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Abstract

In this paper we characterize the derivations from Ep(Ĝ) into Eq(Ĝ),
1 ≤ p, q ≤ ∞. We find necessary and sufficient conditions for weak amenabil-
ity of Banach algebras Ep(Ĝ), 1 ≤ p ≤ ∞. Moreover we find a necessary con-
dition for the weak amenability of the convolution Banach algebra A(G) on
a compact group G, where its sufficiency was proved earlier by Ghahramani
and Lau.

Introduction

Throughout this paper G is a compact group with dual Ĝ. The Banach algebras

Ep(Ĝ), where p ∈ [1, ∞]∪ {0}, and multipliers on these Banach algebras were in-
troduced and extensively studied in Section 28 of [4]. The purpose of the present
paper is to investigate the derivations on these Banach algebras. Also we find nec-

essary and sufficient conditions for weak amenability of Banach algebras Ep(Ĝ),
where 1 ≤ p ≤ ∞, and we give applications to a number of convolution Banach
algebras on compact groups.

The organization of this paper is as follows. The preliminaries and notations
are given in section 1. In section 2, we state and prove a number of results on

derivations between the Banach algebras Ep(Ĝ), where 1 ≤ p ≤ ∞; these are then
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applied in investigating the weak amenability of Banach algebras Ep(Ĝ) (1 ≤ p ≤
∞). In section 3, we give some applications of the previous section. We prove that

for each 1 < p < ∞, Ep(Ĝ) is approximately weakly amenable, and is weakly
amenable if and only if the group G is finite or abelian (however it is well-known

that E∞(Ĝ) is weakly amenable [6, Theorem 4.2.4]). Also E1(Ĝ) is approximately

weakly amenable, and is weakly amenable if and only if sup{dπ : π ∈ Ĝ} < ∞.
Indeed we prove that the converse of Theorem 4.2(x) of [2] is valid.

1 Preliminaries

Let H be an n-dimensional Hilbert space, and let B(H) be the space of all linear
operators on H. Clearly we can identify B(H) with Mn(C) (the space of all n × n-
matrices on C). For A ∈ Mn(C), let A∗ ∈ Mn(C) be defined by (A∗)ij = Aji

(1 ≤ i, j ≤ n), and let |A| denote the unique positive-definite square root of AA∗.
The matrix A is unitary, if A∗A = AA∗ = I, where I is the n × n-identity matrix.
For E ∈ B(H), let (λ1, . . . , λn) be the sequence of eigenvalues of the operator |E|,

written in any order. Define ‖E‖ϕ∞ = max1≤i≤n |λi|, and ‖E‖ϕp = (∑
n
i=1 |λi|

p)
1
p

(1 ≤ p < ∞). For more details see Definition D.37 and Theorem D.40 of [4].

Let G be a compact group with dual Ĝ (the set of all irreducible represen-
tations of G). Let Hπ be the representation space of π with dimension dπ, for

each π ∈ Ĝ. The ∗-algebra ∏π∈Ĝ B(Hπ) will be denoted by E(Ĝ); scalar mul-
tiplication, addition, multiplication, and the adjoint of an element are defined
coordinate-wise.

Let E = (Eπ) be an element of E(Ĝ). We define ‖E‖p :=
(

∑π∈Ĝ dπ‖Eπ‖
p
ϕp

) 1
p

(1 ≤ p < ∞), and ‖E‖∞ = sup
π∈Ĝ ‖Eπ‖ϕ∞ . For 1 ≤ p ≤ ∞, Ep(Ĝ) is defined

as the set of all E ∈ E(Ĝ) for which ‖E‖p < ∞, and E0(Ĝ) is defined as the set

of all E ∈ E(Ĝ) such that {π ∈ Ĝ : ‖Eπ‖ϕ∞ ≥ ǫ} is finite for all ǫ > 0. By

Theorems 28.25, 28.27, and 28.32(v) of [4], both (Ep(Ĝ), ‖.‖p) (1 ≤ p ≤ ∞), and

(E0(Ĝ), ‖.‖∞) are Banach algebras.

Let A and B be subsets of E(Ĝ). An element E in E(Ĝ) is an (A, B)-multiplier
if EA ∈ B for all A ∈ A. The set of all (A, B)-multipliers will be denoted by
M(A, B). For more details, see Definition 35.1 of [4].

For a Banach algebra A, an A-bimodule will always refer to a Banach A-
bimodule X, that is a Banach space which is algebraically an A-bimodule and for
which there is a constant CA,X ≥ 0 such that

‖a.x‖, ‖x.a‖ ≤ CA,X‖a‖‖x‖ (a ∈ A, x ∈ X).

By renorming X, we may suppose that CA,X = 1. A linear map D : A → X is
called an algebraic X-derivation, if

D(ab) = D(a).b + a.D(b) (a, b ∈ A).

The map D is a derivation if D is a continuous algebraic derivation. For every
x ∈ X, we define adx by adx(a) = a.x − x.a (a ∈ A). It is easily seen that adx is a
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derivation. Derivations of this form are inner derivations. The set of all derivations
from A into X is denoted by Z1(A, X), and the set of all inner X-derivations is
denoted by B1(A, X). Clearly, Z1(A, X) is a linear subspace of the space of all
linear operators of A into X, and B1(A, X) is a linear subspace of Z1(A, X). We
denote by H1(A, X) the quotient space of Z1(A, X) modulo B1(A, X).

A derivation D : A → X is approximately inner if there exists a net (xα) in X
such that, for every a ∈ A, D(a) = limα adxα(a) (for more details see [3]).

The Banach space X∗ with the dual module multiplications defined by

( f .a)(x) = f (a.x), (a. f )(x) = f (x.a) (a ∈ A, f ∈ X∗, x ∈ X)

is a Banach A-bimodule, called the dual Banach A-bimodule X∗.
Every Banach algebra A with the product of A giving the two module mul-

tiplications defines a Banach A-bimodule. Let A∗ be the dual A-bimodule. A
Banach algebra A is weakly amenable if H1(A, A∗) = {0}. A Banach algebra A is
approximately weakly amenable if each D ∈ Z1(A, A∗) is approximately inner.

A Banach algebra A is amenable if for any A-bimodule X, every derivation
from A into the dual Banach A-bimodule X∗ is inner.

For a locally compact group G and a function f : G → C, f̌ is defined by

f̌ (x) = f (x−1) (x ∈ G). Let A(G) (or with the notation K(G) defined in 35.16 of
[4]) consist of all functions h in C0(G) that can be written in at least one way as

∑
∞
n=1 fn ∗ ǧn, where fn, gn ∈ L2(G), and ∑

∞
n=1 ‖ fn‖2‖gn‖2 < ∞. For h ∈ A(G),

define

‖h‖A(G) = inf

{
∞

∑
n=1

‖ fn‖2‖gn‖2 : h =
∞

∑
n=1

fn ∗ ǧn

}

.

With this norm A(G) is a Banach space. It is a commutative Banach algebra,
called the Fourier algebra, with respect to pointwise product. For more details
see 35.16 of [4]. In the case where G is a compact group, A(G) with convolution
product and the norm ‖.‖A(G) defines a Banach algebra which is isometrically

algebraically isomorphic with E1(Ĝ) (see Theorem 34.35 of [4]).

2 Derivations on Ep(I) (1 ≤ p ≤ ∞)

Throughout this paper for A ∈ B(Hπ), define Aπ as an element of E(Ĝ) given by

(Aπ)η =

{
A for η = π,
0 otherwise.

We denote the identity dπ × dπ-matrix (i.e. the identity operator in B(Hπ)) by Iπ.

For each π ∈ Ĝ, and 1 ≤ m, n ≤ dπ, let Eπ
mn be the elementary dπ × dπ-matrix

such that for 1 ≤ k, l ≤ dπ,

(Eπ
mn)kl =

{
1 if k = m, l = n,
0 otherwise.

Recall that by Theorem 28.32(ii),(iii) of [4], for each p, q ∈ [1, ∞] ∪ {0}, Ep(Ĝ)

is a Banach Eq(Ĝ)-bimodule with the product of E(Ĝ) giving the two module
multiplications.
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Proposition 2.1. Let 1 ≤ p, q ≤ ∞. Then M(Ep(Ĝ), Eq(Ĝ)) with the norm ‖.‖p,q

that defined by

‖L‖p,q = sup
‖A‖p=1

‖LA‖q (L ∈ M(Ep(Ĝ), Ep(Ĝ)),

is a Banach E∞(Ĝ)-bimodule, with the product of E(Ĝ) giving the two module multipli-
cations.

Proof. If L ∈ M(Ep(Ĝ), Eq(Ĝ)), then, by Lemma 35.2(i) of [4], ‖E‖p,q < ∞. It is

easy to see that (M(Ep(Ĝ), Eq(Ĝ)), ‖.‖p,q) is a Banach space. If L ∈ M(Ep(Ĝ),

Eq(Ĝ)) and E ∈ E∞(Ĝ), then, by Theorem 28.32 of [4],

‖EL‖p,q = sup
‖A‖p=1

‖(EL)A‖q = sup
‖A‖p=1

‖E(LA)‖q

≤ sup
‖A‖p=1

‖E‖∞‖LA‖q = ‖E‖∞‖L‖p,q.

Similarly one can prove that ‖LE‖p,q ≤ ‖E‖∞‖L‖p,q. Therefore (M(Ep(Ĝ), Eq(Ĝ)),

‖.‖p,q) is a Banach E∞(Ĝ)-bimodule.

Notation: Throughout the rest of the paper we denote by Z(E(Ĝ)) the set of

all E ∈ E(Ĝ) such that there exists a set {λπ : π ∈ Ĝ} in C such that, for each

π ∈ Ĝ, Eπ = λπ Iπ.

Proposition 2.2. Let 1 ≤ p, q ≤ ∞, and let D be a derivation from Ep(Ĝ) into Eq(Ĝ).

Then D(AIπ
π ) = D(A)Iπ

π , (A ∈ Ep(Ĝ), π ∈ Ĝ). Moreover there exists E ∈ E(Ĝ) such

that D(A) = AE − EA (A ∈ Ep(Ĝ)), and D is inner if and only if E ∈ Eq(Ĝ) +

Z(E(Ĝ))

Proof. Let π ∈ Ĝ. Since by Proposition 1.8.2(ii) of [1], D(Iπ
π ) = 0, so for each

A ∈ Ep(Ĝ),
D(AIπ

π ) = D(A)Iπ
π + AD(Iπ

π ) = D(A)Iπ
π .

Define Dπ : B(Hπ) → B(Hπ) through Dπ(A) = (D(Aπ))π (A ∈ B(Hπ)). By
Theorem 1.9.21(a) of [1], Dπ is inner. So there exists Eπ ∈ B(Hπ) such that

Dπ = adEπ . Define E ∈ E(Ĝ) by E = (Eπ)
π∈Ĝ. Now, for each A ∈ Ep(Ĝ)

and each π ∈ Ĝ

D(A)π = (D(A)Iπ
π )π = (D(AIπ

π ))π = (D(Aπ
π))π

= Dπ(Aπ) = AπEπ − Eπ Aπ = (AE − EA)π .

Therefore D(A) = AE − EA.

If D is inner, then there exists E′ ∈ Eq(Ĝ), such that D = adE′ . So for each

A ∈ Ep(Ĝ), A(E − E′) = (E − E′)A. Hence, for each π ∈ Ĝ and for each dπ × dπ-
matrix A,

A(E − E′)π =
(

Aπ(E − E′)
)

π
=
(
(E − E′)Aπ

)
π

= (E − E′)π A.
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Therefore, by Corollary 27.10 of [4], there exists λπ ∈ C such that (E − E′)π =

λπ Iπ. It follows that E − E′ ∈ Z(E(Ĝ)) or, equivalently, E ∈ Eq(Ĝ) + Z(E(Ĝ)).

Conversely if E ∈ Eq(Ĝ) + Z(E(Ĝ)), then there exist E′ ∈ Eq(Ĝ) and a set

{λπ : π ∈ Ĝ} in C such that Eπ = E′
i + λπ Iπ for π ∈ Ĝ. Clearly, D = adE′ and

hence D is inner.

The following is the main result of this section.

Theorem 2.3. Let 1 ≤ p, q ≤ ∞, and let D be a derivation from Ep(Ĝ) into Eq(Ĝ).

Then there exists a derivation D from E∞(Ĝ) into (M(Ep(Ĝ), Eq(Ĝ)), ‖.‖p,q) such that

D|Ep(Ĝ) = D.

Proof. By Proposition 2.1, (M(Ep(Ĝ), Eq(Ĝ), ‖.‖p,q) is a Banach E∞(Ĝ)-bimodule.

Define D : E∞(Ĝ) → M(Ep(Ĝ), Eq(Ĝ) by

(
D(E)

)
π

= (D(EIπ
π ))π (E ∈ E∞(Ĝ), π ∈ Ĝ).

We claim that D is a well-defined derivation. Let E ∈ E∞(Ĝ) and A ∈ Ep(I).

Since EA ∈ Ep(Ĝ), so by Proposition 2.2,

(
D(E)A

)
π

= (D(EIπ
π )A)π = (D(EIπ

π A) − EIπ
π D(A))π

= (D(EA)Iπ
π − EIπ

π D(A))π = (D(EA) − ED(A))π ,

and hence D(E)A = D(EA) − ED(A) ∈ Eq(Ĝ). Therefore D(E) ∈ M(Ep(Ĝ),

Eq(Ĝ)).

Now, if E, F ∈ E∞(Ĝ), then for each π ∈ Ĝ

(
D(EF)

)
π

= (D ((EF)Iπ
π ))π = (D ((EIπ

π )(FIπ
π )))π

= (D(EIπ
π )FIπ

π + EIπ
π D(FIπ

π ))π = (D(EIπ
π ))π Fπ + Eπ (D(FIπ

π ))π

=
(

D(E)F + ED(F)
)

π
.

Hence D is an algebraic derivation.

Let (An) be a sequence in Ep(Ĝ) such that ‖An‖p → 0 and ‖D(An)− B‖q → 0,

where B ∈ Eq(Ĝ). Let π ∈ Ĝ. Since Ep(Ĝ)Iπ
π is finite dimensional, so by Lemma

1.20 of [5] the linear mapping Dπ : Ep(Ĝ)Iπ
π → Eq(Ĝ); A 7→ D(A) is continuous.

Now, from D(AIπ
π ) = D(A)Iπ

π (A ∈ Ep(Ĝ)), we obtain

Bπ Iπ
π = BIπ

π = lim
n−→∞

D(An)Iπ
π = lim

n−→∞
D(An Iπ

π )

= lim
n−→∞

Dπ(An Iπ
π ) = Dπ( lim

n−→∞
An Iπ

π ) = 0,

and so Bπ = 0. Hence B = 0 and so by the Closed Graph Theorem, D is continu-

ous. It is clear that if A ∈ Ep(Ĝ), then D(A) = D(A).
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3 Weak amenability of Banach algebras Ep(Ĝ), 1 ≤ p ≤ ∞

We start this section with the following result.

Proposition 3.1. Let 1 ≤ p, q ≤ ∞, p 6= ∞, and let D be a derivation from Ep(Ĝ) into

Eq(Ĝ). Then D is approximately inner.

Proof. For each finite subset F of Ĝ define EF = ∑π∈F Iπ
π . It is easy to prove that

(EF)F is an approximate identity for Ep(Ĝ). Hence, for each A ∈ Ep(Ĝ)

D(A) = lim
F

D(A)EF = lim
F

(AE − EA)EF

= lim
F

(A(EFE) − (EFE)A) = lim
F

adEF E A.

Now, since EFE ∈ E00(Ĝ) ⊆ Eq(Ĝ), so D is approximately inner.

Corollary 3.2. Let G be an abelian compact group, and let 1 ≤ p, q ≤ ∞, p 6= ∞. If D

is a derivation from Ep(Ĝ) into Eq(Ĝ). Then D = 0.

Proof. Since G is abelian, so by Remark 27.4 of [4] for each π ∈ Ĝ, dπ = 1. Hence

for each finite set F of Ĝ, and each A ∈ Ep(Ĝ), (AE − EA)EF = 0. Therefore, by
the proof of the Proposition 3.1, D = 0.

Notation: Throughout the rest of the paper for 1 < p < ∞, let p′ denote the
exponent conjugate to p, that is 1

p + 1
p′ = 1, for p = 1, let p′ = 0, and for p = ∞,

let p′ = 1.

Lemma 3.3. Let 1 ≤ p ≤ ∞. Then the Banach space Ep(Ĝ) is a Banach E∞(Ĝ)-

bimodule (E0(Ĝ)-bimodule, respectively) with the product of E(Ĝ) giving the two mod-

ule multiplications. Moreover it can be identified with the dual Banach E∞(Ĝ)-bimodule

(E0(Ĝ)-bimodule, respectively) Ep′(Ĝ)∗ with the product of E(Ĝ) giving the two module
multiplications.

Proof. By Theorem 28.31 of [4], the mapping T : Ep(Ĝ) → Ep′(Ĝ)∗ given by

〈B, T(A)〉 = ∑
π∈Ĝ

dπtr(Bπ Aπ) (A ∈ Ep(Ĝ), B ∈ Ep′(Ĝ)),

is an isometric Banach space isomorphism.

Let A ∈ E∞(Ĝ) and X ∈ Ep(Ĝ). For each B ∈ Ep′(Ĝ), we have

〈B, T(X).A〉 = 〈AB, T(X)〉 = ∑
π∈Ĝ

dπtr((AB)π Xπ)

= ∑
π∈I

dπtr(Xπ(AB)π)) = ∑
π∈Ĝ

dπtr((XA)π Bπ)

= 〈B, T(XA)〉.

So T(X).A = T(XA). Similarly A.T(X) = T(AX).
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By Lemma 3.3, for 1 ≤ p < ∞, Ep′(G) is the dual module of Ep(Ĝ). So, by
Proposition 3.1, we have the following result.

Corollary 3.4. If 1 ≤ p < ∞, then the Banach algebra Ep(Ĝ) is approximately weakly
amenable.

Remark 3.5. By Theorem 28.26 of [4], E∞(Ĝ) is a C∗-algebra. But by Theorem 4.2.4

of [6], each C∗-algebra is weakly amenable. Therefore E∞(Ĝ) is weakly amenable.

Proposition 3.6. The Banach algebra E0(Ĝ) is amenable.

Proof. Clearly E0(Ĝ) = c0 − ⊕
π∈ĜB(Hπ) where B(Hπ) is equipped with the

norm ‖.‖ϕ∞ . By Remark D.42 of [4] and Example 2.3.16 of [6], for each π ∈ Ĝ,
the Banach algebra B(Hπ) with the norm ‖.‖ϕ∞ is 1-amenable. So by Corollary

2.3.19 of [6], E0(Ĝ) is amenable.

Proposition 3.7. Let 1 ≤ p, q ≤ ∞, p 6= ∞. If the set {π ∈ Ĝ : dπ � 1} is finite, then

H1(Ep(Ĝ), Eq(Ĝ)) = {0}.

Proof. Let D be a derivation from Ep(Ĝ) into Eq(Ĝ). By Proposition 2.2, there

exists E ∈ E(Ĝ) such that D(A) = AE − EA (A ∈ Ep(Ĝ). Let

E′ = ∑
π∈Ĝ,dπ�1

EIπ
π = ∑

π∈Ĝ,dπ�1

Eπ
π Iπ

π .

Since the set {π ∈ Ĝ : dπ � 1} is finite, so E′ ∈ Eq(Ĝ), and for each A ∈ Ep(Ĝ),
AE − EA = AE′ − E′A. Hence D is inner.

The following proposition is used frequently in the rest of the paper.

Proposition 3.8. If the set {π ∈ I : dπ > 1} is infinite, then for p, q ∈ [1, ∞],

Ep(Ĝ) ⊆ Eq(Ĝ) + Z(E(Ĝ)) if and only if p ≤ q.

Proof. If p ≤ q, then by Theorem 28.32(iv) of [4], Ep(Ĝ) ⊆ Eq(Ĝ) ⊆ Eq(Ĝ) +

Z(E(Ĝ)).

Let p > q. Since the set {π ∈ Ĝ : dπ � 1} is infinite, there exists a sequence

{πn}∞
n=1 of distinct elements in Ĝ such that dπn > 1 for each n. Define Aπn =

d
− 1

p
πn

n
− 1

q Eπn
11 for each n, and Aπ = 0 for all other π’s. Since

p
q > 1, so

‖A‖p =

(

∑
π∈Ĝ

dπ‖Aπ‖
p
ϕp

) 1
p

=

(

∑
n∈N

dπn‖Aπn‖
p
ϕp

) 1
p

=

(

∑
n∈N

n
−

p
q

) 1
p

< ∞,

and hence A ∈ Ep(Ĝ). We show that A /∈ Eq(Ĝ) + Z(E(Ĝ)). Assume to the

contrary that A ∈ Eq(Ĝ) + Z(E(Ĝ)). So there exist A′ ∈ Eq(Ĝ) and a set {λπ :

π ∈ Ĝ} in C such that, for each π ∈ Ĝ, Aπ = A′
π + λπ Iπ. Since the eigenvalues
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of |Aπn − λπn Iπn | are |λπn | with multiplicity dπn − 1, and

∣∣∣∣d
− 1

p
πn

n
− 1

q − λπn

∣∣∣∣ with

multiplicity 1, so

‖A′
πn‖ϕq ≥ ‖A′

πn‖ϕ∞ = ‖Aπn − λπn Iπn‖ϕ∞

= max

(
|λπn | ,

∣∣∣∣d
− 1

p
πn

n
− 1

q − λπn

∣∣∣∣

)
≥

1

2
d
− 1

p
πn

n
− 1

q .

It follows that

‖A′‖q =

(

∑
π∈Ĝ

dπ‖A′
π‖

q
ϕq

) 1
q

≥

(

∑
n∈N

dπn‖A′
πn
‖

q
ϕq

) 1
q

≥
1

2

(

∑
n∈N

d
(1−

q
p )

πn
n−1

) 1
q

≥
1

2

(

∑
n∈N

n−1

) 1
q

= ∞.

This contradiction shows that Ep(Ĝ) * Eq(Ĝ) + Z(E(Ĝ)).

Theorem 3.9. Let 1 ≤ p < ∞ and D : Ep(Ĝ) → Ep(Ĝ) be a derivation. Then there is

an element L ∈ E∞(Ĝ) such that

D(A) = AL − LA (A ∈ Ep(Ĝ)).

Moreover H1(Ep(Ĝ), Ep(Ĝ)) = {0} if and only if the set {π ∈ Ĝ : dπ > 1} is finite.

Proof. By Theorem 35.4 of [4], M(Ep(Ĝ), Ep(Ĝ)) = E∞(Ĝ). By Theorem 28.32

of [4], ‖LA‖p ≤ ‖L‖∞‖A‖p (L ∈ E∞(Ĝ), A ∈ Ep(Ĝ)). Hence, by the Closed

Graph Theorem, the identity mapping id : (M(Ep(Ĝ), Ep(Ĝ)), ‖.‖p,p) → E∞(Ĝ);

L 7→ L is a Banach space isomorphism. Now, by Lemma 3.3, E∞(Ĝ) is a dual

Banach E0(Ĝ)-bimodule with the product of E(Ĝ) giving the two module multi-
plications. By Theorem 2.3, D|E0(Ĝ) is a derivation that extends D. By Proposition

3.6, there exists L ∈ E∞(Ĝ) such that for each A ∈ E0(Ĝ), D(A) = AL − LA.

Therefore, for each A ∈ Ep(Ĝ), D(A) = AL − LA.

If {π ∈ Ĝ : dπ > 1} is finite, then by Proposition 3.7, D is inner.

Let {π ∈ Ĝ : dπ > 1} be infinite. By Proposition 3.8, E∞(Ĝ) " Ep(Ĝ) +

Z(E(Ĝ)) and hence, by Proposition 2.2, H1(Ep(I), Ep(I)) 6= {0}.

Proposition 3.10. If G is an infinite non-abelian compact group, then the set {π ∈ Ĝ :
dim π > 1} is infinite.

Proof. Assume that the set {π ∈ Ĝ : dim π > 1} is finite. Hence, by Theorem 3.9,

each derivation from E2(Ĝ) into itself is inner. Now, by Peter-Weyl theorem [4],
the convolution Banach algebra L2(G) is isometrically algebra isomorphic with

E2(Ĝ). So H1(L2(G), L2(G)) = {0}.
We claim that G is finite or abelian. Assume to the contrary that G is infi-

nite and non-abelian. So there exist x, y ∈ G such that xy 6= yx. The mapping
Dx : L2(G) → L2(G) defined by

Dx( f ) = δx ∗ f − f ∗ δx ( f ∈ L2(G)),
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is a non-inner derivation. To see this, let Dx = adg for some g ∈ L2(G). Then for

each f ∈ L2(G), f ∗ (δx − g) = (δx − g) ∗ f . Since L2(G) is dense in L1(G), so for
each f ∈ L1(G), f ∗ (δx − g) = (δx − g) ∗ f . Let (eα) be a bounded approximate
identity for L1(G). With the weak*-topology on M(G):

δxy − δyx = weak∗ − lim
α

(δx ∗ (eα ∗ δy)− (eα ∗ δy) ∗ δx)

= weak∗ − lim
α

Dx(eα ∗ δy) = weak∗ − lim
α

adg(eα ∗ δy)

= g ∗ δy − δy ∗ g ∈ L2(G) ⊆ L1(G).

Since G is compact and infinite, it is not discrete, and hence δxy − δyx /∈ L1(G).
This contradiction proves that G must be abelian or finite.

A different proof of this result, not appealing to derivations, appears in the
Appendix.

By Propositions 2.2 and 3.10, and a method similar to Theorem 3.9, we have
the following result.

Proposition 3.11. Let 1 ≤ p ≤ q < ∞ and suppose that D : Ep(Ĝ) → Eq(Ĝ) is a

derivation. There is an element L ∈ E(Ĝ) such that

D(A) = AL − LA (A ∈ Ep(Ĝ)).

Moreover each derivation from Ep(Ĝ) into Eq(Ĝ) is inner if and only if G is finite or
abelian.

Proposition 3.12. Let 1 ≤ q < p < ∞ and D : Ep(Ĝ) → Eq(Ĝ) be a derivation. There

is an element L ∈ Er(Ĝ), where 1
r = 1

q −
1
p , such that

D(A) = AL − LA (A ∈ Ep(Ĝ)).

Moreover H1(Ep(Ĝ), Eq(Ĝ)) = {0} if and only if G is finite or abelian.

Proof. By Theorem 35.4 of [4], M(Ep(Ĝ), Eq(Ĝ)) = Er(Ĝ). By Theorem 28.33 of

[4], ‖LA‖q ≤ ‖L‖r‖A‖p (L ∈ Er(Ĝ), A ∈ Ep(Ĝ)). Hence, by the Closed Graph

Theorem, the identity mapping id : (M(Ep(Ĝ), Eq(Ĝ)), ‖.‖p,q) → Er(Ĝ); L 7→ L

is a Banach space isomorphism. Now, by Lemma 3.3, Er(Ĝ) is a dual Banach

E0(Ĝ)-bimodule with the product of E(Ĝ) giving the two module multiplica-
tions. By Theorem 2.3, D|E0(Ĝ) is a derivation that extends D. By Proposition

3.6, there exists L ∈ Er(Ĝ) such that for each A ∈ E0(Ĝ), D(A) = AL − LA.

Therefore, for each A ∈ Ep(Ĝ), D(A) = AL − LA.
If G is finite or abelian, then, by Proposition 3.7 and Corollary 3.2, D is inner.

Suppose that G is infinite. So by Proposition 3.10, the set {π ∈ Ĝ : dπ � 1} is

infinite. Since p 6= ∞, so r > q and hence, by Proposition 3.8, Er(Ĝ) " Eq(Ĝ) +

Z(E(Ĝ)). Therefore, by Proposition 2.2, H1(Ep(Ĝ), Eq(Ĝ) 6= {0}.

A combination of Lemma 3.3, and Propositions 3.11 and 3.12 yields the fol-
lowing result.
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Theorem 3.13. Let G be a compact group. For 1 < p < ∞, Ep(Ĝ) is weakly amenable
if and only if G is finite or abelian.

Finally, we find necessary and sufficient conditions for weak amenability of

E1(Ĝ).

Theorem 3.14. Let G be a compact group. The Banach algebra E1(Ĝ) is weakly amenable
if and only if sup

π∈Ĝ dπ < ∞.

Proof. Let sup
π∈Ĝ

dπ < ∞, and D : E1(Ĝ) → E∞(Ĝ) be a derivation. Since

supπ∈I ′ dπ < ∞, so by Theorem 35.4 of [4], M(E1(Ĝ), E∞(Ĝ)) = E∞(Ĝ). Now,
by an argument similar to the proof of Propositions 3.9 and 3.12, one can prove

that there exists L ∈ E∞(Ĝ) such that D(A) = AL − LA (A ∈ E1(Ĝ)). Therefore

E1(Ĝ) is weakly amenable.

Let sup
π∈Ĝ dπ = ∞. Define E ∈ E(Ĝ) by Eπ = dπEπ

11 for all π ∈ Ĝ. Note that

‖Ei‖ϕ∞ = dπ. Define D : E1(Ĝ) → E∞(Ĝ) by D(A) = AE − EA (A ∈ E1(Ĝ)).

We claim that D is a non-inner derivation. Note that ‖Eπ‖ϕ∞ = dπ (π ∈ Ĝ). For

A ∈ E1(Ĝ), use (D.51.(i)) and (D.52.(i)) of [4] to write

‖D(A)‖∞ = ‖AE − EA‖∞ = sup
π∈Ĝ

‖AπEπ − Eπ Aπ‖ϕ∞

≤ sup
π∈Ĝ

(
‖AπEπ‖ϕ∞ + ‖Eπ Aπ‖ϕ∞

)
≤ 2 sup

π∈Ĝ

‖Eπ‖ϕ∞‖Aπ‖ϕ∞

= 2 sup
π∈Ĝ

dπ‖Aπ‖ϕ∞ ≤ 2 sup
π∈Ĝ

dπ‖Aπ‖ϕ1
≤ 2 ∑

π∈Ĝ

dπ‖Aπ‖ϕ1
= 2‖A‖1.

Therefore D is well-defined and continuous. Clearly D is a derivation. We claim
that D is not inner. Assume to the contrary that D is inner. Hence, by Proposition

2.2, E ∈ E∞(Ĝ) + Z(E(Ĝ)). So there exist E′ ∈ E∞(Ĝ) and a set {λπ : π ∈ Ĝ}

such that for all π ∈ Ĝ, we have Eπ = E′
π + λπ Iπ. Since sup

π∈Ĝ dπ = ∞, there

exists a subset {πn : n ∈ N} of Ĝ such that πm 6= πn for m 6= n and limn dπn =
∞. The eigenvalues of |Eπn − λπn Iπn | are |λπn | with multiplicity dπn − 1 and
|dπn − λπn | with multiplicity 1. We have

‖E′
πn‖ϕ∞ = max{|λπn |, |dπn − λπn |} ≥

1

2
dπn ,

and hence

‖E′‖∞ ≥ sup
n∈N

‖E′
πn
‖ϕ∞ ≥

1

2
sup
n∈N

dπn =
1

2
lim

n
dπn = ∞.

That is E′ /∈ E∞(Ĝ). This contradiction proves our claim. Therefore D is not inner,

and so E1(Ĝ) is not weakly amenable.

As a consequence of the above theorem, we have the following theorem. We
find a necessary and sufficient condition for weak amenability of the convolution
Banach algebra A(G), whenever G is a compact group. Indeed we prove that the
converse of Theorem 4.2(x) of [2] is also valid.
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Theorem 3.15. Let G be a compact group. Then the convolution Banach algebra A(G)
is approximately weak amenable. Moreover A(G) is weakly amenable if and only if
sup

π∈Ĝ
dπ < ∞.

Acknowledgements. The authors would like to thank the referee of the paper
for his/her invaluable comments. The first author also would like to thank the
University of Bu-Ali Sina (Hamedan) for its support.

Appendix, by A. Valette: characterizing finite or abelian compact

groups

In Proposition 3.10 of the preceding paper, the authors use derivations of group
algebras to establish that: a compact group is either abelian or finite, if and only
if it has finitely many irreducible representations of degree at least 2. The aim
of this appendix is to give a self-contained proof of this fact, using only classical
results in harmonic analysis on compact groups.

We fix some notation. Let G be a compact group, and Ĝ be its dual. Set

Ĝ≥2 = {π ∈ Ĝ : dim π ≥ 2};

Ĝ1 = {χ ∈ Ĝ : dim χ = 1}.

We view Ĝ1 as the dual group of the abelianized group G/[G, G]; let Ĝ1 act on Ĝ
by χ · π =: χ ⊗ π.

Proposition 3.16. The action of Ĝ1 on Ĝ is proper, i.e. it has finite stabilizers.

Proof: Fix π ∈ Ĝ; let Ĝ1,π be its stabilizer in Ĝ1. Let us prove that Ĝ1,π is finite.
Set U =: {g ∈ G : Tr π(g) 6= 0}, an open subset of G, containing 1, and which

is a union of conjugacy classes of G; let N be the subgroup generated by U, so
that N is an open, normal subgroup; by compactness of G, the subgroup N has
finite index.

Since χ · π = π for every χ ∈ Ĝ1,π, taking characters we have for every g ∈ G:

Tr π(g) = Tr(χ · π)(g) = χ(g) Tr π(g);

in particular, χ(g) = 1 for every g ∈ U. This implies that χ(g) = 1 for every
g ∈ N.

We have shown that every element in Ĝ1,π factors through the finite group
G/N; therefore |Ĝ1,π| ≤ |G/N|, concluding the proof.

Alternate proof of Proposition 3.10: Assume that Ĝ≥2 is finite. Two cases may
occur.

• Ĝ≥2 = ∅, i.e. Ĝ = Ĝ1; then G is abelian, as irreducible representations
separate points of G, by the Gelfand-Raikov theorem.
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• Ĝ≥2 6= ∅; then Ĝ1 has at least one finite orbit in Ĝ, so Ĝ1 is finite, by the
previous Proposition. By the Peter-Weyl theorem, the left regular represen-
tation λG on L2(G) decomposes as

⊕

π∈Ĝ

(dim π)π = (
⊕

χ∈Ĝ1

χ)⊕ (
⊕

π∈Ĝ≥2

(dim π) π);

So dim L2(G) = |Ĝ1| + ∑π∈Ĝ≥2
(dim π)2

< +∞; this implies that G is

finite.
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