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Abstract

For a nonzero character φ on a Banach algebra A, we investigate some
relations between φ-amenability of A and ergodic theory. As the main result,
we give a characterization for φ-amenability of A in terms of antirepresenta-
tions of A on a Banach space.

1 Introduction

Throughout, let A denote a Banach algebra and let φ ∈ σ(A), the set of all nonzero
characters from A onto C. The notion of φ-amenability of A was introduced and
studied by Kaniuth, Lau and Pym [4]; see also Hu, Monfared and Traynor [3] and
Kaniuth, Lau and Pym [5].

This is a considerable generalization of the concept of left amenability for a
Lau algebra; that is, a Banach algebra L which is the predual of a W∗-algebra M

such that the identity u of M is a character on L; the class of Lau algebras was
introduced and studied by Lau [8] in 1983 which he called F-algebras. Later on,
in his useful monograph, Pier [16] introduced the name “Lau algebra”. Several
authors have studied and investigated the concept of left amenability of Lau al-
gebras; see for example Lau [9], Lau and Wong [10], Mohammadzadeh and the
first author [11] and the first author [13, 14].
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Moreover, the concept of φ-contractibility was introduced and studied by Hu,
Monfared and Traynor [3]; see also [1] and [15].

Our aim in this paper is to give some characterizations of φ-amenability and
φ-contractibility in terms of φ-ergodic antirepresentations of A. In order to es-
tablish these results, we introduce φ-ergodic antirepresentations of A and give a
version of Mean Ergodic Theorem for A.

2 Ergodic antirepresentations

For a nonzero character φ on a Banach algebra A, consider the semigroup

S1(A, φ) = {a ∈ A : φ(a) = 1}.

Let X be a Banach space. For the Banach space B(X) of all bounded operators on
X, recall that the strong operator topology on B(X) is the locally convex topology
determined by the family {Pξ : ξ ∈ X} of seminorms on B(X), where

Pξ(A) =‖ A(ξ) ‖

for all ξ ∈ X and A ∈ B(X).
An antirepresentation T of A on X is a norm continuous, linear map T : a 7→ Ta

from A into B(X) such that

Tab = TbTa

for all a, b ∈ A. In this case, we put

K(T, φ) = ∩{ kernel (Ta − I) : a ∈ S1(A, φ)},

R(T, φ) = The closure of the span of ∪ { range (Ta − I) : a ∈ S1(A, φ)},

Σ(T, φ) = K(T, φ) + R(T, φ), and

Cξ(T, φ) = The closure of {Ta(ξ) : a ∈ S1(A, φ)},

for all ξ ∈ X. Note that K(T, φ) and R(T, φ) are closed subspaces of X.
We say that an antirepresentation T of A on a Banach space X is φ-ergodic if

there is a bounded net (Eγ)γ∈Γ in B(X) such that
(Eℓ) Eγ(Ta − I) → 0 in the strong operator topology for all a ∈ S1(A, φ),
(Ec) Eγ(ξ) ∈ Cξ(T, φ) for all ξ ∈ X and γ ∈ Γ.

In order to demonstrate broader interest on the subject, let us point out that

the sets ker(T − I) and (T − I)(A) are considered in when T is a power bounded
operator on a commutative Banach algebra A in the interesting recent papers [6, 7]
by Kaniuth, Lau and Ülger.

We commence with the following version of the Mean Ergodic Theorem for
an arbitrary Banach algebras.

Theorem 2.1. Let A be a Banach algebra with φ ∈ σ(A) and let T be a φ-ergodic
antirepresentation of A on a Banach space X with (Eγ)γ∈Γ satisfying (Eℓ) and (Ec).
Then the following statements hold.
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(a) Eγ(ξK) = ξK for all ξK ∈ K(T, φ) and γ ∈ Γ and Eγ(ξR) → 0 for all
ξR ∈ R(T, φ). In particular, for each ξ ∈ Σ(T, φ), the net (Eγ(ξ))γ∈Γ is norm con-
vergent to an element of K(T, φ) ∩ Cξ(T, φ).

(b) Σ(T, φ) = K(T, φ)⊕ R(T, φ).
(c) Ta(Σ(T, φ)) ⊆ Σ(T, φ) for all a ∈ S1(A, φ).
(d) Cξ(T, φ) ⊆ Σ(T, φ) for all ξ ∈ Σ(T, φ).
(e) Eγ(Σ(T, φ)) ⊆ Σ(T, φ) for all γ ∈ Γ.
(f) If P : Σ(T, φ) → K(T, φ) is the projection associated with the direct sum

Σ(T, φ) = K(T, φ)⊕ R(T, φ),

then Eγ(ξ) → P(ξ) and K(T, φ) ∩ Cξ(T, φ) = {P(ξ)} for all ξ ∈ Σ(T, φ).

Proof. (a). First, note that CξK
(T, φ) = {ξK} for all ξK ∈ K(T, φ) and so

Eγ(ξK) = ξK

for all γ ∈ Γ by (Ec). It follows from (Eℓ) that Eγ(η) → 0 for all

η ∈ ∪{ range (Ta − I) : a ∈ S1(A, φ)}.

This together with the fact that (Eγ) is bounded imply that Eγ(ξR) → 0 for all
ξR ∈ R(T, φ).

(b). K(T, φ) ∩ R(T, φ) = {0} by (a), and hence

Σ(T, φ) = K(T, φ)⊕ R(T, φ).

(c). If a, b ∈ S1(A, φ), then ba ∈ S1(A, φ) and so for each ξ ∈ X,

Ta(Tb − I)(ξ) = (Tba − I)(ξ) − (Ta − I)(ξ) ∈ R(T, φ).

This shows that Ta(R(T, φ)) ⊆ R(T, φ) whence

Ta(Σ(T, φ)) ⊆ Σ(T, φ).

(d). Fix ξ ∈ Σ(T, φ). To prove Cξ(T, φ) ⊆ Σ(T, φ), let η ∈ Cξ(T, φ). Then there
is a net (aδ) in S1(A, φ) such that Taδ

(ξ) → η. Write

ξ = ξK + ξR,

where ξK ∈ K(T, φ) and ξR ∈ R(T, φ). Since Taδ
(R(T, φ)) ⊆ R(T, φ) and R(T, φ)

is closed, it follows that

η − ξK = lim
δ

Taδ
(ξ − ξK) = lim

δ
Taδ

(ξR) ∈ R(T, φ)

So, we have shown that Cξ(T, φ) ⊆ Σ(T, φ) for all ξ ∈ Σ(T, φ).
(e). The inclusion Eγ(Σ(T, φ)) ⊆ Σ(T, φ) follows from the part (d) and (Ec).
(f). The first assertion follows from (a). For the second, fix ξ ∈ Σ(T, φ) and

note that
P(ξ) ∈ K(T, φ) ∩ Cξ(T, φ)
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by (a). To prove the converse inclusion, let η ∈ K(T, φ) ∩ Cξ(T, φ). Then

Taδ
(ξ) → η

for some net (aδ) in S1(A, φ), and therefore

η − ξ = lim
δ

(Taδ
− I)(ξ) ∈ R(T, φ).

Consequently, P(η − ξ) = 0 and so η = P(ξ) as required.

For φ ∈ σ(A), we say that an antirepresentation T of A on a Banach space X is
two-sided φ-ergodic if there is a bounded net (Eγ)γ∈Γ in B(X) satisfying (Eℓ), (Ec),
and

(Er) (Ta − I)Eγ → 0 in the strong operator topology for all a ∈ S1(A, φ).

Theorem 2.1 does not give the closedness of Σ(T, φ) in X. The following result
shows that Σ(T, φ) is closed in X if in addition (Er) holds.

Proposition 2.2. Let A be a Banach algebra with φ ∈ σ(A) and let T be a two-sided
φ-ergodic antirepresentation of A on a Banach space X with (Eγ)γ∈Γ satisfying (Eℓ),
(Ec), and (Er). Then Σ(T, φ) is the closed subspace of X consisting of all ξ ∈ X such
that (Eδ(ξ)) is weakly convergent in X for some subnet (Eδ) of (Eγ).

Proof. Using Theorem 2.1(a), (Eγ(ξ)) is norm (and hence weakly) convergent to
an element of K(T, φ) ∩ Cξ(T, φ) for all ξ ∈ Σ(T, φ).

Now, let ξ ∈ X and suppose that (Eδ(ξ)) is weakly convergent to η ∈ X for
some subnet (Eδ) of (Eγ). We must show that

ξ ∈ Σ(T, φ).

Note that η ∈ Cξ(T, φ) because Cξ(T, φ) is convex in X and Eδ(ξ) ∈ Cξ(T, φ) for
all δ. Also, by (Er), for each a ∈ S1(A, φ) and f ∈ X∗ we have

f (Ta(η)) = lim
δ

( f ◦ Ta)(Eδ(ξ))

= lim
δ

[( f ◦ (Ta − I))(Eδ(ξ)) + f (Eδ(ξ))]

= f (η),

and so Ta(η) = η whence

η ∈ K(T, φ) ∩ Cξ(T, φ).

It follows that ξ = η + (ξ − η) ∈ K(T, φ) + R(T, φ) = Σ(T, φ).

As a consequence of the above Proposition, we have the following result.

Corollary 2.3. Let T, X, and (Eγ) be as in the above proposition. Then Σ(T, φ) = X if
Cξ(T, φ) is weakly compact for all ξ ∈ X.
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3 Ergodic characterization of φ-amenability

Let A be a Banach algebra and let φ ∈ σ(A). The Banach algebra A is called
φ-amenable if there exists a bounded linear functional F on A∗ satisfying

F(φ) = 1 and F( f · a) = φ(a)F( f )

for all a ∈ A and f ∈ A∗; here f · a ∈ A∗ is defined by ( f · a)(b) = f (ab) for all
b ∈ A. Any such F is called a φ-mean; see also [12].

Recall that a φ-approximate diagonal for A is a net (mγ) in A⊗̂A such that

φ(π(mγ)) = 1 and ‖a · mγ − φ(a)mγ‖ → 0

for all a ∈ A, where π denotes the product morphism from A⊗̂A into A given by

π(a ⊗ b) = ab

for all a, b ∈ A. The notion of φ-approximate diagonal was introduced and stud-
ied by Hu, Monfared and Traynor [3]. They show that A has a φ-mean if and only
if it has a bounded φ-approximate diagonal.

For a Banach algebra A, let Λ denote the antirepresentation of A on A∗ defined
by

Λa( f ) = f · a

for all a ∈ A and f ∈ A∗. We now are ready to give a characterization of
φ-amenability of A.

Theorem 3.1. Let A be a Banach algebra and let φ ∈ σ(A). Then the following assertions
are equivalent.

(a) A is φ-amenable.
(b) Each antirepresentation of A is φ-ergodic.
(c) The antirepresentation Λ is φ-ergodic.

Proof. (a)⇒(b). Let T be an antirepresentation of A on a Banach space X. Since A

is φ-amenable, it has a bounded φ-approximate diagonal (mγ)γ∈Γ. Thus

π(mγ) ∈ S1(A, φ) and ‖aπ(mγ)− π(mγ)‖ → 0

for all a ∈ S1(A, φ). So, if we put

Eγ = Tπ(mγ)

for all γ ∈ Γ, then (Eγ) is bounded in B(X) and

‖ Eγ(Ta − I) ‖ = ‖ Taπ(mγ)−π(mγ) ‖

≤ ‖ T ‖ ‖ aπ(mγ)− π(mγ) ‖→ 0

for all a ∈ S1(A, φ); that is, (Eγ)γ∈Γ satisfies (Eℓ). The condition (Ec) is also
satisfied because Eγ(ξ) = Tπ(mγ)(ξ) ∈ Cξ(T, φ) for all ξ ∈ X and γ ∈ Γ.

(b)⇒(c). Clear.
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(c)⇒(a). Let Λ be as in (c). Then

Λaφ = φ · a = φ

for all a ∈ S1(A, φ). That is φ ∈ K(Λ, φ), and hence φ /∈ R(Λ, φ) by Theorem
2.1(b). Using the Hahn-Banach Theorem, we may find a nonzero element F of
A∗∗ such that F(φ) = 1 and F|R(Λ,φ) = 0. Thus

F( f · a) = F( f )

for all a ∈ S1(A, φ) and f ∈ A∗ and hence A is φ-amenable.

Recall that the Banach algebra A is called two-sided φ-amenable if it has a
two-sided φ-mean; i.e., an element F ∈ A∗∗ with F(φ) = 1 and

F( f · a) = F(a · f ) = F( f )

for all a ∈ S1(A, φ) and f ∈ A
∗. Suppose that A is two-sided φ-amenable. Then

there is a bounded net (aγ)γ∈Γ in S1(A, φ) such that

‖aaγ − aγ‖+ ‖aγa − aγ‖ → 0

for all a ∈ S1(A, φ); see [5], Proposition 3.3. Thus

mfl := aγ ⊗ aγ

is a two-sided φ-approximate diagonal in A⊗̂A; i.e., φ(π(mfl)) = 1 and

‖a · mγ − mγ‖+ ‖mγ · a − mγ‖ → 0

for all a ∈ S1(A, φ). So, if we put Eγ = Tπ(mγ) for all γ ∈ Γ, then as in the above

proof (Eγ)γ∈Γ satisfies the conditions (Eℓ), (Ec), and (Er).
Notice that if A is commutative and φ-amenable, then A is automatically two-

sided φ-amenable. Therefore, two-sided φ-amenable Banach algebras form a
large class of Banach algebras such that for any antirepresentation T of such alge-
bras on a Banach space X, there is a net (Eγ)γ∈Γ satisfying (Eℓ), (Ec), and (Er).

Let A be a Banach algebra and let φ ∈ σ(A). For an antirepresentation T of A
on a Banach space X, let N(T, φ) denote the set of all ξ ∈ X for which there exists
a net (aγ)γ∈Γ in S1(A, φ) such that

‖Taγ(ξ)‖ → 0.

Theorem 3.2. Let A be a Banach algebra and let φ ∈ σ(A). Then the following assertions
are equivalent.

(a) A is φ-amenable.

(b) N(T, φ) = R(T, φ) for all antirepresentations T of A.

(c) N(Λ, φ) = R(Λ, φ).
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Proof. (a)⇒(b). Since A is φ-amenable, it follows that A has a bounded φ-approxi-
mate diagonal (mγ)γ∈Γ. Thus π(mγ) ∈ S1(A, φ) and ‖aπ(mγ) − π(mγ)‖ → 0
for all a ∈ S1(A, φ). Therefore

‖Tπ(mγ)(Ta − I)‖ = ‖Taπ(mγ)−π(mγ)‖

≤ ‖T‖‖aπ(mγ)− π(mγ)‖.

Thus (Ta − I)(ξ) ∈ N(T, φ) for all ξ ∈ X and a ∈ S1(A, φ), and consequently

R(T, φ) ⊆ N(T, φ).

Now, let ξ ∈ N(T, φ). Then there exists a net (aγ)γ∈Γ in S1(A, φ) such that

‖Taγ(ξ)‖ → 0.

But (Taγ − I)(ξ) ∈ R(T, φ) for all γ ∈ Γ and

lim
γ
(Taγ − I)(ξ) = −ξ.

Since R(T, φ) is a closed subspace of X, it follows that ξ ∈ R(T, φ)
(b)⇒(c). Clear.
(c)⇒(a). It is clear that φ /∈ N(Λ, φ). Thus the result follows by the same ar-

gument of proof of Theorem 3.1(c) with the fact that R(Λ, φ) is a closed subspace
of X.

4 Ergodic characterization of φ-contractibility

A Banach algebra A is called φ-contractible if there exists a φ-diagonal; i.e., an
element m in the projective tensor product A⊗̂A such that φ(π(m)) = 1 and
a ·m = φ(a)m for all a ∈ A. Before, we give a characterization of φ-contractibility,
we need the following Lemma.

Lemma 4.1. Let A be a Banach algebra with φ ∈ σ(A) and let a ∈ S1(A, φ). Consider
the following conditions.

(a) a is a φ-mean in A.
(b) R(T, φ) = {ξ ∈ X : Ta(ξ) = 0} for all antirepresentations T of A.
(c) R(Λ, φ) = { f ∈ A∗ : f · a = 0}.
Then (a)⇒(b)⇒(c) and if A has a right approximate identity, then (c)⇒(a).

Proof. Suppose that (a) holds. Then φ(a) = 1 and ba = a for all b ∈ S1(A, φ) and
hence

Ta(Tb − I)(ξ) = (Tba−a)(ξ) = 0

for all ξ ∈ X. Thus Ta(η) = 0 for all η ∈ R(T, φ); that is,

R(T, φ) ⊆ {ξ ∈ X : Ta(ξ) = 0}.

The reverse inclusion is clear.
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That (b) implies (c) is trivial. Now, suppose that (c) holds and that there is a
right approximate identity (eγ)γ∈Γ for A, and let b ∈ S1(A, φ). Then

f · b − f ∈ R(T, φ)

and so
f · (ba − a) = ( f · b − f ) · a = 0

for all f ∈ A∗. Thus

f (ba − a) = lim
γ

f ((ba − a)eγ)

= lim
γ
[ f · (ba − a)](eγ) = 0.

Since A
∗ separates the elements of A, it follows that ba− a = 0 for all b ∈ S1(A, φ);

hence ba = φ(b)a for all b ∈ A. Thus a is a φ-mean. �

Proposition 4.2. Let A be a Banach algebra with a right approximate identity and let
φ ∈ σ(A). Then the following assertions are equivalent.

(a) A is φ-contractible.
(b) There exists a ∈ S1(A, φ) such that R(T, φ) = {ξ ∈ X : Ta(ξ) = 0} for all

antirepresentations T of A.
(c) There exists a ∈ S1(A, φ) such that R(Λ, φ) = { f ∈ A∗ : f · a = 0}.

Proof. Suppose that A is φ-contractible. Then there is a φ-diagonal m ∈ A⊗̂A for
A. It easy to check that π(m) is a φ-mean in A. Conversely, if a is a φ-mean in
A, then it is clear that m = a ⊗ a is a φ-diagonal for A. Thus the result follows
immediately from Lemma 4.1.

Before we give our last result, note that if a is a φ-mean in A, then 〈a〉, the
Banach space generated by {a} is a Banach algebra.

Corollary 4.3. Let A be a Banach algebra and let φ ∈ σ(A). If a is a two-sided φ-mean
in A, then the following assertions hold.

(a) R(Λ, φ) = { f ∈ A∗ : f (a) = 0}.
(b) A∗ = Σ(Λ, φ) if and only if K(Λ, φ) = 〈a〉∗ .

Proof. (a). By Lemma 4.1, it suffices to show that f · a = 0 if and only if f (a) = 0.
Since a is a two-sided φ-mean, it follows that for each b ∈ S1(A, φ),

f (a) = f (ba) = f (ab) = f · a(b)

and this completes the proof.
(b). Suppose that A∗ = Σ(Λ, φ) = K(Λ, φ)⊕ R(Λ, φ). It is clear that

R(Λ, φ) = 〈a〉⊥ ,

where
〈a〉⊥ = { f ∈ A

∗ : f (b) = 0 for all b ∈ 〈a〉}.

Thus A∗/〈a〉⊥ ∼= K(Λ, φ). On the other hand we have

A
∗/〈a〉⊥ ∼= 〈a〉∗
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and so K(Λ, φ) ∼= 〈a〉∗ .
Conversely, if K(Λ, φ) = 〈a〉∗ , then since

A
∗/〈a〉⊥ ∼= 〈a〉∗,

it follows that A∗ = K(Λ, φ)⊕ R(Λ, φ) = Σ(Λ, φ).

Example 4.4. Let G be a compact group with normalized Haar measure dx and

consider the convolution algebra Lp(G) as in [2], where 1 ≤ p < ∞. Let Ĝ
denote the set of all continuous homomorphisms from G into the circle group

T, equipped with the topology of uniform convergence. For ρ ∈ Ĝ, define
φρ ∈ σ(Lp(G)) to be the character induced by ρ on Lp(G); that is,

φρ(g) =
∫

G
ρ(x)g(x)dx (g ∈ Lp(G)).

Fix ρ ∈ Ĝ, it is clear that ρ ∈ Lp(G) and for each g ∈ Lp(G), we have

g ∗ ρ = ρ ∗ g = φρ(g)ρ.

Thus ρ is a two-sided φρ-mean in Lp(G). Consider the antirepresentation Λ of
Lp(G) on Lp(G)∗ = Lq(G) defined by

Λg( f ) = f · g

for all g ∈ Lp(G) and f ∈ Lq(G), and note that Λ is φρ-ergodic by Theorem 3.1,
where q = p/(p − 1). Now, we show that

K(Λ, φρ) = { f ∈ Lq(G) : f̂ (η) = 0 for all η 6= ρ},

where

f̂ (η) =
∫

G
η(x) f (x)dx

for all η ∈ Ĝ. Suppose that f ∈ K(Λ, φρ). Then f · g − f = 0 for all
g ∈ S1(Lp(G), φρ). In particular f · ρ − f = 0; thus

f̂ · ρ = f̂ .

Now, let η ∈ Ĝ. Then we have

( f̂ · ρ)(η) = ( f̂ ∗ ρ)(η)

=
∫

G
η(x)

( ∫

G
f (xy)ρ(y)dy

)
dx

=
∫

G

∫

G
f (x)η(x)ρ(y)η(y)dxdy

= f̂ (η)
∫

G
ρ(y)η(y)dy.

The orthogonality relations now imply that

( f̂ · ρ)(η) = 0
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whenever η 6= ρ. Thus f̂ (η) = 0 for all η 6= ρ, and this shows that

K(Λ, φρ) ⊆ { f ∈ Lq(G) : f̂ (η) = 0 for all η 6= ρ}.

For the reverse inclusion, let f ∈ Lq(G) with f̂ (η) = 0 for all η 6= ρ. Then for

each η ∈ Ĝ and g ∈ S1(Lp(G), φρ), we have

( ̂f · g − f )(η) = ( f̂ · g)(η)− f̂ (η)

= ( f̂ ∗ ǧ)(η)− f̂ (η)

=
∫

G

∫

G
f (x)g(y)η(y)η(x)dydx − f̂ (η)

= f̂ (η)φη(g)− f̂ (η),

where ǧ(x) = g(x−1) for all x ∈ G. Thus

( ̂f · g − f )(η) = 0

whenever f̂ (η) = 0 or φη(g) = 1. It follows that

̂f · g − f = 0

for all g ∈ S1(Lp(G), φρ). Thus f · g − f = 0 and hence

{ f ∈ Lq(G) : f̂ (η) = 0 for all η 6= ρ} ⊆ K(Λ, φρ)

as required. By Corollary 4.3(a), it is clear that

R(Λ, φρ) = { f ∈ Lq(G) : f̂ (ρ) = 0}.

Consequently Σ(Λ, φρ) = Lq(G).

Acknowledgments. The authors thank the Center of Excellence for Mathematics
at the Isfahan University of Technology.

References

[1] M. ALAGHMANDAN, R. NASR-ISFAHANI AND M. NEMATI, Character
amenability and contractibility of abstract Segal algebras, Bull. Austral. Math.
Soc. 82 (2010), 274-281.

[2] E. HEWITT AND K. A. ROSS , Abstract harmonic analysis I, Springer-Verlag,
Berlin, 1970.

[3] Z. HU, M. S. MONFARED AND T. TRAYNOR, On character amenable Banach
algebras, Studia Math. 193 (2009) 53-78.

[4] E. KANIUTH, A.T. LAU AND J. PYM, On φ-amenability of Banach algebras,
Math. Proc. Camb. Phil. Soc. 144 (2008), 85-96.



Ergodic characterizations of character amenability 633

[5] E. KANIUTH, A.T. LAU AND J. PYM, On character amenability of Banach
algebras, J. Math. Anal. Appl. 344 (2008), 942-955.
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