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Abstract

The main purpose of this paper is to study the mean value properties of
a sum analogues to character sums by using the estimate for character sums
and elementary methods, and finally give two asymptotic formulae for its
fourth power mean over short intervals.

1 Introduction

This paper is concerned with character sums of the type
Y, (=1)"x(m),
1<n<N

where x denotes a Dirichlet character modulo g, 4§ > 2 is an integer, which is
called as a sum analogues to character sums. As for the classical character sums

Y, x(n),

N+1<n<N-+H

where N and H are integers with H > 1. Burgess [1] [2] showed that

1 £l
x(n) <Lep Hl_Tq e (1)
N+1<n<N+H
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holds if g is cubefree or t = 1,2,3. When t = 1, (1) is a slightly weakened version
of the famous Pélya-Vinogradov inequality [3]. For the higher moment, Mont-
gomery and Vanghan [4] established the upper bound for any positive integer
k,

2k
Y, max |y x(n)| <o) 4"
Xx mod g Isy=q n<y
X#Xo

where ¢(q) is the Euler function, and xj is the principal character modulo 4.
Cochrane and Zheng [5] proved

2k

1
ek pk—1+e + Nkpe

1 L

P17

Y. x(n)

N+1<n<N+H

with p a prime. In recent years, Xu and Zhang [6] studied the asymptotic proper-
ties for the 2k—th power mean value of character sums and got

2%k
. J(q)gk /my\2k—2 1 .
C L@ =M (5) I (1- 4 ) TTAOkp2) + 06 )
x(=1)=1|a<] rlg ptq
and
2%

y

x(=1)=-1

Y x(a)

q
IZ<Z

1 2k—1
CO 1@ TT (1 - ?) TT A©,k p,2) +O(4),

pla pt2g

for any odd integer g > 5, where }_* denotes the summation over all primitive
characters, J(q) denotes the number of primitive characters mod ¢, C(k) is a com-
putable constant depending on k, and

2k211

- - !
j il i—j no__ m:
(m, k, p,s) E s > (=1 Cy 1 CsijrCiijor G = nl(m —n)!’

Later, xy was generalized to the non-principal. In [7], by using the properties
of Dedekind sum and Cochrane sum, a sharp asymptotic formula was given as
follows

4 +1)° 1
_ 21¢%(q P 2+1 B p3”‘ ! 2+e
L | L xa)| = ' +0(5*),
X7Xo0 |a<} 256q r*lq 145 +

where H denotes the product over all prime divisors p of g with p*|g and
p*lla
ptx—H + q.
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It is interesting to consider more mean value of character sums. Due to the
results above, a natural question arises: If there exists an asymptotic formula for
higher moment of the sum analogues to character sums over short intervals. In
this paper, we shall use the estimate for character sums and elementary methods
to give a fourth power mean formula for the sum analogues to character sums.
Furthermore, a relationship between the sum analogues to character sums and
general Kloosterman sum are also studied.

2 Mean value of the sum analogues to character sums

Theorem 1 Let g > 3 be an odd integer, k > 0 be any fixed real number. Then for
any real number N with 1 < N <, /g9, we have the asymptotic formula

4
Yk _ 80InN —50In2 ¢*q) urpopy P
L (1) n)((n)‘  (2k+1)372 q° N lp—qu+1

n<N
+0 (‘P(Q) N2 zw(q)> )

D

Xx mod g

where w(q) denotes the number of all different prime divisors of 4.

Taking k = 0, we may immediately deduce the following:

Corollary Let 4 > 3 be an odd integer. Then for any real number N with
1 < N < ,/q, we have the asymptotic formula

4
80InN —50In2 ¢*(q) ., p
= . 'N T q

+0 (4>(q) N2, 2“’@) .

Note The method we use can be generalized to study 2s—th(s > 2) power
mean of the sums, but the constant will be very complicate, so we do not give a
general conclusion here.

To prove Theorem 1, we need a lemma:

Lemma 1 Let g > 3 be a fixed integer. Then for any real number N > 1, we
have the asymptotic formula

D

Xx mod g

Y (=1)"x(n)

n<N

M- St (e £ )

1<n<N plg P+1 n=1 plg
o 2¢9@In N ,
VN

(n, q)=1
where 7 is the Euler constant, A(#n) is the Mangoldt function, and Z denotes the

pla
summation over all different prime divisors of 4.
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Proof. Note that ¢(n Z , where (d) is the Mobius function. From
d|n
Theorem 4.2 of [3] we have
pln) _ Hd) ) 1
Z n2 Z 2 -m Z 42 Z m
1<n<N md<N d<v/N m<N
(n, 9)=1 (md, q)=1 (d, q)=1 (m, q)=1

+ L. L M- 2“@-(2,}, ®

m<\/_ d<l d<VN m<+v/N
(m, 9)=1 " (d, )=1 (d, 9)=1 (m, 4)=1
Note that the asymptotic formulae
1 _ ¢ Inp 2004)
—=——"|InN+vy+) ——]+0 , (3)
Low Tl N
(m, q)=1

W onll(-p) o)
Fr=all(1-5) +oly @

d;N e plg p? N

(d, 9)=1

and

w(q)
o(%) ®)
Combining (2), (3), (4) and (5) we may immediately get
¢(n) _ pd) (9@ (1 N Inp
1§£N7_ Z d? [ q (lnd—i_,y—i_zpl)}

d<vN
(n, q)=1 (d, q)=1




On the Fourth Power Mean of a Sum 77

This proves Lemma 1.
Now we shall complete the proof of Theorem 1.
For an odd integer g > 3 we have

4
4
Yo L x| = ) | X rfan) = 1 nfx(n)
xmod g [n<N xmod g |[n<N n<N
2|n 2tn
4
= ¥ 2@ ¥ rtx(n) — ¥ wkxn)
x mod g ng% n<N
4 4
= Y |) nkx(n)| + 24K+ Y )Y n*x(n
xmod g [n<N x mod g ngN

Xmodq
2
2.2 Y % (Z n"x(n)> ~ (Z nkx(n)) (Z n"%(n))
Xx mod ¢q n<N ng% n<N
2 2
+2E Y Y ()| | X () ©)
x mod g ng% n<N

If g > 2 is even, the terms in (6) involving x(2) and x(4) will vanish.
We estimate the fourth term in (6) firstly. For any real number N with 1 <
N < ,/q, with the orthogonality relations for character modulo g we have

n<N

=) Yo Y (mnuv)x(dmonu)
=¢@) Y'Y LY (mnu), ?)

Y, X(4) (Z n"x(n))z- (Z n"x(n))2

where Z " denotes the summation over all m such that 1 < m < N with
m<N

(m,q) = 1.
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For 4mv = nu, let (m,n) = d, then m = myd, n = nyd with (mq,n1) = 1. Then
4mqiv = nqu.
If 2t nq, let u = 4mquq, then v = nquy, we deduce that

LY YL o)t

ms% TZ§N ugN US%

dmv=nu
! / / /
Q: =4 Y Y Y &Y A )
m<% n<N d<min{£, I} u<min{ L, X}
(2m, n)=1

For convenience we sh][pht the sums over m or n into the following cases: (i)
m=n=1;({)1<m<5,1<n<2m;(i)1 <n <N,1<m< 7. Note that

ok 1 9(@) ke k nwl(q)
H;Nn_kﬂ N +0 (N 20, 9)

so the case (i),
O = 4kz de Z/MZk
a<i u<f

1 $*(q) a2 fhr1
- (2k+1)2.24k+3' 72 - N +O(N + .zw(q))'

For the case (ii), by Lemma 1

O = 4k Z/m2k2/2k2d2k2u
< N
<2m

1<m§% 1<n<2m 4ﬂ
(2m, n)=1
_ 1 Z /mZk Z Z(q) N4k+2
(Zk + 1) . 24k+3 1<m< 1<n<2m m4k+2
(2m, n)=1
N4k+12a)(q)
+o| ¥ 2k y 12k N 2T\)
1<m§g 1<n<2m mA
(2m, n)=1
_ 1 ¢*(q) L N2

(2k +1)2 . 2%+3 2

)y /m2}<+2 (2k1+ 1 (P(zzrzzyq) ' (Zm)zHl) O <N4k+2 ' zw(q))

1<m<—
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1 4’3(07) 4k+2 ¢(2m) 442 Hw(q)
= . - N +O (N -2
i TN $0 o (v )
1 $°@) a2 1 ¢(m)
- . "N
(2K +1)3- 2255 ¢ 1<§< N 1<§§§’ m?
(2, m)=1

i) <N4k+2 L nw(q )

_ 1 ¢ ( ) N2 442 naw(q)
T (2k+1)3-2%n2 N 1;][ (N 2 )

Similarly, the case (iii) when1 <n < N,1 <m < § 5

O = 4k Z /12K Z "2k Z/ 42k Z’ 2k

1<n<N 1<m<3 <l u<hy
(2m, n)=1
1 ¢3(ﬂl) ak+2 P(n) 4k+2
= : ‘N O (N#+2.2¢(@)
@k+1)7 252 1<;<N 2 +0( )
(2, n)=1
1

_ _4’3(17) 4k+2 P 4k+2  pw(q)
= ke g N h‘Ngq[ +1 +O (N2 2¢(0))

Therefore, combining the cases, we have if 2 t 11
/ / / /
Z Z Z Z (mnuv)k
mg% n<N u<N US%

4dmo=nu

_ 1 P*(q) arrn,. N? p 442 ol
T (2k+1)32%m2 P N ln7¥p+l+o(N 2 >(10)

If 2||nq, that is ny = 2ny with 2t ny, let u = 2myuy, then v = nyu;, we get

)L Y YL o)t

mg% n<N u<N US%

dmv=nu
) Y. "m2k Y "2k Z/ dk Z/ u2k
m<k n<f d<min{£L, X} u<min{ S, 2}
(2, n)=1
(m, 2n)=1
_4k de Z/ 2k+2'4k47(Q) Z /m2k Z /nzk Z/ dzk Z/ u2k
dﬁ% u<y l<m<¥ l<n<m  g<N <M
(2, n)=1
(m, 2n)=1

1 ¢*(q) \ars2, N p 442

T (2kt1)p 22 P "N 1H§Hm+0(¢(q) N2 el ) (11)
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If 4|nq, that is n; = 4n3, let u = myuq, then v = nzuq, we also get

o) XL LY (o)

ms% I’ISN MSN vé%

dmo=nu
_ 4k Z ! m2k Z n2k Z’ 42k Z/ 12k
m§7 n<i d<mm{ s 4n ugmin{%, %}
(m, 4n)=1
:4k Z ! 42k Z’ 2k+4k Z "2k Z iy Z’ 42k Z’ 12k
d<if u<l 1<m§% 1<n<m <N u<l

@ m=1  (mn)=1

+4k Z’zk Z ’ZkZdeZ

1<n<N 1<m<2n <N u< it
(m, 4n)=1
_ 1 KACNTIES M-t
(2k+1)3.2%2 43 8 Ly P+l
+0 (¢(q) - N2 20(0)) (12)

Combining (10), (11) and (12), we may immediately obtain

2 2
ZX(‘J:)(ZM( ) (an )
Xx mod ¢q n<N/2 n<N

1 ¢*(9) a2, N7 P 4h+2  Hw(q)
: ‘N ln321—[ +0 (¢p(g) - N¥2.2000))

T (2k+1p3 2% g p+1

Similar methods can be used to estimate the other terms in (6), we deduce that

4

12 4>4(q)
()| = : N¥+21n N
)(r%dq n<ZN X( ) (2k+1)37-(2 El lp—qI +1
+0 ((P(fl) . N4k+2 . 2w(q)> ,
! 3 ¢*(9) N p
”k?( 2l = . N2 N7 P
ngq ng/z (n) (2k +1)3 - 2% 72 43 21p—qlp+1

+0 (‘P(q) . N#+2 2w(q)> ,

2
)3 X(2)< )3 nkx(n)> ( )3 nk%(ﬂ)) '<Z nkx(n)>
xmod g n<N/2 n<N/2 n<N

1

_ $*(q) a2, N p 4k+2
T (2k41)3- 22 NTHIn 32Hp+1+o(¢(”7)'N : '2“’(”)1




On the Fourth Power Mean of a Sum 81

2
= 3@ (o) (& ) (o)
x mod g n<N n<N/2 n<N

1 4 N8
97(@) ke lnan P 1o ((,b(q) N2 2W(67)>

= (2k+ 1)3-2k7T2 q3 o p+1
and
2
y | Y Y nFx(n)
x mod g |[n<N/2 n<N
6 $*(q) aki2q. N 4 4k+2  qw(
_ ' ‘N mn=TT1-—F—+0 N 2w(q) )
(2k +1)3 - 22%k2 g8 ) 55 p+1 * (qb(q) )
Finally, we obtain
4
Yo Y (1) x(n)
x mod g |[n<N
_ 80InN —50In2 <P N4k+2 4k+2  Hw(q)
S NI 0 (g e 2ew).

P\q

This completes the proof of Theorem 1.

3 A hybrid mean value with general Kloosterman sum

Let g > 3 be a positive integer. For any integers r and s, the classical Kloosterman
sums K(7, s; q) are defined as follows:

K(r,5;q) = Z/e <m+sﬁ> ,

a<qg q

where az = 1(modgq) and e(y) = e?™¥. Perhaps, the most famous property of
K(r,s;q) is the estimate (see [8])

K(r,5:9)| < d(q)q2(r,5,9)%, (13)

where d(q) is the divisor function, and (7, s, q) denotes the greatest common divi-
sor of r, s and g.
The general Kloosterman sums K(7, s, x; q) is defined as follows

ra + sa
K(r,s,x:9 Z)( ( )

a<q q

This summation is very important, because the classical Kloosterman sums is a
special case of the general Kloosterman sums when x is a principal character
modulo 4. For an arbitrary composite number g4, we do not know how large
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K(r,s,x;q) is. In fact, the value of K(7,s, x;¢q) is quite irregular when g is not a
prime. However, it is surprising that K(r,s, x;4) enjoys many good distribution
properties. Zhang [9] got an identity for the fourth power mean of the general
Kloosterman sums

, a—1 N — a—1
Yo Y K, xq)|* = ¢*(9)q%d(9) T (1 - [XJZF1 ' rl;gﬂc(p — 11) i (a +4]19)P“) '

Xx mod g m=1 *|lq

Zhang [10] proved that
4
* 21 — 1 7
L K mGa) | K x| = gzl @e@at [T ” +0(g2+°).
g Hp*+1)
X#Xo x<d pla P

It is natural to consider the mean value property of the sum analogues to char-
acter sums with general Kloosterman sums. In this section, we try to give an
asymptotic formula for them and prove the following theorem.

Theorem 2 Let 4 > 3 be an odd integer. Then for any real number N with
1<N< q% and integers r and s with (rs,q) = 1, we have the asymptotic formula

4
Y. K(mm )| ) (=1)"nx(n)
Xx mod g n<N
_ 80InN — 501n2 "
T (2k+1)en (Pq 4k+2n ( (9)- N*72-2 (q)>

plg P
+O(d?(q)¢* ()72 - N¥+5),

To prove Theorem 2, we need the following lemma

Lemma 2 Let g > 3 be an integer. Then for any real number N with1 < N <
q% and integers r and s with (rs,q) = 1, we have
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Proof. With the orthogonality relations for characters, we deduce that

g 1 _ _ 4
Y @ lzz/e<rb(a 1) +sb(a 1))] Y (—1) ()
x mod g a=2b=1 n<N
Ll (1ha—1) +sb@—1) N
<1y ( : )ngq;c(a) T

—1
q 1 rb(a —1) +sb(a—1) 0 v A
— o(0) /e< ) (mnuv)*
¢(q) ) q m;Nn;Nu;Nv;N
anv=mu( mod q)

q
rb(muno — 1) + sb(munov — 1)
=¢() Y Y mnuv)*y e ( ) - (14)
m;Nn;NL;NU;N bz_:l q

nv#£Emu

Noting that for any integer c with (¢, q) =1
(c=1,q)=(cc—c q)=(c(c-1) q)=(~1q),
and

(rlc=1),s(c=1), q) = (c =1, q)
when (s, q) = 1. From (13) we get

o(0) Z/ Z/ Z/ Z —— kz (rb muno — 1) -|—sb(munv—1))

m<Nn<Nu<Nv<N q
nv#£Emu
<@g L Y XY (mnuo) mumo —1, q)?
mINn<Nu<Nv<N
no=mu( mod d)

noFEmu

q2 ZdZ Z Z Z Z (mnuw)k. (15)
dlg m<Nn<Nu<Nov<N
nv=mu( mod d)
nv#£Emu

Then we estimate the inner summations of (15)

uN—nv

d
Y YN Y o)k = Y AR YT Y O Y (no 4 1d)F
m<Nn<Nu<Nov<N n<N u<Nov<N =1
=mu( mod d)
" ZZ;ZTE
k uNd nv]
= C k‘H ! k+l ld k—i

k k—i+1 3
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where we have used (9). Combining (15) and (16), we get Lemma 2.

Now we prove Theorem 2.

Let g > 3 be an odd integer. Then for any real number N with 1 < N < q%
and integers r and s with (rs, q) = 1, from the properties of residue systems we
have

K(r s, x0)? = é e (") e (1D

q q
q rb(a — sh(a —
ZZZ'X(ﬂ)e<b( 1); B( 1))
a=1b=1
_ Loy (Thla—1) +sb(a—1)
=9+ L, x(@ ( q ).

With Theorem 1 and Lemma 2,

4
Y. KOsl | L (=) x(n)
Xx mod g n<N
* g q/ b(a — b(a—
= ¢(q) Z(—l)nnk)((n) +22e<1’ (a—1)+sb(a 1))
n<N a=2b=1 q
4
x Y, x| Y (=1)"n*x(n)
Xx mod g n<N
_80InN —=50In2 ¢°(q) | aks2 p 4h+2  Hw(q)
= it o N +prq1m+o(4’@'N 2200)

+O(d(q)p* (g)g 3 - N*+9),

This completes the proof of Theorem 2.
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