Derivations on certain matrix algebras with
applications to compact groups

(with an Appendix by A. Valette)
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Abstract

~

In this paper we characterize the derivations from €, (G) into &, (G),
1 < p,q < co. We find necessary and sufficient conditions for weak amenabil-
ity of Banach algebras &, (G),1< p < co. Moreover we find a necessary con-
dition for the weak amenability of the convolution Banach algebra A(G) on
a compact group G, where its sufficiency was proved earlier by Ghahramani

and Lau.

Introduction

Throughout this paper G is a compact group with dual G. The Banach algebras

Q‘EP(CA; ), where p € [1,00] U {0}, and multipliers on these Banach algebras were in-
troduced and extensively studied in Section 28 of [4]. The purpose of the present
paper is to investigate the derivations on these Banach algebras. Also we find nec-
essary and sufficient conditions for weak amenability of Banach algebras &, (G),
where 1 < p < o0, and we give applications to a number of convolution Banach
algebras on compact groups.

The organization of this paper is as follows. The preliminaries and notations

are given in section 1. In section 2, we state and prove a number of results on

~

derivations between the Banach algebras €, (G), where 1 < p < oo; these are then
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~

applied in investigating the weak amenability of Banach algebras ¢,(G) (1 < p <
o). In section 3, we give some applications of the previous section. We prove that
foreach1 < p < oo, pr(é) is approximately weakly amenable, and is weakly
amenable if and only if the group G is finite or abelian (however it is well-known

~ ~

that €, (G) is weakly amenable [6, Theorem 4.2.4]). Also &;(G) is approximately

weakly amenable, and is weakly amenable if and only if sup{d; : 7 € G} < .
Indeed we prove that the converse of Theorem 4.2(x) of [2] is valid.

1 Preliminaries

Let H be an n-dimensional Hilbert space, and let B(H) be the space of all linear
operators on H. Clearly we can identify B(H) with IM,,(C) (the space of all n x n-
matrices on C). For A € M,(C), let A* € M,(C) be defined by (A*);; = Aj;
(1 <i,j <n),and let |A| denote the unique positive-definite square root of AA*.
The matrix A is unitary, it A*A = AA* = I, where [ is the n X n-identity matrix.
For E € B(H), let (A4, ..., Ay) be the sequence of eigenvalues of the operator |E|,

written in any order. Define [|E||p, = maxi<;<,|Ai], and ||El[, = (114 |Ai|p)%
(1 < p < o). For more details see Definition D.37 and Theorem D.40 of [4].

Let G be a compact group with dual G (the set of all irreducible represen-
tations of G). Let H; be the representation space of 7t with dimension d, for

each 7 € G. The x-algebra [1,cc B(Hr) will be denoted by ¢(G); scalar mul-
tiplication, addition, multiplication, and the adjoint of an element are defined

coordinate-wise. .

Let E = (Ex) be an element of ¢(G). We define ||E||, := (zneédnugnngp)f
(1 < p < ), and [|E|jee = sup, g |Exllge- For 1 < p < oo, €,(G) is defined

~ ~

as the set of all E € &(G) for which ||E|[, < oo, and &y(G) is defined as the set
of all E € ¢(G) such that {w € G : |Ex|lge = €} is finite for all e > 0. By
Theorems 28.25, 28.27, and 28.32(v) of [4], both (pr(é), [-lp) (1 < p < o0), and
(€(G), ||-||eo) are Banach algebras.

Let 2 and B be subsets of ¢(G). An element E in ¢(G) is an (2, B)-multiplier
if EA € B for all A € . The set of all (2, B)-multipliers will be denoted by
M (2L, B). For more details, see Definition 35.1 of [4].

For a Banach algebra A, an A-bimodule will always refer to a Banach A-
bimodule X, that is a Banach space which is algebraically an A-bimodule and for

which there is a constant C4 x > 0 such that

la.x]], [[xall < Caxllalll[x]| (2 €A, xeX).

By renorming X, we may suppose that Cy x = 1. Alinearmap D : A — X is
called an algebraic X-derivation, if

D(ab) = D(a).b +a.D(b) (a,b € A).

The map D is a derivation if D is a continuous algebraic derivation. For every
x € X, we define ady by ad,(a) = a.x — x.a (a € A). Itis easily seen that ad, is a
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derivation. Derivations of this form are inner derivations. The set of all derivations
from A into X is denoted by Z!(A, X), and the set of all inner X-derivations is
denoted by B!(A, X). Clearly, Z!(A, X) is a linear subspace of the space of all
linear operators of A into X, and B!(A, X) is a linear subspace of Z'(A, X). We
denote by H!(A, X) the quotient space of Z!(A, X) modulo B'(A4, X).

A derivation D : A — X is approximately inner if there exists a net (x,) in X
such that, for every a € A, D(a) = lim, ady, (a) (for more details see [3]).

The Banach space X* with the dual module multiplications defined by

(fa)(x) = f(ax),(a.f)(x) = f(xa) (@€ A fe X", xeX)

is a Banach A-bimodule, called the dual Banach A-bimodule X*.

Every Banach algebra A with the product of A giving the two module mul-
tiplications defines a Banach A-bimodule. Let A* be the dual A-bimodule. A
Banach algebra A is weakly amenable if H'(A, A*) = {0}. A Banach algebra A is
approximately weakly amenable if each D € Z1(A, A*) is approximately inner.

A Banach algebra A is amenable if for any A-bimodule X, every derivation
from A into the dual Banach A-bimodule X* is inner.

For a locally compact group G and a function f : G — C, f is defined by
f(x) = f(x~1) (x € G). Let A(G) (or with the notation £(G) defined in 35.16 of
[4]) consist of all functions & in Cy(G) that can be written in at least one way as
Y1 fu * §n, where fu,gn € L*(G), and L3y || full2llgnll2 < co. For b € A(G),

define
17l acy = inf{ Y I full2llgnllz =Y fu *gn} :

n=1 n=1
With this norm A(G) is a Banach space. It is a commutative Banach algebra,
called the Fourier algebra, with respect to pointwise product. For more details
see 35.16 of [4]. In the case where G is a compact group, A(G) with convolution
product and the norm |.|| o) defines a Banach algebra which is isometrically

algebraically isomorphic with & (G) (see Theorem 34.35 of [4]).

2 Derivations on ¢,(I) (1 < p < )

Throughout this paper for A € B(Hy;), define A™ as an element of ¢(G) given by

o~ _ | A fory=m,
(4 )’7 _{ 0 otherwise.

We denote the identity d,; x d-matrix (i.e. the identity operator in B(Hy)) by I5.
Foreach t € G,and 1 < m,n < dg, let £}, be the elementary d, x d,-matrix
such thatfor1 <k, I <d,,

< _ [ 1 ifk=ml=n,
(gmn)kl - { 0 otherwise.

Recall that by Theorem 28.32(ii),(iii) of [4], for each p,q € [1,00] U {0}, Q‘Ep(@)

~ ~

is a Banach €;(G)-bimodule with the product of &(G) giving the two module
multiplications.
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Proposition 2.1. Let 1 < p,q < co. Then M(€&,(G G), qu(@)) with the norm |.||,,4
that defined by

ILllpq = o ILAlly (L € M(€(G), €,(G)),
Allp=1

is a Banach €« (G)-bimodule, with the product of &(G) giving the two module multipli-
cations.

Proof. If L € M(€, G), ¢ ¢, (G G)), then, by Lemma 35.2(i) of [4], |El[pq < oo. Itis
easy to see that (M (¢&,(G ) &, (G G)), || |p,q) is @ Banach space. If L € M(&,(G G),
Qiq(é)) and E € Qioo(é) then, by Theorem 28.32 of [4],

IELllpq = sup [|(EL)A[lg = sup [[E(LA)|q
|Allp=1 [A]lp=1
< sup [[Eflw[LAllg = [Ellcol[L]lpg-
[Allp=1

Similarly one can prove that ||LE||;,4 < ||E||e||L||p,q- Therefore (M (Q‘Ep(@), Q‘Eq(é)),
|1l p,4) is a Banach ¢o(G)-bimodule. ]

Notation: Throughout the rest of the paper we denote by Z(€(G)) the set of
all E € ¢(G) such that there exists a set {A; : 7 € G} in C such that, for each
T E G, Er = Agly.

Proposition 2.2. Let 1 < p,q < oo, and let D be a derivation from QEP(@) into qu(@).
Then D(AIZ) = D(A)IZ, (A € Gp(@),n € G). Moreover there exists E € €(G) such
that D(A) = AE—EA (A € Q‘Ep(@)), and D is inner if and only if E € Q‘Eq(é) +
Z(¢(G))

Proof. Let m € G. Since by Proposition 1.8.2(ii) of [1], D(IZ) = 0, so for each
A € ¢,(G),

D(AIL7) =D(A)I; + AD(I}) = D(A)I}.
Define D, : B(H;) — B(Hj) through D;(A) = (D(A™)), (A € B(Hy)). By
Theorem 1.9.21(a) of [1], Dy is inner. So there exists E; € B(Hjy) such that
D, = adg,. Define E € ¢(G) by E = (En) ;eq- Now, for each A € QEP(@)
and each 7 € G

D(A)r = (D(A)I7),
= Dn(Ay) =

= (D(AI7)), = (D(AZ))
Therefore D(A) = AE — EA.
If D is inner, then there exists E' € &,(G), such that D = adp. So for each

A € €,(G), A(E—E') = (E - E')A. Hence, for each 7t € G and for each d x d-
matrix A,

A(E—E)g = (A"(E~FE'))_ = ((E-E)A™)_ = (E—E')zA.
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Therefore, by Corollary 27.10 of [4], there exists A, € C such that (E — E'); =
Arly. Tt follows that E — E/ € Z(€¢(G)) or, equivalently, E € Q‘Eq(G) Z(¢(G)).
Conversely if E € Gq(@) + Z(¢(G)), then there exist E/ € Qiq(G) and a set
{Ap:me é} in C such that E; = E/ 4+ Al for m € G. Clearly, D = adp: and
hence D is inner. n

The following is the main result of this section.

Theorem 2.3. Let 1 < p,q < oo, and let D be a derivation from Gp(@) into Q‘Eq(@)
Then there exists a derivation D from € (G) into (M (¢, (G), ¢, (G G)), || || p,q) such that

Proof. By Proposition 2.1, (M (pr(é),@q(@),||.||p,q)isaBanach ¢o(G)-bimodule.
Define D : €x(G) — M (€,(G), ¢,(G) by

(D(E)),, = (D(EIF)), (E € €x(G),me G).

~—

We claim that D is a well-defined derivation. Let E € €,(G) and A € €p(I).
Since EA € pr(@), so by Proposition 2.2,

(D(E)A), = (D(EI7)A), = (D(EIzA) - EIzD(A)),
= (D(EA)I7 = EIzD(A)), = (D(EA) — ED(A))

7T’

and hence D(E)A = D(EA) — ED(A) € &,(G). Therefore D(E) € M(¢&,(G),

&(C)) ) )
Now, if E, F € €(G), then for each m € G

(D(EF)),, = (D((EF)I7)), = (D ((ELF)(FI})))n
= (D(EI7)FI; + EIZD(FI7)) . = (D(EI))  Fx + Ex (D(FI7))
— (D(E)F+ED(F)) .,

T

Hence D is an algebraic derivation.

Let (A;) be a sequence in QEP(G) such that ||A, ||, — Oand ||D(A,) — Bl|; — 0,
where B € ¢,(G). Let 7 € G. Since ép(G)I ™ is finite dimensional, so by Lemma
1.20 of [5] the linear mapping Dy : Q‘EP(G)IZ{ — Qq(é);A — D(A) is continuous.
Now, from D(AIT) = D(A)IF (A € €,(G)), we obtain

Brlf = BIf= lim D(A,)I} = lim D(A,I})
= lim Dx(AuI7) = Dr( lim A,I7) =0,
n——>00 n—:aoo

and so B; = 0. Hence B = 0 and so by the Closed Graph Theorem, D is continu-
ous. Itis clear thatif A € ¢,(G), then D(A) = D(A). n
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3 Weak amenability of Banach algebras ep(é), 1<p<oco
We start this section with the following result.

Proposition 3.1. Let 1 < p,q < oo, p # oo, and let D be a derivation from Q‘Ep(é) into
Q‘Eq(@). Then D is approximately inner.

Proof. For each finite subset F of G define Er = ¥ cp IZ. Ttis easy to prove that
(Ep)r is an approximate identity for ép(G) Hence, for each A € ép(G)

D(A) = limD(A)Ep = Lim(AE — EA)Ef
= llgl(A(EpE) — (EFE)A) = h%nadEFEA.

Now, since ErE € € (G) C Qiq(é), so D is approximately inner. u

Corollary 3.2. Let G be an abelian compact group, and let 1 < p,q < oo, p # co. If D
is a derivation from €,(G) into €;(G). Then D = 0.

Proof. Since G is abelian, so by Remark 27.4 of [4] for each 7T € @, d; = 1. Hence
for each finite set F of G, and each A € &,(G), (AE — EA)Er = 0. Therefore, by
the proof of the Proposition 3.1, D = 0. m

Notation: Throughout the rest of the paper for 1 < p < oo, let p’ denote the
exponent conjugate to p, that is % + % =1,forp=1,letp’ =0, and for p = oo,
letp’ =1.

~

Lemma 3.3. Let 1 < p < oco. Then the Banach space QEP(G) is a Banach € (G)-
bimodule (€y(G)-bimodule, respectively) with the product of €(G) giving the two mod-
ule multiplications. Moreover it can be identified with the dual Banach Coo(G)-bimodule

(€o(G)-bimodule, respectively) ¢, (G G)* with the product of €(G) giving the two module
multiplications.

Proof. By Theorem 28.31 of [4], the mapping T : Qip(é) — pr/(é)* given by

(B,T(A)) = Y dxtr(BxAz) (A€ &,(G),Be €y(G)),
e

is an isometric Banach space isomorphism.
Let A € €x(G) and X € €,(G). For each B € €,/(G), we have

(BT(X).A) = (AB,T(X)) = ¥ dutr((AB)xXx)
ne@

= ) dntr(Xz(AB)x Z dntr((XA)zBr)
el 7T€G
= (B, T(XA)).

So T(X).A = T(XA). Similarly A.T(X) = T(AX). -
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By Lemma 3.3, for 1 < p < oo, €,/(G) is the dual module of pr(é). So, by
Proposition 3.1, we have the following result.

Corollary 3.4. If 1 < p < oo, then the Banach algebra pr(@) is approximately weakly
amenable.

Remark 3.5. By Theorem 28.26 of [4], € (G) isa C* -algebra. But by Theorem 4.2.4
of [6], each C*-algebra is weakly amenable. Therefore €, (G)is weakly amenable.

Proposition 3.6. The Banach algebra €(G) is amenable.

Proof. Clearly €,(G) = ¢y — @ ~ecB(Hr) where B(Hy) is equipped with the

norm ||.||o,. By Remark D.42 of [4] and Example 2.3.16 of [6], for each 7t € G,
the Banach algebra B(Hjy) with the norm |.||4,, is 1-amenable. So by Corollary

2.3.19 of [6], €o(G ) is amenable. n

Proposition 3.7. Let 1 < p,q < 0o, p # co. If theset {mr € G : d; 2 1} is finite, then
HY(€,(G), &(G)) = {0}.

Proof. Let D be a derivation from Qip(é) into Qiq(é). By Proposition 2.2, there
exists E € €(G) such that D(A) = AE — EA (A € €,(G). Let

E'= Y EIf= ) ERIL

neGdr21 neGd 21

Since the set {7t € G : d 2 1} is finite, so E’ € Qiq(é), and for each A € pr(é),
AE — EA = AE' — E' A. Hence D is inner. ]

The following proposition is used frequently in the rest of the paper.

Proposition 3.8. If the set {m € I : dr > 1} is infinite, then for p,q € [1,00],
€,(G) C €y(G) + Z(€(G)) ifand only if p < q.

Proof. If p < g, then by Theorem 28.32(iv) of [4], €,(G) C &,(G) C &,(G) +
2(€(G)). X
Let p > g. Since the set {7t € G : d; 1} is infinite, there exists a sequence
{mmn b 1 of distinct elements in G such that d;, > 1 for each n. Define A;, =
1

dmf n 45 for each nn, and A, = 0 for all other 7’s. Smce >1,s0

l 1 1
p P
1Al = (Z dr|Arlly ) (2 dnnnAnnn’;p) = <2 n ) < oo,
eG nelN nelN

and hence A € Q‘Ep(@). We show that A ¢ &,(G G) + Z(@(G)). Assume to the
contrary that A € qu(G) + Z(€(G)). So there exist A’ € qu(G) and a set {A,
e @} in C such that, for each T € @, Ax = Al + Arl;. Since the eigenvalues

R YRS
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_1 1
of |An, — Ar,In,| are [Ay,| with multiplicity d, — 1, and |d,'n 7 — Ay, | with
multiplicity 1, so
||A/7Tn||(Pq > ||A/7Tn||(Poo = ||A7Tn _Annlnnnfpoo
_1 1 1 _1 1
= max <|/\nn|, deln 1 —Ag, ) > Edmfn 7.
It follows that
1 1
/ 119 ! VY !
1Ay = | X dnllAllg, | = { X dmllA%,llg,
neé nelN
1 1
ﬂ q 1 q
> (2% ) 2§<Zn‘1> =
nelN neN
This contradiction shows that €,(G G) ¢ €q Z(¢(G)). ]

Theorem 3.9. Let 1 < p < coand D : &,(G ) — QSP( G) be a derivation. Then there is
an element L € €o(G) such that

D(A) = AL—LA (A € ¢,(G)).
Moreover Hl(@,p(G) ¢,(G G)) = {0} ifand only if the set {rr € G : d > 1} is finite.

Proof. By Theorem 35.4 of [4], M(€&,(G ) Q‘Ep(G)) = ¢w(G). By Theorem 28.32
of [4], |[LA|, < ||Ll||Allp (L € ¢w(G), A € Q‘ip(é)). Hence, by the Closed
Graph Theorem, the identity mapping id : (M(QP(G) €, (G G)), || I, p) — Co(G);
L — L is a Banach space isomorphism. Now, by Lemma 3.3, Q‘EOO(G) is a dual
Banach €;(G)-bimodule with the product of ¢(G) giving the two module multi-
plications. By Theorem 2.3, D|€ ) isa derivation that extends D. By Proposition
3.6, there exists L € €4(G) such that for each A € ¢y(G), D(A) = AL — LA.
Therefore, for each A € €,(G), D(A) = AL — LA.

If {rr € G:dy;> 1} is finite, then by Proposition 3.7, D is inner.

Let {m € G : d; > 1} be infinite. By Proposition 3.8, €«(G) € €,(G) +
Z(¢(G)) and hence, by Proposition 2.2, HI(€,(I), €,(1)) # {0}

Proposition 3.10. If G is an infinite non-abelian compact group, then the set {7t € G:
dim 7t > 1} is infinite.

Proof. Assume that the set {7t € G : dim 77 > 1} is finite. Hence, by Theorem 3.9,
each derivation from &,(G) into itself is inner. Now, by Peter-Weyl theorem [4],
the convolution Banach algebra L?(G) is isometrically algebra isomorphic with
€2(G). So H'(L*(G), L*(G)) = {0}

We claim that G is finite or abelian. Assume to the contrary that G is infi-
nite and non-abelian. So there exist x,y € G such that xy # yx. The mapping
Dy : L*(G) — L?(G) defined by

Di(f) =6xxf—fx6x (f € L*(G)),
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is a non-inner derivation. To see this, let Dy = ad, for some g € L%(G). Then for
each f € L2(G), f * (8y — g) = (6x — g) * f. Since L?(G) is dense in L' (G), so for
each f € L1(G), f * (6x —g) = (6x — §) * f. Let (ey) be a bounded approximate
identity for L!(G). With the weak*-topology on M(G):

Oxy — Oy = weak” — liorén(éx % (eq * 0y) — (eq * Oy) * Oy)
= weak" — liorén Dy (eq % 0,) = weak” — lipr(n adg(eq * 0y)
= gxd,—d,xg € L*G) C LY(G).

Since G is compact and infinite, it is not discrete, and hence 6y, — dyx ¢ L'(G).
This contradiction proves that G must be abelian or finite. n

A different proof of this result, not appealing to derivations, appears in the
Appendix.

By Propositions 2.2 and 3.10, and a method similar to Theorem 3.9, we have
the following result.

Proposition 3.11. Let 1 < p < g < oo and suppose that D : Q‘Ep(é) — Q‘Eq(@) is a

~

derivation. There is an element L € €(G) such that
D(A) = AL—LA (A € &,(G)).

Moreover each derivation from Q‘Ep(é) into éq(@) is inner if and only if G is finite or
abelian. n

Proposition 3.12. Let1 < g < p < coand D : Q‘Ep(@) — Gq(@) be a derivation. There
is an element L € @r(é), where % = % — %, such that

~

D(A)=AL—LA (A€ €,(G)).

Moreover H! (pr(é), qu(@)) = {0} ifand only if G is finite or abelian.

~ ~ ~

Proof. By Theorem 35.4 of [4], M(&,(G), &;(G)) = &(G). By Theorem 28.33 of

~ ~

[4], |[LA|l; < ||IL[[/||All, (L € &(G),A € €,(G)). Hence, by the Closed Graph

~ ~ ~

Theorem, the identity mapping id : (M (€,(G), €;(G)), ||.|lpq) — & (G); L — L
is a Banach space isomorphism. Now, by Lemma 3.3, ¢,(G) is a dual Banach

€o(G)-bimodule with the product of €(G) giving the two module multiplica-
tions. By Theorem 2.3, D\eo(@) is a derivation that extends D. By Proposition

~ ~

3.6, there exists L € &,(G) such that for each A € &y(G), D(A) = AL — LA.
Therefore, for each A € pr(é), D(A) = AL — LA.
If G is finite or abelian, then, by Proposition 3.7 and Corollary 3.2, D is inner.
Suppose that G is infinite. So by Proposition 3.10, the set {7t € G : d,; 2 1} is
infinite. Since p # 09, s0 ¥ > g and hence, by Proposition 3.8, &,(G) % qu(é) +

Z(€(G)). Therefore, by Proposition 2.2, H* (ép(@), Q‘Eq(@) # {0}. ]

A combination of Lemma 3.3, and Propositions 3.11 and 3.12 yields the fol-
lowing result.
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Theorem 3.13. Let G be a compact group. For 1 < p < oo, pr(@) is weakly amenable
if and only if G is finite or abelian. n

Finally, we find necessary and sufficient conditions for weak amenability of
¢1(G).

Theorem 3.14. Let G be a compact group. The Banach algebra &; (G) is weakly amenable
ifand only if sup__zdr < .

~ ~

Proof. Let sup__adr < oo, and D : & (G) — €«(G) be a derivation. Since

~ ~ ~

sup .y dx < oo, so by Theorem 35.4 of [4], M(&{(G), €x(G)) = €x(G). Now,
by an argument similar to the proof of Propositions 3.9 and 3.12, one can prove

~ ~

that there exists L € €« (G) such that D(A) = AL — LA (A € &(G)). Therefore

~

¢1(G) is weakly amenable.
Let sup__asdr = oo. Define E € Q‘S(@) by E; = d&} forall € G. Note that

~ ~ ~

|Eillpes = dr. Define D : €;(G) — €x(G) by D(A) = AE —EA (A € €;(G)).
We claim that D is a non-inner derivation. Note that ||Ex||y,, = dr (7T € G). For

~

A € ¢1(G), use (D.51.(i)) and (D.52.(i)) of [4] to write

ID(A)|le = [|AE — EAll = sup [[ArEr — ExAx|ps
7eG
< sup ([|AxExllps + IExArllg) < 25up ||Exllgw | Ar s
neG meG
= 2supdn||Anllp. < 2supdzl|Axllg, <2 Y drllAzllg, = 2] Al
neG neG neC

Therefore D is well-defined and continuous. Clearly D is a derivation. We claim

that D is not inner. Assume to the contrary that D is inner. Hence, by Proposition
22,E € €x(G) + Z(€&(G)). So there exist E' € €(G) and aset {A, : m € G}

such that for all 7 € G, we have E; = E}. + A,I;. Since sup,_.gdr = oo, there
exists a subset {71, : n € N} of G such that 7t,, # 7, for m # n and lim, dr, =
co. The eigenvalues of |E;, — A, Ir,| are |Ay,| with multiplicity d, — 1 and
|dr, — Ar,| with multiplicity 1. We have

1
HE/”nHG"w = max{|)L7Tn” |d7Tn - /\T[n’} 2 Ednn/

and hence

1 1..
IE |0 > suﬂI:\>I 1E%, lgw = 5 suﬂgdnn = Ehrrznd”" — oo,
ne ne

Thatis E/ ¢ €(G). This contradiction proves our claim. Therefore D is not inner,

~

and so ¢;(G) is not weakly amenable. n

As a consequence of the above theorem, we have the following theorem. We
find a necessary and sufficient condition for weak amenability of the convolution
Banach algebra A(G), whenever G is a compact group. Indeed we prove that the
converse of Theorem 4.2(x) of [2] is also valid.



Derivations on certain matrix algebras with applications to compact groups 371

Theorem 3.15. Let G be a compact group. Then the convolution Banach algebra A(G)
is approximately weak amenable. Moreover A(G) is weakly amenable if and only if
sup, g dn < oo. n
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Appendix, by A. Valette: characterizing finite or abelian compact
groups

In Proposition 3.10 of the preceding paper, the authors use derivations of group
algebras to establish that: a compact group is either abelian or finite, if and only
if it has finitely many irreducible representations of degree at least 2. The aim
of this appendix is to give a self-contained proof of this fact, using only classical
results in harmonic analysis on compact groups.

We fix some notation. Let G be a compact group, and G be its dual. Set
Gsp={mc G :dim m>2};

Gi={x€G:dimy=1}.

We view G as the dual group of the abelianized group G/[G, GJ; let Gy acton G
by x -m=:1x®m.

Proposition 3.16. The action of G1 on G is proper, i.e. it has finite stabilizers.

Proof: Fix 1t € G; let él,n be its stabilizer in G;. Let us prove that él,n is finite.

SetU =: {g € G: Trm(g) # 0}, an open subset of G, containing 1, and which
is a union of conjugacy classes of G; let N be the subgroup generated by U, so
that N is an open, normal subgroup; by compactness of G, the subgroup N has
tinite index.

Since x - T = 7 for every x € Gy ., taking characters we have for every ¢ € G:

Trr(g) = Tr(x-m)(g) = x(g) Tr m(g);

in particular, x(g) = 1 for every ¢ € U. This implies that x(g) = 1 for every
g € N. X

We have shown that every element in G , factors through the finite group
G/N; therefore |Gy | < |G/N]|, concluding the proof.

Alternate proof of Proposition 3.10: Assume that G, is finite. Two cases may
occur.

° Gzz = @, ie. G = Gq; then G is abelian, as irreducible representations
separate points of G, by the Gelfand-Raikov theorem.
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. ézy_ # @; then Gy has at least one finite orbit in G, so Gy is finite, by the
previous Proposition. By the Peter-Weyl theorem, the left regular represen-
tation Ag on L?(G) decomposes as

@(dim )T = (@ X) D ( @ (dim 77) 77);

et xeGy neGsy

So dim L%(G) = |G| + Lree.,(dim )2 < +oo; this implies that G is
finite. R
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