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Abstract

In this paper, we deal with the existence of subharmonic solutions for
the p(t)-Laplacian Hamiltonian system. Some new existence theorems are
obtained by using minimax methods in critical point theory, and our results
generalize and improve some existence theorems.

1 Introduction

Consider the second order p(t)-Laplacian Hamiltonian system

%(M(mp(f)—zu(t)) + VF(tu(t)) =0 aeteR (1.1)

where F : [0, T] x RN — R is T-periodic (T > 0) in t for all x € RY, that is,
F(t+T,x) = F(t,x) (1.2)

forall x € RN and a.e. t € R, and satisfies the following assumption:
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(A) F(t, x) is measurable in t for every x € RY and continuously differentiable
in x for a.e. t € [0, T], and there exista € C(R*,R*),b € L'(0, T;R"), such
that

(8, 2) < a(lx))b(t),  [VE(tx)| < a(|x[)b(t)

forall x € RN and a.e. t € [0, T).

Moreover, we suppose that p(t) € C(IR,IR™) satisfies the following assump-
tion:
A’) p(t) =p(t+T)forallt € R, where p* := t), p~ = min p(t) > 1
(&) p(t) = p(t+T)forallt € R, where p™ := max p(t), p~ := min p(t) >1,
gt > 1 which satisfies 1/p~ +1/q" = 1.

If p(t) = p > 1, system (1.1) reduces to the ordinary p-Laplacian system

%(|u(t)|r’_2u(t)) + VF(tu(t)) =0 ae teR. (1.3)

When p = 2, system (1.3) reduces to the following second-order Hamiltonian
system

i(t)+ VF(t,u(t)) =0 ae.teR. (1.4)

To obtain the existence of periodic and subharmonic solution for system (1.4),
P. Rabinowitz [15, 16] proposed the following subquadratic conditions, that is,
there exist 1 € (0,2) and L > 0 such that

0 < (VF(t,x),x) < uF(t,x)

for all |x| > L and a.e. t € [0, T|, and the superquadratic condition, that is, there
exist y > 2 and L > 0 such that

0 < uF(t,x) < (VF(t,x),x)

for all |x| > L and a.e. t € [0, T], these two conditions are known as Ambrosetti-
Rabinowitz conditions.

In recent years, considerable attention has been paid to the existence of pe-
riodic and subharmonic solutions for system (1.3) and (1.4) under Ambrosetti-
Rabinowitz conditions (see [20, 27]), and many authors have devoted to the in-
vestigation to weaken the Ambrosetti-Rabinowitz conditions and some existence
results on periodic and subharmonic solutions for (1.3) and (1.4) have been ob-
tained under weak conditions (see [8, 12, 13, 21, 22]). Meanwhile, many solv-
ability conditions not related to the Ambrosetti-Rabinowitz conditions are also
given, such as the periodic potential condition (see [17]), the convex potential
condition (see [2, 9, 26]), the bounded nonlinearity condition (see [1, 10, 11]), the
even potential condition (see [23, 25]).

Specifically, when F(t,x) is sublinear, that is, there exist f, g € LY(0, T;R™)
and « € [0,1) such that

IVE(t x)| < f(5)]x]* +8(t) (1.5)
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for all x € R"” and a.e. t € [0,T], and there exists a subset E of [0, T] with
meas(E) > 0 such that

x| 72*F(t,x) — +o0 as |x| = o (1.6)

for a.e. t € E, where « is the same in (1.5). Tang [22] obtained the existence of
infinitely subharmonic solutions (kT-periodic solution for some positive integer k
is called to be subharmonic) for system (1.4) under the conditions (1.5) and (1.6).

In the last decade, the study on problems of elliptic partial differential equa-
tions and variational problems with p(x)-growth conditions has attracted more
and more interest in recent years (see, for example, [3-7, 28]). The ordinary p(f)-
Laplacian system (1.1) has been studied by Fan (see [7]), then Wang (see [24])
obtained the existence and multiplicity of periodic solutions for ordinary p(t)-
Laplacian system (1.1) under the generalized Ambrosetti-Rabinowitz conditions,
but as far as we know, few papers discuss the subharmonic solutions for system

(1.1).

The ordinary p(t)-Laplacian system can be applied to describe the physical
phenomena with “ pointwise different properties ” which arose from the nonlin-
ear elasticity theory (see [28]). The p(t)-Laplacian system possesses more com-
plicated nonlinearity than that of the p-Laplacian, for example, it is not homoge-
neous, this causes many troubles, and some classical theories and methods, such
as the theory of Sobolev spaces, are not applicable.

Inspired and motivated by the results mentioned above, we obtain some exis-
tence results of subharmonic solutions for system (1.1), we suppose that F(f, x) is
p~-sublinear, that is, there exist f, g € L'(0,T,R*)and a € [0, p~ — 1) such that

IVE(t, x)| < f(O)]x]* +8(t) (1.7)

for all x € R"” and a.e. t € [0,T], and there exists a subset E of [0, T] with
meas(E) > 0 such that

x| T “F(t,x) = +o0 as|x| = oo (1.8)

for a.e. t € E, where p~ and q" are the same in the condition (A’), under the
condition (1.7) and (1.8), the existence of subharmonic solutions for system (1.1),
which generalizes Tang’s results, are obtained by the minimax methods in critical
point theory.

2 Preliminaries

In this section, we recall some known results in critical point theory, and the

(t)

. 1, . .
properties of space Wy PL are listed for the convenience of readers.

Definition 2.1. ([24]). Let p(t) satisfies the condition (A’). Define

T
L7 ([0, T),RN) = {u e L'([o, T],IRN);/ u|POdt < oo}
0
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with the norm ; 0
. u |p(t
|u|p(t) = 1nf{)\>0;/0 ’X’ dtél}

For u € L! ([0,T],RN), let u’ denotes the weak derivative of u, if

loc

u' € L ([0, T],RN) and satisfies

loc

/OTu’cp dt = — /OTmp’ dt, V¢ € CP([0, T],RY).
Define
wiP® ([0, T],RN) = {u € LPO ([0, T], RN); u' € LF ([0, T], RN)}
with the norm [|ul] 10 1= (1], + [0 s

Remark 2.1.If p(t) = p, where p € [1, %) is a constant, by the definition of |ul,),

it is easy to get |u|, = (fOT lu(t)|Pdt)1/P, which is the same with the usual norm
in space LP.

The space LP(*) is a generalized Lebesgue space, and the space W'?(!) is a gen-
eralized Sobolev space. Because most of the following Lemmas have appeared in
[3, 6, 14, 24], we omit their proofs.

Lemma 2.2. ([6]). LP() and WXP(!) are both Banach spaces with the norms defined
above, when p~ > 1, they are reflexive.

Definition 2.2. ([14]).
CY = CP(R,RY) = {u € C*(R,R") : u is T-periodic}

with the norm || u||co= max |u(t)|.
te[0,T]

For a constant p € [1,00), using another conception of weak derivative which
is called T-weak derivative, Mawhin and Willem gave the definition of the space

W%’p by the following way.
Definition 2.3. ([14]). Let u € L(]0, T],RN) and v € L([0, T], RY), if

T T
/ o dt = —/ u¢’ dt V¢ € CT,
0 0
then v is called a T-weak derivative of u and is denoted by 1.

Definition 2.4. ([14]). Define

w}'P([O, T),RY) = {u € LP([0, T}, RN); u € LP([0, T],RY)}

. p L) P
with the norm [|ul| 1, := (|u|p + |u|p> :
T
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Definition 2.5. ([3]). Define
WP ([0, T, RN) = {u € LPO ([0, T], RN); € LPB) ([0, T], RN)}
and H;’p(t)([O, T], RYN) to be the closure of C¥ in W'?()(]0, T], RN).
Remark 2.2. From Definition 2.5, if u € W%’P(t) ([0, T],RN), it is easy to conclude
that u € Wy* ([0, T], RN).
Lemma 2.3. ([3]).
(i) CP([0,T], RYN) is dense in WP ([0, T],RN),
@) WP ([0, T, RN)=H}"") ([0, T], RN)={u € W2!) ([0, T], RN);u(0) = u(T)},
(iii) If u € HX!, then the derivative u’ is also the T-weak derivative 1, i.e. 1’ = 1.

Remark 2.3. In the following article, we use ||u|| instead of [[ul| 1, for conve-
T

nience without clear indications.
Lemma 2.4. ([14]). Assume that u € W%’l, then
@) [ udt =0,

(ii) u hasits continuous representation, which is still denoted by u(t) = fot u(s)ds +
u(0), u(0) = u(T),

(iii) # is the classical derivative of u, if 1 € C([0, T], RN).

Since every closed linear subspace of a reflexive Banach space is also reflexive,
we have

Lemma 2.5. ([3]). H;’p(t) ([0, T],RN) is a reflexive Banach space if p~ > 1.

Obviously, there are continuous embeddings LP() « LF~, WiP() s Wlp™
and H;’ Pt H; P By the classical Sobolev embedding theorem we obtain

Lemma 2.6. ([3]). There is a continuous embedding

Wllp(t) (01" H%«’p(t)) — C([OI T]IRN)’

when p~ > 1, the embedding is compact.

Lemma 2.7. The space W%’p ) _ W%’p *) @& RN, where
~ T
WP — {u e Wy, /0 u(t)dt = 0},

there exist positive constants C, if u € W%’p (t), such that

T 1/p~ _
IIuHooszc(/ Iu(t>|”“)dt) P etV
0
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Proof. Let A = {t € [0, T]||u(¢)| > 1}. From Remark 2.2, u € W%’pf, from the
inequality in classical Sobolev space, there exists a positive constant Cy > 0, such

that . o
lut]loo < C(/O u(e)|” dt)

c(/Ayu(t)deH

c(/A|u(t)|P<f>dt+meas([o,T]\A))1

c(/OT ju(#)|P Dt + T)l/p

T 1/p~ _
gzc(/ a()PWar) " 20T,
0

. 1/p~
i(t)|P dt
oy HOF 1)
/p~

IN

IN

This completes the proof of Lemma 2.7.

Lemma 2.8. ([3]). Each of the following two norms is equivalent to the norm in
Lp(t)

W.
T

) [l + luly 1< g < oo,

(i) |ut], + |7], where @ = (1/T) [, u(t)dt.

Lemma 2.9. ([7]). If we denote p(u) = fOT lulPMdt, Vu € LPM), then

@) |ulpy <1(=L>1) <= pu) <1(=1>1);

.. - + +
(ii) _|”|p(t) >1= |M|Z(t) < p(u) < |u|Z(t), |”|p(t) <1l= |M|Z(t) < p(u) <
jul?

p(t)

(iii) |ul,r) = 0 <= p(u) = 0; [u],;) — 00 <= p(u) — oo.

Proposition 2.1. In space W%’P(t), |u| = co = (fOT |u|P(f)dt)1/P_ + |it] — oo.

Proof. By Lemma 2.8, there exists a constant Cy > 0, such that
lull < Co Il + 171), 1)
if [11],(;) < 1,1t is easy to get
T 1/p~
i 1|P(t)
1]y < (/O alp®ar) " 41, 2.2)

when [ii|,;) > 1, we conclude that

ity < ( /O ' !uIP“)dt)W (2.3)
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by Lemma 2.9, it follows (2.1), (2.2) and (2.3) that

T -
Jull < Co(( [ 1 Oae)" """ +Ja| +1) 24

which implies that

T 1/p
) = co = ([ Julr®at) " + ] = .
0

Lemma 2.10. ([7]). If u,u, € L? (t) (n =1,2,---), then the following statements
are equivalent to each other

(0) lim [, —ulyp) =0;
(i) Tim p(uy — 1) = 0;

(iii) u, — u in measure in [0, T| and nlgn p(uy) = p(u).

Lemma 2.11. ([18]). Suppose that F satisfies the assumption (A) and E is a mea-
surable subset of [0, T|. Assume that

F(t,x) = +oo as [x| = o0

fora.e. t € E. Then for every d > 0, there exists a subset E; of E with meas(E\Es) <
¢ such that
F(t,x) = +oo as [x| = o0

uniformly for all ¢ € E;.

Lemma 2.12. ([24]). The functional on W%’p ® given by

(1) :/()T%]u(tﬂp(t)dt—/OTF(t,u(t))dt 2.5)

()

. . . . 1,
is continuously differentiable on W, P Moreover, we have

(9 wo) = [ [(1OFO2i0,00)) - (VEGu)o0) ]t @6)

forall u,v € W%’P(t). It is well known that the critical points of ¢ correspond to
the solutions for system (1.1).

Lemma 2.13. ([24]). ]’ is a mapping of (S ), that is, if u, — u weakly in W%’p(t)

and limsup (J'(uy) — J'(u), un — u)) < 0, then u, has a convergent subsequence
n—oo

in W%’P(t), where | is given by

(o) = [ (1n0rO2at0,0(0) d. @)
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3 Main Results and Proofs of Theorems
Let k be a positive integer. For u W;’Tp ") where
WP (0,kT],RN) := {u € LPU)([0,kT), RN); & € LP!)([0,kT], RN)}

is a reflexive Banach space with the norm defined by

||u\|wk1,Tp<t) = |ulp) + il p
where T "
. u |p(t
il ) = 1nf{)x>0;/0 3 dtgl}
and
' _ KT | 4 |P(8)
|it] 4y := inf )x>0;/0 X dt <1
and
Ulleo = max |u(t)|.
Julls = max u(t)
Let

= (kT)"! /OkTu(t)dt and a@(t) = u(t) — i,

then we have

kT 1/p~ -
il <26 li)Par) " +20u(k)V (3.1)
and T
Jull < Cor ([ P Oa)?” + ] +1), 62
and o .
full = 0= ([ lulr®ar) " +]a > o0 (3.3)

by Lemma 2.7 and Proposition 2.1, where Cy and Cy are two positive constants,
which can be decided by k.

It follows from Lemma 2.12 and Lemma 2.13 that the functional ¢, on W;’Tp ®)
given by

wmozﬁwiﬁwmww=A”HMMWﬁ

is continuously differentiable on Wkl’Tp(t). Moreover, we have

(.o = [ [(1OFO200),50) ~ (VF@u(t),0(0)) ] a

Gh,o) = [ (1P -2a(e), 5(0) a

0
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It is well known that the kT periodic solutions for system (1.1) correspond to the
critical points of the functional ¢y.

Our main results are the following theorems.

Theorem 3.1. Suppose that F(t,x) and p(t) satisfy assumption (A), (A’), (1.2),
(1.7). Assume that

x| "7 *F(t,x) — +oo as |x| = oo (3.4)

uniformly for a.e. t € [0, T|, where « is the same in (1.7). Then system (1.1) has

kT-periodic solution 1 € W]}’Tp ® for every positive integer k such that ||uy |l —
oo as k — oo.

We shall give a more general result than Theorem 3.1.

Theorem 3.2. Suppose that F(t,x) and p(t) satisfy assumption (A), (A’), (1.2),
(1.7), (1.8). Assume that there exists y(t) € L'(0, T) such that

F(t,x) > (t) (3.5)

for all x € RN and a.e. t € [0,T]. Then system (1.1) has kT-periodic solution

ux € W,:’Tp(t) for every positive integer k such that |||/« — 00 as k — oo.

Corollary 3.1. Suppose that F and p(t) satisfies assumption (A), (A"), (1.2) and
(3.5). Assume that there there exists a subset E of [0, T| with meas(E) > 0 such
that

F(t,x) = 4o as|x| = +oo

for a.e. t € E, and there exists h(t) € L'(0, T,R") such that
IVF(t, )] < A)

for all x € RN and a.e. t € [0,T]. Then system (1.1) has kT-periodic solution
Uy € W;’Tp ® for every positive integer k such that ||uy||cc — 00 as k — oo.

Remark 3.1. Corollary 3.1 is a special case of Theorem 3.2 corresponding to
a = 0. Without loss of generality, we can assume that the function b(t) in assump-
tion (A), f(t), g(t) in (1.7) and -y(¢) in (3.5) are also T-periodic, then assumption
(A), (1.7) and (3.5) hold for a.e. t € R by the periodicity of F(f,x) in the first
variable.

Because Theorem 3.2 is a more general result than Theorem 3.1, we only need
to prove Theorem 3.2, and our steps to prove Theorem 3.2 are organized as fol-
lows. First, we show the functional ¢y satisfies the (PS) conditions; second, we
prove that ¢y satisfies the other conditions of saddle point Theorem (see Theorem
4.6 in [14]); after these two steps, by saddle point theorem we know that ¢; has
at least one critical point, which is a kT periodic solution for system (1.1), at last,
we prove |[uy|lcc — 00 ask — oo.
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Proof of Theorem 3.2. 1t follows from (1.8) and (3.1) that

kT
/0 <VF<ffu<t>>,ﬂ<t>>\

/ ft)|a+a(t)|*|a(t |dt+/ (£)]dt
<or —1/ F)(a|® + ) (e |dt+/ (1)t
Szp—1(|a|a+\|ﬁ\|§o)\|a||oo/ f(t)dt_i_"ﬁ“oo/kTg(t)dt

0 0
gL - _ kT
- <(%)1/P %) ((ZP +1)(2)1/P Ck/o f(t)dt>|ﬁ|“
- kT T

+2F —1||a||go+a/ f(t)dt—|—||ﬁ||oo/ 2(t)dt
- 2/ ()P Ddt + Cyfaff “+Cz(/OkT|u(t)|p(t)dt>(“+1)/;f

vor [Tawpoa)”’ o

for all u € W,:’Tp(t) and some positive constants C;, C;, C3 and C4 by Young in-
equality and (3.1), where Cj is the same as in (3.1).

Hence, we have
2]l = @l (14n), )|
kT kT
> [ P Oat— [ (VE@ (), a (1)) at

0
kT kT +1)/p~ (3.6

>3 = anp = o [ o pta) "B
0 0

|11
kT 1/p~
ey /0 ()P Dar) " -y

for all large n.
It follows from (3.2) that

kT -
Il < Cor ([ (O POan)> +1), 7)
by (3.6) and (3.7), we have
kT 1/q%
([l Oae) ™ < Coliial® + o (38)
0

for some positive constants Cs, Cs and all large n. which implies that

a0 < Cr(Ja]7 /7" 4 1)
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for all large n and some positive constant C; by (3.1).

If (|11,]) is unbounded, we may assume that going to a subsequence if neces-
sary
|ily| — o0 asn — oo, (3.9)

and we have
(1t ()] = [12] — |80 ()] > || — |finlloo = || — C7(|7a|T /P +1)

for all large n and every t € [0,kT], which implies that

lun ()] > 5|l (3.10)

N -

for all large n and every t € [0,kT] by (3.9).

Set 6 = (meas E)/2. It follows from (3.5) and Lemma 2.11 that there exists a
subset E; of E with meas(E\E;) < J such that

x| "9 “F(t,x) — 400 as |x| = +oo
uniformly for all t € Es, which implies that
measE; = measE — meas(E\Es) > >0 (3.11)
and for every N > 0, there exists M > 1 such that
x| "7 *F(t,x) > N (3.12)
for all |[x| > M and all t € E;. By (3.9) and (3.10), we have

ua(t)] > M (3.13)

for large n and every t € [0,kT]. It follows (1.8), (3.8), (3.11)-(3.13) that
1) < (Csliin|* + Co)7 — /
Px(tn) < (Cslitn] 6) OKTI\E,

4 (S

y(b)dt —/ Nun ()| %dt
Es

for large n. Hence, we have

lim sup |ﬁn|_”’+“qok(un) < Cg+ —271"%N.
n—o0

By the arbitrariness of N > 0, we have

lim sup ]ﬂn|_q+"‘g0k(un) = —o0,
n—00

which contradicts the boundedness of ¢i(u,). Hence (|ii,|) is bounded, and
{||un]} is bounded by (3.2) and (3.8).
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The sequence {u, } has a subsequence, also denoted by {u, }, such that

u, — u weakly in W,:’TP(O and u, — u strongly in C([0, kT SRN ) (3.14)

and ||un|| < Cyis bounded by Lemma 2.6, where Cy is a positive constant.

We conclude that

/OkT (VECt 0 (1), 100 (1) - u(t))dt‘ < kag |ty — 1t]|eo /()Tb(t)dt

— 0,

(3.15)

by assumption (A) and (3.14), where ap = max af(s).
0<s<Cy

By Lemma 2.12, we have

/ kT . p(t)—2 . . .
(k) s =) = [ [ (1 (OO 21000, (1) = (1))~
(VE(t un (1)), un (1) — u(t)) |,
and (¢ (uy), un —u) — 0by the assumption of ¢} (u,) — 0 and the boundedness

of {|[unl[}.
Then it follows from (2.6), (2.7) and (3.15) that

it 1y — ) = /0 : (1t ()21, (8), 11 () — 11(8) )

= (@) (un), iy — u) + /OkT (VF(t, un (1)), 1 (1) — u(t))dt (3.16)

—0

Moreover, since ], (1) is a bounded linear function, we get (J; (1), uy, —u) — 0,
which combined with (3.16) implies that

lim (J;(un) — Jo(u), uy —u) =0 (3.17)

n—o00

It follows from (3.14), (3.17) and Lemma 2.13 that {u,} admits a convergent
subsequence, so we conclude that ¢y satisfies (PS) condition.

We prove that ¢, satisfies the other conditions of the saddle point theorem.
Set

ex(t) = k(cos k™ 1wt)xg

for all t € R and some |xp| = 1, where w = 271/T. Then we have

ée(t) = —w(sink lwt)xg
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Hence we have

kT kT
ou(x + ) < i_/ w(sinktewon) [POdt — [ F(t,x + )
0

< M — (P +1) - / y(B)dt — N [ |x + k(coskwt)xg|7 “dt
P [0KT]\Es Es
kT +y
< (Wl +1)— / y(t)dt — NM7 “measEy
p [0KT]\Es

< k—T(wP +1)— / vy(t)dt — NmeasE;
p [0KTI\E;

for all |x| > M + k, which implies that
@r(x +ex) — —oo as |x| — oo (3.18)
by the arbitrariness of N.

Let W;’Tp “) be the subspace of W, ( ) given by

kT
W = {u € W,}'Tp(t);/o u(t)dt = 0},

then we have
p(u) — +oo (3.19)

as ||u]| = ooin W;’Tp ") In fact it follows from Lemma 2.7 that

kT
/O [F(t,u(t)) — F(t,O)]dt‘

kT

£)), u(t))dsdt‘

/ /f )| su(£)]*|u(t |dsdt—|—/ / (t)|dsdt

<l [ s+ s [ gtora
kT a+1)/p~ kT 1/p~
<as( [ roa) " o [T e roa)” e
0 0

forallu € W]}’Tp ®) and some positive constants Cg, Cg and Cy.
Hence we have
KT q kT kT
prlu) = [ Sesla@ Ot — [T u(0) ~ F,0))dt — [ E(0)at
0 0 0

p(t
1 kT

kT
> [ rar—cs( [ e
0 0
kT 1/p~ kT
—cg(/ a(t) [P ’ —/ F(t,0)dt — Cyo
0 0

>(lx+1)/P_
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forall u € W;’Tp(t), which implies (3.19) by (3.3).
By (3.18), (3.19) and the saddle point theorem (see Theorem 4.6 in [14]), there
exists a critical point u; € W]}’Tp ®) for @ such that

—oo < inf ¢ < gp(uy) < sup g (3.20)
W]}%p(t) ]RN-FEk

Arguing in a similar way in [22], we can prove that ||uy||cc — 00 as k — oo.

4 Example

In this section, we give one example to illustrate our results.
Example 4.1. In system (1.1), let p(t) = coswt + 7, and let
F(t,x) = |x|* + sinwt
where w denotes the positive constant 27t /T. Then
IVE(t,x)| < 4|x> and |x| 8/5F(t,x) = +co

for every t € [0, T] and all x € RV.
These show that all conditions of Theorem 3.2 are satisfied, where

6
=3 p =6, g" =—.
a p q 5

By Theorem 3.2, system (1.1) has kT-periodic solution uj € W;’Tp " for every

positive integer k such that ||y ||cc — 00 ask — oo, butitis obvious that the results
in [1-2, 9-12, 16-17, 21-23, 25-26] can’t be applied to our example.
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