Weighted composition operators on some
function spaces of entire functions
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Abstract

We characterize the boundedness and compactness of the weighted com-
position operators acting between some Fock-type spaces. Motivated by
some recent ideas by S. Stevi¢ we also calculate the operator norm of some of
these operators. Also we determine the form of the symbol which induces a
bounded or compact composition operator between some Fock-type spaces.

1 Introduction
Throughout this paper, let dm denote the usual Lebesgue measure on C. For each

p,0 < p < oo and a > 0, the Bargmann—Fock space Fy, is the space of all entire
functions f in C for which

I/

o= 2 [IfPe () <
C

where ¢ = exp(x) denotes the exponential function and the number £ is a
normalization constant, that is, it is chosen such that [|1||,x = 1. When1 < p <
oo, the space F}, is a Banach space with norm ||f||,«. In particular, the space F?
is a functional Hilbert space with the inner product

(f,8) = = | f@gGEe " am(z).
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The space F?2 is called the Fock space. The reproducing kernel function for JF?2
is given by K(z,w) = exp{azw} (see [5]). We also use the normalized kernel
function ky(z) = exp{azw — §|w|*}. Note that ||kyl|h. = ||kw||§’(plx)/2 = 1 for
each p > 0. Also the space F,° is defined by

FP = { f is an entire function :

co,x = SUp |f(z)|e_%‘2|2 < oo} ‘

zeC

Some problems related to the Bargmann-Fock space have been studied by
many authors [4, 5,9, 10], efc. In this paper, our object of investigation is a weighted
composition operator uC, which is defined by uCy f = u - (f o ¢) where u and ¢ are
entire functions. When u(z) = 1, C,, is called a composition operator. These type of
operators on various analytic function spaces of typical bounded domains have
been studied by many authors. S. Stevi¢ [11, 12, 13, 14, 16, 17] have studied these
operators acting on weighted analytic function spaces, the Bloch-type space and
mixed-norm space, which correspond to F° or FJ . Recently, the boundedness and
compactness of C, on Fj have been characterized by B. Carswell, B. MacCluer
and A. Schuster [1]. Furthermore the boundedness and compactness of uC, on

F! have been studied by the present author [22, 23]. However the case C, or
uCy acting on F;° still remains to be considered. Our first aim is to characterize

the boundedness and compactness of uC,, : FP — }'/‘;" and uCy : F;° — .7-"5".

Moreover, motivated by some recent ideas by S. Stevi¢ and his collaborator (see,
[6, 8, 15, 16, 18, 19, 20, 21]) we also calculate the operator norm of the operator
uCe : Fr - ]-"E" . For other works of related topics, we can refer to [2, 7]. An-

other aim is to determine the form of the symbol ¢ which induces a bounded or
compact composition operator from F° into 7 z°. This result is analogous to the

result due to B. Carswell, B. MacCluer and A. Schuster [1].

2 Preliminaries

This section is devoted to collecting some lemmas which we will need in the proof
of our results.

Lemma 1. Let 0 < p < coand o > 0. For each entire function f and z € C,

£(2)] < e2FF|

Proof. 1t is enough to prove the case 0 < p < oo since the case p = co is verified
by the definition of the norm || - || - Since |f|? is subharmonic if 0 < p < oo, we
have

p&-

O < [ It 22,

for all > 0. Multiplying both sides of the last inequality by 2re~'7"dr and then
integrating from 0 to co with respect to r we get

FOP < 32 [ 1f@) e E dm(w). 0

-2
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For fixed z € C, we set I, f (w) = k;(w)f(w — z). A simple calculation shows
that I, is a surjective isometry of .F and its inverse I 1 =171_, (see[4], Proposition

2). Since |I_;f(0)|P = |f(z)|Pe” 712 the inequality (1) gives
f@Pe T =L f ) < af b = Il

which completes the proof. m

For an entire function f(z) = Y1° , a2k, define R, f(z) = Yo, axz, acting on
FP and K, = I — R,, where I denotes the identity operator on FP. Note that K,
is compact on F}, and so R, is bounded on Fy. D. Garling and P. Wojtaszczyk
[4] have proved that for each f € F} (1 < p < ), the partial sums of the Taylor
expansion of f converges to f in the norm topology of . Under the notation R,
we can express this result in other words with ||R; f||;» — 0 as n — oo for each

f € F¥. By the principle of uniform boundedness, we see that sup -, [|Rx|| < c.
Moreover the operator R, has a close relation to the essential norm of uC,,
which is the theme of the next lemma.

Lemma 2. If uC, : Ff — F g isa bounded operator, then

4ol rz-,p < liminf[uCyR, |
where ||”C(P||e,F£—>f§° denotes the essential norm of uCy : Fl = Fg

Proof Take a compact operator K on Fj. Since uC, = uCy(Ry + K,) where
=Y akz we have

[uCy — K| < [JuCyRull + [[uCeKy — K|, )
for all n > 1. Since Kj, is compact on FP we see that uCepKjy : FP - }'/‘;" is
compact. Hence we have |[uCoKy||, 77, 7 = 0 for all n > 1. Taking the infi-
mum over compact operators K and letting n — oo in (2), we obtain the desired

inequality. m

Let L (C) denote the space of all measurable functions f such that f(z)e™ 2 22
isin LP(C,dm). We define P, as follows

Puf(2) / F(w)e e 10 g (w). 3)
Then P, is a bounded self-adjoint projection from L (C) onto F1 (C) (1 < p < o).
For these results, see [5]. The property of P, verifies the following lemma.
Lemma 3. Let 1 < p < oo and q be the conjugate exponent of p, i.e. + —|— 1'=1. For
each f € Fy, there is a positive constant C such that

1
q

Raf ()] < Cflpn 3= (2) ()l

for all w € C and positive integers n. Here I'(x) is the Gamma function.
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Proof. The equation (3) and the orthogonality of monomials z¥ show that

dm(z)

|2

Rnf( ) szRnf /R f PNz —zx\z
= %/Cf Z)R ne“wze_“m dm(z).

AWz

. . ko _ .. ,os . .
Hence, by using the expansion e*“* =} %wzk and Holder’s inequality, we obtain

Raf@)] < [ 17 IRue e am(z)
<7 > el 1@l an(z
g%i ol | [ I ¥ <z>ﬂ/€ |z|qke—%2'2dm<z>]%

Here, integration in polar coordinates gives

5+
ko 1P —a(2)° qk
/|z F12P i () = n<q“) r<2+1 .

This completes the proof of the lemma. n

3 Weighted Composition Operators

In this section, we give a characterization for the boundedness and compactness
of uCy : Ff = F g - Our results involve the estimate for the operator norm and

the essential norm of uCy. As a corollary, we also get a characterization for the
compactness of the weighted composition operator uCy, : F3° — }'E".

Theorem 1. Let 0 < p < oo, &, B > 0, u and ¢ be entire functions. Then uC : FP =
Fg’ is a bounded operator if and only if u and ¢ satisfy

14
sup ()] exp { 5 9(2) 2~ Bz} < o
zeC

Moreover we have that its operator norm |[uC || £, b is equal to the above supremum.

Proof. For every f € F), Lemma 1 gives

-4 =17
4

HuCgofHoo,/s:Slelglu(Z)f( p(2))le” T < | £l sup u(z) 219

zeC

and so we have

n©
€l < sup lu(a) exp { S lo@ — Sz}

zeC
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On the other hand, the test function k;, gives

[uCpkio oo > ,u(z)ew(zm|e—%|w|2—§|2\2,

for all w, z € C. Since ||ky ||y« = 1for allw € C, we obtain

3 2_B,2
||quP||}'f—>}'E° 2 HuC(quo(z)“OO,ﬁ = |”(Z)|ez‘q)(z)| 212l ’

for all z € C. Hence we have

n
€l = sup (@l exp { 5o = Bz}

zeC

This completes the proof. n

Theorem 2. Let1 < p < coand a, B > 0. Suppose that u is an entire function and ¢
is a non-constant entire function which induce the bounded operator uCy : Fy — F E" :

Then its essential norm |[uCo ||, zr_, o ls comparable to

iimsup [u(2)| exp { 3lo2)? - B1z

[p(2)| o0

and so uCy : Ff = F g 1s a compact operator if and only if u and ¢ satisfy

tim_Ju(a)]exp { 3lo2) - Bla | =0,

[p(2)|—o0

Proof. First we will prove that a constant multiple of limsup |u(z) |e%|q”(z)‘2_§IZ 3
|¢(2)[ o0

is an upper bound for the essential norm of uC,. Fix r > 0 and take f € F} with

| fllp« <1.Since R, f € F{ for any positive integer 1, Lemma 1 gives

‘ 2

B o 5
u(z)Ruf((2))]e™ 217 < 20 R, £l 0lu(z) ]2

B
< sup ||Rn|||u(z)|e%\(p(z)|2_z‘z|z‘
n>1

Thus we have

o

sup |MC¢Rnf(Z)’e_g|Z‘2§C sup ’u(z)’efw’(z)
p(z)|>r lp(z)|>r

=Bz

(4)

Lemma 3 gives

] 1
B2 © ykyk 2 FRE k !
sup [uCyR,f(z)le 212" < |uoo,'BZk'{< ) F(%—l—l) )
k=n :

lp(z)|<r
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Stirling’s formula shows that

1
k& %1 g Kok k _
wr ) (2 T qk +1 < 2T 2 gk ez,
k! qu 2 k' \ g« 2
as k — co. Since the convergence of the series
B () (5
= kb \qa 2
follows easily by using d’Alembert criterion, the series
qk i
ok k F+1 q
L) (50
= K qu 2

also converges. Hence we have

1
o Kk 5+ 1
o (2) r(Se) g o
= k! qu 2

as n — oco. Combining this with inequality (5), we have

Nl

+

- =

5=
[STE

[SE
+
Q=
B=
NI

liminf sup sup |uCyR,f(z) e~b1F — o, (6)
T N lpastlg(e) <

By (4), (6) and Lemma 2, we obtain

o

e P o < C sup |u(z)|ez|(P(Z)
TR el

2-E1z7,

||uC(,,

Letting r — +o0, then we have

2-5z2.

HuC(p

o 77y o < Climsup |1 (z)[e219(2)
e |p(z)| 00

Next we prove a lower estimate for the essential norm. Take a compact opera-
tor K : FY — Fg’. Since {ky }wec is abounded family in FP and converges to 0 as
|w| — oo uniformly on compact subsets of C, [23, Proposition 2.5] implies k;, — 0
weakly in F} as |w| — co. Hence the compactness of K yields | Kk, |co,p — 0 as
j — oo for an arbitrary sequence {w;};en C C such that |w;| — coasj — co.

Take a sequence {z;}jen C C such that |¢(z;)| — coasj — co. Hence we have
||ICk(P(Zj) |eo,g —+ 0 as j — co. Therefore, we obtain

[uCy — ICHff_U_-EO > limsup [|(uCy — K)k

]—0

o(zp) oo p
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> limsup ||uC(,,k(p(Zj) |

j—oo

oo,p

> limsup |u(z )|eZ“”(Zl) z_g‘zf\z,
]—>oo

which completes the proof. m

Next we give a characterization for the compactness of uCy : F;° — Fg°. Its
proof depends on the following proposition.

Proposition 1. Let , B > 0, u and ¢ be entire functions. Suppose that uCy : F;°
Fg’ is bounded. Then uCy : Fy° — Fg° is compact if and only if for every bounded

sequence { f;} C JFy° which converges to 0 as j — oo uniformly on compact subsets of
C, {qu, f]} converges to 0 in the norm topology in F, E" )

Proof. The proof of this proposition can be obtained by adapting the proof of
Proposition 3.11 in [3]. For a detailed proof see, e.g., Lemma 3 in [11]. Hence we
omit the detail. [ |

Corollary 1. Let «, B > 0. Suppose that u is an entire function and ¢ is a non-constant
entire function which induce the bounded operator uCy : F° — F, B Then uC,

Foo — Fg is a compact operator if and only if u and ¢ satzsfy

im Ju(z) exp { Slo) - Sz =o. 7)

Proof. Since the compactness of uCy : F3° — ]-"E" derives that uCy, : Fp — .FE" is
compact, Theorem 2 shows that the condition (7) is a necessary condition for the
compactness of uCy : F° — Fg

Now we assume (7) and take a bounded sequence {f;} C F;° which con-

verges to 0 as j — oo uniformly on compact subsets of C. Fix ¢ > 0. We can
choose r > 0 such that

u@lexp { 3o - B} <

for all z € C with |@(z)| > r. Since {f;} converges to 0 uniformly on compact
subsets, we can also choose a positive integer jy such that

max file(2)] <&

forall j > jo. Hence we obtain

,ucm(z),e—%»zv < [u(z)]e? 19

P8P fillon < sup [ filloa e (l9(2)] > 1),

]>

uCy fi(2)]e

fi(e(2))

max. (Ip(z)] < 1),

for all j > jo. Moreover the constant function f(z) = 1 and the boundedness of
uCy : Fi> — Fg° imply that [|u[|w,pg < c0. So we have [[uCyfillep — 0 as j — oo.
Proposition 1 shows that uCy : 73° — F g 1s compact. n
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4 Composition Operators

In this section we consider the case u(z) = 1. As an immediate consequence of
Theorem 1 and Corollary 1, we see that C,, : F;° — Fg° is bounded if and only if

o
supexp { 51p(z) 2~ 1212} < oo ®
zeC
and Cy : F” — Fg’ is compact if and only if
: o B
lim ex {— z 2——z2}=0. 9)
Jim e 3o~ G

We will prove that these conditions determine the form of the symbol ¢ which
induces the bounded or compact composition operators Cy : Fp° — F B -

Lemma 4. Let « > 0 and 1,(z) = z + b where b € C with Reb > 0. Then C, is not
bounded on F;°.

Proof. For each positive integer n, we put f,(z) = e“”ze_%”z(z kn(z)). Then
{fu} C FZ and || fu|lcox < 1. Moreover we see

a2
||Cbe”Hoo,tx > ’fﬂ(Tb(n)”e sn* _ eanReb — oo,

as n — oo. This implies that C, is unbounded on F,°. n
Theorem 3. Let a, B > 0. Suppose that ¢ is a non-constant entire function.
@) If Cy : Fy° — Fg’ is bounded, then ¢(z) = az+ b wherea € Cand b € C.
Furthermore, |a| < \/g, and if |a| = \/g, then b = 0.
(b) If Cy : Fi° — Fg° is compact, then ¢(z) = az + b where a € C with |a| < \/g
and b € C.

Proof. Suppose that C, : F> — Fg° is bounded. Let ¢(z) = b+ zh(z) where

b € C and h is an entire function. We must show that & is a constant function.
Assume that & is not constant. Then there exists a sequence {z;} with |zx| — oo

such that |h(z;)| — oo as k — co. Moreover we can assume |h(z;) + %]2 — g >1
for sufficiently large k. Hence we have

exp { 3o - Blar} = ¥ £ { ool - Blart?}

n=0
_ i o |z |2 [ |o(zx))? B " S o |z " [ |(zi)? B !
= 2! |z |2 a) — 2! |z |2 It
n
[Xn’ZkIZn b 2 IB “n|zk|2n
LR ), Rl Y A N 4
21y (zi) + Zk x| = 2nmn! oo
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as k — oo. This contradicts the condition (8). Thus / is a constant function, so we
can write ¢(z) = az + b.

Next we prove |a| < \/g . In order to prove this we assume |a| > \/g and fix ,

0 <e<|a]®— L. Since |a+ 22 — |a|? as |z| — oo, we see that ||a + 22 — [a]?| < ¢

for sufficiently large |z|. Hence we have
o Bl s P b B e e B
e _E > 1= 2l _E > _e_ &
exp{2]q0(2)| 2|Z’ }_ 21y ’a+z x| = 2mn! {]a! ¢ oc} ’

for sufficiently large |z|. This also contradicts the condition in (8). Hence we

obtain |a| < \/g To prove that if |a| = \/g, then b = 0, we assume Reb > 0
first. Put ¢,(z) = az and 1,(z) = z+ b, then ¢ = o, and Cy = Cy,Cx,.

Since |a| = \/g implies that Cy, : F3° — F, g 1s a surjective isometry, we see that
Cq, = C;al Cyisbounded on F;°. However Lemma 4 shows that C, is unbounded

on F.°, so we obtain a contradiction. If Reb < 0, then we can choose 1 € C
with || = 1 such that Renb > 0. Put ®(z) = n¢(z), then & = ¢, o ¢ and
Co = CpCy, : F° — .7-"5" is bounded. On the other hand, the form ® = 7, o ¢y,

and the fact Cy,, : Fp° — F, g 1s asurjective isometry imply that Cr,, = Cl;;u Co is

bounded on F;°. This also contradicts Lemma 4. Hence we see that if |a| = \/g,
then b = 0.
To prove (b) we assume |a| = \/g Since b = 0 by (a), we have ¢(z) = az.

Hence we obtain 5
&® 2_ P2l
exp { 3l0(:) - Bl =1

for all z € C. This contradicts the condition (9). Hence we obtain |a]| < \/g . n

Theorem 4. Let a, B > 0. Suppose that ¢(z) = az + b where a € C with |a| < \/g
and b € C.

(@) If b = 0 whenever |a| = g, then Cy = F3° — Fg’ is bounded.

(b) If |a| < g, then Cy = F° — Fg’ is compact.
Proof. By a straight forward calculation, we see that Cy, : F;° — Fg° is a surjective

isometry if b = 0 whenever |a| = \/g To prove (b) we assume |a| < \/g We put

G(x) = 1(ala|® — B)x® + ala||b|x + %|b|*> (x > 0). Then G(x) has the maximum
b|)? :

% + 4|b]> and G(|z|) — —o0 as |z| — co. Since

2P (wlaf? ~ )2l + aRe {az,b) + 5[bP

(14
(alal* = B)lzI” + alaz|[b| + 5 |b* = G(|z]),
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we have
exp { 3102)1 - Blz | < exp G2, (10)

for all z € C. Assume that a # 0. Since the formula ¢(z) = az + b implies
that |z| — oo if [¢(z)| — oo, it follows from (9) and (10) that C, : F2° — Fg° is
compact. When a = 0, it is clear that C,, : F3° — F E" is compact. n
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