Uniqueness of meromorphic functions sharing
four values IM and one set in an angular
domain®

Hong-Yan Xu' Ting-Bin Cao

Abstract

In this paper, we investigate the uniqueness problem of meromorphic
functions sharing four distinct values IM and a finite set in an angular do-
main. One result which we obtained generalizes and extends the former
results.

1 Introduction and main results

We use C to denote the open complex plane, C(= CJ{c}) to denote the ex-
tended complex plane, and X(C C) to denote an angular domain, a transcen-
dental meromorphic function is meromorphic in the whole complex plane C and
not rational. It is assumed that the reader is familiar with the notations of the
Nevanlinna theory such as T(r, f), m(r, f), N(r, f) and so on, that can be found,
for instance, in [5,15].

Let S be a set of distinct elements in C and X C C. Define

Ex(S,f) = U{z € X|fa(z) =0, counting multiplicities},
acs
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Ex(S, f) = |J{z € X|fa(z) =0, ignoring multiplicities},

aes

where f,;(z) = f(z) —aifa € Cand fo(z) = 1/f(2).

Let f and g be two non-constant meromorphic functions in C. If Ex(S, f) =
Ex(S,g), we say f and g share the set S CM(counting multiplicities) in X. If
Ex(S,f) = Ex(S,g), we say f and g share the set S IM(ignoring multiplicities)
in X. In particular, when S = {a}, where a € C, we say f and g share the
value a CM in X if Ex(S, f) = Ex(S,g), and we say f and g share the value a
IM in X if Ex(S, f) = Ex(S,g). When X = C, we give the simple notation as
before,E(S, f), E(S, f) and so on(see [13]). In addition, if f and ¢ share a IM in X
such that the same zeros of f — a and ¢ — a have different multiplicities, it is said
that f and g share a DM in X.

R.Nevanlinna(see [9]) proved the following well-known theorems.

Theorem 1.1. (see [9]) If f and g are two non-constant meromorphic functions that
share five distinct values a1, a,a3,a4,a5 IM in X = C, then f(z) = g(z).

Theorem 1.2. (see [9]) If f and g are two distinct non-constant meromorphic functions
that share four distinct values ay,ap,a3,a, CM in X = C, then f is a Mobius transfor-
mation of g , two of the shared values, say a1 and ap are Picard values, and the cross ratio

(a11a2/ as, LZ4) = —1L

In 1993, M. Reinders [10] investigated the uniqueness problem of non-constant
meromorphic functions sharing four distinct values IM and obtained the follow-
ing result.

Theorem 1.3. (see [10]) Let f and g be distinct non-constant meromorphic functions
sharing four distinct values a;(j = 1,2,3,4) IM. If there existsa, b € C \{ay,a2,as3,a4}
such that f(z) = a = g(z) = b, then either f(z) and g(z) are the function f =
Lofohandg=Logohorf = Tog, where L, T are Mobius transformation, h is a
non-constant entire function and

e +1

B . (€Z+1)2
R A )

After their very work, the uniqueness of meromorphic functions with shared
values in the whole complex plane attracted many investigations (see [13]). In
[16], Zheng studied the uniqueness problem under the condition that five values
are shared in some angular domain in C. It is an interesting topic to investigate
the uniqueness with shared values in the remaining part of the complex plane
removing an unbounded closed set, see [1,2,6,7,8,11,12,16,17]. Zheng J.H. [15],
Cao T.B. and Yi H.X. [2], Xu J.F. and Yi H.X. [12] continued to investigate the
uniqueness of meromorphic functions sharing five values and four values, Lin
W.C., Mori S. and Tohge K. [6] and Lin W.C., Mori S. and Yi H.X. [7] investigated
the uniqueness of meromorphic and entire functions sharing sets in an angular
domain. They obtained some important results. To state the next results, we
require the following basic notations and definitions of meromorphic functions
in an angular domain(see [5,16,17]).
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Let f be a meromorphic function on the angular domain Q (&, 8) = {z : & <
argz < B} and 0 < B — a < 271. Define

Aup(r ) = [ (s — G log" |06+ log™ |f(re®)[} Y,
By s(r, f) = % / log™ |£(re®)| sinw (6 — a)d8,
oc,B r, f Z ! ’bP‘|w

1<|bu|<r | P‘|

Dtx,ﬂ(rr f) = Aa,ﬁ(”/f) + le,/%(rrf)/ Sup (r, f) = Dlx,/%(rrf) + Cup (r, f),
where w = %7 and b, = byl (u = 1,2,---) are the poles of f on Q(a, B)
counted according to their multiplicities. S, 4(r, f) is called the Nevanlinna’s an-
gular characteristic, and C, 4(r, f) is called the angular counting function of the

poles of f on Q(«, B), and C, 4(r, f) is the reduced function of Cy g(r, f). Similarly,
when a # oo, we will use the notations A, 4(r, ]%u), By 5 (7, J%a), Cap(r, ]%u),

A )sinw (8, —«),

Sap(1, J%a) and so on.

In 2008, Cao and Yi [1] investigated the problem of two transcendental ana-
lytic functions f, g sharing three values DM in an angular domain and obtained
the following result.

Theorem 1.4. (see [1, Theorem 1.]) There are no two distinct transcendental analytic
functions f and g that share three distinct values ay, ap, a3 DM in one angular domain
X={z:a<argz < B} with0 < a < B < 2, provided that

lim Szx,,B (i’, f)
r—eo log(rT(7, f))

Theorem 1.5. (see [2, Theorem 1.3.]) Let f and g be two transcendental meromorphic
functions. Given one angular domain X = {z : « < argz < B} with0 < p—a < 27,
we assume that f and g share five distinct values a;(j = 1,2,3,4,5) IM in X. Then
f(z) = g(z), provided that

=00, (r¢E).

Sa,p (r, f)

H Tog0TO, )
We may denote Theorem 1.5 by 5IM theorem.
Zheng J.H. [17] raised the question: Does 2CM + 2IM = 4CM hold?
In 2009, one of the authors of this paper dealt with the above question and
obtained the following result.

(r ¢ E).

Theorem 1.6. (see [2, Corollary 1.1.]) Let f and g be two distinct transcendental
meromorphic functions. Given one angular domain X = {z : & < argz < B} with
0 < B —a < 27, we assume that f and g share two distinct values a;(j = 1,2) CM and
another two distinct values az,ay IM in X. Then a1,a,, a3, as are shared CM in X of f
and g, provided that

B(rf)

B gty = ()
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For the case where three values are shared CM and one IM was investigated
by Zheng [17]. Zheng [17] obtained one Theorem which we denoted by a simple
notation 3CM + 1IM = 4CM.

In 2009, one of the authors of this paper investigated that f, g share four values
IM in one angular domain and obtained an analogous result as Theorem 1.2 in
one angular domain.

Theorem 1.7. (see [2, Theorem 1.5.]) Let f and g be two distinct transcendental
meromorphic functions. Given one angular domain X = {z : & < argz < B} with
0 < B—a < 27, we assume that f and g share four distinct values a;(j = 1,2,3,4)
CM in X, and that

Soc,,B(r/ f)

= 0

M g0ty o U EE)

Then f is a Mobius transformation of g , two of the shared values, say ay and ay are
Picard values in X, and the cross ratio (a1, az,a3,a4) = —1.

It is a natural question to ask: What had happened when f and g share four
distinct values 4;(j = 1,2, 3,4)AIM and satisfy that f(z) = a4 = g(z) = b in one
angular domain where a,b € C\ {ay,a3,a3,a4} for Theorem 1.3?

In this paper, we will deal with a more general form of the above question and
obtain the following result.

Theorem 1.8. Let f and g be two transcendental meromorphic functions. Given one
angular domain X = {z : a < argz < B} with0 < B — a < 271, we assume that f and
g share four distinct values a;(j = 1,2,3,4) IM in X and Ex(S, f) C Ex(S,g), where

S=A{by,...,bp},m>1andby,..., by € C \ {a1,a2,a3,a4}, and that

. Szx,ﬁ(rrf) o
M Togrr(ry) " E) W

where T(r) = max{T(r, f), T(r,g)}. Then f and g share all values CM, thus it follows
that either f = g or f is a Mébius transformation of g. Furthermore, if the number of the
values in S is odd, then f = g.

Remark 1.1. The special case m = 1 of this Theorem immediately yields Theorem 1.5.
In fact, when m = 1, set S = {as}. If f, & share as IM, which implies Ex (S, f) C
Ex(S,g), then by Theorem 1.8, we can get f = g.

2 Some Lemmas

To prove our result, we require the following Lemmas.

Lemma 2.1. (see [4,14].) Let f be a nonconstant meromorphic function on Q(a, B).
Then for arbitrary complex number a, we have

Sup ( j%) = Sup(r,f) +er,a),

where (r,a) = O(1) as r — oo.
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Lemma 2.2. (see [4,P138].) Let f be a nonconstant meromorphic function in the whole
complex plane C. Given one angular domain on Q)(a, B). Then for any 1 < r < R, we
have

Y < R w/R108+T(V/f)
Ay p <1f,f <K p . e dt +log™ R —|—10g +1

and , ,
(o)< 0 (05).

where w = ﬁ—f“ and K is a positive constant not depending on r and R.

Remark 2.1. Nevanlinna conjectured that

()< (o5) 1) o (s o)

when r tends to +oo outside an exceptional set of finite linear measure, and he proved that
Dy (r, fT) = O(1) when the function f is meromorphic in C and has finite order. In

1974, Gol’dberg[3] constructed a counter-example to show that (2) is not valid (see [17]).
However, it follows from Lemma 2.2, that

0 ()~ 0§) s 05) -

where R(r, f) = O{log(rT(r,f))} as r — oo(r € E) and E is a set with finite linear
measure.
Throughout the paper, we denote by R(r, ) quantities satisfying

R(r,+) = O(log(*T(r,*))), r¢&E,

where E is a set with finite linear measure.

Remark 2.2. From the definition of Ay g(7, f), Bag(7, f), Cap(7, f), Dap(*, f), Sa,p(1, f)
and Lemma 2.1 and Lemma 2.2, we can see that the properties of C, /;(r f):Dap(r, f)
and S, g(7, ) are the same as for the more familiar quantities N(r, f), m(r, f) and T(r, f),

respectively.

Lemma 2.3. (see [1, Lemma 1].) Suppose that f is a non-constant meromorphic func-
tion and that X = {z : w < argz < B} is an angular domain, where 0 < p — a < 271.
Let P(f) = aof? + a1 fP~' +--- +ay(ag # 0) be a polynomial of f with degree p,
where the coefficients a]'(j = 0,1,...,p) are constants, and let b]'(j =1,2,...,9) be
q(q > p + 1) distinct finite complex numbers. Then

P(f) - f’ e
( F=b)(F—ba) (f_bq))—m f).

Lemma 2.4. (see [1, Lemma 2].) Let f and g be two distinct transcendental meromor-
phic functions that share four distinct values a;(j = 1,2,3,4) IM in one angular domain
X={z:a<argz < B} with0 < p—a <27 Then

D,,
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() Sup(r, f) = Sup(r,g) + R(r, ), Sap(r,8) = Sap(r, f) + R(r,8);
(i) iy Cap(r, %aj) = 2S,4(r, f) + R(r, f);

i) Cop(r, 75) = Sup(r,f) + R(r f), Cup ( L5) = Sup(r,8) + R(r,g), where
b?'é“j(j:1234>a”dca/3(7’/ﬁ) /3( , ) when b = oo;

(iv) Cig (r ’f’) = R(r,f),C ( —) = R(r,g), where C;ﬁ( ’f’) and C;ﬁ( L) are
respectively the countmg functzons of the zeros of f' that are not zeros of f — a (=
1,2,3,4), and the zeros of ¢’ that are not zeros of ¢ — aj (j=1,2,3,4);

(v) 24 Cap(r f(z) = aj = g(2)) = R(r.f), where C%4(r, f(z) = aj = g(2)) is the
countmg function for common multiple zeros of f —ajand ¢ —a;(j = 1,2,3,4),
counting the smaller one of the two multiplicities at each of the points.

Lemma 2.5. Under the assumption of Lemma 2.4. Let
o= f'8'(f —8)? .
(f —a)(f —a2)(f —a3)(f —aa)(g —m)(g — a2)(g — 43)(8 — a4)
Then Sy g (r,9) =R(r,f) + R(r, g).

Proof. Suppose zop € X and f(z9) = a1 (or ap,a3,a4) with multiplicity p and
g(zo) = a1 (or ap, a3, ag) with multiplicity q. From (3), we can get

p(z) = O ((z — z)2minip)2). @

Hence ¢ is an analytic function in X. By Lemma 2.2 and Lemma 2.3, we have

)

Sa,ﬁ(”r@) = D“rﬁ(r’qo)
r f/
< DIX,,B(’(f_gz)(f—ﬂ3)(f_a4))
r f/
#us (7 e =)

r i

+Dtx,/3 < ’ (f_al)(f—az)(f_QS)(f_a‘L))
) f'Pi(f)

+Dup < ’ (f—al)(f—ﬂz)(f_”3 (f_”4>)

_|_
T
=

&,

(s Sse=e0)
+Dyp <r, (g—ﬂ1)(g—“2 g —a3) )
8

’ (g—a1)(g—az)(g—asa)(g—ou))

. g'P2(g)
P " e TG - m) (g —w)(8 —m)wm

+
)
&
=
VR
=
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where P;(f) is a polynomial of degree no more than 2 in f and P»(g) is a polyno-
mial of degree no more than 2 in g.
Thus, we complete the proof of this lemma. n

3 Proof of Theorem 1.8

Proof. Suppose that f # ¢ and none of the a;(j = 1,2,3,4) is co. Let ¢ be the
function expressed in Lemma 2.5. Then ¢ # 0. From (1), we have R(r, f) =

Olog(rT(r, f))) = 0(Sap(r, f)) and R(r,8) = O(og(rT(r,g))) = 0(Sap(r, f))-
Eence, vzvi ??;/e R(;) = 0(Sap(r, f)), where R(r) = max{R(r,f),R(r,g)}. By

Dy p (1’, ﬁ) =R(r,f), Dug <r, P _1 b]-> = R(r,Q), 5)

forany b; € S(j =1,2,...,m).

Set
¢“:(g—h)~wg—hw,< g'(f-g) )m
(f=b1)- - (f—bw) \(g—m) - (g—aa)

_ U =b)- - (f b)) f'(f=8) "
P g =t (3= bw) ((f—ﬂ1)"'(f—a4)> '

By Lemma 2.3 and (5), we can get that

L1 8 (-9 —b) |\ _ .
DW(ﬂﬂ%j@—m%~@—m>_RU

and

and

§=bj (f—am) - (f—a4)

From the definitions of @1 and ¢, we have D, g(r, ¢;) = R(r),j = 1,2. By
Lemma 2.4(iii), we see that “almost all” of poles and b;-points of f and g in the
angular domain X are simple. Since f,g share the four distinct values a;,j =
1,2,3,41in the angular domain X and Ex(S, f) C Ex(S, g), we can easily get that
Cap(r, 91) = R(r). Therefore, we have

Doy ( 1 (-9 -b) >: R().

Sap(r, 1) = R(r). (6)
Since @19, = ¢, we can have
Sa,p(r, 92) = R(r). )

Let S§1(a;) be the set of those a;-points of f and g in the angular domain X
such that the multiplicities of f and g at these points are p and g, respectively. For
any z € S5/ (a1), by simple computation, we have

@1(z0) = <q. ( F(20) — §'(20) )m

al — ﬂz)(ﬂl - ﬂ3)(611 - ﬂ4)
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and
(. F)-g(=) !
¢2(z0) = (P (a1 —ap)(aq —as3)(a; — 04)) .
Hence
qim%(zo) B pimq)z(ZO) =0. )

Similarly, we can see that (8) holds for any zp & S;q (a;),j =2,3,4.

Now we discuss two cases as follows.

Case 1. Suppose that ¢l := qlmgol — plmgoz # 0, for all positive integers p, g.
For the sake of convenience, we denote by Cpqﬁ( fL) the counting function

of f in X with respect to the set S§'(a;), denote by ct ﬁ( , f 7 ) the corresponding
reduced counting function. Thus, we have

1
C‘“( f) L (f—w)
(i) - ety
P f_a] p.q=1 f_a]

From the above two equations, (5),(6) and (7), we can see that S, g(r, /1) =
R(r, f) + R(r,g). And by (8) each zero of f — a; is a zero of ¢P7, so with the help
of Lemma 2.1 and ¢?7 # 0, we can get

1 1 1
rrts) = @) (k)
< Sup(r, @) +0O(1) = R(r, f) + R(r,8),

for some p,q. By Lemma 24 (ii), we have S,4(r,f) + R(r, f) = Sap(r,8) +
R(r,g),we can get S, g(r, f) = Su 5(r,&) + R(r). Therefore, we have

— 1
C[X”B (r, JTEI]) - max% ( f ) +R(r f)

( CW (
max(p,q)>
+R(r, f)

SN

< —saﬁ( ) +R(), j=1,234

and

IN

IN
a1l =

By the above inequality and Lemma 2.4(ii), we can get

25,51, f) < Sup(r, ) + RO, )
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Thus, we can get a contradiction.
Case 2. Suppose that ¢P7 := qlmqol — pimgoz = 0, for some positive integers p, q.
From the definitions of ¢1 and ¢,, we have

P\" (§—b1)* - (g—=bw)?* _ (f(g—a) - (g—a)\"
(E) '<f—b1>2---<f—bm>2:(g/(f—ao---(f—m) - @

Next we take the two subcases in the following into consideration:

Subcase 2.1. Suppose that p # g. Without loss of generality, we may assume
that p < q. For some two positive integers p; and gy, if z; € S§" (a;) for some
j € {1,2,3,4}, then (10) implies that g = % Hence q; > p1 > 1,and q; > 2
which means that any a;-points (j = 1,2,3,4) of ¢ in X are multiple. By Lemma
2.4, we can get

4
2S,p(r,g) = ) Cup (r,

1 1
< Z
~ 2ZCIX/,B <r1g_aj> +R(1",g)
< 25,p(r,8) +R(1,8),
which leads to the following equations

1

Sap(r,8) = Cup (r, P ) + R(r), (11)

1 — 1
Cap |1 =2Cup | 7, + R(r). (12)
ﬁ( g‘“f) ﬁ( g‘“f) v

From (11) and (12), we can see that “almost all” of a;-points of ¢ have mul-
tiplicity 2, and “almost all” of a;-points of f are simple in X. Without loss of
generality, we may assume that f and g attain the values a3 and a4 in X. Set

2f'(f —aq) g'(g —a4)

N (a5 a)i - a)i )

and

and

2f'(f —a3) B g'(g—a3)

PE ) —a)(f —a)  (§—a1)(g —a2)(g —as)’

Since ¢;(i = 1,2) is analytic at the poles of f and of ¢ and also at those common
aj-points of f and ¢ which have multiplicity 1 with respect to f and multiplicity 2
with respect to g, by Lemma 2.3, we have S,X,ﬁ(r, ¢i) =R(r,f),i=1,2.1f ¢; #0,

then C, g (r, /%114) < Cup (r, %) = R(r, f), which contradicts to equation (11).
Then ¢ = 0. Similarly, we have ¢, = 0. Therefore, from the definitions of ¢; and

¢2, we have
SR
(f—a3 =\e=a) - (13)
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Since f # g, and from (13), we have
f-a _ g—m

f—as  g—a3

which implies that f and g share 43,44 CM in X. Since f and g assume the value
a3 there exist positive integers p1, g1 such that SP191(a3) # @. From the consider-
ations above we get g1 > p1, contradicting the fact that f and g share a3 CM.
Subcase 2.2. Suppose that p = g.
In this subcase, (10) becomes

(g—hV~~@—hﬂzz(f@=ﬂﬂ~~@—ad)m
(f=b)? - (f=bw)?  \g(f—am)---(f-aa))

which implies that f and g share the four values aj (j =1,2,3,4) CM in X. From
the conditions of Theorem 1.8 and applying Theorem 1.7, ¢ is a M&bius transfor-
mation of f. Furthermore, two of the four values, say a1, a, are Picard exceptional
values of f and g in X. Set

f'(f —as) 8'(g —a4)

MT T -a)(f-w) (s-a)s—a)g—a)

and

fI(f —a3) g'(g —a3)

BT - - a)E o)

Using the analogous argue of subcase 2.1 for x1, x2, we can get

f-a_ g—m

f—a g—as
We define the Mobius transformations T, M and L by

w — as

T(w) = M(w) = —w  and L:=T 'oMoT.

4
w — ay

Then we have
Tof=-Tog, hence g=Lof.

Obviously a3 and a4 are the fixed points of L. Therefore, there exist no fixed points
of L in the set S. Let some b € S be given. Then in vies of b # a1, a, there exists a
zp € C such that b = f(zp), and from Ex(S, f) C Ex(S, g) we obtain

L(b) = L(f(20)) = 8(20) € 5.

So S is invariant under L. Furthermore, we have L o L = I where I denotes the
identical transformation. Hence we can conclude that S must contain an even
number of values. Thus, we complete the proof of Theorem 1.8. n
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