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Abstract

The main purpose of this paper is to study the mean value properties of
a sum analogues to character sums by using the estimate for character sums
and elementary methods, and finally give two asymptotic formulae for its
fourth power mean over short intervals.

1 Introduction

This paper is concerned with character sums of the type

∑
1≤n≤N

(−1)nχ(n),

where χ denotes a Dirichlet character modulo q, q ≥ 2 is an integer, which is
called as a sum analogues to character sums. As for the classical character sums

∑
N+1≤n≤N+H

χ(n),

where N and H are integers with H ≥ 1. Burgess [1] [2] showed that

∑
N+1≤n≤N+H

χ(n) ≪ǫ,t H1− 1
t q

t+1
4t2

+ǫ
(1)
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holds if q is cubefree or t = 1, 2, 3. When t = 1, (1) is a slightly weakened version
of the famous Pólya-Vinogradov inequality [3]. For the higher moment, Mont-
gomery and Vanghan [4] established the upper bound for any positive integer
k,

∑
χ mod q

χ 6=χ0

max
1≤y≤q

∣

∣

∣

∣

∣

∑
n≤y

χ(n)

∣

∣

∣

∣

∣

2k

≪ φ(q) · qk,

where φ(q) is the Euler function, and χ0 is the principal character modulo q.
Cochrane and Zheng [5] proved

1

p − 1 ∑
χ 6=χ0

∣

∣

∣

∣

∣

∑
N+1≤n≤N+H

χ(n)

∣

∣

∣

∣

∣

2k

≪ǫ,k pk−1+ǫ + Nk pǫ

with p a prime. In recent years, Xu and Zhang [6] studied the asymptotic proper-
ties for the 2k−th power mean value of character sums and got

∑
∗

χ(−1)=1

∣

∣

∣

∣

∣

∣

∑
a<

q
4

χ(a)

∣

∣

∣

∣

∣

∣

2k

=
J(q)qk

16

(π

8

)2k−2

∏
p|q

(

1 − 1

p2

)

∏
p†q

A(0, k, p, 2) + O(qk+ǫ)

and

∑
∗

χ(−1)=−1

∣

∣

∣

∣

∣

∣

∑
a<

q
4

χ(a)

∣

∣

∣

∣

∣

∣

2k

=

C(k)qk J(q)ζ2k−1(2)∏
p|q

(

1 − 1

p2

)2k−1

∏
p†2q

A(0, k, p, 2) + O(qk+ǫ),

for any odd integer q ≥ 5, where ∑
∗ denotes the summation over all primitive

characters, J(q) denotes the number of primitive characters mod q, C(k) is a com-
putable constant depending on k, and

A(m, k, p, s) =
2k−2

∑
i=0

1

pis

i

∑
j=0

(−1)jC
j
2k−1C

i−j
k+m+i−j−1C

i−j
k+i−j−1, Cn

m =
m!

n!(m − n)!
.

Later, χ was generalized to the non-principal. In [7], by using the properties
of Dedekind sum and Cochrane sum, a sharp asymptotic formula was given as
follows

∑
χ 6=χ0

∣

∣

∣

∣

∣

∣

∑
a<

q
4

χ(a)

∣

∣

∣

∣

∣

∣

4

=
21φ4(q)

256q ∏
pα‖q

(p+1)3

p(p2+1)
− 1

p3α−1

1 + 1
p +

1
p2

+ O(q2+ǫ),

where ∏
pα‖q

denotes the product over all prime divisors p of q with pα|q and

pα+1 † q.
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It is interesting to consider more mean value of character sums. Due to the
results above, a natural question arises: If there exists an asymptotic formula for
higher moment of the sum analogues to character sums over short intervals. In
this paper, we shall use the estimate for character sums and elementary methods
to give a fourth power mean formula for the sum analogues to character sums.
Furthermore, a relationship between the sum analogues to character sums and
general Kloosterman sum are also studied.

2 Mean value of the sum analogues to character sums

Theorem 1 Let q ≥ 3 be an odd integer, k > 0 be any fixed real number. Then for
any real number N with 1 < N <

√
q, we have the asymptotic formula

∑
χ mod q

∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

=
80 ln N − 50 ln 2

(2k + 1)3π2
· φ4(q)

q3
· N4k+2 ∏

p|q

p

p + 1

+ O
(

φ(q) · N4k+2 · 2ω(q)
)

,

where ω(q) denotes the number of all different prime divisors of q.
Taking k = 0, we may immediately deduce the following:
Corollary Let q ≥ 3 be an odd integer. Then for any real number N with

1 < N <
√

q, we have the asymptotic formula

∑
χ mod q

∣

∣

∣

∣

∣

∑
n≤N

(−1)nχ(n)

∣

∣

∣

∣

∣

4

=
80 ln N − 50 ln 2

π2
· φ4(q)

q3
· N2 ∏

p|q

p

p + 1

+ O
(

φ(q) · N2 · 2ω(q)
)

.

Note The method we use can be generalized to study 2s−th(s ≥ 2) power
mean of the sums, but the constant will be very complicate, so we do not give a
general conclusion here.

To prove Theorem 1, we need a lemma:
Lemma 1 Let q ≥ 3 be a fixed integer. Then for any real number N > 1, we

have the asymptotic formula

∑
1≤n≤N

(n, q)=1

φ(n)

n2
=

6

π2 ∏
p|q

p

p + 1



ln N + γ +
∞

∑
n=1

Λ(n)

n2
+ ∑

p|q

p · ln p

p2 − 1



+

O

(

2ω(q) ln N√
N

)

,

where γ is the Euler constant, Λ(n) is the Mangoldt function, and ∑
p|q

denotes the

summation over all different prime divisors of q.
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Proof. Note that φ(n) = n ∑
d|n

µ(d)

d
, where µ(d) is the Möbius function. From

Theorem 4.2 of [3] we have

∑
1≤n≤N

(n, q)=1

φ(n)

n2
= ∑

md≤N

(md, q)=1

µ(d)

d2 · m
= ∑

d≤
√

N

(d, q)=1

µ(d)

d2 ∑
m≤ N

d

(m, q)=1

1

m

+ ∑
m≤

√
N

(m, q)=1

1

m ∑
d≤ N

m

(d, q)=1

µ(d)

d2
−











∑
d≤

√
N

(d, q)=1

µ(d)

d2











·











∑
m≤

√
N

(m, q)=1

1

m











. (2)

Note that the asymptotic formulae

∑
m≤N

(m, q)=1

1

m
=

φ(q)

q



ln N + γ + ∑
p|q

ln p

p − 1



+ O

(

2ω(q)

N

)

, (3)

∑
d≤N

(d, q)=1

µ(d)

d2
=

6

π2 ∏
p|q

(

1 − 1

p2

)−1

+ O

(

1

N

)

(4)

and

∑
d≤N

(d, q)=1

µ(d) ln d

d2
=

∞

∑
d=1

(d, q)=1

µ(d)

d2



−
∞

∑
n=1

Λ(n)

n2
+∑

p|q

ln p

p2 − 1





+O

(

2ω(q) ln N√
N

)

. (5)

Combining (2), (3), (4) and (5) we may immediately get

∑
1≤n≤N

(n, q)=1

φ(n)

n2
= ∑

d≤
√

N

(d, q)=1

µ(d)

d2





φ(q)

q



ln
N

d
+ γ + ∑

p|q

ln p

p − 1









+O

(

2ω(q)

√
N

)

+ O



 ∑
1≤n≤

√
N

1

d
· 2ω(q)

N





=
6

π2 ∏
p|q

(

1 − 1

p + 1

)



ln N + γ +
∞

∑
n=1

Λ(n)

n2
+ ∑

p|q

ln p

p − 1
− ∑

p|q

ln p

p2 − 1





+O

(

2ω(q) ln q√
N

)

=
6

π2 ∏
p|q

p

p + 1



ln N + γ +
∞

∑
n=1

Λ(n)

n2
+∑

p|q

p · ln p

p2 − 1



+ O

(

2ω(q) ln q√
N

)

.
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This proves Lemma 1.
Now we shall complete the proof of Theorem 1.
For an odd integer q ≥ 3 we have

∑
χ mod q

∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

= ∑
χ mod q

∣

∣

∣

∣

∣

∣

∣

∣

∑
n≤N

2|n

nkχ(n)− ∑
n≤N
2†n

nkχ(n)

∣

∣

∣

∣

∣

∣

∣

∣

4

= ∑
χ mod q

∣

∣

∣

∣

∣

∣

2k+1χ(2) ∑
n≤ N

2

nkχ(n)− ∑
n≤N

nkχ(n)

∣

∣

∣

∣

∣

∣

4

= ∑
χ mod q

∣

∣

∣

∣

∣

∑
n≤N

nkχ(n)

∣

∣

∣

∣

∣

4

+ 24(k+1) ∑
χ mod q

∣

∣

∣

∣

∣

∣

∑
n≤ N

2

nkχ(n)

∣

∣

∣

∣

∣

∣

4

−2 · 23k+4 ∑
χ mod q

χ(2)



 ∑
n≤ N

2

nkχ(n)



 ·



 ∑
n≤ N

2

nkχ(n)





2

·
(

∑
n≤N

nkχ(n)

)

+2 · 22(k+1) ∑
χ mod q

χ(4)



 ∑
n≤ N

2

nkχ(n)





2

·
(

∑
n≤N

nkχ(n)

)2

−2 · 2k+2 ∑
χ mod q

χ(2)

(

∑
n≤N

nkχ(n)

)2

·



 ∑
n≤ N

2

nkχ(n)



 ·
(

∑
n≤N

nkχ(n)

)

+22(k+2) ∑
χ mod q

∣

∣

∣

∣

∣

∣

∑
n≤ N

2

nkχ(n)

∣

∣

∣

∣

∣

∣

2 ∣
∣

∣

∣

∣

∑
n≤N

nkχ(n)

∣

∣

∣

∣

∣

2

. (6)

If q > 2 is even, the terms in (6) involving χ(2) and χ(4) will vanish.
We estimate the fourth term in (6) firstly. For any real number N with 1 ≤

N ≤ √
q, with the orthogonality relations for character modulo q we have

∑
χ mod q

χ(4)



 ∑
n≤ N

2

nkχ(n)





2

·
(

∑
n≤N

nkχ(n)

)2

= ∑
m≤ N

2

∑
n≤N

∑
u≤N

∑
v≤ N

2

∑
χ mod q

(mnuv)kχ(4mvnu)

= φ(q) ∑
m≤ N

2

′
∑

n≤N

′
∑

u≤N

′
∑

v≤ N
2

′

4mv=nu

(mnuv)k , (7)

where ∑
m≤N

′
denotes the summation over all m such that 1 ≤ m ≤ N with

(m, q) = 1.
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For 4mv = nu, let (m, n) = d, then m = m1d, n = n1d with (m1, n1) = 1. Then
4m1v = n1u.

If 2 † n1, let u = 4m1u1, then v = n1u1, we deduce that

∑
m≤ N

2

′
∑

n≤N

′
∑

u≤N

′
∑

v≤ N
2

′

4mv=nu

(mnuv)k

Ω : = 4k ∑
m≤ N

2

′
m2k ∑

n≤N

′
n2k

(2m, n)=1

∑
′

d≤min{ N
2m , N

n }
d2k ∑

′

u≤min{ N
4m , N

2n }
u2k. (8)

For convenience we split the sums over m or n into the following cases: (i)
m = n = 1; (ii) 1 < m ≤ N

2 , 1 ≤ n < 2m; (iii) 1 < n ≤ N, 1 ≤ m <
n
2 . Note that

∑
′

n≤N

nk =
1

k + 1
· φ(q)

q
· Nk+1 + O

(

Nk · 2ω(q)
)

, (9)

so the case (i),

Ω = 4k ∑
d≤ N

2

′
d2k ∑

u≤ N
4

′
u2k

=
1

(2k + 1)2 · 24k+3
· φ2(q)

q2
· N4k+2 + O

(

N4k+1 · 2ω(q)
)

.

For the case (ii), by Lemma 1

Ω = 4k ∑
1<m≤ N

2

′
m2k ∑

1≤n<2m

′
n2k

(2m, n)=1

∑
′

d≤ N
2m

d2k ∑
′

u≤ N
4m

u2k

=
1

(2k + 1)2 · 24k+3 ∑
1<m≤ N

2

′
m2k ∑

1≤n<2m

′
n2k

(2m, n)=1

·φ
2(q)

q2
· N4k+2

m4k+2

+O













∑
1<m≤ N

2

′
m2k ∑

1≤n<2m

′
n2k

(2m, n)=1

·N
4k+12ω(q)

m4k+1













=
1

(2k + 1)2 · 24k+3
· φ2(q)

q2
· N4k+2

∑
1<m≤ N

2

′ 1

m2k+2

(

1

2k + 1
· φ(2mq)

2mq
· (2m)2k+1

)

+ O
(

N4k+2 · 2ω(q)
)
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=
1

(2k + 1)3 · 22k+3
· φ3(q)

q3
· N4k+2 ∑

′

1<m≤ N
2

φ(2m)

m2
+ O

(

N4k+2 · 2ω(q)
)

=
1

(2k + 1)3 · 22k+3
· φ3(q)

q3
· N4k+2













2 ∑
′

1<m≤ N
2

φ(m)

m2
− ∑

′

1<m≤ N
2

(2, m)=1

φ(m)

m2













+O
(

N4k+2 · 2ω(q)
)

=
1

(2k + 1)3 · 22kπ2
· φ3(q)

q3
· N4k+2 ln

N

2 ∏
p|q

p

p + 1
+ O

(

N4k+2 · 2ω(q)
)

.

Similarly, the case (iii) when 1 < n ≤ N, 1 ≤ m <
n
2

Ω = 4k ∑
1<n≤N

′
n2k ∑

1≤m<
n
2

′
m2k

(2m, n)=1

∑
′

d≤ N
n

d2k ∑
′

u≤ N
2n

u2k

=
1

(2k + 1)3 · 22k+2
· φ3(q)

q3
· N4k+2 ∑

′

1<n≤N

(2, n)=1

φ(n)

n2
+ O

(

N4k+2 · 2ω(q)
)

=
1

(2k + 1)3 · 22kπ2
· φ3(q)

q3
· N4k+2 ln N ∏

p|q

p

p + 1
+ O

(

N4k+2 · 2ω(q)
)

.

Therefore, combining the cases, we have if 2 † n1

∑
m≤ N

2

′
∑

n≤N

′
∑

u≤N

′
∑

v≤ N
2

′

4mv=nu

(mnuv)k

=
1

(2k + 1)3 · 22kπ2
· φ3(q)

q3
· N4k+2 ln

N2

2 ∏
p|q

p

p + 1
+ O

(

N4k+2 · 2ω(q)
)

.(10)

If 2||n1, that is n1 = 2n2 with 2 † n2, let u = 2m1u1, then v = n2u1, we get

φ(q) ∑
m≤ N

2

′
∑

n≤N

′
∑

u≤N

′
∑

v≤ N
2

′

4mv=nu

(mnuv)k

= 4kφ(q) ∑
m≤ N

2

′
m2k ∑

n≤ N
2

(2, n)=1

′
n2k

(m, 2n)=1

∑
′

d≤min{ N
2m , N

2n }
d2k ∑

′

u≤min{ N
2m , N

2n }
u2k

= 4kφ(q) ∑
d≤ N

2

′
d2k ∑

u≤ N
2

′
u2k + 2 · 4kφ(q) ∑

1<m≤ N
2

′
m2k ∑

1≤n<m

(2, n)=1

′
n2k

(m, 2n)=1

∑
′

d≤ N
2m

d2k ∑
′

u≤ N
2m

u2k

=
1

(2k + 1)3 · 22kπ2
· φ4(q)

q3
· N4k+2 ln

N

2 ∏
p|q

p

p + 1
+ O

(

φ(q) · N4k+2 · 2ω(q)
)

. (11)
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If 4|n1, that is n1 = 4n3, let u = m1u1, then v = n3u1, we also get

φ(q) ∑
m≤ N

2

′
∑

n≤N

′
∑

u≤N

′
∑

v≤ N
2

′

4mv=nu

(mnuv)k

= 4kφ(q) ∑
m≤ N

2

′
m2k ∑

n≤ N
4

′
n2k

(m, 4n)=1

∑
′

d≤min{ N
2m , N

4n }
d2k ∑

′

u≤min{ N
m , N

2n }
u2k

= 4kφ(q) ∑
d≤ N

4

′
d2k ∑

u≤ N
2

′
u2k + 4kφ(q) ∑

1<m≤ N
2

(2, m)=1

′
m2k ∑

1≤n<m

(m, n)=1

′
n2k ∑

′

d≤ N
2m

d2k ∑
′

u≤ N
m

u2k

+4kφ(q) ∑
1<n≤ N

4

′
n2k ∑

1≤m<2n

(m, 4n)=1

′
n2k ∑

′

d≤ N
4n

d2k ∑
′

u≤ N
2n

u2k

=
1

(2k + 1)3 · 22kπ2
· φ4(q)

q3
· N4k+2 ln

N2

8 ∏
p|q

p

p + 1

+O
(

φ(q) · N4k+2 · 2ω(q)
)

. (12)

Combining (10), (11) and (12), we may immediately obtain

∑
χ mod q

χ(4)

(

∑
n≤N/2

nkχ(n)

)2

·
(

∑
n≤N

nkχ(n)

)2

=
1

(2k + 1)3 · 22kπ2
· φ4(q)

q3
· N4k+2 ln

N5

32 ∏
p|q

p

p + 1
+ O

(

φ(q) · N4k+2 · 2ω(q)
)

.

Similar methods can be used to estimate the other terms in (6), we deduce that

∑
χ mod q

∣

∣

∣

∣

∣

∑
n≤N

nkχ(n)

∣

∣

∣

∣

∣

4

=
12

(2k + 1)3π2
· φ4(q)

q3
· N4k+2 ln N ∏

p|q

p

p + 1

+O
(

φ(q) · N4k+2 · 2ω(q)
)

,

∑
χ mod q

∣

∣

∣

∣

∣

∑
n≤N/2

nkχ(n)

∣

∣

∣

∣

∣

4

=
3

(2k + 1)3 · 24kπ2
· φ4(q)

q3
· N4k+2 ln

N

2 ∏
p|q

p

p + 1

+O
(

φ(q) · N4k+2 · 2ω(q)
)

,

∑
χ mod q

χ(2)

(

∑
n≤N/2

nkχ(n)

)

·
(

∑
n≤N/2

nkχ(n)

)2

·
(

∑
n≤N

nkχ(n)

)

=
1

(2k + 1)3 · 23kπ2
· φ4(q)

q3
· N4k+2 ln

N4

32 ∏
p|q

p

p + 1
+ O

(

φ(q) · N4k+2 · 2ω(q)
)

,
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∑
χ mod q

χ(2)

(

∑
n≤N

nkχ(n)

)2

·
(

∑
n≤N/2

nkχ(n)

)

·
(

∑
n≤N

nkχ(n)

)

=
1

(2k + 1)3 · 2kπ2
· φ4(q)

q3
· N4k+2 ln

N8

64 ∏
p|q

p

p + 1
+ O

(

φ(q) · N4k+2 · 2ω(q)
)

and

∑
χ mod q

∣

∣

∣

∣

∣

∑
n≤N/2

nkχ(n)

∣

∣

∣

∣

∣

2 ∣
∣

∣

∣

∣

∑
n≤N

nkχ(n)

∣

∣

∣

∣

∣

2

=
6

(2k + 1)3 · 22kπ2
· φ4(q)

q3
· N4k+2 ln

N

2 ∏
p|q

p

p + 1
+ O

(

φ(q) · N4k+2 · 2ω(q)
)

.

Finally, we obtain

∑
χ mod q

∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

=
80 ln N − 50 ln 2

(2k + 1)3π2
· φ4(q)

q3
· N4k+2 ∏

p|q

p

p + 1
+ O

(

φ(q) · N4k+2 · 2ω(q)
)

.

This completes the proof of Theorem 1.

3 A hybrid mean value with general Kloosterman sum

Let q ≥ 3 be a positive integer. For any integers r and s, the classical Kloosterman
sums K(r, s; q) are defined as follows:

K(r, s; q) = ∑
′

a≤q

e

(

ra + sā

q

)

,

where aā ≡ 1(modq) and e(y) = e2πiy. Perhaps, the most famous property of
K(r, s; q) is the estimate (see [8])

|K(r, s; q)| ≤ d(q)q
1
2 (r, s, q)

1
2 , (13)

where d(q) is the divisor function, and (r, s, q) denotes the greatest common divi-
sor of r, s and q.

The general Kloosterman sums K(r, s, χ; q) is defined as follows

K(r, s, χ; q) = ∑
a≤q

χ(a)e

(

ra + sā

q

)

.

This summation is very important, because the classical Kloosterman sums is a
special case of the general Kloosterman sums when χ is a principal character
modulo q. For an arbitrary composite number q, we do not know how large
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K(r, s, χ; q) is. In fact, the value of K(r, s, χ; q) is quite irregular when q is not a
prime. However, it is surprising that K(r, s, χ; q) enjoys many good distribution
properties. Zhang [9] got an identity for the fourth power mean of the general
Kloosterman sums

∑
χ mod q

q

∑
m=1

|K(m, n, χ; q)|4 = φ2(q)q2d(q) ∏
pα‖q

(

1 − 2

α + 1
· pα−1 − 1

pα(p − 1)
+

α − 4pα−1

(α + 1)pα

)

.

Zhang [10] proved that

∑
∗

χ 6=χ0

|K(m, n, χ; q)|2 ·

∣

∣

∣

∣

∣

∣

∑
x<

q
4

χ(x)

∣

∣

∣

∣

∣

∣

4

=
21

256
J(q)φ(q)q2 ∏

p|q

(p2 − 1)3

p4(p2 + 1)
+ O(q

7
2+ǫ).

It is natural to consider the mean value property of the sum analogues to char-
acter sums with general Kloosterman sums. In this section, we try to give an
asymptotic formula for them and prove the following theorem.

Theorem 2 Let q ≥ 3 be an odd integer. Then for any real number N with

1 < N < q
1
6 and integers r and s with (rs, q) = 1, we have the asymptotic formula

∑
χ mod q

|K(m, n, χ; q)|2 ·
∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

=
80 ln N − 50 ln 2

(2k + 1)3π2
· φ5(q)

q3
· N4k+2 ∏

p|q

p

p + 1
+ O

(

φ(q) · N4k+2 · 2ω(q)
)

+O(d2(q)φ4(q)q−
5
2 · N4k+5).

To prove Theorem 2, we need the following lemma

Lemma 2 Let q ≥ 3 be an integer. Then for any real number N with 1 < N <

q
1
6 and integers r and s with (rs, q) = 1, we have

∑
χ mod q

χ(a)

[

q

∑
a=2

q

∑
′

b=1

e

(

rb(a − 1) + sb̄(ā − 1)

q

)

]

·
∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

≪ d2(q)φ4(q)q−
5
2 · N4k+5.
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Proof. With the orthogonality relations for characters, we deduce that

∑
χ mod q

χ(a)

[

q

∑
a=2

q

∑
′

b=1

e

(

rb(a − 1) + sb̄(ā − 1)

q

)

]

·
∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

≪
q

∑
a=2

q

∑
′

b=1

e

(

rb(a − 1) + sb̄(ā − 1)

q

)

∑
χ mod q

χ(a)

∣

∣

∣

∣

∣

∑
n≤N

nkχ(n)

∣

∣

∣

∣

∣

4

= φ(q)
q

∑
a=2

q

∑
′

b=1

e

(

rb(a − 1) + sb̄(ā − 1)

q

)

∑
′

m≤N
∑

′

n≤N
∑

′

u≤N
∑

′

v≤N

anv≡mu( mod q)

(mnuv)k

= φ(q) ∑
′

m≤N
∑

′

n≤N
∑

′

u≤N
∑

′

v≤N
nv 6=mu

(mnuv)k
q

∑
′

b=1

e

(

rb(munv − 1) + sb̄(munv − 1)

q

)

. (14)

Noting that for any integer c with (c, q) = 1

(c − 1, q) = (cc̄ − c, q) = (c(c̄ − 1), q) = (c̄ − 1, q),

and
(r(c − 1), s(c̄ − 1), q) = (c − 1, q)

when (rs, q) = 1. From (13) we get

φ(q) ∑
′

m≤N
∑

′

n≤N
∑

′

u≤N
∑

′

v≤N
nv 6=mu

(mnuv)k
q

∑
′

b=1

e

(

rb(munv − 1) + sb̄(munv − 1)

q

)

≪ φ(q)d(q)q
1
2 ∑

′

m≤N
∑

′

n≤N
∑

′

u≤N
∑

′

v≤N

nv≡mu( mod d)

nv 6=mu

(mnuv)k(munv − 1, q)
1
2

= φ(q)d(q)q
1
2 ∑

d|q
d

1
2 ∑

′

m≤N
∑

′

n≤N
∑

′

u≤N
∑

′

v≤N

nv≡mu( mod d)

nv 6=mu

(mnuv)k . (15)

Then we estimate the inner summations of (15)

∑
′

m≤N
∑

′

n≤N
∑

′

u≤N
∑

′

v≤N

nv≡mu( mod d)

nv 6=mu

(mnuv)k = ∑
′

n≤N

nk ∑
′

u≤N
∑

′

v≤N

vk
[ uN−nv

d ]

∑
l=1

(nv + ld)k

=
k

∑
i=1

Ci
k ∑

′

n≤N

nk+i ∑
′

u≤N
∑

′

v≤N

vk+i
[ uN−nv

d ]

∑
l=1

(ld)k−i

≤
k

∑
i=1

Ci
k ∑

′

n≤N

nk+i ∑
′

u≤N
∑

′

v≤N

vk+idk−i

(

uN

d

)k−i+1

≪ 1

d

φ3(q)

q3
· N4k+5, (16)
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where we have used (9). Combining (15) and (16), we get Lemma 2.
Now we prove Theorem 2.

Let q ≥ 3 be an odd integer. Then for any real number N with 1 < N < q
1
6

and integers r and s with (rs, q) = 1, from the properties of residue systems we
have

|K(r, s, χ; q)|2 =
q

∑
a=1

χ(a)e

(

ra + sā

q

)

χ(b)e

(

−rb + sb̄

q

)

=
q

∑
a=1

q

∑
′

b=1

χ(a)e

(

rb(a − 1) + sb̄(ā − 1)

q

)

= φ(q) +
q

∑
a=2

q

∑
′

b=1

χ(a)e

(

rb(a − 1) + sb̄(ā − 1)

q

)

.

With Theorem 1 and Lemma 2,

∑
χ mod q

|K(r, s, χ; q)|2
∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

= φ(q)

∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

+
q

∑
a=2

q

∑
′

b=1

e

(

rb(a − 1) + sb̄(ā − 1)

q

)

× ∑
χ mod q

χ(a)

∣

∣

∣

∣

∣

∑
n≤N

(−1)nnkχ(n)

∣

∣

∣

∣

∣

4

=
80 ln N − 50 ln 2

(2k + 1)3π2
· φ5(q)

q3
· N4k+2 ∏

p|q

p

p + 1
+ O

(

φ(q) · N4k+2 · 2ω(q)
)

+O(d2(q)φ4(q)q−
5
2 · N4k+5).

This completes the proof of Theorem 2.
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