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Abstract

The paper deals with infinite weakly coupled systems of quasilinear para-
bolic differential functional equations. Initial boundary conditions of the
Robin type are considered. We construct an explicit Euler type approxima-
tion method based on an infinite system of difference functional equations.
Next we apply the truncation method to obtain a finite difference scheme
corresponding to the original differential problem.

We present a complete convergence analysis for the methods. The results
are based on a comparison technique with nonlinear estimates of the Perron
type for given functions.

1 Introduction

For any metric spaces X and Y we denote by C(X,Y) the class of all continuous
functions from X into Y. Let N and Z be the sets of natural numbers and integers
respectively. Denote by [ the class of all real sequences p = {py } ,en such that
|pllc = sup{|pu| : 4 € N} < oo. For simplicity we will write p = {p, } instead
of p = {putuen- I p,g € 1%, p = {pu}, 4 = {qu}, then we set p xq = {puqy}.
Denote by M3, the set of all P = [Pi]’]i,jzl,..,,n such that p;; € I°,1 < i,j < n.
Put R to denote the set of all g = (41,...,qn), such that g €17, 1<j<n
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We will use vectorial inequalities with the understanding that the same inequali-
ties hold between their corresponding components. Analogously we understand
inequalities between infinite sequences. We use the symbol M, to denote the
set of all real n x n matrices. Inequalities between symmetric 7 X n matrices are
interpreted by means of quadratic forms.

Leta >0, b= (by,...,by) € R, bj > 0forj=1,...,n, be given. Define the
sets

E=[0,a] x [~b,b], Ey={0}x [~b,b], dE=E\ ([o,a] X (—b, b)).
Set E = E x C(E,I®) and £ = E x C(E,I®) x R". Suppose that
0:E — M3 0= [0ilij=1,..1 0ij = {ngjy)}l 1<ij<m,
FrE—1% f={f"}, ¢:E—1%, ¢ ={gu},

‘B,¢180E—>R;l.o,
ﬁ = (ﬁl/---/ﬁn)/ Y= (1/)11---/%)/ ﬁ] = {IB]V}/ ll)] = {ll)]pl}/ 1< ] < n,

are given functions. For the function z : E — I, z = {z,}, of the variables (¢, x),
x=(x1,...,xy),and for 1 <j < n we write

0z = {0z}, 9xz = {0z}, Flz] = {FW[z]},

n
Fl2)(tx) = Y 0l (1,%,2)dx 20 (t, 1) + ) (£,2,2,0,2 (1, 7))
ij=1

where dyz, = (8,(12#, ey Ox,Zy ), 1 € N. We consider the system
diz(t, x) = F[z](t, x) (1)
with the initial condition
z(t,x) = ¢(t,x) on Ej. (2)
Write

a]_|_E = {(t,x) c aoEZ x]- = b]}, 8]_E = {(t,x) S aoEl x]' = —b]'}, 1< ] < n.

The following boundary conditions are associated with (1) and (2)
Bj(t,x) xz(t,x) 4+ 9x,z(t, x) = ¢;(t,x) on 0;E, 3)

Bj(t, x) xz(t, x) — 9xz(t,x) = ¢;(t,x) on 0;_E, 4)

where 1 < j < n. The system (1) is weakly coupled. Each p-th equation in (1)
depends on the first and second order partial derivatives of z;,. The problem (1)-
(4) is said to be the third boundary problem on E. The conditions (3), (4) are a special
type of the Robin conditions. We will assume that the functional dependence in
(1) is of the Volterra type.
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Assumption H[V']. The functions ¢ : & — M7, and f : & — [ satisfy
the Volterra condition, i.e. for each (f,x) € E, g € R" and w,@w € C(E,[*) such
that w(t,y) = @(t,y), (t,y) € E, T < t, we have ¢o(t,x,w) = o(t,x, @) and
£t x,w,9) = f(t,x,0,9).

Differential equations with deviated variables and differential integral equa-
tions can be derived from a general model of functional dependence in (1) by
specializing the given functions.

We consider classical solutions of (1)-(4) in the following sense. We say that
a function v : E — I*°, v = {v,}, is a regular solution of the system (1) if the
derivatives 0;v = {0;v;}, axix],v = {Bxix].vy}, 1 <1i,j <mn, existon E, 9;v, ax,.x].v €
C(E,I*),1 <1i,j < n,and v satisfies (1) on E.

A regular solution v of (1) is said to be parabolic if for any symmetric matrix

n
r € Myxn, ¥ = [rijlij=1,.,n, such that 7 < 0 the inequality 'Zl Ql.(]?*)(t, x,0)ri; < 0
i,j=
is satisfied for (t,x) € E, y € N. The parabolic solution v of (1) such that the
conditions (2)-(4) hold, is called P-solution of (1)-(4).

In recent years a number of papers concerned with problems for infinite sys-
tems of parabolic functional differential equations were published. The mono-
graph [1] contains the exposition of existence results for such problems. Vari-
ous applications of infinite systems of parabolic differential integral equations
are also listed in [1]. Uniqueness criteria for infinite parabolic problems can be
found in [12, 13] and [3].

Approximate methods for parabolic differential or functional differential equa-
tions were considered by many authors and under various assumptions. The
main problem in these investigations is to find suitable difference or functional
difference equations which are consistent with respect to the original problem
and stable. It is not our aim to show a full review of papers concerning difference
methods for parabolic functional differential problems. Bibliographical informa-
tions can be found in [5, 7, 9, 10, 11].

We are interested in establishing a numerical discretization method for solv-
ing the differential functional problem (1)-(4). We propose upwind difference
explicit Euler type schemes which consist of replacing partial derivatives in (1)
by suitable difference operators. The choice of the difference operators approxi-
mating mixed derivatives is locally determined by the sign of the coefficients in
the differential equations. The approximation of the Robin boundary conditions
(3), (4) requires an extension of the mesh outside the set E (see the definition of
the sets 9 E, and E;). The same extended mesh was applied in [2] for the scalar
quasilinear parabolic differential functional equation with the Neumann initial
boundary conditions (see also [8]).

The first part of the present paper deals with an infinite system of difference
functional equations generated by (1)-(4). In a general case this scheme is a theo-
retical approximation. If the original differential problem is reduced to the finite
one then the difference method is also finite and it is practically solvable.

In the next part of the paper we consider truncated finite differential func-
tional problems corresponding to (1)-(4) and difference functional methods re-
lated to them. A convergence analysis for these methods is given.
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Results presented in the paper are new also in the case of infinite systems
without a functional dependence.
To illustrate the theory we show results of numerical experiments.

2 Infinite systems of difference equations

We formulate a difference problem corresponding to (1)-(4). Denote by F (A, B)
the class of all functions defined on A and taking values in B where A and B are
arbitrary sets. If x € R" then we put ||x|| = |x1]| + ...+ |xu|. We define a mesh
on the set E in the following way. Suppose that (ho, ") where ' = (hy,...,hy),
h; > 0,0 < i < n, stand for steps of the mesh. For h = (hg, k') and (r,m) € Z1+"
where m = (my, ..., my,), we define nodal points as follows:

1) = rhy, 2™ = (xgml),...,xﬁ,m”)) = (mhy, ..., myhy).

Denote by A the set of all i = (hy,h’) such that there are Ny € N and N =
(Ny,...,Ny) € N" with the properties: Nohg = a and (Nihy, ..., Nyhy,) = b. Let

R = £ (#0), xM)Y 2 (r,m) € ZMH7 Y,

E, =ENR'™, Egj=EyNR™", 99, = dENR;™

and
E, = { (0, xmy e E, . 0<r < No—l}.

For every (t),x(™) € 9yE; we define the set S(") of s = (sq,...,s,) such that
Is|| = 1or||s|]| =2and

if mj = N; then s; € {0,1}, if m; = —N; then s; € {0, 1},
and if —N]‘ < mj < N] then §j = 0,
where 1 <j < n. Let
O Ep = {(#7), xtm9)y o (1), x(M)y € 3oE), s € S} and E; = 9] E, UE,.

If Ay C Ri™andz: Ay — I°,w : Ay — R then we write zU") = z(+("), x(")) and
wrm) — w(t(r),x(m)) on Ay. Sete; = (0,...,0,1,0,...,0) € R" with 1 standing
on i-th place. We define the difference operators dy, 6 = (1,...,6, ) and 51.+, S,
1 <i < n, in the following way. For w : E; — Rand (t(r),x(m)) € Ej set

50w(r,m) _ l(w(r—&-l,m) . w(r,m) )’ (5)
ho
1
colrm) — = ¢ (rmte) o (rm—e;)
diw Zhi(w w ), (6)

(M) — lrm=e)) (7)

~0
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where 1 < i < n. Solutions of difference equations will be defined on the set
E; . Since system (1) contains the functional variable z which is an element of the
space C(E,I®), we need an interpolating operator 7, : F(E;,I®) — C(E,I*®).
Additional assumptions on 7}, will be required in the next part of this paper. For
z:Ef — 1%,z ={z,}, we puton E,

00z = {bozu}, Fulz] = {Fnulz]},

Fuyl = o (10,5, Tiz) gzl 4 0 (£, 2, Trz, 620™), e N,
i,j=1

The difference operators 0ij, 1 <1i,j < mn,are defined as follows. Write

Sizy™ = ste 2™, 1<i<n, ®)
Put
J={Gp:1<ij<ni#j}.
(r.m)

The difference expressions ¢;;z, " for (i,j) € ] are defined in the following way:

if off) (7,2, Tiz) 20 then 5,2 = 3 (6754 +676720™), ©)
(r,
Zk

if Q.(”)(t(r),x(m),ﬂz) <0 then (51']-21([’ m _ 1 (5*(5

m) +
; +6767 2 ) (10)

Ifz: E,j — [®° and (t(r),x(m)) € doEy, s € S(m) then we write

n n
ule) ) = 23 sy (80, ) = (20 4 20 ) s (10), ).
= =

We will approximate solutions of (1)-(4) by means of solutions of the difference
functional problem

502(7',71’!) — Fh [Z](r/m) on Ell/l’ (11)
Z(rm) — (p}(:’m) on Eyy, (12)
S(rm+s) _ o (rm—s) _ gulz] (rms) on dEy, s € S(m), (13)

where @, : Eoj, — I*°, ¢, = {@p.,}, is a given function.
For w € C(E,R) and for z € F(E;, R) we put

lw|; = max{|w(r,x)] :(t,x) €E, t< t}, t € 10,4,

2] () = max{|z(1"’”)| (1), x(my e B, v < r}, 0<r<N,.

Ifw e C(EI®), w = {w,}, and z € F(E;,1°), z = {z,}, then we set |w|; =
{lwpule}, t €10,a], and |z|() = {l|zul(}, 0 <7 < No.

Assumption HI 7, 1. The operator Tj, : F(E;",1°) — C(E,I®) is linear, Tjz =
{Tyz,} for z € F(E},1®), z = {z,}, and the mapping Tj, : F(E;,R) — C(E,R)
satisfies the conditions:
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1) if w,@ € F(E;,R) and w = @ on Ej, then Tyw = T),@,
2) forw : E; — Rand 0 < r < Ny we have | Tjw|,») = |w|(),

3) if w : E — R is of class C! and wj, is the restriction of w to the set Ej, then
there exists 4 : A — R4 such that | T,w, —w|, < §(h) and }1zin(1) ¥(h) = 0.
_)

Remark 1. To define an operator Ty, : F (E;7,R) — C(E, R) satisfying the above condi-
tions we can use the interpolating operator proposed in [6] for the construction of differ-
ence scheme corresponding to first order partial differential functional equations.

If p € I, p = {pu}, then we write |p| = {|p,|}. Let 0 € [* and 1 € [*° be the
sequences with all the elements equal to 0 and 1 respectively. Put R = [0, +-0)
and

lf:{pGW:p:{WprGRHVGN}

l?={p€ﬁ:p={whlmww=0}

U—r00

Assumption H[ 0y ]. The functions f : ¥ — [®, 8,9 : )oE — R;’ and ¢ : Eg —
[* satisfy the conditions:

1) there is Ag € I such that |¢(t, x)| < A on Ey,
2) thereisb € 1°, b = {Eﬂ}' such that ﬁ]-(t,x) >ph>00ndyE, 1< j<mn,
3) there exist 0y € C([0,a] x I,IT) and Ly € I such that

(i) oy is nondecreasing with respect to both variables and oy (¢, p) < Ly for
(t,p) € [0,a] x I,
(ii) there exists on [0, 4] a maximal solution wy = {wp,} of the Cauchy

problem
(1) = ool tw(t)), w(0) = Ao, (14)

4) the estimates
|f(t,x,w,0)| < oot |w|), (txw)eE,
[pi(t,x)| < bxwo(t), (t,x)€dE, 1<j<mn, (15)
are satisfied.

Remark 2. Suppose that Assumption H[ oy | is satisfied. Then P-solution v : E — [
of problem (1)-(4) satisfies the estimate

lo(t,x)| < wp(t) on E

where wy is the maximal solution of (14). This assertion follows from the comparison
theorem for infinite systems of parabolic functional differential equations (see [3]).

Let E* = [0,a] x (=b',b" ) whereb’ € R and b’ > b.
Assumption Ho[ A ]. The functions ¢ : & — M2, f : 2 —= [®,B: E — R},
¢n  Eopy — I and h € A are such that
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1) Assumption H[ V'] is satisfied,

2) there exist the derivatives 9, f(*) = (94, f),..., 9, f*) ) on £ and
9 f M (t,x,w, -) € C(R",R") where (t,x,w) € E, u € N,

3) thereis Ag € IY, Ag = { Ao}, such that |q)}(lr’m)| < AponEyy,
4) h € Ais such that E;” C ET and the inequalities

n h h

1_22_3Qii(trxrw)+ Z |Q1](t x,w)| >0, (16)

= hi - h h
= (ij)e]

n

1 1 )
hgntxw ) h—Qljtxw)| |aqif(t,x,w,q)|20, 1<i<mn,

j=Li#

(17)
hold with (t,x,w) € &, q € R", where d,,f = {9,,f"},1 <i < n, and the
inequality

n
1—-) hipj(t,x) >0 (18)
j=1
holds on dyE.

Lemma 1. If Assumptions H[ T, 1, H[ 09 ] and Hol A ] are satisfied then there exists
exactly one solution wy, : E;” — 1 of problem (11)-(13) and

™| < wo(t")) on E, (19)
where wy is the maximal solution of (14).

Proof. 1t follows from Assumptions H[ 7, ] and H[ V' | that there exists exactly
one solution uj, of problem (11)-(13) and uy, is defined on E,T. We prove the esti-

mate (19). Let g,(f) = {g,([;}, 0 <r < Ny, be given by

g}(lr; = max{]u%’lm” : (t(‘/),x(m)) S E;, v < r}, ueN.
We prove by induction that for any 0 < r < Nj the inequality
&) < awo(t?) (20)

is true. First we prove that C}(ZO) < Ap. If on the contrary, C}(Z w > Ag. for some
# € N then in view of the assumption 3) of Ho[ A] there is (0, x( ) € g En

with § € S0™ such that Chy = | Om+s u{ 0+

u, " . It follows
that

| Assume that Ch "=

g1+ §}2hjﬁj~u(0'x(m))) =
j=1
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(0,1i1—3) 2, } n )
= g7 (1= By, (0,x™) ) +2 le] By (0, X)) <

< AO-P‘ (1 — Zi%zh]ﬁ]y(o x( ) +2Z§2h ]Lp]y(O x ))|
= =

Thus

n n
Z%SJZ 10, )| > Ag, Z%sz 1iBj.u(0,x™) > Ag b, Z%SJZ hj
j= j= =

and we obtain a contradiction to the condition (15). If we assume that C,(f; =
—u}(l?’m+§) then we get the same contradiction.

Suppose that the estimate (20) is satisfied for fixed r, 0 < r < Njy. It follows
that

50uh ]/t Zl sz 7;114}1 ) 51]1’[;1 U )+
i

n

+ Y 00, F I (P ] ) Sl + FO0 (40, 2, Ty, 0), e N, (1)
i=1

where (t),x(") € E/ and Pp(,r’m) [wy] = (9, x0M, Truy, ééug;lm)) with some
¢ € (0,1) is an intermediate point. Set

I ] = {Gg) € T = ol (10, 20, Ty > 0}, 1 ] = ]\ J ).

We conclude from (21) that

u;:;—l,m): rm +Z rm+e rm +Z (r,m—e;) +
+ T (e +e’)+u;§f;lm_ei_ef))1>§f,;?)+ (22)
()l )
+ Z (ulsr.';lm-FEi_ej)+u}(:;lm—ei+3]')>D; i +h0f ( (m)/ﬁzuhlo)
(i)el ™ [uy)
where
h h
AP =1-2Y 00l (Q + ¥ -lel (@),
i=1" (ij)ey i
h LI h
B =30l (Q = Y el Q1+ 5ra/W(P), 1<i<n
i ]:1/]7&1 ] )
h LI h
G = ael Q= X e @)1= g, 1<i<n
i j=1,j£i "1 1
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(r,m)

D‘u.ij = 2hh |sz ( )|/ (Z/]) E]I

and Q = (t),x(") Tru,), P = P,Sr’m) [uy,]. Since Ag’m), B, C(ftm), D™ are
nonnegative and
A 1 3 (B i) + Zl 2D =1, peN,
i= i,j

we obtain
| r+1 m) | < gilr) + hOUO(t(r),C,(:) )

The components of wy are convex on [0, a] so we have the following inequality
wo(t" )Y > wo(t7)) + hy o (+7), wo (1)),
The above inequalities and the inductive assumption yield

ul f“’” | < wo(tr )y, (D), xm)y e . (23)

If we assume that the inequality gh S o(t7+1)) does not hold and g{;l
wou(tU+D) for some p € N then there is (#7), x("+5)) € 9JE, with v < r+1,
5 € SM such that g}([;f” = |u}(:.7}’lm+§)]. Consider the case g,([;” = {7

h.u
follows from (13) and (23) that

n — —
g,([;” (1 + gﬁh]-ﬁj,y(t(l/),x(m))) <
]:

n ) n I
< wou(t () ( Z ]ﬁ]ﬂ ), (m))> +22§}2hj|lpj.y(t(v)/x(m))|
: ]:

and thus

& n
Z §]2h]|¢]ﬂ(t(1/)’ x(m))| > bywo.y(t(H_l)) Z §]2h]
j=1 j=1
This is a contradiction to the assumption (15). Analogously we obtain in the case

C,Y;l) = —u,ii’img). Therefore

g}(lr—kl) < wy (t(r+1) )

and this completes the proof of Lemma 1.
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3 Convergence of difference methods

For p € I we define C,(E,[®) = {w € C(E,I*) : |w|, < p}.
Assumption H[ ¢ ]. The functions ¢ : & = M}’ ,,, f : & — [ are continuous,
Assumption H[ oy ] is satisfied and
1) the sequence A € [T is such that A > 0 and A > wy(a),
2) there exist o € C([0,a] x IT, IT), ¢ = {0y}, and L € I such that

(i) o is nondecreasing with respect to both variables, o(t,0) =0, t € [0, 4],
ando(t,p) <L on [0,a] x I,

(ii) for each C € I?, C > 1, a function @(t) = 0, t € [0,4], is the unique
solution of the problem

W'(t) =Cxo(t,w(t)), w(0) =0,

3) the estimates

n
Y- Lot x,w) — it x, @) | < o(t, |[w— @),
ij=1

| f(t,x,w,9) = f(tx,@,q) | < o(t, |w—D])
are satisfied for (f,x) € E, g € R" and w, @ € C4(E,[%).

Assumption Hi;[ A]. The functions ¢ : & = M2, f : Z = [®,B: E = R,

nxmns

¢n 2 Egp — 1% and h € A satisfy Assumption Hp[ A ] and
1) there is a sequence B € I such that ,Bj(t,x) <BondgE,1<j<mn,
2) there is a constant C > 0 such that ||i’||?> < Chy.
Theorem 1. Suppose that Assumptions H[ Tj, 1, Hi[ A ] and H[ o | are satisfied and
1) the function v : E* — 1°, v = {v,}, is such that v(-,x) : [0,a] — I,

x e (=b',b"), is of class C1, v(t,-) : (=b',b") — I, t € [0,a], is of class
C3 and there are ¢y, c1 € I¥ such that

|ax,-xjv(t/ x)| S CO/ |ax,-x]-xkv(t/ x)| S Cl on E+/ 1 S Z./]./k S 7’1,
and v is P-solution of (1)-(4) on E,
2) the function uy, : E" — 1%, uj, = {tp.y }, is the solution of problem (11)-(13),

3) there exists a function vy, : A — IS such that %irr(l) Yo(h) = 0and
—

| qo}(l”rm) _ go(t(r),x(m)) | < ')’(p(h) on Ejj.
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Then there is v : A — I such that }llin% y(h) = 0and
%

]u}(lr’m) —o(t"), x| < y(h) on E;. (24)

Proof. Denote by 6, = {7, } the restriction of v to the set E. Let F}(lr’m) =
{F,Srym)} be defined on E; by the relation

r(r,m) _ 505(7’,m) —F, [5h](r,m)'

It follows from the regularity of v and from Assumption H[ o] that there is 7t :
A — I? such that

TV | < yr(h) on Ej
and }1lirr(1) yr(h) = 0. For (), x™) € §E;, and s € ") we define
%

T}Er,m,s) (r m+s) UI(;’,m—s) — g [ijh](r,m,s)‘

Using the Taylor formula for v with the third order derivatives with respect to x
and by the relation

505, 0(H1), ) = g2y (1), x() — By(10), x(M) s 0 (1), x(M) ), 1 < < m,

we obtain 1
|T}Er'm's)| <e|H|® where ¢= 301t B x co. (25)

.Le't the fur.lction ep  Ef - 1, ey, = {en.u}, be given by e, = uy, — 0),. Then gy,
satisfies the difference functional system

Soefy" = Y2 off (#0300, Tany) e+
i,j=1
+Zaqf P T, 51]) diely ) + AL (26)

where (£, x(™) € Ej, p €N,
n
A = L (eif (10, Thauy ) = o (1, 21", Ty ) ) a1+

(D), ) Ty, 55%11) ) — FW (0, %) Tp5,, 55};;1) ) — r](%lm)

and
) g, ) = (t(r),x(””’),ﬂuhzwi(;}:m) T ‘:(5”’(134”1) B (56}(:;"11)))
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with some ¢ € (0,1). Define 17}(;) = {17,52}, 0 <r < Ny, by
17}(3[ = max{]s%{m)] (tV), 2y e EF, v < r}, u € N.
Observe that for A = {A } we obtain the estimate
AV < (o) # o (K7, ) + e ().
We can rewrite (26) into the form which is analogous to (22) and we conclude that

|€ (r+1,m) | < W;(,r) + ho(1+ cg) * o ( f(r)/’h(lr) ) + hoyr (h) 27)

where (tU+1), x(m) ¢ E,.
Now we take (#r+D), x(m)y € 9oEy, s € SU™. Then (t0+1, x("+5)) € 9 E; and

(r+1,m+s) .
rlms) (1 + Z% S]ghjﬁj(t(m),x(m))) =
]:

n
= gglr—l—l,m—s) * (1 — ;S]Zhjﬁj(t(rjhl),x(m))) . T}Er—i—l,m,s).
]:

Thus (r+1,m+s) (r+1, ) (
r+1,m+s r m—s
€, | < g, |+ |1,

It follows from (25), (27) and from the assumption 2) of Hi[ A] that

r+1,m,s) ’

€| <0 (14 ) 5 (80, 1)) + gyt ()

where 7. (h) = qr(h) + ¢ C\/Chy. Thus the following recursive inequality

Y < ho(L co) x o (40, i) + o (k) 28)

holds with 0 <r < Ny. Let wj, be the maximal solution of the problem
W'(t) = (1+co) xo(t,w(t)) + 1 (), w(0) =7,(h),
where fy;(h) = 7o(h) + ¢||1||°. The solution wy is defined on [0,4] and
lim wy, () = 0 uniformly on [0, a]. Since
h—0
wp (1) > w,(H7) + ho (1+ co) * (1), wy, () ) + hoyp (h), 0 <7< Ny,

and 17}(10) < 'y;(h), we have

17,5” < wh(t(r)), 0<r<Np.

We obtain the assertion (24) with y(h) = wy,(a).
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4 Finite systems of difference equations

The main task in investigations presented in this part of the paper is to find a finite
difference scheme corresponding to the original infinite problem (1)-(4). We will
apply the truncation method.

Fix k € N. Let ¢ € C(E,I*), § = {@u}, be such that § = ¢ on Eg. For
w:E—1°,w={w,}, we put

[wlk.g = {@u} where @y = wy for 1 <y <k and @, = ¢, for u > k.
IfDCEandw: D — I®°, w = {w,}, then the symbol w!* denotes the function

whk . D — Rk given by whl = (w1, ..., wg). We will treat an element p € RK,
p = (p1,---,Ppk), also as the sequence p = {p, } with p, = 0 for u > k. Write

P = (B, B,

n
B x) = )y ol (%, 2k ) dwpnyzu(t, ) + FI (1%, 2k gy 0uz (1)),
1,j=

wherez : E — RK, z = (z1,...,2zk), 1 <u <k
Consider the finite differential functional system

diz(t, x) = FIM[Z] (¢, x) (29)
with the initial boundary conditions
z(t x) = el (1, x), (t,x) € Ey, (30)
BIEI(t,x) s z(t,x) + 3y z(t,x) = 9l (t,x), (tx) €0;,E, (31)
B (t,x) » z(t, x) — Bxz(t,x) = (L, x), (t,x) €9;_E, (32)

where1 <j <n.

To estimate the difference between the solution of infinite problem (1)-(4) and
the solution of truncated problem (29)-(32) we formulate additional assumptions.

Assumption H[c, ¢ ]. The functions ¢ : E — M2, f : X = [®, B : E —
Ry satisfy Assumption H[ 0] and the function ¢ € C(Ey,[%®) is such that there
exists p € C(E,I*), ¢ = {@,}, with the properties:

1) @(t,x) = ¢(t,x) for (t,x) € Epand |¢|, < Awith A = JA,

2) the function @(-,x) : [0,a] — [®, x € [~b,b], is of class C!, the function
@(t,-) : [=b,b] = 1%, t € [0,a], is of class C* and thereis d € I?,d = {d,},
such that

|ax1.x].q~)(t,x)| <d, (t,x) €E, 1<i,j<mn,
3) thereis c € I§°, ¢ = {c,}, such that
| 0:p(t,x) — F[@](t,x)| <c for (t,x) €E, (33)
and the maximal solution @ = {@, } of the problem
W'(t)=1+d)xo(t,w(t))+c, w(0)=0, (34)

exists on [0, 4] and P}1_r>n @y (t) = 0 uniformly on [0, a],
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4) the estimates
| Bj(t,x) % ¢(t,x) + 05, ¢(t, x) — ¢(t,x) | S bx@(t), (t,x)€9;4E,

|,B]'(t,x) * P(t,x) — ax Pt x) — Lp](t,x) | < b x @(t), (tx)e€ a]-,_E,
are satisfied for 1 <j <mn.

Remark 3. Let ayj € Ry, #,j € N, be such that the series S, = Z{aw, u €N,
]:
are convergent and the sequence S = {S,} tends to zero. Fix the sequence p € I,

p = {pu}, such that p,, > 0 for y € N. Put I[p] = {p el :p< ﬁ}. Then the
function o : [0,a] x I¥ — I, 0 = {0y}, given by

ou(t,p) = Y ayipj, pEIp], and ou(t,p) = Zawm, p €I\ I[p],
j=1 =

where t € [0,a], u € N, satisfies the required conditions.

Lemma 2. If Assumption H[ o, ¢ ] is satisfied and the function v : E — 1% is P-solution
of (1)-(4) then
o(t,x) — §(t,x)| <@(t), (%) € E,

where @ is the maximal solution of the problem (34).

Proof. Define 4 : E — [, % = {3, }, by & = v — ¢. Let the function G = {G, }
be defined on E x C4(E,I*®) x R" x M;xy in the following way

Gu(t,x,w,q,7) Z Qz] (t,x,w+ @) (rl]—i—axlx Pult, x))—l—
i,j=1

+FE(tx,w + §,q+0xPult, x) ) — 0t x)

where 4 € Nand r = [T’ij]i,jzl,...,n- Consider the infinite differential functional
system

0z (t, x) = Gu(t, x,2,0xzu(t, X),0xxzu(t, x)), p €N, (35)
where z = {z,}, dxxzy = [ax,.x].zy]i,jzlwn. It follows that the function @ is a

parabolic solution of (35) such that 3(f, x) = 0 on Ey and
| Bj(t,x) * 0(t, x) + 9x,0(t, x) | < bx@(t) on 9;4E,

| Bj(t,x) % 3(t, x) — 0x,0(t, x) | < b*@(t) on 9;_E

where 1 < j < n. The following estimates

Gult, %, 0,0,01 < 3 1ol (tx, 0+ ¢) = 01 (£,x, ) - 13wy it )|+
1,j=1

+ |f(”)(t,x,ZU+¢,8x%(t %)) = f (£ x, @054y (t %) )+
+ |F [ ] Btgoy(t x)| < (1+d ) y(t,’ZU|t)+CV
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are satisfied for (t,x) € E, w € C4(E,I*) and u € N. It follows from the compar-
ison theorem (see [3]) that

19(t,x)] < @(t) on E.
The proof is complete.

For a function w € C(E,R¥), w = (wy,...,wy), we write |w|; = (|wi]s,...,
lwil¢), t € [0,a]. Put C4(E,RF) = {w € C(E,RF) : |w|, < A} where A € I®is
given in Assumption H[ o, ¢ |.

Ifv: E — [*is P-solution of (1)-(4) and there is co € I, co = {co. }, such that
|0x,x0(t, x)| < coon E, 1 <1i,j < n, then v is said to be P[co|-solution.

Lemma 3. Suppose that Assumption H[ o, ¢ | is satisfied and

1) the function v : E — 1%°,v = {v,}, is P[co]-solution of (1)-(4),

2) for each k € N the function ulkl . E — RE, ylkl = (ugk], ey, ul[ck]), is the parabolic
solution of (29)-(32).

Then there exists wXl € C([0,a], RX.) such that
o (t, x) —uld(t, x)| < w(t), (tx)€E,
and kh—>ngo | (£) || = 0 uniformly on [0, al.
Proof. Let k € N be fixed and let the function 3¥ : E — R be given by

okl = ylkl — 5[k, We define the function H : E x Cx(E, Rk) X R" X My« — R,
H = (Hy,..., Hy), as follows:

Hﬂ(t/ X, w,q, 1/) = Z Qz(]V) ( t,x, [ZU + U]k.qb )rij+
i,j=1

n
+ ¥ (el (tx [+ olig) = off (t,%,0) ) drayou (8, 0)+
ij=1
-|—f(V)( t,x, [w+ v]k.q;,,q +0,vyu(t, x) ) — f(”)( t,x,v,0x0,(t, x) ).
Consider the differential functional system
0z (t,x) = Hy(t,x,2,0x2,(t, ), 0x2zu(t, x) ), 1< <k, (36)
where z = (z1, ..., z;), with the homogeneous initial boundary conditions

z(t,x) =0 on Ey, (37)

IB][.k](t,x) *z(t,x) +0y;z(t,x) =0 on 0;E, (38)

‘B][.k](t,x) +z(t,x) —dy,2(t,x) =0 on 9;_E (39)
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where 1 < j < n. The function ¥ is the parabolic solution of the problem
(36)-(39). We use the comparison theorem for systems of differential functional
equations to estimate the values of 3.

We need the following additional notation. For p € [*°, p = {p, }, we denote
by 0, the sequence {f, } such that p, = 0for 1 <y < kand p, = py for y > k.

Letcl¥ : [0,a] x RE — RE, oK = (al[k],...,algk]),be given by

o (t,p)=0ou(t,p), 1<u<k (40)
We observe that the terms
> Lo (tx [+ oleg) — ol (£,x,0)],

ij=1

Pt %, [+ 0k, x0u(t, ) ) — £ (1%, 0,0504(1,1) ),
with (t,x) € E,w € C4(E, Rk), 1 < u <k, are bounded from above by

ol (4wl ) + 0u(t, O oir) )

where @ is the maximal solution of (34). Then

|Hy(t,x,w,0,0)| < (1+coy)(7}, (t, |wl )—I—aLk}
with zka} = (1 +copu)ou(a,0r5a)), 1 < p < k. Write alkl = (ocgk],...,oc,[(k]). It
follows that
15(t, x)| < w(t) on E,

where w!! is the maximal solution of the problem
W' () = (1+co) x ¥ (t,w(t)) +all, w(0)=0. (41)

Since klim e = 0, we have that klim | (t)||eo = 0 uniformly on [0, 4]. This
—»00 —0

finishes the proof of Lemma 3.
Now we construct the difference problem related to (29)-(32). For z : E; — RK,
z=(z1,...,2), we write

F}Ek] 2 = ()., BN,
Z Qz] / [ﬁzz]k(p) 1]Zpt +f ( (m) [Ez]k(P'éZ;l ))
i,j=1

on E;l, 1 < u < k. Difference operators 6y, 6 = (61,...,0n) and 6;;, 1 < i < n, are
given by (5), (6) and (8). The difference expressions 5l]zy for (i,j) € J are defined
by (9) and (10) with ( t), x("), [T,z). ¢ ) instead of (+0), x(m) Trz).

For (1), x(") € 9E;,, s € (") we put

g}[lk] [Z] (rm,s) _ 2 gs}zhjlp][k} (t(r)’x(m)) . (Z(r,m+s) +Z(r,m—s)) « 21 S}?'h]'ﬁ][.k] (t(r)’x(m))'
= =
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Consider the difference functional problem

5oz = F¥[z]m) on E, (42)
20m = (@)™ on Eqp, (43)
Srmts) _ S (rm—s) _ gl[1k} 2] (rms) on dE,, s € g(m). (44)

We formulate the main theorem in this part of the paper.

Theorem 2. Suppose that Assumptions H[ o, ¢ |, H[ Ty, I, Hi[ A ] are satisfied, the func-
tion v : E — 1% is P|co]|-solution of (1)-(4) and for each k € N

1) the function u® : ET — R is such that u (-, x) : [0,a] = RK, x € (=b",b"),

is of class C*, ulkl(t,.) : (=b",b") — Rk, t € [0,a], is of class C® and there are

cg(], cgk} € R’jr such that

O™ (1, 2)| < e, [Oxru™ ()| <, (tx) €EF, 1<ijk<n,

and ul¥l is the parabolic solution of (29)-(32) on E,

2) the function ui[lk} DEF — R¥ is the solution of (42)-(44),

3) there is 'ygd : A — RE such that EH(IJ fygf] (h) = 0and
_>

() — M (1), 20| < 9l (h) on Eqy.

Then there exist y¥ : A — R’jr and ekl e R’jr such that
[y — o (1), x| < 4B () + el on E, (45)
and lim v¥ (1) = 0, lim ||| = 0.
h—0 k—o0

Proof. Let us fix k € N. Using the methods from the proof of Theorem 1 we
can prove that

[y )y (10, )y < ol (1) on Eff

[K]

where @, is the maximal solution of the problem

W' () = A+t w0t) + 78 (h), w(©0) =1 m),

with T[k},'ygd : A — R satisfying condition }llin}] ¥ (h) = lin}) 'y([)k](h) = 0 and
- -

with ¢!kl given by (40). It follows from Lemma 3 that
1l (1), my — ok (#) )y < WK (#)) on E,

where w!! is the maximal solution of (41). Thus we obtain the assertion (45) with
M (h) = w}[lk} (a) and el = wlt(a).
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5 Numerical examples
We take n = 2 and E = [0,4] x [—1,1]* with a = 0.25.
Example 1. Suppose that f : E x C(E,R) — R is defined by
. 4 1
ft,x,y,2) = x®y?(x* — 22t) — 4tx* (1 + gtx‘ly) - 5x2/ z(t, T,y)dt.
-1
Consider the differential integral equation

oiz(t, x,y) =

= 20xx2(t, X, ) + x0xyz(t, X, V) /_11 z(t,x, T)dT + 20yyz(t, x,y) + f(t,x,y,2z) on E,
with the initial boundary conditions
2(0,%,y) =0, (vy) € [-1,17,
z(t,8,y) +s0xz(t,s,y) = 5ty?, (t,y) € [0,a] x [-1,1], s=1 or s = —1,
z(t,x,5) +59yz(t, x,8) = 3tx*, (t,x) € [0,a] x [-1,1], s=1 or s = —1.

The exact solution of the above problem is known. Itisv(t, x,y) = tx*y?, (t,x,y) €
E. To approximate v we use the solution u;, of problem (11)-(13) reduced to the
scalar case with ¢, = ¢. We apply the interpolating operator 7;, : F(E;",R) —
C(E,R) given in [6]. Then for z : E;” — R the function 7jz is obtained by interpo-
lation by splines of z and the integrals in (11) are calculated as follows:

1 h Ny—1 ,

/_1(7;12)“(”' T'y(mZ))dT - El(z(r’_Nl’mZ) +Z(rNum)y 4y 3 )3 z(rim2),
j=—Ni+1

/1 (TZ)(t(r) x(ml) T)dT = @(Z(T’,ml,—Nz) —+ Z(rlmllNZ)) + hz sz_ll Z(r,ml,j)
L Un ’ , > X

where 0 < r < Ny, —N; < m; < N7, —Np < mp < N,. Maximal error values
en = | up —v|(y,) for several steps = (hg, hy, hy) are listed in the following table.

]’l() h1 = ”lz ey - 10g2 e
-1 o4 1.474708 - 1073 | 9.405354
271 275 3.636181 - 104 | 11.425288
27151 26 9.010732 - 10> | 13.437997
2171 277 2.245604 - 1075 | 15.442536

All the assumptions of Theorem 1 are satisfied and calculated error estimates
ey, are consistent with Theorem 1.

Example 2. Let g, : E X C(E,I*) — R, € N, be given by

Sult,x,y,2) = u gt x, y)zu (B(t, x,y))+
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gLy O)zpa (b xy) — (¢ = 1P = 1)?exp[H(x® = 1)*(y* — 1)°]
where z = {z,}, B(t,x,y) = (t,y,x) and

g(t,x,y) = 4t(3x%* — 1) (y* — 1) + 16t (x* — 1)%(y* — 1)~
Consider the infinite functional differential problem

Oizu(t, x,y) = p 10mzu(t, x,y) + (p + 1) '9yyzu(t x,y) — gu(t, x,y,z) on E,

)19
2u(0,%,y) =p', (xy) € [-1,1]%
zu(t;s,y) +50xzu(t,s,y) = p~', (ty) €[0,a] x|

x|—1,1|, s=1 or s = —1,
zu(t,x,8) + 89yzy(t, x,8) = u~ 1, (t,x) € [0,a] x [-1,
1

1]
1], s=1 or s =—1,
where i € N. The exact solution is vy, (t,x,y) = u~texp[t(x? — 1)%(y* — 1)?],
(t,x,y) € E, u € N. We take @, (t,x,y) = ' on E, u € N. We use the difference
method (42)-(44) with ¢, = ¢. Let ui[lk} be its solution. The following table shows

- [K] Ky K] _
maximal error values | e, ||~ Where ¢, |uy,” — o | () for several steps h
(ho, h1, h2) and system sizes k.

k k
klh [m=m| Jde | —logle |
2 [ 24 21 7.250851 - 102 3.785706
2|26 272 2.536511 - 102 5.301011
2 |28 2-3 6.994665 - 103 7.159529
2 | 2710 >4 2.619863 - 103 8.576293
4 | 2710 o4 1.793981 - 103 9.122621
4 | 2712} 275 9.194016 - 104 10.087017
8 [ 2712 2-5 4511476 - 104 11.114113
8 [ 2714 | 26 2.721995 - 104 11.843047
16 | 2714 | 276 1.133084 - 10~* 13.107457
16 | 2716 | 277 6.374717 - 10—° 13.937279

The results shown in the table are consistent with Theorem 2.
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