Sharp Hardy-type inequalities with Lamb’s
constants
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Abstract

Let ) be an n-dimensional convex domain with finite inradius
do = sup,. 0, where § = dist(x,0Q)), and let (p,q) be a pair of positive
numbers. For functions vanishing at the boundary of the domain and any
v € [0, p/q| we prove the following Hardy-type inequality

IVfI2 [l ?»2 |fI?
L5 xSy [ i dx
with two sharp constants
2 _ 2.2
h= % >0 and A:gAV(Zp/q) >0

where z = A, (p) is the Lamb constant defined as the first positive root of
the equation pJ,(z) + 2zJ,(z) = 0 for the Bessel function J,. We prove that
z = Ay(p) as a function in p can be found as the solution of an initial value
problem for the differential equation

dz 2z
dp — p? —4v2 +4z2°

For n = 1 our inequality is an improvement of the original Hardy in-
equality for finite intervals. Forn > 1 and p = q/2 = 1 it gives a new sharp
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form of the Hardy-type inequality due to H. Brezis and M. Marcus. The case
h=0v=1/2,p=1and g = 2 coincides with sharp eigenvalue estimates
due to J. Hersch for n = 2, and L. E. Payne and I. Stakgold for n > 3.

1 Introduction

The aim of this paper is to obtain a new sharp Hardy-type inequality which
constructs a bridge between Hardy-type inequalities of the classical form and
sharp estimates of the first eigenvalue A1 (Q)) of the Laplacian under the Dirichlet
boundary condition for n-dimensional convex domains ().

Let () be an open set in the Euclidean space IR". There are two famous results
on sharp estimates of the first eigenvalue. The first one is the Rayleigh-Faber-
Krahn isoperimetric inequality (see, for instance, C. Bandle [5])

w%,/”

MO) > —2 2
1( ) - (’(JOZ (Q))Q/n]n/Z—l’

where wj, is the volume of the unit ball in R" and j, is the first positive zero of
the Bessel function |, of order v. The second result concerns convex domains of
finite inradius Jy defined as

where
0 = dist(x,0Q)).

Namely, for any n-dimensional convex domain there is the sharp inequality

2

M(Q) = 22(Q)

1)

For n = 1 it follows from the Poincaré estimate A{(Q) > 7%/ (diam (Q)))?, for
n = 2 the inequality (1) is due to J. Hersch [9], for n > 3 it is proved by L. E.
Payne and I. Stakgold [16]. The inequality (1) means that

7T2
2@

VAR = [\, vf € Hy(©), @

where () is an open and convex set in R", the space H}(Q)) is the closure of the
family C}(Q) of smooth functions f : Q — R with finite Dirichlet integral and
supported in (). On the other hand, for n-dimensional convex domains there are
the following Hardy-type inequalities

2
[1viPax = ¢ [ Ul vr e nio), ®
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/|Vf|2dx > [ s o [ e i@, @

It is well known that the constant 1/4 in (3) is sharp for any convex subdomain
of R" although there is no function f # 0, f € H}(Q) for which equality in (3)
is actually attained. The sharpness of 1/4 is proved by Hardy for n = 1 (see [8]
and [12]) and by T. Matskewich and P. E. Sobolevskii [15] and by M. Marcus, V.
J. Mitzel and Y. Pinchover [14] for n > 2. The inequality (4) is due to H. Brezis
and M. Marcus [6] (see also E. B. Davies [7] for inequalities of this type, and M.
Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, and A. Laptev [10] for a generaliza-
tion to convex domains of finite volume).

In [4] we proved a new sharp form of the inequality (4). Namely, for any
convex domain () of finite inradius Jy it was proved that

/nyyde > 1 ﬁdx—k/\—%/ IfI?dx, VYfe H)Q) (5)
0 ~ 4 Ja 62 6% Ja ’ 0=

where Ay = 0.940... is a Lamb constant defined as the first zero in (0, +o0) of the
function Jo(x) — 2xJ1(x), Jo and J; being the Bessel functions of order 0 and 1,
respectively. The inequality (5) is sharp for all dimensions n > 1.

Let Q) be an n-dimensional convex domain. Suppose that p € (0, +o0) and
g € (0, 4+o0). The main aim of this paper is to obtain a new Hardy-type inequality
with two sharp constants i € [0,4+o) and A € [0, +0) such that

VP s [ U gy 2 ) P, ©

0 or—1 O 5p+1 (58 op—aq+1

for all differentiable functions f : (3 — R vanishing at the boundary of the do-
main. More precisely, we will suppose that f belongs to the space H} (Q), §1/277/2)
that is the closure of smooth functions supported in () and having finite integral
Jo IVf261 P dx.

If A = 01in (6) then it is known that the sharp value of & is p?/4 (see [8] for
n=1p>0and Q = (0,+00), the case p = 1 and n > 1 corresponds to the
inequality (3), for p > 0 and n > 2 it is proved in [2] and [3]). Consequently, in
the general case we have to consider / such that

0<h<p?/4

We will use the term “extremal domain ()y” for an inequality (6) with two sharp
constants i € [0, +00) and A € [0, +0) in the usual sense: For any ¢ > 0 there exist
functions f. € H}(Q, 6Y/27P/2) and g, € HY(Q, 6Y/27P/2) such that

2 2 2 2
/ Ve dx < (h+e) fe dx—l—/\— el
0

, 0Pt 0, 6PF1 (Sg 0, OP—a+1
and ) ) )
0, 6r1 5P+1 68 Ja, opatl



726 E G. Avkhadiev — K.-J. Wirths

2 Main results

We will fix h > 0 and consider A as the constant best possible in (6) for the set of
all n-dimensional convex domains with fixed inradius Jy. It will be shown that
such a constant satisfies the inequalities 0 < A < j,/, 1 4/2, where j, be the first
positive zero of the Bessel function J, of order v. The upper estimate for A is a
corollary of our first theorem which deals with the case h = 0.

Theorem 1. Suppose that p € (0,+00) and q € (0, +0c0). If Q is an n-dimensional
convex domain of finite inradius &y, then the sharp inequality

2 2
’VﬂZ T Jp/q-1 ’f|2 1 1/2—p/2
/Q x> i /Q SLodx, Vf € Hy(Q, 8127,

is valid. Finite intervals (a,b) C R for n = 1 and domains of the form (a,b) x R"~1 C
R" for n > 2 are extremal domains.

The known asymptotic formula 9.5.14 in [1] implies that j, 1 /v = 1+O(v—2/3)
as v — +oo. Hence, qj,/,-1 — p as q — 0. Thus, Theorem 1 presents the men-
tionned above inequality

v |2 |fI? _
/ f = 4 5£+1 dx, Vf e Hy(Q, 62777,

as a limit case as g — 0.
Also, taking p = 1 in Theorem 1 gives an inequality from our paper [4]. Next,
as a corollary we give two cases that correspond to the equations

p/g=3/2 and p/q=1/2

using the known facts

2 si 2
Ji2(x) = p %/ J-1/2(x) = \/; CO\/S;.

and, consequently, j_1,, = /2 and j1/2 = 7t (see, for instance, [11], p. 439).

Corollary 1. For any p € (0, +oc0) and n-dimensional convex domains Q) of finite inra-
dius ¢ there are the following sharp inequalities

2 2 2
/ ’vf’ dx > (7T/3) pZ/Q ’f| dx, vfeH(l)(Q/ (51/2—p/2),

a or—1 - 5(2)p/3 op/3+1
and
|Vf|2 12 10y 51/2-p/2
/ > sz [ fdx, Vf e H)(Q, 0 ).
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Since H}(Q), 1) = H}(Q), the latter inequality for p = 1 gives the Poincaré-
Hersch-Payne-Stakgold inequality (2).

To formulate the next theorem we need the Lamb constant z = A, (p) defined
as the first positive root of the equation

plv(z) +22]3(z) =0 (v>0). (7)

The zeros of 2z](z) + pJ,(z) for v > 0 have been studied by H. Lamb in [13]
(see also G.N. Watson [17], p.502). For this reason we shall call A,(p) Lamb’s
constant. It is clear that 0 < A, (p) < jy. According to H. Lamb (compare [13], p.
272), for large p one has the approximation

M(p) = (1=2/p)ju

The main result of this paper is the following theorem on the Hardy-type inequal-
ity (6) with two sharp constants & and A.

Theorem 2. Suppose that p € (0,+00), g € (0,+0c0), v € [0,p/q], and A,(p) is the
Lamb constant. For any n-dimensional convex domain Q) of finite inradius o the sharp
inequality

IVfI?
o or1 ax 2
2 2.2 2 242 2
p-—vig~ [ |f| q ?»V(ZP/L])/ |f] 1 1/2-p/2
1 o i dx + 458 s dx, Vf e Hy(Q, ),

is valid. Finite intervals (a,b) C R for n = 1 and domains of the form (a,b) x R"~1 C
R" for n > 2 are extremal domains.

Clearly, one can write the inequality of Theorem 2 as follows.
If Q) is an n-dimensional convex domain of finite inradius, p and q are positive
numbers, then for any f € H}(Q, 61/277/2) and any h € [0, p*/4]

VfP 1 2 17
o T dx > h o i dx—i—E/\ (2p/q) o 3T dax,

where
VA
q
Since Ag(1) = Ap = 0.940..., Theorem 2 implies our inequality (5) (see [4]).
Letting v = p/q in Theorem 2 gives that the first constant & = 0. In this case
the Lamb equation (7) is equivalent to the equation J,_1(z) = 0 because of the
identity (see, for instance, E. Kamke [11], p. 439)

v]y(x)+xJ)(x) =x],_1(x), x>0,v>0.

Hence, one has

/\p/q(zp/‘ﬂ = Jp/q-1-
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Thus, Theorem 2 contains Theorem 1 as a particular case and we have to prove
Theorem 2, only. The proof will be considered in Section 3.

In Section 4 we will examine properties of the Lamb constant z = A, (p) con-
sidering it as a function which is defined implicitly by the equation (7) for any
p > 0. It is interesting that z = A, (p) may be found as the solution of the initial
value problem :

dz 2z .

dp ~ p2— 42 1422 Z’P:% = M(2v) = o ®
in the case v > 0, and

dz 2z

= = Ag(1) = Ag = 0.940...

dp — p?>+42% 2|y = ho(1) = A9 = 0.940 ®)

for v = 0. Using these differential equations we easily obtain bounds and asymp-
totic formulas for the monotonic increasing function z = A, (p) of the variable
p € (0,00).

3 Proof of Theorem 2

In the sequel we will use the Bessel function
) ( -1 )k x2k+v

Ju(x) = k_zozzkw K T(k+1+v)

for some v > 0, and the function
y = Fpq(x) = x7], (/\v(Zp/q) x%) , x€0,1].
One has
4 E, (/0 = L, (2p/g) 51) +2xdnp/q)l, (Mzp/g) )

Using this equation and the definition of the Lamb constant and the facts that

Fypq(x) > 0and F, , ,(x) > 0 for small positive x, we obtain

F/

voa(1) =0, Fypg(x) >0, x€(0,1] and F

Vlm(x) >0, x€(0,1). (10)

We need some preparatory assertions. Namely, in two lemmas we examine our

basic one-dimensional inequality that is an improvement of the original Hardy
inequality for finite intervals.

Lemma 1. Let A, (p) be the Lamb constant. If p € (0,+00), g € (0,+00) and v €
[0, p/q] and f is an absolutely continuous function in [0, 1] such that f(0) = 0 and
f1/tp/271/2 € 12]0,1], then

VW) s PPV M) L ARe/e) M)
| = B P TRAPD [P
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If v = 0, then there is no admissible function f # 0 for which equality in (11) is actually
attained. If 0 < v < p/q, then equality in (11) occurs if and only if f(t) = CF,;4(t),
where C is a constant.

Proof of Lemma 1. If 0 < v < p/g, then one may prove the inequality (11)
using the classical variational calculus. This is not possible for the case v = 0,
when the Hardy term dominates. We will give an unified proof.

Clearly, we will need some properties of Bessel’s functions. As is known (see
E. Kamke [11], p. 440), the function y = F, , 4(x) is a solution of the differential
equation

2 _ 2.2 ZAZ 2
xzy// +( p)xy/ _|_ (p 41/ q _|_ q Zi_}é/q)) y — 0, x € R (12)

Using the expansion for the Bessel function it is easy to obtain that

Fépq( ) Fézpq( ) (6]

+
= cy, T = g (1+0(t7)) as t—07, (13)

li
150+ Fypg (D)

where
pva . M @p/9)(p+vg)?
2 ’ 2 402T2(1 +v)

For an absolutely continuous function f : [0,1] — R with properties f(0) = 0
and f'/tP/271/2 ¢ 1.2[0,1] one has that

< (/Ot ]f’(x)]dx)zg/otxl’—ldx /O f;( %) 4 xg% Otf;(_’i) dx.

This together with the the first equation from (13) imply that

FAOE, (1)

1 = > 0.

IR, () (19
We have )
E o, q(t
0<P:= /01 t%_l (f’(t) - FV,Z,th; f(t)) dt
f2() L F ) T (D) f2 ()
/ - 1 /0 tp_l?jp,q(t_) dfz<t)+/0 —Pplpgpq(_) dt.

Integrating by parts and using the asymptotic behavior (14) and the differential
equation (12) one easily obtains

1412 t2F 1 tF!
o<p= [T as /O * q(t)p:;vlpqut)) 2a® g2y o

L2 () Up*=v** | M Q2p/9)] o
_/0 = dt—/o { D T | f) dt
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which is the inequality to prove.

Clearly, P = Oif and only if f(t) = CF, 4(t), where C is a constant, in particu-
lar, C = 0. According to the second formula in (13), the function F;,p,q JtP/2-1/2 ¢
L2[0,1] for v > 0, only. Hence, for v = 0 we have to put C = 0. For v > 0 any
constant C is admissible.

This completes the proof of Lemma 1.

For v > 0 both constants in (11)

2 2.2 212
p-—vg q°A;(2p/q)
—1 and — 1

are sharp because of the existence of the extremal functions F, p4(f) # 0. In the
next lemma we will prove that the constants are sharp in the case v = 0, too.

Lemma 2. If p € (0,+o0) and q € (0,+00) and Ay(2p/q) is the Lamb constant, then
for any e > 0O there exist two functions fe and g that satisfy the conditions of Lemma 1
and the following inequalities

[0 g (P [ RO g PR/ [ LB L s

0 P+l 4 0 tr—a+1

and

Lg2(t) P> rtei(t) 7*A5(2p/q) L g2 (1)
0 - =1 dt<z 0 tP‘H dt+ f-i‘g 0 tP—EH‘l dt (16)

Proof of Lemma 2. Let ¢ > 0. Without loss of generality we suppose that
e < 1. We will define functions f, and g, explicitly.

Consider first the function f,(t) := t(P+¢/(P+1))/2_ Straightforward computa-
tions give that

2 2 1 42
£ p+1 ’ p+1  p~+4e [Lfe(t)
/ tP 1 d N <p+p+1) 4e < (p"+4e) 4 4 o trtl at,

which implies the inequality (15).
Next, we consider the function

8e(t) = 12 Fo0(t) = "7 Jo (R0(2p/q) 12)

for some o = «a(e) € (0, g]. By computations as in the proof of Lemma 1 one has

242 1 2 1 /2
q-Ao(2p/q) ge(t) . [tee(t)
/0 tP+1 ( Yl e s

1 52 1 E (1) 2
_ g€ (t) - / 1 / o Olp’q
- ¢ 0 tp_q+1 dt 0 tp—l gs(t) FO,p,q(t) gﬁ(t) dt
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Since ,
FO .09 (t)

ge(t) — Fopa (D

one easily gets

ge(t) = 57 "o (Ro(2p/9) 1)

1 2 1
— x+q—1712 1 _ 0‘_/ a—172 1
P, 8/0 t IG (/\O(Zp/q) t2> dt 7 A (/\O(Zp/q) t2> dt

1
> 8/0 P13 (Ao(2p/g) 1) di— 5 max J(¢).

0<t<]0

Clearly, P. > 0 for sufficiently small x. This implies the inequality (16).
The proof of Lemma 2 is complete.
Proof of Theorem 2. During this proof we suppose that

2 22
h= % and A= g/\y(Zp/q), (17)

where A, (p) is the Lamb constant.
Consider first the case n = 1. If Q) is a finite interval (a,b), then g = (b —a)/2
and 6 = d(x) = min{x —a, b — x}. We have to prove the inequality

IR oy [ UCOR (22 R,

a OP~ 1 5P+1 5‘1 . oP— q+1( )

for all functions f € Hé ((a,b), 51/2_1’/2).
On the one hand, by the change T = yt of variables for any constant y > 0 the
inequality (11) of Lemma 1 implies that

y |f' yif(o)l° A2y |f()?
/O g sk / = +1 + /O T (19)

for all functions f € HL((0,2y), 61/277/2).
On the other hand, the inequality (18) is the sum of the inequalities

“+o | f'(x)> “+o | f(x)]> A2 patd | f (x>
/a ( dx > h/a ( dx-i——/a ( dx

x —a)P~1 (x —a)P+1 o (x —a)p—a+1

and

()P b f(x) A2 F(x)]2
/b—(somdx = h/b—éo (b—x)PHd +ﬁ/b—5omdx’

each of them is equivalent to the inequality (19) with y = Jy by the changes
x —a = Tand b — x = T of variables.

Clearly, Lemmas 1 and 2 imply that the constants (17) in the inequality (18)
are sharp. In particular, for 0 < v < p/q equality in (18) holds if and only if
f(x) = CG(x), where C is a constant and the extremal function G is defined by
the equations
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This completes the proof of Theorem 2 in the case n = 1.

Now, let n > 2. We will use the way from [2] to extend one-dimensional
inequalities to convex domains in R" , n > 2. More precisely, we will use the
following assertion (see [2] , Section 6 for a proof):

Let Q) be an open and convex set in R" with finite inradius dy := 6o(Q2), let & =
dist(x,0Q)) and let p, q, h and A be some non-negative constants. If the inequality (19)
is valid for any y € (0,00] and any f € H}((0,2y), t1/27P/2) then

|Vf|2 P, A AP
5o o

for any f € H}(Q,s51/277/2).

Thus, the inequality of Theorem 2 is implied by Lemma 1.

To complete the proof of Theorem 2 one has to prove that the constants are
sharp in the case n > 2, too. Since the constants are invariant under linear trans-
formation of domains it is sufficient to consider the domains

0;=(0,2) and O,=(0,2)xR" ! (n>2)

and to prove the following assertion:
For any € > 0 there exist functions f, ¢ and g, ¢ that belong to
H}(Qy, 61/277/2) and satisfy the inequalities

. |an’£2 , 2 )\2 , 2
An-—/ 5}7—1 dx—(h—i_e)/ﬂnmdx—g Qn5p+q_1dx<0

and

A2 +e el?
Bn = /()n 5}7 d —h andx— 58 a, 5P+q_1 dx < 0.

As in our paper [4] we proceed by mathematical induction on the dimension
n. For n = 1 the assertion follows from Lemmas 1 and 2. Suppose that the
inequalities A, < 0 and B, < 0 are valid for n, n > 1. We define functions f,, 11,
and g,41 for any &« = a(e) > 0 as the products

fur1e(x) = fn,e(x/) Pa(Xpt1) and  gui1e(x) = gn,g(X’) Pa(Xn+1),

where x = (¥, x,,41), ¥’ € Qp, 11 € R, and ¢, : R — [0, 1] is the even function,
defined in [0, o0) by equations

qDDC(t) - 1/ t S [Oll/lx]l qDDC(t) - 0/ t S [1 + 1/“/“"00)/

and

pult) = (1- (t—l/oc)2>2, te (1/a1+1/a).

Using the function ¢(t) = (1 — t?)? and the equations

_l’_
5 = dist(x,00,41) = dist(x’,00),), / @3 (t — + 2/
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and straightforward computations one gets that

Apig = ;An + A, — A, and B, = ;Bn + B, — B,
where oy R

w2 [ [ TEPPO L R0,

0 Q, op—1
B —2 /1 i |Vgn,s(x’)!2902(t)_1+ $ne(N9E) 4
Q, or
" |fne( x| )‘2/ ’fns( x)|?
Al _2/ <h+s)/n e 57 o, S dx’

and

1 "2 2 "2
n_ 2 |Qne(x')] ;A 5/ |Qne(x')] /
By =2 [ g*(t)a (h /. e+ s [ i),

0

The quantities Ay, A}, A/, By, B;, and B], are not dependent on «. Since A, < 0
and B, < 0, it is clear that A, 1; < 0 and B, 1 < 0 for sufficiently small positive
K.

This completes the proof of Theorem 2.

4 Lamb’s constant as a function

Let
@(p,2) == plu(z) +22],(2).

We consider the Lamb equation (7) with z € (0, j,) as the identity
d(p,z) =0 (0 < p<o0)

which implicitly defines the function z = A, (p), 0 < p < co. Using the identity
®(p,z) = 0 and the Bessel differential equation

21 (2) +2),(2) + (2 = v*)Ju(2) =0
one easily derives that

0P 0P p? — 4v? 4 47°

5, P+ o—dz = Ju(z)dp — o

op = Ju(z)dz =0

which implies differential equations (8) and (9).

Case v = 0. Itis obvious from (7) and (9) that z is a positive and monotonic
increasing function of the variable p > 0. Further, the formula (7) implies that
Mo(p)Jy(Ao(p)) — 0as p — 0. As jj, the first positive zero of ]}, is bigger than
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Ao, we conclude that Ag(p) — 0 as p — 0. Using the Taylor expansion of Jj at the
origin and (7) we get

M(p) =P (1 - 11—619 + O(PZ)) as p—0.

For p — oo, formula (7) implies that Jo(Ag(p)) — 0as p — oo, therefore Ag(p) —
joasp — oo.
Thus, for any p € (0, c0) one has

;ljig}) Ao(p) =0 < Ao(p) <jo= ;}5’5}0 Ao(p)- (20)

To get an asymptotic expansion of Ay(p) near the point at infinity, we may use (9)

and get
1d 1 47 1

By integration and exponentiation we conclude that

' 1
Aop) = 1——+——7+o(—) as p— oo,
O(P) ]0< > 3P3 P4 ) P

Case v > 0. According to the differential equation (8), dz/dp > 0 whenever
p > 2v. To prove that the function A, is monotonic increasing in (0, o) we pro-
ceed as follows. We get from (7) that

lim Ay(p) =ju», and lim Ay(p) =,

p—ro0 p—0

where jl, is the first positive zero of | . To obtain the second lim we have used the
Taylor expansion of |, at the origin.

Since j, > ji, > vforv > 0 (see [17], p. 485), we derive from (8) thatdz/dp > 0
for any p € (0,00). Consequently, A, is a monotonic increasing function of the
variable p € (0,0) and one has the following assertion.

If v > 0 then forany p € [2v,0)

A(2v) = jy—1 S Au(p) <jv = ;}1_1;130 Av(p)- (21)

and for any p € (0,2v]

lim Ay (p) = j, < Ag(p) < jo—1 = Au(2v), (22)
p—0

where j,, is the first positive zero of the derivative [},of the Bessel function.
It is clear from (8) that
Ay (P ) _ ] 1// ] 1//

lim = .
p—0 p 2((jy)* —v?)
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For p — oo,v > 0, we may proceed analogously to the case v = 0 and we can
improve Lamb’s asymptotic expansion to any desirable extent, for example

: 2 2 42 +1-22) 1
AV(P):]VO_EJF?— 39 - +O<F)) as p — .

Clearly, in addition to estimates (20), (21) and (22) one can derive several new
estimates for A, (p) using the differential equations (8) and (9) together with the
fact that Inz is a concave function in both cases v = 0 and v > 0 because of the
inequality

d*Inz _ 4p+16z7 “0
dp2 — (p2—42+4z2)2 "

Finally, we attract reader’s attention to some facts on the bounds for the Lamb
constants, i.e. on the quantities j, and ji:

jo=24048.. and \/u(v+2) <j, <ju < /20 +1)(v+3)
for any positive v (see G.H. Watson [17], pp. 485-486).

5 A remark

In the proof of the inequality of Theorem 2 we do not use the restriction 4h =
p?> —v2g? > 0. Consequently, the inequality holds for any positive v, but h < 0in
the case v > p/q and this changes the type of the inequality. For instance, letting
p — 07 gives the following inequality for convex domains of finite inradius and
all positive numbers g and v : For functions f vanishing at the boundary of the domain

2.2 2 2512 2
2 vag© [ If] >om/ /]
[ovsax + S5 [ Eoa> T o5t

where j;, is the first positive zero of the derivative ||, of Bessel’s function J,.
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