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Abstract

We obtain Gagliardo-Nirenberg interpolation inequalities of the form ||Vul||x <

C’l\/\|u|\|y||V(2)u||Z + Csl|ully, where XY, Z are Orlicz spaces related to a
single measure which may not satisfy the doubling condition. Some examples
among homogeneous, logarithmic and exponential spaces are given.

1 Introduction

Gagliardo-Nirenberg interpolation inequalities [18, 40]
IV ®ully < Jlull, ™™ [V, (1.1)

where u € C§°(R"), % =(1- %)% + £1 and VOu = (D) 4|, play an important

mr’

role in the apriori estimates in linear and nonlinear PDE’s and their applications to
the regularity theory.
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Physical motivations (see e.g. [1, 2, 11, 14, 42] and references therein) indicate a
need to consider also PDE’s with solutions not in the classical Sobolev spaces, but
in Sobolev-like spaces related to Orlicz norms rather than LP norms. Consequently
it is natural to look for an extension of (1.1), where LP-norms would be replaced
with Orlicz norms.

On the other hand, it is motivated by numerous areas of mathematics (e.g. the
theory of functions, imbedding theorems, spectral theory of differential operators,
boundary value problems, regularity theory, degenerate P.D.E’s, singular integral
equations, theory of analytic functions) to investigate Sobolev spaces with respect
to a general measure, not only the Lebesgue measure. We refer to [17, 26, 27, 30,
31, 38, 39, 44] and references therein for the theory and the motivations. Hence it
is also natural to ask for extensions of (1.1) to L® spaces equipped with a general
Radon measure. For results in this direction we refer e.g. to [7, 10, 12, 13, 20, 21],
Theorem 1 in Section 1.4.7 of [35] and their references.

In this paper we obtain the following variant of inequality (1.1) in the case k = 1,
m=2:

[Vullx < Ciy/llully [V@ullz + Collully, (1.2)

where XY, Z are weighted Orlicz spaces, (if the measure is finite then Y is a proper
subspace of X)) and constants Cy, Cy are independent of u € C§°(R™). The exact
statement is given in Theorem 4.1, see also Remark 4.4.

There has been already a fair number of papers on Gagliardo-Nirenberg inequalities
(see e.g. [8, 9, 16, 28, 32, 33, 36, 37]), but not much is known on inequalities similar
to (1.2) within Orlicz spaces, even in the nonweighted case. Previous research in
this area comes from two sources. First, Bang and coauthors [3, 4, 5, 6] examined
the nonweighted case for one-variable function, within a single Orlicz space LM (dx).
We have recently obtained variants of (1.2) (with possibly different Orlicz spaces)
in the nonweighted case [22, 23, 24], and also in the weighted case [25], for measures
which necessarily satisfy the doubling condition p(2B) < Cu(B) (B is an arbitrary
ball, 2B is the ball with the same center as B and twice the radius, and the constant
C' does not depend on B).

Here we extend some of techniques originating in [22] and generalized in [23]. Those
techniques allowed previously to prove inequalities of the form (1.2), with Cy = 0,
in nonweighted Orlicz spaces.

The class of weights covered by our approach seems to be rather big. We require
them to be absolutely continuous with respect to the Lebesgue measure in R"”,
w(dz) = w(x)dzr, and further w(z) = exp(—p(x)), with o € C! and |Vl in the
given Orlicz space with respect to the measure p. See Theorem 4.1 for the precise
statement. In particular exponential-type measures u(dzr) = Ciexp(—Chlz|*)dz
where C,Cy > 0,0 > 0, so also the Gaussian measure p(dzx) = \/;T—nexp(—\:c|2/2)d:c,
are in many cases allowed in our inequalities (see Remarks 6.1 and 6.3). Moreover,
typical weights considered in this paper do not satisfy the doubling condition and
so the result obtained in this paper is complementary to the results obtained by
independent techniques in the paper [25], where all the measures considered were

doubling.

As nondoubling measures seem to be of separate interest (see e.g. [19],[34],[41] for
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some recent results), we hope to contribute in this direction too.

Some examples illustrating our approach within homogeneous Young functions, and
also within functions of logarithmic and exponential type, are given in Section 6.

2 Preliminaries

2.1 Notation

Throughout the paper, the symbol V*)y stands for the k-th gradient of the mapping
u:R" — R: the vector (D%u)|q)=k. If A is a vector or a matrix, by |A| we denote its
Euclidean norm induced by the standard scalar product (-, ) in R", while A’ stands
for its transposition.

By ¢ we denote a general constant which can change even within the same line.
Upper case letters C, D, ... are reserved for those constants whose value is relevant.
By s* we denote the Holder conjugate to a number s > 1. We use the standard
notation: C§°(R™) stands for smooth compactly supported functions on R™, and

LP(R™), LP (R™), WhP(R™), W[EP(R™) for the LP and Sobolev spaces respectively

loc loc

defined on R™. In general the L? spaces (if not said otherwise then defined on R")
subordinated to the measure p will be denoted by LP(u).

If f is defined on the set €2, then by fxq we denote this function extended by zero
outside €.

Now we recall some preliminary facts about Orlicz spaces, referring e.g. to [29] or
[43] for details.

2.2 N-—functions

A function ®:[0,00) — [0,00) is called an N—function if it is differentiable, strictly
convex, )\lir& O(A)/A =0 and Alim D(N) /N = 0.

Note that in particular every N—function ® satisfies ®(0) = ®_ (0) = 0.
The Legendre transform of an N—function ®, denoted by ®*, is defined as

®*(y) = suplzy — (x)].
x>0
It is known that ®* is also an N —function. The Legendre transform is an involution,
i.e. (®*)* = ®. Moreover, for every =,y > 0 the Young inequality is satisfied:
xy < O(z) + D*(y). (2.1)
Functions ® and ®* are called mutually conjugate.

Definition 2.1 (As—condition). A differentiable function ®: [0,00) — [0, 00) such
that ®(0) = 0 satisfies the Ay—condition if and only if

AD'(\) < ed(N), (2.2)

with a positive constant ¢ not depending on A > 0.
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For an N—function @, inequality (2.2) is equivalent to the doubling condition
D(2)) < cP(N), (2.3)

with the constant ¢ > 0 not depending on A.

We will use the following auxiliary functions: for a given N—function ®, we shall
write

B()\) = . (2.4)

Observe that for any convex ® one has ®,(A) < ®()), whereas for a function satis-
fying the Ay—condition one has ®(\) < ¢®o(A), with ¢ > 0 independent of A.

2.3 Weighted Orlicz spaces

Suppose that p is a positive Radon measure on R™ and let ® : [0,00) — [0, 00) be
an N—function. The weighted space L®(u) with respect to the measure p is, by
definition, the function space

L* () s {f measurable: / @(M)du(x) <1 for some K >0},
R K

equipped with the Luxemburg norm

oy =mii >0 [ o) <1y

This norm is complete and turns L®(u) into a Banach space. Moreover, for
H(\) = N with p > 1, the space L® (1) coincides with the usual LP(u) space.

We recall the following two properties of Young functionals: for every f € L®(u) we
have

1fll@p < /Rn O(|f(x))du(x) + 1, (2.5)
and
/ L () du(r) < 1. (2.6)

When & satisfies the Ay—condition, then (2.6) becomes an equality.

2.4 Domination and comparison of norms

We say that the function ® dominates W (symbolically: ¥ < ®) if there exist two
positive constants Ky, K, such that

U(\) < K1 P(Ky\) for every A > 0. (2.7)
We have:
when ¥ < (I), then H . ||(\Ij’u) < KH . H(q>7u), with K = KQ(Kl + 1) (28)
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Functions ® and ¥ are called equivalent (symbolically ®; < W) when ¥ < & and
® < WU, It is clear that equivalent N—functions give raise to equivalent Luxemburg
norms.

If (2.7) holds for A > C, with some positive C, then we say that ® dominates ¥
at infinity. As the example of homogeneous spaces LP(dx) shows, it is not enough
for (2.8) for the inclusion L* C LY to hold. However, when p(R") < oo, then the
inclusion L® C LY is spared. Indeed, suppose u € L?. Let sy be such a number that
/ <I>(|Si0‘) du < 4o00. Then according to (2.7)

|l
KQS()

|ul

|l
— V(——)d
Tose (o) dp+

/{u|>K2800} Kaso' /{u|<KstC}
u

< & [o"hau s wopm,
0

Jdp = U( ) dpu

which is finite, and therefore v € LY (u).

Also, if we restrict our attention to functions u with compact support, then the
implication {u € L*(u)} = {u € LY(u)} remains true for any Radon measure p.
This is so because any Radon measure is by definition locally finite.

2.5 Auxiliary estimates for N—functions

We will need the following two lemmas applied previously in [23]. For the reader’s
convenience we submit their proofs.

Lemma 2.1. Suppose ® is a nonnegative function such that ®(\)/A* is nondecreas-
ing, where o > 1 1s given. Then for any A\, > 0

T < a(2) + a(i) (2.9)

Proof. It can be readily seen: when p < A, then %ua < %)\0‘ = d(\) <
®(A) + ®(1), and when A < g1, then 52 < 2 50 that Z2pe < ®(u) < B(N) +
D(p). u

This lemma applied for o = 2 yields the following result.

Lemma 2.2. Suppose that ® is an N—function such that ®o(N\) = ®(N)/A\? is
nondecreasing. Let F' : [0,00) — [0,00) be a convex function with F(0) = 0. Then
for any A\, pu,p >0

o (Npp < @A) + H(p) + J(p), (2.10)
where H(A) = 1&(2F(VN)), J(A)
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Proof. (2.10) follows from (2.9), the Young inequality vw < F(v)+ F*(w), and from
the convexity of @ :

Ba(Niip = T2 pp <0 () + @)
<O + B(F(VA) + F*(,7)
<O + JOCF(VR) + 5 BRF (7))
=0(\) + H() + J(p) .

Remark 2.1. The particular choice F(A) = F*(A) = A?/2 in (2.10) results in the
following inequality:

By(Nup < (u) + w. (2.11)

3 The basic lemma

We start with the following lemma. It extends Lemma 3.1 from [22] to the class of
weighted Radon measures.

Lemma 3.1. Suppose that ®: [0,00) — [0, 00) is an N—function of class C*((0, 00))

such that ® (\)/\ is bounded next to 0. Let p(dx) = w(z)dr be a weighted Radon

measure on R™, with weight function w(z) = exp(—(z)), where ¢ € C*(R™). Then
for every u € C3°(R™) one has

/‘P(IVUI)duSan/ O (|Vu))[VPu| IUIdu+/ Oy ([Vullul [Veldu, —(3.1)
Rn R™ R™

where the functions ®, &, are defined by (2.4), and 0 < a,, < cy/n with some constant
¢ > 0 independent of n.
Proof. Set €2 = suppVu, and let

I:= /Rn O(|Vul|)du = /Q (I)|(|VZQ|L2|)<VU, Vu)exp(—p)dx = /n(S(x),Vu)dx,

where

_ [ exp(=p(@))(@(|Vu()])|Vu(z)[ ) Vu(z)  for z € Q
S(x)—{ v 0 for x ¢ Q.

Let us show that S € WH(R”, R") (Sobolev space of vector-valued functions). By
assumption we have exp(—p(z)) € W,h°(R”) and S is supported in €, a compact
set. Therefore it suffices to show that
(|Vu(z)])
Wiz) =
S T

belongs to the space WH1(R"™ R™). One possibility to see this is to consider the
sequence of functions

Vu(z) - xa(x)

_ e Vu(=))
W.(x) = WVU(ZE), where € > 0
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and to show that W, converges to W in WH(R™, R") as ¢ — 0. We have for x € Q
(in the sense of distributions)

OW. &' (|Vu]) (Vu, 5o (V) o(|Vul) 9
EALCI R v AV Y1 v V)V
O, 2 |Vu? [Vl v @ vape Ve o (VeI Ve
¢(|Vu|) 0
— Vu).
€2 4+ |Vu|? &Bi( v)
Using the fact that [V®@u| < C, qif;\) < CI)IA(’\), and the boundedness of @ next to
0, we get
oW, _ &(Vul) 1
=F L (R").
Gl =m0, = P € LR
Moreover, for almost every z € R™, one has %‘;V; (x) — K;(z) as € — 0, where

: O (|Vu|) 20(|Vul)\ , Vu 0 Vu  ®(|Vul|) 0
e L

Vol 0z I VR o (V“)} e

Lebesgue’s Dominated Convergence theorem implies %—‘;V; — K; in L'(R"). As

simultaneously W, — W in L'(R"), we conclude that W € WH(R", R") and so
VW = (K, ..., K,). This, together with the fact that u € C§°(R"), imply

I = —/QdivS(z)u(x)d:)s.

By elementary differentiation we verify that for every x € €2 one has

@y (V)

leS = (W

IV VO[] + Ba(Vul) (A — (Ve w>>) exp(—p)

and

2 ER T t 3

&, (1) = (‘b/(t) - 2@(15)) ! (@’(t) - %> _ 2 (3.2)

Since @ is convex, one has ®(A)/A < &'(\) and so the first summand in (3.2)

is nonnegative and does not exceed ®'(t)/t2. Setting v = % we check that

|div.S(x)| < (L1 + Ly + Lg)exp(—), where
Ly = &(Vul)|[V®ul,
Ly = ®(|Vu|)|Au — v [V@uu|,
Ly = ®([Vul)|(Vep, Vu)| < &4 ([Vul)[Vel.
A direct computation (see [23], Lemma 6.1) shows that
|Au — o' [VPulv| < vn = 1|V@ul.

Since ®5(A) < ®(A), the Lemma follows. ]
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Remark 3.1. When & satisfies the As—condition, then the functions ® and ®, are
equivalent, so inequality (3.1) can be rewritten as

[ eVubdu < Co ([ @:(Vu)IV@ulfuldu+ [ :(Tublal Vel dp). (3.3
Rn Rn R’!L

Remark 3.2. Detailed analysis of the proof (see Lemma 3.1 in [23]) shows that an
inequality slightly stronger than (3.1) holds, namely

Lo(vuhd < [ @,(Va)IVOulful du+ [ @:(Vul)lul [Vl du, (3.4)

with ®,(\) = )‘q’/(k)-l-(\/;—l—l)é()\).

4 The Gagliardo-Nirenberg inequalities
In this section we present and prove our main results.

Theorem 4.1. Suppose that ® is an N—function of class C*((0,00)) such that 1 (t
is bounded next to 0, and let H,J,J; be three other N—functions, for which the
following conditions are satisfied for every s,t,r >0 :

(C1)

O(s)tr < ®(s) + H(t) + J(r), (4.1)

(2)
Oy (s)tr < d(s)+ H(t)+ Ji(r), (4.2)

where ® and ®, were defined by (2.4). Assume that p(dr) = exp(—p(z))dr,
¢ € CH(R"), is a weighted measure on R™ for which ||V ¢ (s, 4y < 00.

Then for every u € C§°(R™) one has

IVul @ < Buy/ Il oIV Oull ) + Coplleal . (4.3)

where 0 < B3, = cy/n and Cyp = c\/n||Vol|( ), with some constant ¢ > 0 indepen-
dent of n.

Applying an elementary inequality 2zy < 22 + y? we get the following.
Corollary 4.1. Suppose that the assumptions of Theorem 4.1 are satisfied. Then
IVull@p < Ballullzrm + all V0l 25 (4.4)

where 0 < B, = cy/n, Yo = c/n(1 + [Voll(p), and ¢ > 0 is independent of n
and .
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Proof of Theorem 4.1. First assume that ||Vl ) # 0.

Fix four positive numbers s1, $o, 53, 4 and set s = /s155+5354. Starting with formula
(3.1) applied to the function u = %, we get

~ .1 .1
Te= [ @(Valdn <o, [ SV Glul VOuldet [ @) [ul[ Vel dp
Take an arbitrary € > 0, and estimate the integral in question by

\U\ [V

S2

[ul [Vl ,

S4

T < o[ B(Vu)L

= anefl + EIQ (45)

d+‘/®JVD

(we have used two obvious properties: s* > s;s; and s > s354).

Now apply the assumption (4.1) to the first integral. This gives

z</ |w4@+/ d+/ (4.6)
To estimate Zy we apply (4.2) instead of (4.1) and deduce that
\Y
1, < / (Ival) du+/ )d [ Jl(‘s—ﬂ)du. (4.7)
n 4
Collecting (4.5), (4.6), (4.7) and rearranging, then choosing ¢ = ¢,, = zl(Tlan) we get
(2)
4 n S1€n S92
\Y
+%< AL <1+/Jﬂ M)@. (4.8)
R 83€n

Without loss of generality we can assume |[u|(g,) # 0, and [[V®ul|;,) # 0, as
otherwise one has u = 0 (since it has been assumed u € C§°(R")).

We set

1
$1 = €—||U||(H,u), 2= V®ulls,), 53 =151, 51 =1Vl .

It follows from (4.8) and (2.6) that Z < 1, and from the very definition of the
Luxemburg norm
IVull@ < s

so that

1
IVl <

1
= \/a\/HUH(H,M)||v(2)uH(J7H) + a!lvwll(Jl,u>IIUI|(H,u>a
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which is (4.3), because €,,! = 2 + 2a,,. Therefore we obtain the desired result.

Now we deal with the remaining case [[Vl|(;,) = 0. This condition yields ¢ = const
and p(dzr) = cdz. For simplicity put ¢ = 1.

In this case (3.1) has only one term. Take ¢ = ¢, = ﬁ, s = é||u||(H,dx), Sy =
IV ®u||(s.az) and apply (3.1) to the function @ = = getting
~ v (2
T< anen/ B(|vu) 1 Vg
Rn S1€ S9
Applying (4.1) and rearranging we see that
1 3 1 |u) |V @y 1
ST<irg\ [ d J dr) < -
2 — 4 _4<n (slen)x_l—w( So )ZE_Q

and therefore Z < 1, ||Vu||(#,40) < 1/5152. Hence

1
IV @) < @¢||u||(H,dm)||v<2>u||u,dm>
and \/LE_L = 2./a,,. The Theorem follows. ]

Remark 4.1. Variants of inequality (4.3) in the particular case of the Lebesgue
measure (with C, , = 0) were examined in detail in [23].

Remark 4.2. In general, we cannot expect inequalities in multiplicative form

IVul@m < Buy/lull ol VOul (4.9)

with 3, independent of u € C§°(R"), to hold. To see that, suppose that p(R™) < oo,
®, H, J satisfy the Ay—condition and [gn H(|z|)p(dx) < oo. Let us consider an
affine function u(z) = (A, x) where A # 0 and choose f € C{°(R") with f(z) =1
on B(0,1), f(r) = 0 on R"\ B(0,2), then let ug(z) = f(F)u(zr). Function ug(x)
belongs to C°(R"), and for all x € R

up(z) — u(z), Vug(r) — Vu(r), VPug(z) — VPu(z),

when R — oo. Using the Lebesgue Dominated Convergence Theorem we see that
each of the quantities:

/Rn O(|Vug — Vul)u(de), /[R H(Jug — ul)p(de), /[R J(IV@ug — VOul)u(dz)

converges to 0 when R — oo. Using Theorem 9.4 in Chapter I1.9 of [29] adapted to
the case of general p instead of the Lebesgue measure one gets:

ur — win L7 (p),
Vur — Vauin L®(u),
V@ur — V®Ou=0in L7(y).
Therefore if the inequality (4.9) has been true, it would apply to u(x) = (A, x) as

well. But in such case the left hand side of (4.9) equals ||®(|A|)||(@,.) # 0, while the
right hand side is zero, a contradiction. Inequality (4.9) cannot be satisfied.
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Remark 4.3. Our constants in Theorem 4.1 do not depend on the measure chosen.
For example the bounds on C} are the same for all weights considered (see Theorem
4.1).

Remark 4.4. Both N—functions: H and J; in (4.2) must essentially dominate ®
at infinity. Moreover, if u has compact support or u(R™) < oo, then the condition
u € LH(u) implies u € L® (i) and the same holds with .J; instead of H.

Indeed, by the symmetry argument (see (4.2)) it suffices to prove this observation
for one of the functions, let us say for H. Applying (4.2) with ¢t = s we get

O(s)r < ®(s)+ H(s) + Ji(r), forevery s,r > 0.

equivalent to
H(s)  (r)
<1 .
TS )

Therefore r — 1 < liminf,_ % for every r > 0 and consequently

lim H(s) =00
R (5)

This shows that H essentially dominates ® next to infinity.

The second statement is a consequence of the discussion following the formula (2.7).

Remark 4.5. We do not impose any particular regularity assumptions on the
measure j other than: p(dr) = exp(—¢(z))dz, ¢ € CHR™), V|l < 0o in
Theorem 4.1. In particular our measure may not satisfy the doubling condition
w(2B) < cp(B), where B is an arbitrary ball in R", 2B denotes the ball with the
same center as B and twice the radius. Inequalities within a restricted class of
weights (which necessarily satisfy the doubling condition) were obtained in [25] by
different methods.

5 The class of admissible N —functions

We are now going to discuss examples of triples (®, H, J) and (®, H, J;) which can
appear in inequalities (4.1) and (4.2). Triples (®, H,J) admissible in (4.1) were
formerly analyzed in ([23]). The following result can be deduced from Theorem 7.1
and 7.2 in [23]. For readers’ convenience we include its proof.

Proposition 5.1. Suppose that the functions ®, F, H, J:[0,00) — [0, 00) and
g:(0,00) — (0,00) are such that:
1. ® and F are N—functions and ® € C*((0,0));
2. g is strictly increasing, ®(\)/g(\) is nondecreasing and the following inequality
is satisfied with a constant C, independent of A > 0 :

®'(\) (A

= =G (5.1)

A
3. H(y) = (2o g7 ")(2C,F(y)) and J(z) = (@ 0 g7)(2C, [ (2)).
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Then the inequality
(N

yz < ®(A) + H(y) + J(2)
1s satisfied for every \,y,z > 0.

Remark 5.1. Note that the since for a convex ® one has Z& < &'()) then (5.1)

)
implies q’@ ) < C’g%. Therefore if ¢ satisfies (5.1) then g(\) < C,\? for every
A > 0. In particular within homogeneous functions only g(\) = A\? is admitted. In

such case we just get the As—condition.

Proof of Proposition 5.1. By (5.1) we have

_ ¥ (M)
L:= — Y* < W(ngz).

If a:= igf\’)z < 1 then L < ®()\) and the assertion is satisfied.

If @ > 1, then we have g(\) < C,yz, so that A < g~'(Cyyz). Therefore

< (o 97 )(Cyyz) _ (®og™")(Cyy2)

(go g_l)(ngz) Cyyz

and consequently
L <®og H(Coyz) < (Pog ) (Cy(F(y) + F(2))).

If F(y) < F*(z), then L < J(z), while if F*(z) < F(y), then L < H(y). In either
case the Proposition follows. [ |

To approach inequality (4.2) we use a similar result.

Proposition 5.2. Assume that ® and F are N—functions, @ s mondecreasing

and Hi(y) = ®(2F (y)), Ji(y) = ®(2F*(y)). Then for every \,y,z > 0 we have

()
A

yz < O\ + Hy(y) + J1(2).

Proof. By Lemma 2.1 and the Young inequality we have

(M)

yz < O(\) + O(yz) < O(\) + O(F(y) + F*(2)) < ®(\) + Hi(y) + Ji(2). =

Remark 5.2. Note that if H,(y) = ®(2F (y)) where ® and F are as in the statement
of Proposition 5.2, then again we have ® < H; next to infinity (see Remark 4.4)
and ® cannot be equivalent to H;.

As a direct consequence of Proposition 5.1 and 5.2 we obtain the following result,
which serves as a recipe for finding functions which can appear in (4.3) and (4.1).
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Proposition 5.3. Suppose that the functions ®, F, H, Hy, J:[0,00) — [0, 00) and
g:(0,00) — (0,00) are such that:

1. ® and F are N—functions and ® € C*((0,0));

2. g is strictly increasing, ®(N)/g(\) is nondecreasing and the following inequality
is satisfied with the constant C, independent of A > 0

d'(N)

T _ o B0,

A 90’
3. H(y) = (2o g ")(2C,F(y)) and J(z) = ((® 0 g™)(2C, [ (2));
4. the function R(z) := 397 *(2C,F(z)) is an N—function and Jy(z) = ®(2R*(2)).
Then for every A\, y,z > 0 we have

PN <o)+ 1) +16) ana T

yz < OA) + H(y) + Ji(2).

6 Three examples

In this chapter we present three examples illustrating Theorem 4.1.

6.1 Inequalities within homogeneous functions

Our first example deals with homogeneous functions.

Proposition 6.1. Let p > q¢ > 2 and r > 1 be such numbers that % = %+ %

Suppose that p(dx) = exp(—¢(x))dx is a Radon measure on R", ¢ € C*(R") and
V| € L5 (u). Then for any u € C°(R™) we have

1Vl agn < Buy/ Il o[ VOull o + Crgelltll o, (6.1)

where 0 < 3, < cy/n, Cpp < c/n||[V@||(s,), and the constant ¢ > 0 is independent
of n.

Proof. Let us take g(A\) = A\, ®(\) = X1, F(\) = \* where s = % and apply
Proposition 5.3. Then we have H(y) ~ y?, J(z) ~ 2", R(z) ~ z4, R*(z) ~ z7-7 and
J1(2) ~ z7-a. Therefore Proposition follows. ]

Remark 6.1. In can easily be seen that the Gaussian measure
~y(dz) = ﬁexp(—@)dx, exponential measure u(dr) = aexp(—alz|) where o« > 0
is a given constant or an arbitrary measure of the form u(dr) = Ciexp(—Cy|z|?)
where 5 > 1 are allowed in every inequality of the form (6.1).

Remark 6.2. Proposition 6.1 deals with different class of weights than the weights
in previous papers [7, 12, 13, 20, 21], [35, Theorem 1 in Section 1.4.7]. For example
in the papers [12, 13, 20, 21] one assumes that the measure p in L(u) on the left
hand side of the inequality (1.2) is doubling, while in Theorem 1, Section 1.4.7 of [35]
it is assumed that such a measure satisfies the following s-regularity condition: there
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exists s > 0 such that sup{r—*u(B(z,r)) : x € R",r > 0} < 0o, where the symbol
B(z,7) denotes the ball with center x and radius . The paper [7] is restricted to
homogeneous weights. In present paper neither of these conditions is assumed.

The paper [10] deals with triples of measures Ndx, Wdz and Pdx. The authors
obtain very general but additive (therefore weaker) inequalities of the form

_ p/q p/r
/ \VOulPNde < K {5_“" </ |u|qu:E) + £? </ |V(m)u|’"Pd1’> } :
Q 0 0

where ¢, 6 are non-negative functions of m, j, p,q,r, while  is a bounded or un-
bounded domain in R", ¢ € (0,&g), u is sufficiently smooth and N, W, P are weight
functions satisfying certain additional conditions (we skip the detailed formulation
which can be found in the paper). Therefore the approach presented there is differ-
ent. Also, the techniques of [10] are independent from ours.

6.2 Logarithmic inequalities

Our next example applies to logarithmic N—functions
M. (t) =t°(In(2 + t))".

Orlicz norms related to M, . and the measure y are denoted by || - [|(sx,.)- The result
stated below generalizes Theorem 1.1 in [24].

Proposition 6.2. Suppose that 3,7 € R, p,r > 1,p > q are given numbers such
that additionally the following condition is satisfied

2 1 12
(¢g>2,a€eRorqg=2,a>0)and (-:_+_ _O‘<§+1>’

g p v q¢ " p T

Let p(dz) = exp(—¢(z))dz is a Radon measure on R™, p € CY(R™) and |Vy| €
LMo (1) where n = q(2)" and k= —(B—a)((8)" = 1) + o

Then for any function u € C§°(R™) we have:

IVulligan < Buy/ Il sl 1V @ulln) + Crelleel o, (6.2)

where 0 < 3, < cy/n and Cy, < c/nl|Vl| (s, 0 and the constant ¢ > 0 is indepen-
dent of n.

Proof. At first we note that each function M ,,, where s > 1, satisfies the Ay —condition,

!

so that inequality (5.1) holds with g(\) = A% This gives M ~ Ms_o(N).
An application of Proposition 5.3 with ®(\) = M, .(\), g(A) = A\? and F(\) =
A*(In(2 4+ N))" where s = %p, r= @ and properties

*
Mg 0 My ~ Moy gitas M,u,a ~ My —a(ue—1)

(see Theorem 7.1 in [29] for the latter property, the details are furnished in the proof
of Theorem 1.2 in [24]) gives

H(y) ~ Myp(y) and J(z) ~ M,,(z). (6.3)
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Moreover, R(z) ~ /F(z) ~ Mgu(z) and R*(z) ~ M,;s(z) where p = <§)* and
§ = —B=2((2)* — 1). Therefore

q q

Ji(2) ~ Mgq 0 p,é(z) ~ Mn,,.@(z),

where 17 and k are as in the statement of the Proposition. This ends the proof of
the Proposition. [ |

Remark 6.3. Similarly as in the case of homogeneous functions every measure of
the form Ciexp(—Cs|x|?) where C,Cs > 0 and 3 > 1 can appear in the inequality
(6.2).

6.3 Exponential inequalities

Our concluding example deals with exponential functions. Such functions do not
satisfy the Ay—condition but for the large A’s they satisfy the condition (5.1) with
g(A\) = \* for some positive s < 2. The detailed analysis of the example presented
below for p = wdx within certain class of weights w introduced by Bloom and
Kerman [15] was presented in [25]. Such measures satisfy the doubling condition.
Some results within the Lebesgue measure were also obtained in [23]. Here we extend
it to the Orlicz spaces L*(u) for essentially larger class of measures.

Proposition 6.3. Suppose that p > 2, € (0,2),s > 2 are given numbers and

ps*

O(A) = Nexp(\Y), H(y):)\%sexp(kﬁ) JA) = A7z exp(Ai_z). (6.4)

Let p(dr) = exp(—p(x))dz be a Radon measure on R", ¢ € CYR") and

(V| € L (p) where Jy(z) = z"exp(2") where n = p(3)* and k = a(32)*.

Then for any function u € C§*(R™) we have:

IVl @ < Buy/ Tl | IV @ ullg + Cnellull o (6.5)

where 0 < 3, < cy/n and Cyp < c/nl|Vl| (1,0 and the constant ¢ > 0 is indepen-
dent on n.

Proof. Let us consider the function g(\) = a/\’,\f+p. Then & satisfies (5.1), g is
increasing and so is ®/g. Let us take F'(A) = A* and apply Proposition 5.3. Indeed,
one verifies that the functions H and J defined in Proposition 5.3 are equivalent
to H and J defined in (6.4). The verification is based on the fact that they are
equivalent for A close to 0 and for A close to infinity separately. In such a case we
have g(\) ~ A2 for small A and g(\) ~ \>=® for big A\, ®(\) ~ AP for small A and
O(A) ~ exp(A?) for big A. Now let us compute the function R from the statement
of Proposition 5.3. We observe that R()\) ~ A*/2 for small A and R(\) ~ X3/~
for big A. Therefore R*(A\) ~ A/2)" for small A and R*(\) ~ A/Z=)" for big A. It

implies that

D(2R*(2)) ~ 2P for small z and ®(2R*(z)) ~ exp(z*(Fa)") for big 2.
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It follows that the function J;(z) = z"exp(2"), where n and x are as in the statement
of the Proposition, together with ®, H, J, satisfy the assumptions of Proposition 4.1.
This implies the statement of the Proposition. [

Acknowledgement. We would like to thank Piotr Hajtasz for helpful discussion.
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