A fixed point property characterizing inner
amenable locally compact semigroups

B. Mohammadzadeh R. Nasr-Isfahani*

Abstract

For a locally compact semigroup &, we study a fixed point property in
terms of left Banach G-modules; we also use this property to give a charac-
terization for inner amenability of &.

1 Introduction

Throughout this paper, & denotes a locally compact semigroup; i.e., a semigroup
with a locally compact Hausdorff topology whose binary operation is jointly con-
tinuous. Let X be a left Banach &G-module, i.e. a Banach space X equipped with a
map from & x X into X, denoted by (x,¢§) — x.{ (x € G, € X) such that

x.(y.0) = (xy)&

forall x,y € & and ¢ € X, the map x —— x.¢ is continuous of & into X for all
¢ € X, the map ¢ — x.¢ is a bounded linear operator on X for all x € &, and
there is a constant K > 0 with

2]l < K|l

forall x € G and ¢ € X. In this case, we define

@@ = [ & (xe) du(),
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and
(ng™) (") =& (5 1)

also, we define the operator A, on X** by

A]/t‘:** — yg**

forall{ € X, ¢* € X*, ¢ € X* and p € M(G), the Banach algebra of all
complex Radon measures on & with the convolution product * and the total vari-
ation norm. Any left Banach &-module X equipped with the map (y,§) — u.¢

(¢ € X,u € M(6)) canbe considered as a left Banach M(&)-module. Let B(X**)
denote the Banach space of bounded linear operators on X**. By the weak* oper-
ator topology on B(X**), we shall mean the locally convex topology of B(X**)
determined by the family

of seminorms on B(X**), where
q(¢™, ¢ )(T) =| TE™(&7) | forall T € B(X™).

The space of all measures y € M(G&) for which the maps x —— Jy * || and
x — || * Iy from & into M(&) are weakly continuous is denoted by M, (&) (or
L(&) as in [2]), where 8, denotes the Dirac measure at x. It is well-known that
M, (&) is a closed two-sided L-ideal of M(&); see [2] or [6].

We denote by P(M, (&), X**) the closure of the set

{Ap:p e Pi(Ma(8)) }

in the weak™ operator topology of B(X**), where P; (M, (&)) denotes the set of all
probability measures in M,(&). Let us remark that P; (M, (&)) with the convolu-
tion multiplication is a semigroup. In particular, the set {A, : u € Py(M,(8)) } is
a subsemigroup of the semigroup B(X**) with the ordinary multiplication of lin-
ear operators, and as easily verified, so is its closure P(M, (&), ¥**) in the weak*
operator topology of B(X**).

Definition 1.1. Let & be a locally compact semigroup, X be a left Banach &-
module, and M C M(&). We say that X has the M-fixed point property if there
exists A € P(M,(&), X**) such that

AN = AN, (neM).

Our aim in this work is to study this property and its relation to inner amenabil-
ity of locally compact semigroups.
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2 The results

We commence with the following result.

Lemma 2.1. Let & be a locally compact semigroup and M C M(&). Suppose that there
exists a net (Uy)yea in Pr(My(S)) such that ||y * py — po * || — 0 forall p € M.
Then every left Banach G-module X has the M-fixed point property.

Proof. First, note that the operator algebra B(X**) can be identified with the
dual space (X**@X*)* of the projective tensor product X**®@X* in a natural way;
see for example Corollary VIII.2.2 of [5]. In particular, the weak® operator topol-
ogy of B(X**) coincides with the weak® topology of (X¥** ® X*)* on bounded
subsets of B(X**), and therefore P(M, (&), X**) is compact in the weak* opera-
tor topology of B(X**).

Next, we may find A € P(M,(&), Xx**) with ||A]| < K and a subnet () of
(a) such that

AP‘

5—>A

in the weak™ operator topology; where K is a constant satisfying
[xg <K
forall x € G and ¢ € X. For each u € M, we therefore have
ANy — ANy, and AyAyy — AyA
in the weak” operator topology. Also
(A Al = A @)@ < K g — s pgll 1811187 — 0,
forall¢* € X* and ¢** € X**, and hence
ApsAp — By — 0
in the weak™ operator topology. Consequently, AA, = AyA. [

Let us recall that M, (&)** with the first Arens product ® defined by

(FOG)(f) =F(G /)
for f € M,(6)" and F,G € M,(6)**, is a Banach algebra, where

(GH(n) =G(fu)

and
(fu)(v) = f(p*v)

forall u,v € M,(6S).

For each y € M,(S), let u also denote the functional in M,(&)** defined by
the formula f — f(u) (f € M,(&)*). This defines a linear isometric embedding
of M,(S) into M,(&)**. In particular, F ® pt, 4 © F and p ® v make sense as
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elements of M,(&)** for all y,v € M,(&) and F € M,(&)**; moreover, y ©v =
TESTS

An element m in the second dual M,(&)** of M,(S) is said to be a mean on
M, (6)* if |m| = m(u) =1, where u € M,(S)* is defined by

u(p) = pu(®)

for all p € M,(S). The set of all means on M,(S&)* is denoted by P;(M,(&)**).
We say that a mean m on M,(&)* is M-inner invariant if

mOUu=uom

for all u € M; or equivalently,

m(fp) = m(pf)
forall y € M and f € M,(&)*, where

(nf)(v) = f(vp)

for all v € M,(&); we also say that & is M-inner amenable if there exists an M-
inner invariant mean on M,(&)*. Finally, recall that & is called foundation if the
set U{supp(u) : p € M,(&)} is dense in &.

Proposition 2.2. Let S be a foundation semigroup with identity, and M C M(&). If &
is M-inner amenable, then any left Banach G-module X has the M-fixed point property.

Proof. Let m be an M-inner invariant mean on M,(&)*. Since & is a foundation
semigroup with identity, it follows from [19] that M,(&) can be considered as
the predual of a C*-algebra; see also [15]. Thus P;(M,(S)) is weak* dense in
P1(M,(&)*"); see Lemma 2.1 in [9]. Thus, there is a net (vg) in P1(M,(&)) with

y*vﬁ—vﬁ*y—>0

in the weak topology of M, (&) for all p € M.

Now, let X be the locally convex space IT{M, (&) : u € M} under the product
of the norm topology of M,;(&). Then the weak topology of X is the product
of the weak topology of M,(&). Following an idea due to Namioka [14], let
T : M,(&) — X be defined by

T)(p) = pxv—vsp
forallv € M,(6) and u € M. Then T is well defined and linear. Since
T(I/lg) —0

in the weak topology of X, it follows that 0 lies in the weak closure of
T(P1(M,(6))) in X. Now, the convexity of T(P;(M,(&))) implies that 0 lies in
the closure of T(P;(M,(&))) in X with respect to the product of the norm topol-
ogy of M;(&). So there exists a net (y,) in Py (M,;(S)) such that

(T (pa)) ()| — 0
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for all p € M. That is
R e I
for all u € M. So, the result follows from Lemma 2.1. u

Before we give the main result of this paper, let us remark that M, (&) equipped
with the map (x, ) — x.u defined by

X =0y (u € My(6),x € 6),
is a left Banach G-module; note that in this case we have
fu=fu and vF=vOF
forallp € M(6),v € My(6), f € My(6)*,and F € M,(&)**.

Theorem 2.3. Let & be a foundation semigroup with identity and M C M(&). Then
the following assertions are equivalent.

(a) & is M-inner amenable.

(b) Every left Banach G-module X has the M-fixed point property.

(c) M4(S) has the M-fixed point property.

Proof. That (a) implies (b) follows from Proposition 2.2; also, (b) implies (c) triv-
ially.
Now, suppose that (c) holds, and choose an element A of P(M, (&), M,(&)**)
such that
AN = ANy

for all u € M . To prove (a), we suppose that (3, ) is a netin P;(M,(&)) such that

Ny, — A
in the weak* operator topology of B(M,(&)**). Since & is a foundation semi-
group with identity, M,;(&) has a bounded approximate identity (e,) in
P;(M,(6)); see [18]. Let E be a weak” cluster point of (e,) in M;(&)**. Then
E is a right identity for M,(&)** by the continuity properties of the first Arens
product, and therefore for each 1 € M,

Porpa—paxp = (pkHa—Haxp) OF
= (n-(pa-E)) — (pa-(1.E))
0
in the weak topology of M,(&). So, any weak* cluster point of (p,) in M,(&)**
is an M-inner invariant mean on M,(&)*. ]

Let 6 := {0x : x € G}. We say that a left Banach G-module X has the fixed
point property if it has the ds-fixed point property; we also say that & is inner
amenable if there exists an inner invariant mean on M,(&)*; that is, a dg-inner
invariant mean on M,(&)*; see [13].
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The study of inner amenability was initiated by Efros [7] and pursued by Ake-
mann [1], H. Choda and M. Choda [3], M. Choda [4], Kaniuth and Markfort [8],
Paschke [16], Pier [17], and Watatani [22] for discrete groups, Lau and Paterson
[10], Losert and Rindler [12], Stokke [20], Takahashi [21], Yuan [23] for locally
compact groups, and by Ling [11] for discrete semigroups.

Our last result is the following consequence of Theorem 2.3 which is due to
Lau and Paterson [10] in the case of locally compact groups &.

Corollary 2.4. Let G be a foundation semigroup with identity. Then the following as-
sertions are equivalent.

(a) & is inner amenable.

(b) Every left Banach G-module X has the fixed point property.

(c) My () has the fixed point property.

We end this work with some examples.

Example 2.5. (a) Let & be a locally compact commutative semigroup. Then & is
M(S)-inner amenable, and M, (&) has the M(&)-fixed point property trivially;
indeed, any element A of P(M, (&), M,(&)**) satisfies

for all u € M(G). So, it follows from Proposition 2.2 that every left Banach &-
module X has the fixed point property.

(b) Let S be the semigroup [0, 1] with the operation xy = min{x,y} for all
x,y € [0,1]. Then & endowed with the topology induced from the real line is not
a foundation semigroup; indeed,

MQ(G) - C 50.

Therefore,
P(Ma(6),X™) = {Ag}

for all left Banach G-module X, and for each € M(G&),
Aphg, = Agy = AgyAp.
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