −
p + 1

2p + 1
γ, γ = a + (1 − a)

p

2
.

If g1(r2) = 0, then Duε,R(x, t) = 0 for x ∈ [r2, R], and hence from the boundary
value condition, we see that uε,R(x, t) = 0 for x ∈ [r2, R], i.e., supp uε,R(·, t) ⊂
[−R, r2]. If g1(r2) 6= 0, then there exists an interval (r2, R∗), such that g1(y) > 0 in
(r2, R∗), but g1(R

∗) = 0. Therefore, for y ∈ (r2, R∗), we have

(

g1(y)
θ/(θ+1)

)′
=

θ

θ + 1

g′1(y)

g1(y)1/(θ+1)
≤ −Ct−λ/(θ+1).

Integrating the above inequality on (r2, R∗), we obtain

g1(R
∗)θ/(θ+1) − g1(r2)

θ/(θ+1) ≤ −Ct−λ/(θ+1)(R∗ − r2).

Therefore
R∗ ≤ r2 + Ctλ/(θ+1)g1(r2)

θ/(θ+1).

According to Lemma 2.2, we have

∫∫

QR,t

|Duε,R,n|
pdxdt ≤

1

2

∫ R

−R
u0(x)dx +

∫∫

QR,t

δε(x) f (uε,R,n)uε,R,ndxdt.

Letting n → ∞ and using Lemma 2.5, we further obtain
∫∫

QR,t

|Duε,R|
pdxdt

≤
1

2

∫ R

−R
u0(x)dx +

∫∫

QR,t

δε(x) f (uε,R)uε,Rdxdt

≤
1

2

∫ R

−R
u0(x)dx + λ1M0

∫∫

QR,t

δε(x)dxdt

≤ M1 + M2t,

which implies that

g1(r2) =
∫∫

QR,t

(x − r2)+|Duε,R|
pdxdτ ≤ (R − r2)(M1 + M2t),

and hence
R∗ ≤ r2 + (M3 + M4t)tλ/(θ+1).

Obviously, there exists 0 < T∗
1 < T′, such that

r2 + (M3 + M4T∗
1 )T

∗λ/(θ+1)
1 = r2 + C5T

∗µ
1 < R,

which implies

supp uε,R(·, t) ⊂ [−R, r2 + C5T
∗µ
1 ], a.e. t ∈ (0, T∗

1 ).
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Similarly, there exists 0 < T∗
2 < T′, such that

supp uε,R(·, t) ⊂ [r1 − C4T
∗µ
2 , R], a.e. t ∈ (0, T∗

2 ).

Taking T∗ = min{T∗
1 , T∗

2 }, we obtain

supp uε,R(·, t) ⊂ [r1 − C4T∗µ, r2 + C5T∗µ] = [R1, R2], a.e. t ∈ (0, T∗).

The proof is complete.

Considering the Cauchy problem

∂uε

∂t
− D

(

|Duε|
p−2Duε

)

= δε(x) f (uε(x, t)), (x, t) ∈ QT∗ , (2.11)

uε(x, 0) = u0(x), x ∈ R, (2.12)

we can also give the definition of generalized solution of the problem (2.11)–
(2.12).

Definition 2.2. A nonnegative function uε : QT∗ → [0,+∞) is called a general-
ized solution of the problem (2.11)–(2.12) in QT∗ , if uε ∈ C(0, T∗; L∞(R)) ∩ Lp(0, T∗;

W1,p(R)),
∂uε

∂t
∈ L2(0, T∗; L2(R)), and uε satisfies

∫

R

u0(x)ϕ(x, 0)dx+
∫∫

QT∗

(

uε ϕt − |Duε|
p−2DuεDϕ

)

dxdt

+
∫∫

QT∗

δε(x) f (uε(x, t))ϕ(x, t)dxdt = 0,

for any ϕ ∈ C∞(QT∗), which vanishes for large |x| and t = T∗.

Let

uε(x, t) =

{

uε,R(x, t), x ∈ [−R, R],

0, x ∈ R\[−R, R].

Then by Lemma 2.6, we can see that uε(x, t) is a generalized solution of problem
(2.11)–(2.12) on QT∗ .

We want to use Moser iteration to estimate the local boundedness on uε. Firstly,
we need the following result.

Lemma 2.7. Let x0 6= 0, (x0 − 2ρ, x0 + 2ρ) ⊂ R\(−ε, ε). For any β > 0, it has

∫ T∗

0

∫ x0+ρ

x0−ρ
u

β+2(p−1)
ε dxdt ≤ C6,

where C6 is a positive constant depending on β, p, ρ, T∗ and ‖u0(x)‖L∞(R).

Proof. Let η(x) ∈ C∞

0 (R), and

0 ≤ η(x) ≤ 1; η(x) = 1, ∀x ∈ (x0 − ρ, x0 + ρ);

η(x) = 0, ∀x ∈ R\(x0 − 2ρ, x0 + 2ρ); |η′(x)| ≤
C

ρ
.
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Multiplying (2.1) by ϕ = η2qu
β
ε and integrating on (x0 − 2ρ, x0 + 2ρ)× (0, t), it is

easy to obtain

∫ t

0

∫ x0+2ρ

x0−2ρ

∂uε

∂σ

(

η2qu
β
ε

)

dxdσ +
∫ t

0

∫ x0+2ρ

x0−2ρ
|Duε|

p−2DuεD
(

η2qu
β
ε

)

dxdσ = 0,

where 0 < t ≤ T∗, q > p/2 is a constant to be determined. Then

∫ x0+2ρ

x0−2ρ

1

β + 1
η2qu

β+1
ε dx +

∫ t

0

∫ x0+2ρ

x0−2ρ
βη2qu

β−1
ε |Duε|

pdxdσ

≤C
∫ T∗

0

∫ x0+2ρ

x0−2ρ
ηq
∣

∣(ηq)′
∣

∣ · u
β
ε · |Duε|

p−1dxdt +
∫ x0+2ρ

x0−2ρ

1

β + 1
η2q
(

u0(x)
)β+1

dx.

Taking the supremum with respect to t and utilizing Young’s inequality, we have

sup
t∈(0,T∗)

∫ x0+2ρ

x0−2ρ

1

β + 1
η2qu

β+1
ε dx +

∫ T∗

0

∫ x0+2ρ

x0−2ρ
βη2qu

β−1
ε |Duε|

pdxdt

≤C
∫ T∗

0

∫ x0+2ρ

x0−2ρ
ηq
∣

∣(ηq)′
∣

∣ · u
β
ε · |Duε|

p−1dxdt + M5

≤C
∫ T∗

0

∫ x0+2ρ

x0−2ρ
η2q−p|η′|pu

β+p−1
ε dxdt +

β

2

∫ T∗

0

∫ x0+2ρ

x0−2ρ
η2qu

β−1
ε |Duε|

pdxdt + M5,

where M5 is a positive constant depending on β, ρ and ‖u0(x)‖L∞(R). Hence

sup
t∈(0,T∗)

∫ x0+2ρ

x0−2ρ
η2qu

β+1
ε dx +

∫ T∗

0

∫ x0+2ρ

x0−2ρ
η2qu

β−1
ε |Duε|

pdxdt

≤C
∫ T∗

0

∫ x0+2ρ

x0−2ρ
η2q−p|η′|pu

β+p−1
ε dxdt + M6. (2.13)

For any t ∈ (0, T∗), using Hölder’s inequality and Lemma 2.5, we have

∫ x0+2ρ

x0−2ρ
η2qu

β+2(p−1)
ε dx

≤

(

∫ x0+2ρ

x0−2ρ
u

p
ε dx

)(p−1)/p (∫ x0+2ρ

x0−2ρ

(

η2qu
β+p−1
ε

)p
dx

)1/p

≤C

(

∫ x0+2ρ

x0−2ρ

(

η2q/pu
(β+p−1)/p
ε

)p2

dx

)
1
p

≤C
(

sup
x∈(x0−2ρ,x0+2ρ)

(

η2q/pu
(β+p−1)/p
ε

)

)p
.

Utilizing the embedding theorem, it has

sup
x∈(x0−2ρ,x0+2ρ)

(

η2q/pu
(β+p−1)/p
ε

)

≤ C

(

∫ x0+2ρ

x0−2ρ

∣

∣

∣
D
(

η2q/pu
(β+p−1)/p
ε

)

∣

∣

∣

p
dx

)1/p

.
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Thus
∫ x0+2ρ

x0−2ρ
η2qu

β+2(p−1)
ε dx ≤ C

∫ x0+2ρ

x0−2ρ

∣

∣

∣
D
(

η2q/pu
(β+p−1)/p
ε

)

∣

∣

∣

p
dx.

Integrating the above inequality with respect to t on (0, T∗), and utilizing (2.13),
we have

∫ T∗

0

∫ x0+2ρ

x0−2ρ
η2qu

β+2(p−1)
ε dxdt

≤C
∫ T∗

0

∫ x0+2ρ

x0−2ρ

(

η2qu
β−1
ε |Duε|

p + η2q−p|η′|pu
β+p−1
ε

)

dxdt

≤C
∫ T∗

0

∫ x0+2ρ

x0−2ρ
η2q−p|η′|pu

β+p−1
ε dxdt + M7.

Applying Young’s inequality, it follows that

C
∫ T∗

0

∫ x0+2ρ

x0−2ρ
η2q−p|η′|pu

β+p−1
ε dxdt

≤
1

2

∫ T∗

0

∫ x0+2ρ

x0−2ρ
η
(2q−p)

β+2(p−1)
β+p−1 u

β+2(p−1)
ε dxdt + C

∫ T∗

0

∫ x0+2ρ

x0−2ρ
|η′|

p·
β+2(p−1)

p−1 dxdt.

Let (2q − p)
β + 2(p − 1)

β + p − 1
= 2q. Then q =

p
[

β + 2(p − 1)
]

2(p − 1)
>

p

2
. Hence, there

exists a positive constant C6, such that

∫ T∗

0

∫ x0+2ρ

x0−2ρ
η2qu

β+2(p−1)
ε dxdt ≤ C6.

Therefore
∫ T∗

0

∫ x0+ρ

x0−ρ
u

β+2(p−1)
ε dxdt ≤ C6.

The proof is complete.

Next, we consider the local boundedness of uε by using the technique of
Moser’s iteration.

Lemma 2.8. For 0 < τ < 1, there exists a positive constant Cτ depending on
τ, p, ρ, T∗ and ‖u0(x)‖L∞(R), such that

uε(x, t) ≤ Cτ, ∀(x, t) ∈ Qτρ,

where Qρ = Qρ(x0, t0) = (x0 − ρ, x0 + ρ) × (t0 − ρp, t0 + ρp), 0 < t0 < T∗, and
(t0 − ρp, t0 + ρp) ⊂ (0, T∗).

Proof. For any τρ ≤ h < h′ ≤ ρ, take η(x) ∈ C∞

0 (R), and

0 ≤ η(x) ≤ 1; η(x) = 1, ∀x ∈ (x0 − h, x0 + h);

η(x) = 0, ∀x ∈ R\(x0 − h′, x0 + h′);
∣

∣η′(x)
∣

∣ ≤
C

h′ − h
.
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And for any s ∈ (t0 − hp, t0 + hp), we choose a function ξ(t) ∈ C∞(−∞, s], such
that

ξ(t) = 1, ∀t ∈ [t0 − hp, s]; ξ(t) = 0, ∀t ∈ (−∞, t0 − h′
p
];

0 ≤ ξ(t) ≤ 1, 0 ≤ ξ′(t) ≤
C

(h′ − h)p , ∀t ≤ s;

and extend it to be zero for t > s. Let vε(x, t) = max{uε(x, t), 1}. Multiplying
(2.11) by ϕ = ξ2ηpv

γ
ε and integrating on Qρ, we can obtain

∫∫

Qρ

∂vε

∂t

(

ξ2ηpv
γ
ε

)

dxdt +
∫∫

Qρ

|Dvε|
p−2DvεD(ξ2ηpv

γ
ε )dxdt = 0.

Thus

1

γ + 1

∫∫

Qs
h′

∂

∂t

(

ξ2ηpv
γ+1
ε

)

dxdt −
2

γ + 1

∫∫

Qs
h′

ξξ′ηpv
γ+1
ε dxdt

+ γ
∫∫

Qs
h′

ξ2ηpv
γ−1
ε |Dvε|

pdxdt + p
∫∫

Qs
h′

ξ2ηp−1η′v
γ
ε |Dvε|

p−2Dvεdxdt = 0,

where Qs
h′ = (x0 − h′, x0 + h′)× (t0 − h′

p
, s).

Note that for t = t0 − h′
2
, it has ξ(t) = 0. Hence

∫∫

Qs
h′

∂

∂t

(

ξ2ηpv
γ+1
ε

)

dxdt =
∫ x0+h′

x0−h′
ξ2ηpv

γ+1
ε

∣

∣

∣

∣

t=s

dx.

Using Young’s inequality, we have

p
∫∫

Qs
h′

ξ2ηp−1η′v
γ
ε |Dvε|

p−2Dvεdxdt

≤
1

2

∫∫

Qs
h′

ξ2ηpv
γ−1
ε |Dvε|

pdxdt + C
∫∫

Qs
h′

ξ2|η′|pv
γ+p−1
ε dxdt.

Therefore

1

γ + 1

∫ x0+h′

x0−h′
ξ2ηpv

γ+1
ε

∣

∣

∣

∣

t=s

dx + γ
∫∫

Qs
h′

ξ2ηpv
γ−1
ε |Dvε|

pdxdt

≤
1

2

∫∫

Qs
h′

ξ2ηpv
γ−1
ε |Dvε|

pdxdt + C
∫∫

Qs
h′

ξ2|η′|pv
γ+p−1
ε dxdt

+
2

γ + 1

∫∫

Qs
h′

ξξ′ηpv
γ+1
ε dxdt,

it follows that

sup
t∈(t0−hp,t0+hp)

∫ x0+h′

x0−h′
ηpv

γ+1
ε dx +

∫ t0+hp

t0−hp

∫ x0+h′

x0−h′
ηpv

γ−1
ε |Dvε|

pdxdt

≤
C

(h′ − h)p

∫∫

Qh′

v
γ+p−1
ε dxdt. (2.14)
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Let χ(t) be the characteristic function of the interval [t0 − hp, t0 + hp]. Utilizing
the embedding theorem, we have

(

1

ρp+1

∫∫

Qρ

∣

∣

∣
χ(t)ηp/2v

(γ+1)/2
ε

∣

∣

∣

2q
dxdt

)1/q

≤
C

ρ

(

sup
t0−ρp≤t≤t0+ρp

∫ x0+ρ

x0−ρ

∣

∣

∣
χ(t)ηp/2v

(γ+1)/2
ε

∣

∣

∣

2
dx +

∫∫

Qρ

∣

∣

∣
χ(t)D

(

ηp/2v
(γ+1)/2
ε

)

∣

∣

∣

2
dxdt

)

≤
C

ρ

(

sup
t0−hp≤t≤t0+hp

∫ x0+h′

x0−h′
ηpv

γ+1
ε dx

+
∫ t0+hp

t0−hp

∫ x0+h′

x0−h′

∣

∣

∣
ηp/2D

(

v
(γ+1)/2
ε

)

+
p

2
η(p−2)/2η′v

(γ+1)/2
ε

∣

∣

∣

2
dxdt

)

≤
C

ρ

(

sup
t0−hp≤t≤t0+hp

∫ x0+h′

x0−h′
ηpv

γ+1
ε dx +

(γ + 1)2

2

∫ t0+hp

t0−hp

∫ x0+h′

x0−h′
ηpv

γ−1
ε |Dvε|

2dxdt

+
p2

2

∫ t0+hp

t0−hp

∫ x0+h′

x0−h′
ηp−2|η′|2v

γ+1
ε dxdt

)

≤
C

ρ

(

sup
t0−hp≤t≤t0+hp

∫ x0+h′

x0−h′
ηpv

γ+1
ε dx + M8

∫ t0+hp

t0−hp

∫ x0+h′

x0−h′
ηpv

γ−1
ε dxdt

+ M9

∫ t0+hp

t0−hp

∫ x0+h′

x0−h′
ηpv

γ−1
ε |Dvε|

pdxdt

+ M10

∫ t0+hp

t0−hp

∫ x0+h′

x0−h′
ηp−2v

γ+1
ε dxdt

+M11

∫ t0+hp

t0−hp

∫ x0+h′

x0−h′
ηp−2|η′|pv

γ+1
ε dxdt

)

.

Using (2.14), it gives

(

1

ρp+1

∫∫

Qh

∣

∣

∣
v
(γ+1)/2
ε

∣

∣

∣

2q
dxdt

)1/q

≤

(

1

ρp+1

∫∫

Qρ

∣

∣

∣
χ(t)ηp/2v

(γ+1)/2
ε

∣

∣

∣

2q
)1/q

≤
C

ρ(h′ − h)p

∫∫

Qh′

v
γ+p−1
ε dxdt.

In fact, since the dimension is 1, according to the embedding theorem, we have

q =
5

3
. Hence

1

ρp+1

∫∫

Qh

v
5
3 (γ+1)
ε dxdt ≤

[

C

ρ(h′ − h)p

∫∫

Qh′

v
γ+p−1
ε dxdt

]5/3

.
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Let

hk = τρ

(

1 +
1 − τ

τ2k−1

)

, h = hk+1, h′ = hk;

µ =
5

3
, µk = γ −

3

2
p + 4.

Then

1

ρp+1

∫∫

Qhk+1

v
µk+1+ 5

2 (p−2)
ε dxdt ≤

[

C

ρp+1

∫∫

Qhk

v
µk+ 5

2 (p−2)
ε dxdt

]µ

,

namely,

[

1

ρp+1

∫∫

Qhk+1

v
µk+1+ 5

2 (p−2)
ε dxdt

]1/µk+1

≤ C

[

1

ρp+1

∫∫

Qhk

v
µk+ 5

2 (p−2)
ε dxdt

]1/µk

.

Utilizing Moser iteration, we have

sup
Qτρ

vε ≤ C

[

1

ρp+1

∫∫

Qρ

v
µ+ 5

2 (p−2)
ε dxdt

]1/µ

. (2.15)

According to Lemma 2.7 and the definition of vε, for p >
8

3
, we can choose β > 0,

such that

β + 2(p − 1) = µ +
5

2
(p − 2),

namely, β =
1

2
p −

4

3
. Then there exists a constant M12, such that

∫∫

Qρ

v
µ+ 5

2 (p−2)
ε dxdt ≤ M12.

For 2 < p ≤
8

3
and β > 0, it has β + 2(p − 1) > µ +

5

2
(p − 2). Then there exists

a constant M13, such that
∫∫

Qρ

v
µ+ 5

2 (p−2)
ε dxdt ≤ C

∫∫

Qρ

v
β+2(p−1)
ε dxdt ≤ M13.

According to (2.15), there exists a constant Cτ, such that

uε ≤ Cτ, ∀(x, t) ∈ Qτρ.

The proof is complete.

Utilizing the results in [15], we can obtain the Hölder estimate on uε.

Lemma 2.9. For 0 < θ < τ, there exist positive constants λ and σ ∈ (0, 1), such
that
∣

∣uε(x1, t1)− uε(x2, t2)
∣

∣ ≤ C7

(

|x1 − x2|+λ|t1 − t2|
1/p
)σ

, ∀(xi, ti) ∈ Qθρ, i = 1, 2,

where C7 is a positive constant depending on p, θ, τ, ρ, T∗ and Cτ.
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In addition, it is easy to obtain the following estimate.

Lemma 2.10. There exists a positive constant C8 independent of ε, such that
∫∫

Qτρ

|Duε|
pdxdt ≤ C8.

Now, we are in the position to prove the main result.
Proof of Theorem 1.1. According to Lemma 2.8–2.10, there are a subsequence

of {uε} (without loss of generality, we denote it by {uε} itself) and a function u,
such that for any compact set K ⊂ (R\{0})× (0, T∗), we have

uε → u, a.e. in K,
(

|Duε|)
p−2Duε ⇀ ω, in Lp/(p−1)(K),

and we can also prove that the following equality
∫∫

K
|Du|p−2DuDϕdxdt =

∫∫

K
ωDϕdxdt

holds for any ϕ ∈ C∞(QT∗), which vanishes for large |x| and t = T∗.
In addition, according to Lemma 2.5, Lemma 2.8–2.10, we have

u ∈ L∞
(

0, T∗; L∞

loc(R)
)

∩ C
(

(R\{0})× (0, T∗)
)

∩ BVx(QT∗).

Then for almost all t ∈ (0, T∗), ul(0, t) and ur(0, t) both exist.
Now we show that u satisfies the integral equation in Definition 1.1. For any

ϕ(x, t) given as before, we have
∫

R

u0(x)ϕ(x, 0)dx +
∫∫

QT∗

uε ϕtdxdt −
∫∫

QT∗

|Duε|
p−2DuεDϕdxdt

+
∫∫

QT∗

δε(x) f (uε(x, t))ϕ(x, t)dxdt = 0. (2.16)

The second term of (2.16) can be rewritten as

∫∫

QT∗

uε ϕtdxdt =
∫ T∗

0

∫

R\(−τ,τ)
uε ϕtdxdt +

∫ T∗

0

∫ τ

−τ
uε ϕtdxdt, (2.17)

where τ > 0. According to Lemma 2.5, we have

∫ T∗

0

∫ τ

−τ
uε ϕtdxdt ≤

∫ T∗

0

∫ τ

−τ
uε|ϕt|dxdt ≤

∫ T∗

0

∫ τ

−τ
λ1|ϕt|dxdt ≤ Cτλ1T∗.

Thus letting ε → 0+, τ → 0+ in (2.17), we obtain
∫∫

QT∗

uε ϕtdxdt →
∫∫

QT∗

uϕtdxdt.

Similarly, we can prove that

lim
ε→0+

∫∫

QT∗

|Duε|
p−2DuεDϕdxdt =

∫∫

QT∗

|Du|p−2DuDϕdxdt.
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In addition,
∫∫

QT∗

ϕ(x, t)δε(x) f (uε(x, t))dxdt

=
∫ T∗

0

∫ ε

−ε
ϕ(x, t)δε(x) f (uε(x, t))dxdt

=
∫ T∗

0

∫ 0

−ε
ϕ(x, t)δε(x) f (uε(x, t))dxdt +

∫ T∗

0

∫ ε

0
ϕ(x, t)δε(x) f (uε(x, t))dxdt.

Next we show the following equality holds

lim
ε→0+

∫ 0

−ε
ϕ(x, t)δε(x) f (uε(x, t))dx =

1

2
f (ul(0, t))ϕ(0, t), (2.18)

for any t ∈ (0, T∗). In fact,
∣

∣

∣

∣

∫ 0

−ε
δε(x)ϕ(x, t) f (uε(x, t))dx −

1

2
f (ul(0, t))ϕ(0, t)

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ 0

−ε
δε(x)

(

ϕ(x, t) f (uε(x, t))− ϕ(0, t) f (ul(0, t))
)

dx

∣

∣

∣

∣

+

∣

∣

∣

∣

(

∫ 0

−ε
δε(x)dx −

1

2

)

ϕ(0, t) f (ul (0, t))

∣

∣

∣

∣

≤ω(ε)
∫ 0

−ε
δε(x)dx + ϕ(0, t) f (ul (0, t))

∣

∣

∣

∣

∫ 0

−ε
δε(x)dx −

1

2

∣

∣

∣

∣

,

where ω(ε) = sup
−ε≤x≤0

∣

∣ϕ(x, t) f (uε(x, t))− ϕ(0, t) f (ul(0, t))
∣

∣, and

lim
ε→0+

ω(ε) = 0, lim
ε→0+

∫ 0

−ε
δε(x)dx =

1

2
,

we see that (2.18) holds. We can use the similar method to prove that

lim
ε→0+

∫ ε

0
δε(x)ϕ(x, t) f (uε(x, t))dx =

1

2
f (ur(0, t))ϕ(0, t).

Hence we obtain

lim
ε→0+

∫∫

QT∗

ϕ(x, t)δε(x) f (uε(x, t))dxdt

=
∫ T∗

0

1

2

(

f (ul(0, t)) + f (ur(0, t))
)

ϕ(0, t)dt. (2.19)

Thus letting ε → 0+ in (2.16), we get
∫

R

u0(x)ϕ(x, 0)dx +
∫∫

QT∗

(

uϕt − |Du|p−2DuDϕ
)

dxdt

+
∫ T∗

0

1

2

(

f (ul(0, t)) + f (ur(0, t))
)

ϕ(0, t)dt = 0.

The proof of Theorem 1.1 is complete.
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