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Abstract

The question to have an umbral calculus in non zero characteristic p, has
been considered on some special subspaces of the space of polynomials, for
instance subspaces of the space of additive polynomials with coefficients in a
complete valued field of characteristic p and their closure in spaces of contin-
uous functions. In her PhD thesis, M. Héraoua has given an umbral calculus
on the so called ring of formal differential operators which has a coalgebra
structure. In many respects, this umbral calculus is as in the classical umbral
calculus in characteristic zero.

It turns out that the technique used by M. Héraoua can be extended in
the topological case. More precisely, let Fq be the finite field with q elements
and Fq[[T ]] be the ring of formal power series with coefficients in Fq. Then
with the addition of formal power series and the T -adic topology, Fq[[T ]] is
a totally discontinuous compact group. Let K be a complete valued field,
extension of the valued field of formal Laurent series Fq((T )), then it is well
known that the space of continuous functions C(Fq[[T ]],K) is an ultrametric
Hopf algebra. The coalgebra structure of C(Fq[[T ]],K) is that of a binomial
divided power coalgebra. In a previous work we have described the algebra
of difference operators of the Banach coalgebra C(Fq[[T ]],K). Here, we show
that the Keigher-Pritchard’s divided powers of an element of the maximal
ideal of the dual algebra of C(Fq[[T ]],K) can be performed. With this, and
the fact that the algebra of difference operators is isomorphic to the latter
dual algebra, one recovers much part of classical umbral calculus.
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1 Introduction and reminders

This paper is the sequel of [7] and gives, using the same technique as M. Héraoua in
[10], an ultrametric umbral calculus on C(Fq[[T ]], K) that in many respects resembles
the classical umbral calculus and differs from the umbral calculus developed by
A. Kochubei in [14] that concerns the space of continuous Fq-linear functions from
Fq[[T ]] into K. Thanks to Carlitz polynomials (cf. [2] etc.., [20] etc..), the technique
is mainly founded on the divided powers structure of the dual algebra of C(Fq[[T ]], K)
induced by the one defined by W.F. Keigher and F.L. Pritchard on the algebra of
Hurwitz formal series [12].

We shall remind here some facts on the coalgebra structure of the space of
continuous functions on Fq[[T ]] with values in K, a complete valued field extension
the valued field of formal Laurent series Fq((T )), where Fq is the finite field with
q = pm and of characteristic p. Naturally the absolute value on Fq((T )) is induced
by the T -adic valuation and for b ∈ Fq((T )), one sets |b| = q−vT (b)

1.1 Carlitz - Wagner basis

The main definitions and results stated here go back to L. Carlitz (cf. [2], [3] , [4]);
see also [9].

For an element a of the polynomial ring Fq[T ], we denote by d◦a, the degree of
a , with the convention d◦0 = −∞ and if f ∈ Fq[T ][z], one sets deg(f) to be the
degree of f as polynomial in the indeterminate z.

The elementary Carlitz polynomials are defined as follows : let j ≥ 0 be an
integer, one sets ej(z) =

∏
d◦a<j

(z − a). One has deg(ej) = qj and e0(z) = z. It

is readily seen that ej is an additive polynomial, i.e. ej(z + y) = ej(z) + ej(y).
Moreover, if α ∈ Fq, one sees that ej(αz) = αej(z).
Let us putD0 = 1 and for any integer j ≥ 1 : Dj = ej(T

j). Since ej(T
j+a) = ej(T

j),
for any a ∈ Fq[T ], such that d◦a < j, one obtains Dj =

∏
d◦b=j, b monic

b. Furthermore,

on verifies that for j ≥ 1 , Dj =
j∏

`=1

[`]q
j−`

and Dj = [j]Dq
j−1, where [`] = T q` − T .

On the other hand, one has ej(z) = ej−1(z)
q−Dq−1

j−1ej−1(z) and so, by induction,
one obtains:

ej(z) =
j∑

`=0

(−1)j−` Dj

D`L
q`

j−`

zq`

, where L0 = 1 and Lj =
j∏

`=1

[`], for j ≥ 1..

For instance e1(z) = zq− z and e2(z) = zq2 − (1+(T q−T )q−1)zq +(T q−T )q−1z.

Set for j ≥ 0 , fj =
ej

Dj

. Let j =
s(j)∑
`=0

j`q
` be the q-expansion of j, s(j) =

[
log j

log q

]
.

The jth basic Carlitz polynomial is the polynomial hj =
s(j)∏
`=0

f j`
` , with h0 = 1 and

deg(hj) = j.
Since fj is Fq - linear, one verifies by using a well known congruence of Lucas on

binomial coefficients, that for x, y ∈ Fq[T ], hj(x+ y) =
∑

s+t=j

(
j
s

)
hs(x)ht(y).
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Moreover, if Sq(j) =
s(j)∑
`=0

j` is the sum of the digits of the q-expansion of j, one sees

that for α ∈ Fq and x ∈ Fq[T ] , hj(αx) = αSq(j)hj(x) = αjhj(x).

Parallel to the polynomials hj, Carlitz has defined the polynomials e∗j =
s(j)∏
`=0

e∗j`q` ,

where e∗j`q` = e`
j` , if 0 ≤ j` ≤ q − 2 and e∗(q−1)q` = e`

q−1 −D`
q−1, if j` = q − 1.

Furthermore, one puts h∗j =
e∗j
dj

, where dj =
s(j)∏
`=0

Dj`
` . Hence h∗j =

s(j)∏
`=0

e∗j`q`

Dj`
`

.

If 0 ≤ j` ≤ q − 2, for all ` , 0 ≤ ` ≤ s(j), one has h∗j = hj.

Moreover, as for hj, one verifies that for any j ≥ 0 , h∗j(x+y) =
∑

s+t=j

(
j
s

)
h∗s(x)ht(y).

A particular subsequence of (h∗j)j≥0 is given by gj = h∗
qm(j)−j−1

, where m(j) =

s(j) + 1. One has gj =
s(j)∏
`=0

e∗(q−1−j`)q`

Dq−1−j`
`

.

Let K be a field that contains Fq[T ], since deg(hj) = j, the sequence (hj)j≥0 is
a basis of the K-vector space K[z].

An important property of the polynomial functions hj ( resp. h∗j ) is that they
map Fq[T ] into itself.

Let us put for any element a of Fq[T ] and any polynomial P ∈ K[z] : τa(P )(z) =
P (z + a).

Set for any integer j ≥ 0,m(j) = s(j) + 1, where s(j) =

[
log j

log q

]
, and let us consider

the K - linear operator Aj = (−1)m(j)
∑

d◦a<m(j)

gj(a)τa. Then for ` ≥ 0, one has

Aj(h`)(z) = (−1)m(j)
∑

d◦a<m(j)

gj(a)h`(z + a) =

∑
s+t=`

(
`
s

)(−1)m(j)
∑

d◦a<m(j)

gj(a)hs(a)

ht(z) =
∑

s+t=`

(
`
s

)
δj,sht(z).

Hence Aj(h`) = 0, if ` < j and Aj(h`) =

(
`
j

)
h`−j, if l ≥ j. An immediate

consequence is that Aj(P ) = 0, if deg(P ) < j.
On the other hand, since for a 6= 0, hj(a) = 0 if and only if qd◦a < qs(j) and qs(i) =
qd◦a, for qd◦a ≤ i < qd◦a+1, one has hj(a) 6= 0 if and only if j ≤ qd◦a+1− 1. Hence for

a , x ∈ Fq[T ] and P ∈ K[z], one has τaP (x) = τxP (a) =
q1+d◦a−1∑

j=0

hj(a)Aj(P )(x), i.e.

τa =
q1+d◦a−1∑

j=0

hj(a)Aj. (τ0 = id).

Now, let K be a complete valued field, extension of the field Fq((T )) of the formal
Laurent series with coefficients in the finite field Fq. Therefore Fq[[T ]] is a compact
sub-ring of K.
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Let C(Fq[[T ]], K) be the K - Banach algebra of the continuous functions f :
Fq[[T ]] −→ K. The norm on C(Fq[[T ]], K) is ‖f‖ = sup

x∈Fq [[T ]]
|f(x)|. We identify K[x]

with the space of the polynomial functions of Fq[[T ]] into K.

For a ∈ Fq[[T ]], one defines on C(Fq[[T ]], K) the translation operator τa such that
τaf(x) = f(x+ a), x ∈ Fq[[T ]].
For j ≥ 0, the linear operator Aj = (−1)m(j)

∑
d◦a<m(j)

gj(a)τa is too well defined

on C(Fq[[T ]], K). Let us remind that gj = h∗
qm(j)−j−1

, m(j) = 1 +
[

log j
log q

]
and

gj(Fq[T ]) ⊂ Fq[T ].
The operators τa are isometric and the operators Aj are bounded, with norm ‖Aj‖ =
1.
Moreover, the operators τa map K[x] into K[x]; the same is true for the operators
Aj.
Furthermore one can prove that for any f ∈ C(Fq[[T ]], K), one has lim

j→+∞
Aj(f) = 0

(c.f [7]) and as a consequence, one obtains a proof of the following theorem ([20],
[22])

Theorem 1. (Wagner)
Let K be a complete valued field, extension of the field of formal Laurent series
Fq((T )).
Then the sequence of the basic Carlitz polynomials (hj)j≥0 is an orthonormal basis
of the K - Banach space C(Fq[[T ]], K).
In other words, if f ∈ C(Fq[[T ]], K), one has f =

∑
j≥0

αj(f)hj, with αj(f) ∈ K,

lim
j→+∞

αj(f) = 0 and ‖f‖ = sup
j≥0

|αj(f)|.

Moreover αj(f) = Aj(f)(0) = (−1)m(j)
∑

d◦a<m(j)

gj(a)f(a), where gj = h∗
qm(j)−j−1

.

1.2 The Hopf algebra structure of C(Fq[[T ]], K)

Notations. Let K be a complete ultrametric valued field. An ultrametric Banach
space H over K is said to be a Banach coalgebra if there exist continuous linear
maps c : H → H⊗̂H = topological tensor product, called the coproduct of H, and
σ : H → K, called the counit of H, such that

(i) (c⊗ idH) ◦ c = (idH ⊗ c) ◦ c
(ii) (idH ⊗ σ) ◦ c = idH = (σ ⊗ idH) ◦ c, and ‖σ‖ = 1
where idH is the identity map of H.
It follows that for a ∈ H, one has ‖a‖ ≤ ‖c(a)‖ ≤ ‖c‖ ‖a‖ and c is isometric if

and only if ‖c‖ = 1
Furthermore, the Banach coalgebra H is said to be a Banach bialgebra, respec-

tively a complete Hopf algebra, if it is a unitary Banach algebra with multiplication
m : H⊗̂H → H such that c and σ are algebra homomorphisms, respectively and
there exists a continuous linear map η : H → H, called the antipode or inversion of
H, such that

(iii) m ◦ (idH ⊗ η) ◦ c = k ◦ σ = m ◦ (η ⊗ idH) ◦ c
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where k is the canonical map of K into H.
− • − For any Banach coalgebra H, the dual Banach space H ′ of H, with the

convolution product µ∗ ν = (µ⊗ ν)◦ c, is a unitary normed algebra with unit σ and
‖µ ∗ ν‖ ≤ ‖c‖ ‖µ‖ ‖ν‖.

Definition 1. Let us say that a continuous linear endomorphism u of the Banach
H is a (left)-comodule endomorphism of H if one has c ◦ u = (idH ⊗ u) ◦ c.

The set Endcom(H) is readily seen to be a closed Banach subalgebra of the
Banach L(H) of the set of continuous linear endomorphisms u with the norm ‖u‖ =

sup
x 6=0

‖u(x)‖
‖x‖

.

−•− It is well known that if one sets for µ ∈ H ′ : ϕ(µ) = (idH⊗µ)◦c, then ϕ is
a continuous algebra isomorphism of the complete algebra H ′ onto Endcom(H).
Moreover this isomorphism is isometrical if ‖σ‖ = 1 = ‖c‖. The reciprocal θ1 of ϕ
is such that θ1(u) = σ ◦ u. (c.f [5]).

−•− Also, one defines the continuous coalgebra endomorphisms of H to be the
continuous linear endomorphisms v of H is a continuous linear such that (v⊗v)◦c =
c ◦ v and σ ◦ v = σ.

As usual, the complete tensor product of two ultrametric Banach spaces E and
F over K is the completion E⊗̂F of the algebraic tensor product E⊗F with respect

to the tensor norm ‖z‖ = inf
Σxj⊗yj=z

(
max

j
‖xj‖ ‖yj‖

)
. In the sequel all Banach spaces

are ultrametric.
Let us remind that if E is a free Banach space with orthogonal (orthonormal)

basis (ej)j∈I , then any z ∈ F ⊗̂E can be written in the unique form z =
∑
j∈I

yj ⊗ ej,

with lim
j∈I

‖yj‖‖ej‖ = 0 (lim
j∈I

‖yj‖ = 0).

Moreover, if F is free with orthogonal (orthonormal) basis (f`)`∈L; then (f` ⊗
ej)(`,j)∈L×I is an orthogonal (orthonormal) basis of F ⊗̂E. (cf. for example [ 5 ])

Important examples of complete ultrametric Hopf algebras are provided by the
Banach algebras C(G,K) of continuous functions on a totally disconnected compact
group G with values in K. It is well known that, if one sets for f, g ∈ C(G,K) and
x, y ∈ G : Π(f ⊗ g)(x, y) = f(x)g(y), one obtains by linearity and completion an
isometric isomorphism of Banach algebras Π : C(G,K)⊗̂C(G,K) → C(G × G,K)
(cf. [5] or [17]). On the other hand, let ρ : C(G,K) → C(G × G,K) be defined
by setting ρ(f)(s, t) = f(st) = τsf(t). Then ρ is an isometric morphism of Banach
algebras.

Together with the usual multiplication of functions, the inversion operator η
defined by η(f)(x) = f(x−1) and the Dirac linear form σ(f) = f(e), one obtains on
C(G,K) a structure of complete ultrametric Hopf algebra with coproduct c = Π−1◦ρ,
antipode η and counit σ (cf. [ 5 ]).

For these Banach coalgebras C(G,K) the dual algebra C(G,K)′ = M(G,K) can
be identified with the algebra of bounded measures of G with values in K. Here the
convolution of measures µ?ν = (µ⊗ν)◦ is the usual one such that for any continuous
fonction f : G → K one has < µ ? ν, f >=< µ,< ν, τsf >>. Furthermore, with
previous reminds, one sees that the Banach algebras M(G,K) and Endcom(C(G,K))
are isometrically isomorphic. In addition, one has the following proposition.
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Proposition 2. : The algebra Endcom(C(G,K)) of the comodule endomorphisms
of the Hopf algebra C(G,K) coincides with the algebra W (G,K) of the difference
operators, i.e the continuous linear endomorphisms u of C(G,K) that commute with
the translation operators τs : u ◦ τs = τs ◦ u, ∀s ∈ G. ( cf.[5])

Considering any ultrametric complete value field K and the additive group struc-
ture of the ring of formal power series IFq[[T ]], which then becomes a compact topo-
logical group, one has on C(IFq[[T ]], K) a Hopf algebra structure with isometrical
coproduct c such that Π ◦ c(f)(x, y) = ρ(f)(x, y) == f(x + y) and counity σ the
linear form defined by σ(f) = f(0).
We are concerned here by the case when K is a complete extension of Fq((T )).
Then thanks to the Carlitz basis on C(IFq[[T ]], K), one has the following proposition
(cf. [ 7 ])

Proposition 3. Let K be a complete valued field extension of Fq((T )).
Then the complete ultrametric Hopf algebra C(Fq[[T ]], K) is a binomial divided power
coalgebra, having (hj)j≥0 as an associated basic binomial divided power sequence.

More precisely, for any integer j ≥ 0, one has c(hj) =
∑

s+t=j

(
j
s

)
hs ⊗ ht.

Proof : This is an obvious consequence of the fact that if x, y ∈ Fq[[T ]], one has

hj(x+ y) =
∑

s+t=j

(
j
s

)
hs(x)ht(y), i.e. ρ(hj)(x, y) =

∑
s+t=j

(
j
s

)
hs(x)ht(y).

2 Divided powers in the algebra of bounded measures

In the sequel K will be a complete valued field extension of the complete valued
field Fq((T )) of the formal Laurent power series with cœfficients in the finite field
Fq with q = pm elements. The notations and definitions are those of the previous
section.

2.1 The algebra structure of the set of bounded measures and the algebra

of difference operators

− • − Let us remind some facts from the previous section. The continuous dual
M(Fq[[T ]], K) of the ultrametric Banach space C(Fq[[T ]], K), which can be identified
with the space of the bounded measures on Fq[[T ]] with values in K is a commutative
Banach algebra for the convolution product

µ ? ν = (µ⊗ ν) ◦ c. This product coincides with the usual one, such that for any
continuous function f from Fq[[T ]] into K : < µ ? ν, f >=< µ,< ν, τxf >>.
Moreover, the Banach algebra M(Fq[[T ]], K) is isometrically isomorphic to the al-
gebra of difference operators W (Fq[[T ]], K) = Endcom(C(Fq[[T ]], K)). The isomor-
phism is given by ϕ(µ) = (id⊗ µ) ◦ c.
For any non negative integer j, one defines the dual basis element h′j ofM(Fq[[T ]], K),
corresponding to the Carlitz polynomial hj, by setting < h′j, h` >= δj,` (= Kronecker
symbol). One has h′0 = σ.
Since (hj)j≥0 is an orthonormal basis of C(Fq[[T ]], K), one sees (cf. for instance
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[5]) that the family (h′j)j≥0 is a weak∗ basis of the Banach space M(Fq[[T ]], K). In
other words, any bounded measure µ on Fq[[T ]] can be written in the unique form
µ =

∑
j≥0

αjh
′
j in such a way that for any continuous function f : Fq[[T ]] → K, the se-

ries < µ, f >=
∑
j≥0

αj < h′j, f > converges inK. Furthermore, one has αj =< µ, hj >

and ‖µ‖ = sup
j≥0

| < µ, hj > |.

Let us notice that for the non negative integers i and j, one has h′i ? h
′
j =(

i+ j
j

)
h′i+j.

Hence h′?2
j =

(
2j
j

)
h′2j and by induction h′?n

j =
n∏

`=1

(
`j
j

)
· h′nj =

(nj)!

(j!)n
· h′nj.

It follows that for j ≥ 1, one has h′?p
j = 0.

It is obvious that the operators Aj = (−1)m(j)
∑

d◦a<m(j)

gj(a)τa commutes with the

translations τb, b ∈ Fq[[T ]]. Since for b and y in Fq[[T ]], one has f(y+b) = τb(f)(y) =∑
j≥0

Aj(τbf)(0)hj(y) =
∑
j≥0

Aj(f)(b)hj(y), one sees that c(f) =
∑
j≥0

Aj(f) ⊗ hj, there-

fore ϕ(h′j)(f) = (id⊗ h′j) ◦ c(f) =
∑
`≥0

A`(f) < h′j, h` >= Aj(f), that is ϕ(h′j) = Aj.

On the one hand, for the integers j, ` ≥ 0, one has Aj(h`) = (id⊗ h′j) ◦ c(h`) =∑
i+k=`

< h′j, hk >

(
`
i

)
hi =

(
`
j

)
h`−j, for ` ≥ j and ϕ(h′j)(h`) = 0, for ` < j.

On the other hand one sees that Ai ◦ Aj =

(
i+ j
j

)
Ai+j, etc......

− • − Let u be an element of W (Fq[[T ]], K), one has u = ϕ(σ ◦ u) = (id ⊗
(σ ◦ u)) ◦ c. Hence for any continuous function f from Fq[[T ]] to K, one has u(f) =
(id ⊗ (σ ◦ u)) ◦ c(f) =

∑
j≥0

Aj(f) ⊗ (σ ◦ u)(hj) =
∑
j≥0

u(hj)(0)Aj(f). It follows that

the family (Aj)j≥0 is a topological basis of W (Fq[[T ]], K) on which one considers the
strong topology (called also the topology of pointwise uniform convergence), that is
the topology induced by the semi-norms ‖u(f)‖, f ∈ C(Fq[[T ]], K). More precisely
any difference operator u can be written in a unique form as a pointwise uniform
convergent series u =

∑
j≥0

u(hj)(0)Aj. Moreover, one has, ‖u‖ = sup
j≥0

|u(hj)(0)|.

For complements on this subsection see [7].

2.2 The sequence of divided powers of some bounded measures

Let µ be a bounded measure expanded in the weak? topology as the unique conver-
gent series µ =

∑
j≥0

< µ, hj > h′j, one has µ?p =
∑
j≥0

< µ, hj >
p h′?p

j =< µ, h0 >
p.

One then deduces that M(Fq[[T ]], K) is a local algebra with maximal idealMq =
M0(Fq[[T ]], K) = (K.h0)

⊥.
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For µ =
∑
j≥0

ajh
′
j and ν =

∑
j≥0

bjh
′
j two elements of M(Fq[[T ]], K), one has µ?ν =

∑
j≥0

cjh
′
j , with cj =

∑
i+k=j

(
j
i

)
aibk. Hence the algebra M(Fq[[T ]], K) is isomorphic

to a subalgebra of the algebra of Hurwitz formal series.
Therefore, one can define, as done by W. F. Keigher et F. L. Pritchard [12], the

divided powers of an element of Mq (see also [10]).
For that, let ∂ be the continuous endomorphism of the Banach spaceM(Fq[[T ]], K)

which associates to µ =
∑
j≥0

< µ, hj > h′j the measure ∂(µ) =
∑
j≥1

< µ, hj > h′j−1.

One verifies easily that ∂ is a derivation of the algebra M(Fq[[T ]], K), that is for the
measures µ and ν, one has ∂(µ ? ν) = ∂(µ) ? ν + µ ? ∂(ν). Moreover ‖∂(µ)‖ ≤ ‖µ‖
and ∂ is weak?-continuous on any bounded subset of M(Fq[[T ]], K).

In the opposite, one defines the operator of integration ι by setting ι(µ) =
∑
j≥0

<

µ, hj > h′j+1.
Then ι is an isometrical linear endomorphim of M(Fq[[T ]], K) such that ∂ ◦ ι = id.
Moreover, for any bounded measure µ, one has ι ◦ ∂(µ) = µ− < µ, h0 > σ and for
µ and ν in the maximal ideal Mq, one has ∂(µ) = ∂(ν) if and only if µ = ν.

Definition 2. To any measure µ ∈ Mq is associated the sequence of measures
(γn(µ))n≥0, called the sequence of divided powers of µ, defined recursively by setting :
γ0(µ) = σ, γ1(µ) = µ, and for n ≥ 1, γn(µ) = ι(γn−1(µ) ? ∂(µ)).

For any integer n ≥ 1 and any measure µ ∈Mq, one has γn(µ) ∈Mq.
Let us notice that the above definition of sequence of divided powers can be per-
formed for any bounded measure.

Lemma 4. Let ψ be an element of M(IFq[[T ]], K) and µ, ν ∈Mq.
Then for the non negative integers m and n, one has :

-(i)- γn(µ+ ν) =
∑

i+j=n

γi(µ) ? γj(ν).

- (ii) - γn(ψ ? µ) = ψ?n ? γn(µ).

- (iii) - γm(µ) ? γn(µ) =

(
m+ n
n

)
γm+n(µ).

- (iv) - γn(γm(µ)) =
(mn)!

(m!)nn!
γmn(µ), for m ≥ 1.

- (v) - n!γn(µ) = µ?n.

Proof : According to the definition, one has : ∂(γn(µ)) = γn−1(µ) ? ∂(µ).
The relation (v) follows readily from (iii).
The other formulae are obtained by induction .
For instance, to prove (ii), let us suppose that for the integer n ≥ 1, one has

γn−1(ψ?µ) = = ψ?n−1?γn−1(µ). Then, one sees that ∂(γn(ψ?µ)) = γn−1(ψ?µ)∂(ψ?µ)
= ψ?n−1?γn−1(µ)?(∂(ψ) ? µ+ ψ ? ∂(µ)) = ψ?n−1?∂(ψ)?γn−1(µ)?µ+ψ?n?γn−1(µ)?
∂(µ). But, one shows that γn−1(µ) ? µ = nγn(µ). This remark is also the beginning
of the the proof of (iii). Hence, ∂(γn(ψ?µ)) = nψ?n−1?∂(ψ)?γn(µ)+ψ?n?∂(γn(µ)) =
∂(ψ?n ? γn(µ)). And one has proved that γn(ψ ? µ) = ψ?n ? γn(µ).
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Lemma 5. Let µ be an element of Mq. Then, for any integer n ≥ 0, one has
‖γn(µ)‖ ≤ ‖µ‖n.

Proof : Indeed, ‖γn(µ)‖ = ‖ι(γn−1(µ) ? ∂(µ))‖ = ‖γn−1 ? ∂(µ)‖ ≤ ‖γn−1(µ)‖‖µ‖.
Then one obtains by induction that ‖γn(µ)‖ ≤ ‖µ‖n.

Lemma 6. Put δ = h′1, one has for any integer n ≥ 0 : γn(δ) = h′n.

Proof : By definition ∂(h′n) = h′n−1, γ0(δ) = h′0 = σ and γ1(δ) = δ. Hence, if
n = 2, one has ∂(γ2(δ)) = γ1(δ) ? ∂(δ) = h′1 = ∂(h′2), then γ2(δ) = h′2.

Assume that, γn−1(δ) = h′n−1, then ∂(γn(δ)) = γn−1(δ)?∂(δ) = γn−1(δ) = h′n−1 =
∂(h′n). It follows that γn(δ) = h′n.

2.3 Logarithm and exponential maps

2.3.1 Truncated logarithm and exponential maps

Let µ be an element of Mq, with the following fact in mind, i.e µ?p = p!γp(µ) = 0,
on can define logarithm and exponential mappings from σ + Mq (resp. Mq) into
M(Fq[[T ]], K) by setting :

log(σ + µ) =
p−1∑
j=1

(−1)j−1

j
µ?j =

p−1∑
j=1

(−1)j−1(j − 1)!γj(µ) and exp(µ) =
p−1∑
j=0

1

j!
µ?j =

p−1∑
j=0

γj(µ).

We have unfortunately stated an inexact fact in [ 7 ], Corollary 3-2-5, by saying
that the corresponding maps defined for specific subspaces of W (Fq[[T ]], K) were
group isomorphisms. Indeed it is readily seen, within M(Fq[[T ]], K), that the above
exp is not a group homomorphism. The cases p = 2 and p = 3 are readily examined.
But more generally, exp(µ) ? exp(ν) contains terms as µ?(p−1) ? ν?(p−1) which is no
longer a term of exp(µ+ ν).

What is only true is that the corresponding maps are bijective. We state here
an erratum to this Corollary as a proposition within M(Fq[[T ]], K).

Proposition 7. Put for µ ∈ Mq, log(σ + µ) =
p−1∑
j=1

(−1)j−1

j
µ?j and exp(µ) =

p−1∑
j=0

1

j!
µ?j. Then exp : Mq −→ σ +Mq is a bijection of the set Mq onto σ +Mq,

with reciprocal map log : σ +Mq −→Mq.

Proof : Let µ ∈ Mq, then log ◦ exp(µ) = log(1 + ω(µ)) =
p−1∑
`=1

(−1)`−1

`
ω(µ)?`,

where ω(µ) =
p−1∑
j=1

1

j!
µ?j. However, one has ω(µ)?` =

∑
n≥`

∗∑
j1+···jk+···j`=n

1

j1!
· · · 1

j`!
µ?n.

The notation
∗∑

j1+···jk+···j`=n

means that in the sum the jk are different from 0. Since
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µ?n = 0 for n ≥ p− 1, one has ω(µ)` =
p−1∑
n=`

∗∑
j1+···jk+···j`=n

1

j1!
· · · 1

j`!
µ?n.

Hence log ◦ exp(µ) =
p−1∑
`=1

(−1)j`−1

`

p−1∑
n=`

∗∑
j1+···jk+···j`=n

1

j1!
· · · 1

j`!
µ?n =

=
p−1∑
n=1

 n∑
`=1

(−1)`−1

`

∗∑
j1+···jk+···j`=n

1

j1!
· · · 1

j`!

µ?n.

One deduces from the fact that the formal power series with rational cœfficients

log(1 +X) =
∑
j≥1

(−1)j−1

j
Xj and exp(X) =

∑
j≥0

1

j!
Xj are such that log(expX) = X

that for n ≥ 2, one has
n∑

`=1

(−1)`−1

`

∗∑
j1+···jk+···j`=n

1

j1!
· · · 1

j`!
= 0.

For n ≤ p − 1 in the above sum the numbers lie in the ring of p-adic numbers
therefore by reducing modulo p, we have the same identities. It follows that

log ◦ exp(µ) =
∗∑

j1+···jk+···j`=1

1

j1!
· · · 1

j`!
µ+

n∑
`=2

(−1)`−1

`

∗∑
j1+···jk+···j`=n

1

j1!
· · · 1

j`!

µ?n =

µ+ 0 = µ.
In the same way, one proves that for µ ∈Mq, one has exp ◦ log(σ+µ) = σ+µ. �

N. B : −†− Let endow Mq with the group law µ � ν = log(exp(µ) ?
exp(ν)) and Mq with the convolution, then the maps exp and log are reciprocal
group isomorphisms.
−††− By the same way, with the group law (σ+µ)⊕ (σ+ ν) = exp(log(σ+µ) +
log(σ+ ν)) on σ+Mq and the addition on Mq, one sees that the maps log and exp
are again reciprocal group isomorphisms.

2.3.2 Non truncated logarithm and exponential maps

One can define logarithm and exponential functions which in many respects corre-
spond to the classical ones and are the ”true” logarithm and exponential functions
in our context here. See [8], [18] and [19].

Let r be a real number > 0 or +∞. Let us set Mr+
q = {µ ∈Mq / ‖µ‖ ≤ r} and

Mr−
q = {µ ∈ Mq / ‖µ‖ < r}. One sees easily that Mr±

q is a additive subgroup of
Mq.

Put Aq = M(Fq[[T ]], K)). A function f : Mr−
q −→ Aq is said to be analytic

if there exists a sequence (an)n≥0 ⊂ Aq such that the series
∑
n≥0

anγn converges

uniformly to f on any Ms+
q , s < r. One then writes f =

∑
n≥0

anγn and puts

An(Mr−
q ) = the set of analytic functions on Mr−

q . With the usual operations on
sets of functions, An(Mr−

q ) becomes an algebra over the ring Aq. One defines
on this algebra a Aq-derivation by setting Dγ0 = 0 and D(γn) = γn−1, n ≥ 1.
Let f and g be two analytic functions defined on possibly different subsets, if one
can do the composition f ◦ g of this two functions, then one has the chain rule
D(f ◦ g) = (D(f) ◦ g) ? D(g).
For more informations on the on the algebra of analytic functions in this context,
see [8] and [18].
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− • − Let us put for µ ∈ Mq : Log(σ + µ) =
∑
j≥1

(−1)j−1(j − 1)!γj(µ) =

p∑
j=1

(−1)j−1(j − 1)!γj(µ). This function is a polynomial function and then is an

analytic function(first studied in [19]).

On sees that D(Log(σ + µ)) =
p∑

j=1

(−1)j−1(j − 1)!γj−1(µ) =
p−1∑
j=0

(−µ)?j = (σ + µ)?−1.

We know that the convolution product induces on σ +Mq a structure of com-
mutative multiplicative group. The map Log : σ + Mq −→ M(Fq[[T ]], K) is a
group homomorphism of the multiplicative group σ +Mq into the additive group
M(Fq[[T ]], K). This can be proved by fixing ν and showing that the derivative of
the function f(µ) = Log((σ + µ)(σ + µ))− Log(µ)− Log(ν) is zero.

− •− For the ”exponential”, if µ is an element of Mq there is no reason that
the series Exp(µ) =

∑
j≥0

γj(µ) converges. But if ‖µ‖ ≤ 1, we shall see later that this

series is weak?-convergent.
Thanks to the inequalities ‖γj(µ)‖ ≤ ‖µ‖j, if ‖µ‖ < 1, one sees that the series
Exp(µ) =

∑
j≥0

γj(µ) is norm convergent, with ‖Exp(µ) − σ‖ ≤ ‖µ‖. Furthermore,

one has Exp =
∑
j≥0

γj ∈ An(M1−
q ).

With the property (i) of Lemma 4, if µ and ν in M1−
q , one proves that Exp(µ+ν) =

Exp(µ) ? Exp(ν).

Proposition 8. Let r be a real number such that 0 < r ≤ 1
The mapping Exp is an isomorphism of the additive subgroup Mr−

q of M1−
q onto

the multiplicative subgroup σ + Mr−
q of σ + M1−

q . The reciprocal isomorphism is
then restriction of the polynomial function Log.

Proof : See [8] and [18] for a full proof. For instance, one can calculate the
derivatives of the analytic functions Exp ◦Log and Log ◦Exp and finds that Exp ◦
Log(µ) = σ + µ and Log ◦ Exp(µ) = µ.

N.B : Let us notice that, for 0 < r < 1, one obtains the same isomorphisms
between the groups Mr+

q and σ +Mr+
q .

2.4 The operations of substitution in the algebra of bounded measures

In the sequel we shall put for µ ∈ Mq : γn(µ) = µ[n]. In particular γn(δ) = δ[n] and
then for any measure µ ∈M(Fq[[T ]], K), we write µ =

∑
n≥0

< µ, hn > δ[n].

Let us consider µ =
∑
j≥1

αjδ
[j] ∈ M1+

q and for any integer n ≥ 1, let us put

µ[n] =
∑
j≥1

αj(n)δ[j].

One has ∂(µ[n]) =
∑
j≥1

αj(n)δ[j−1] = µ[n−1] ? ∂(µ) =
∑
j≥1

αj(n)δ[j] ?
∑
j≥1

αjδ
[j−1] =

=
∑
j≥1

 ∑
k+`=j

(
k + `− 1

k

)
αk(n− 1)α`

 δ[j−1].
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Hence αj(n) =
∑

k+`=j

(
k + `− 1

k

)
αk(n− 1)α` =

j−1∑
k=0

(
j − 1
k

)
αk(n− 1)αj−k.

For n = 2, one has α1(2) = 0, α2(2) = α2
1. Hence, µ[2] =

∑
j≥2

αj(2)δ
[j], with

α2(2) = α2
1.

One sees recursively that αj(n) = 0,∀j, 0 ≤ j ≤ n−1, αn(n) = αn−1(n−1)α1 = αn
1 .

In other words, one has µ[n] =
∑
j≥n

αj(n)δ[j], with αn(n) = αn
1 and

αj(n) =
j−1∑
k=0

(
j − 1
k

)
αk(n− 1)αj−k =

j−1∑
k=n−1

(
j − 1
k

)
αk(n− 1)αj−k,∀j ≥ n.

For any continuous function f : Fq[[T ]] → K with Wagner-Carlitz expansion
f =

∑
`≥0

a`h`, one has < µ[n], f >=
∑
j≥n

ajαj(n).

Assume ‖µ‖ = sup
j≥1

|αj| ≤ 1; by induction, one sees that |αj(n)| ≤ max
0≤k≤j−1

|ak(n−

1)||αj−k| ≤ 1.
Hence, for any continuous function f =

∑
`≥0

a`h`, one obtains | < µ[n], f > | ≤

sup
j≥n

|aj||αj(n)| ≤ sup
j≥n

|aj| et lim
n→+∞

| < µ[n], f > | = 0.

For ψ =
∑
n≥0

βnδ
[n] ∈M(IFq[[T ]], K) and µ ∈M1+

q = the subset of the elements µ

of the maximal idealMq with norm ≤ 1. Since |βn < µ[n], f > | ≤ ‖ψ‖| < µ[n], f > |,
the series

∑
n≥0

βn < µ[n], f > converges in K. By the way, one defines a bounded

measure noticed by ψ � µ such that < ψ � µ, f >=
∑
n≥0

βn < µ[n], f >.

Definition 3. Let µ be an element of the maximal ideal Mq with norm ≤ 1 and
let ψ =

∑
n≥0

βnδ
[n] be any element of M(IFq[[T ]], K). The weak? convergent series

ψ � µ =
∑
n≥0

βnµ
[n] is said to be obtained by substitution of µ into ψ. Moreover, one

has ψ � µ = β0σ +
∑
j≥1

 j∑
n=1

αj(n)βn

 δ[j] and ‖ψ � µ‖ ≤ ‖ψ‖.

Example : Let ψ1 =
∑
n≥0

δ[n]. By substitution of µ ∈M1+
q into ψ1, one obtains

an extension to M1+
q of the exponential map by setting Exp(µ) = ψ1 � µ =

∑
n≥0

µ[n].

Furthermore this mapping is an isomorphism of the additive group M1+
q onto the

multiplicative group σ +M1+
q .

Let notice that ‖Exp(µ)− Exp(ν)‖ ≤ ‖µ− ν‖, for µ, ν ∈M1+
q .

Remark 1 : Let ψ, ψ1,∈ M(IFq[[T ]], K) and α ∈ K and let µ and ν be two
elements of M1+

q .
Then, one has :

-(1)- (ψ + αψ1) � µ = ψ � µ+ αψ1 � µ
-(2)- (ψ ? ψ1) � µ = (ψ � µ) ? (ψ1 � µ)
-(3)- δ � µ = µ = µ � δ
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-(4)- (ψ � µ) � ν = ψ � (µ � ν)
-(5)- ∂(ψ � µ) = (∂(ψ) � µ) ? ∂(µ).

-(6)- (µ � ν)[n] = µ[n] � ν.

Proof : Let us remind that the derivation ∂ of M(Fq[[T ]], K) is norm continuous
as well weak?-continuous on any bounded subset of M(Fq[[T ]], K). Then, since ψ �
µ =

∑
n≥0

βnµ
[n] and ‖bnµ[n]‖ ≤ ‖ψ‖, one has ∂(ψ � µ) =

∑
n≥0

βn∂(µ[n]) =
∑
n≥0

βnµ
[n−1] ?

∂(µ) = (∂(ψ)) � µ) ? ∂(µ). Hence (5) is proved. One deduces by induction (6) from
(5). The relation (4) follows from (6). The other relations are easy to prove.

Proposition 9. Let µ be an element of M1+
q .

The mapping w : ψ −→ w(ψ) = ψ � µ is a continuous endomorphism of the unitary
Banach algebra M(Fq[[T ]], K), which is weak?-continuous and has norm 1.
With the above notations, one has < ψ � µ, f >=< ψ, g >, where g =

∑
n≥0

bnhn, with

b0 = a0 and bn =
∑
`≥n

α`(n)a`, for n ≥ 1.

Proof : From (1) and (2) of the above Remark 1 and from the fact that σ�µ = σ,
one deduces that the map w : ψ −→ w(ψ) = ψ�µ is an endomorphism of the unitary
algebra M(Fq[[T ]], K). As already noticed, ‖ψ � µ‖ ≤ ‖ψ‖, hence ‖w‖ ≤ 1. Since
w(σ) = σ, one obtains that ‖w‖ = 1.
By definition µ[0] = γ0(µ) = σ, hence α0(0) = 1. Let us remind that for n ≥ 1 and
with the above notations, one has µ[n] =

∑
j≥0

αj(n)δ[j], αj(n) = 0, 0 ≤ j ≤ n−1. Let

ψ =
∑
n≥0

βnδ
[n] be a bounded measure. For any continuous function f =

∑
n≥0

anhn,

one has < ψ � µ, f >=
∑
n≥0

βn < µ[n], f >=
∑
n≥0

βnbn, where bn =< µ[n], f >=∑
`≥0

α`(n)a` =
∑
`≥n

α`(n)a`. Since |α`(n)| ≤ 1, one has |bn| ≤
∑
`≥n

|a`| and lim
n→+∞

bn = 0.

Then one defines a continuous function g by setting g =
∑
n≥0

bnhn, and one has

< w(ψ), f >=< ψ � µ, f >=
∑
n≥0

βn < µ[n], f >=< ψ, g >. From this identity, one

deduces that the operator w is weak?-continuous.

Corollary 10. Let µ be an element of M1+
q

The linear operator tw, transpose of the endomorphism w : ψ −→ w(ψ) = ψ � µ of
the unitary algebra M(Fq[[T ]], K), induces a continuous coalgebra endomorphism of
the Banach coalgebra C(Fq[[T ]], K).
In other words, one has c ◦ tw = (tw ⊗ tw) ◦ c and σ ◦ tw = σ.

Proof : One has a natural isometrical identification of C(Fq[[T ]], K) as a sub-
space of its strong bidual C(Fq[[T ]], K)′′ = M(Fq[[T ]], K)′. Thus, < w(ψ), f >=<
ψ, tw(f) >=< ψ, g >=⇒ tw(f) = g =

∑
n≥0

(
∑
`≥n

α`(n)a`)hn ∈ C(Fq[[T ]], K).

Let ψ and ψ1 be two bounded measures. For any continuous function f , one has
< ψ ⊗ ψ1, c ◦ tw(f) >= (ψ ⊗ ψ1) ◦ c(tw(f)) =< ψ ? ψ1,

tw(f) >=< w(ψ ? ψ1), f >=
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=< w(ψ) ? w(ψ1), f >= (w(ψ)⊗ w(ψ1)) ◦ c(f) = (w(ψ)⊗ w(ψ1))

∑
i≥1

f 1
i ⊗ f 2

i

 =

=
∑
i≥1

w(ψ)(f 1
i ) ⊗ w(ψ1)(f

2
i ) =

∑
i≥1

< ψ, tw(f 1
i ) >< ψ1,

tw(f 2
i ) >=

< ψ ⊗ ψ1, (
tw ⊗ tw) ◦ c(f) >.

It follows that c ◦ tw = (tw ⊗ tw) ◦ c. �

Remark 2 :
More generally, one can prove that for any ultrametric Banach coalgebra H which is
a pseudo-reflexive normed space (i.e the canonical application of H into its bidual is
an isometry), the operation of transposition of linear operators induces an isomor-
phism between the monoid of continuous coalgebra endomorphisms of H and that of
the continuous algebra endomorphisms of the dual algebra H ′ of H.

− • − One deduces from Remark 1-(6) that the endomorphism of the algebra
M(Fq[[T ]], K) defined by w(ψ) = ψ � µ (for µ ∈ M1+

q commutes with the divided

powers, that is for ν ∈M1+
q , one has w(ν [n]) = w(ν)[n].

− •− Let w be an algebra endomorphism of M(Fq[[T ]], K), since for any element
ν of the maximal ideal Mq, one has ν?p = 0, one sees that 0 = w(ν?p) = w(ν)?p and
w(ν) belongs to Mq. In particular w(δ) ∈ Mq. Moreover, if w is continuous with
norm ≤ 1, weak?-continuous and commutes with the divided powers, then setting
w(δ) = µ, one has ‖µ‖ ≤ 1. And for any bounded measure ψ =

∑
n≥0

βnδ
[n], one

has w(ψ) =
∑
n≥0

βnw(δ[n]) =
∑
n≥0

βnw(δ)[n] = ψ � µ. The following proposition is a

topological counterpart of the one given in [10].

Proposition 11. Let w be a continuous algebra endomorphism of the unitary
Banach algebra M(Fq[[T ]], K).
-(i)- Assume that there exists a bounded measure ν such ∂ ◦w = w ◦mν ◦ ∂, where
mν is the multiplication operator defined defined by mν(µ) = µ?ν. Then w commutes
with divided powers.
-(ii)- Conversely, assume that Im(∂ ◦w) ⊆ Im(w) and w is weak?- continuous and
commutes with divided powers, then for any bounded measure ν such that ∂ ◦w(δ) =
w(ν), one has ∂ ◦ w = w ◦mν ◦ ∂.

Proof : −(i)− Let w be a continuous algebra endomorphism of the uni-
tary algebra (M(Fq[[T ]], K), such that there exists a bounded measure ν satisfying
∂ ◦ w = w ◦mν ◦ ∂.
Then, one has ∂ ◦w(µ[n]) = w ◦mν ◦ ∂(µ[n]) = w ◦mν(µ

[n−1] ? ∂(µ)) = w(ν ? µ[n−1] ?
∂(µ)) = w(µ[n−1] ? ν ? ∂(µ)) = w(µ[n−1]) ?w(ν ? ∂(µ)) = w(µ[n−1]) ? (w ◦mν ◦∂)(µ) =
w(µ[n−1]) ? ∂(w(µ)).
Let us suppose, by induction hypothesis, that w(µ[n−1]) = w(µ)[n−1], then one ob-
tains w(µ[n]) = ι ◦ ∂(w(µ[n])) = ι(w(µ)[n−1] ? ∂(w(µ))) = w(µ)[n].

−(ii)− Assume Im(∂ ◦w) ⊆ Im(w), then there exists a bounded measure ν
such that ∂ ◦ w(δ) = w(ν). If w commutes with the divided powers, for any integer
n ≥ 0, one has w(δ[n]) = w(δ)[n] and ∂ ◦w(δ[n]) = ∂(w(δ)[n]) = w(δ)[n−1] ? ∂(w(δ)) =
w(δ[n−1]) ? ∂(w(δ)) = w(δ[n−1]) ? w(ν) = w(ν ? δ[n−1]) = w ◦ mν ◦ ∂(δ[n]), because
∂(δ) = σ.
If in addition, w is weak?-continuous, since the sequence (δ[n])n≥0 converges weakly
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to zero, the sequence (w(δ[n]))n≥0 converges also weakly to zero. Hence for any
bounded measure
µ =

∑
n≥0

< µ, hn > δ[n] and any continuous fonction f : Fq[[T ]] → K, one has

< w(µ), f >=< µ, tw(f) >=<
∑
n≥0

< µ, hn > δ[n], tw(f) >=
∑
n≥0

< µ, hn >

δ[n], tw(f) >=
∑
n≥0

< µ, hn >< δ[n], tw(f) >=
∑
n≥0

<< µ, hn > w(δ[n]), f >=∑
n≥0

<< µ, hn > w(δ)[n], f > =<
∑
n≥0

< µ, hn > w(δ)[n], f >.

Therefore one has the weak convergent sum w(µ) =
∑
n≥0

< µ, hn > w(δ)[n].

Since ∂◦w(δ[n]) = w◦mµ◦∂(δ[n]), ∀n ≥ 0, one obtains by linearity and weak? conver-
gence that ∂◦w(µ) = w◦mν◦∂(µ), for any bounded measure µ, i.e. ∂◦w = w◦mν◦∂.

Lemma 12. Let µ =
∑
j≥1

αjδ
[j] be an element of M1+

q .

Then, there exists ν ∈M1+
q such that ν �µ = δ = µ�ν if and only if ‖µ‖ = |α1| = 1.

In this case, µ is said to be reversible with reverse ν = µ�−1.

Proof : Let ν =
∑
j≥1

βjδ
[j] be a measure such that ‖ν‖ ≤ 1. One has ν � µ =

∑
j≥1

 j∑
n=1

αj(n)βn

 δ[j] and ν � µ = δ ⇐⇒ α1β1 = 1 and for j ≥ 2 :
j−1∑
n=1

αj(n)βn +

αj
1β

j = 0. Since |α1| ≤ 1 and |β1| ≤ 1, with α1β1 = 1, one necessary obtains
|α1| = 1 = |β1|. Hence ‖µ‖ = |α1| = 1.
Reciprocally, assume that ‖µ‖ = |α1| = 1, then |αj| ≤ 1,∀j ≥ 1 and |αj(n)| ≤ 1 for
any integer n ≥ 1 and any integer j ≥ n.

Take β1 = α−1
1 , with the relations βj = −α−j

1

j−1∑
n=1

αj(n)βn, we shall determine

recursively the βj. Indeed β2 = −α−2
1 α2 is such that |β2| ≤ 1. Assume by in-

duction hypothesis that |βn| ≤ 1,∀n, 1 ≤ n ≤ j − 1, then one sees that |βj| ≤
| − α−j

1 | sup
1≤n≤j−1

|αj(n)||βn| ≤ 1. Setting ν =
∑
j≥1

βjδ
[j], one obtains ν � µ = δ.

Assume that we have found ν =
∑
j≥1

βjδ
[j] such that ν � µ = δ, then |β1| = 1. Hence,

there exists ν1 such that ν1 �ν = δ. Therefore µ = δ �µ = (ν1 �ν)�µ = ν1 � (ν �µ) =
ν1 � δ = ν1.

Examples : The measures µ0 = exp(δ) − σ =
p−1∑
j=1

1

j!
δj =

p−1∑
j=1

δ[j] and µ1 =

Exp(δ) − σ =
∑
j≥1

δ[j] belongs to M1+
q and are reversible with reverse respectively

log(δ) and Log(δ).

Proposition 13. Let µ =
∑
j≥1

αjδ
[j] ∈M1+

q such that ‖µ‖ = |α1‖ = 1.

The map w which associates to any bounded measure ψ the bounded measure w(ψ) =
ψ � µ is an isometrical automorphism of the unitary Banach algebra M(Fq[[T ]], K)
and is weak?-continuous .
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Proof : It remains to show that the endomorphism w of the algebra is an iso-
metrical bijection.
We know that if µ is a measure such that ‖µ‖ ≤ 1, then the corresponding algebra
endomorphism w obtained by substitution of µ has norm ≤ 1.
Since ‖µ‖ = 1 = |α1|, the measure µ is reversible of reverse µ�−1. By definition
w(ψ) = ψ � µ. Put ω(ψ) = ψ � µ�−1, which also defines an algebra endomorphism
of M(Fq[[T ]], K). One verifies that w ◦ ω(ψ) = w(ψ � µ�−1) = (ψ � µ�−1) � µ =
ψ � (µ�−1 � µ) = ψ � δ = ψ. And also ω ◦ w(ψ) = ψ.
Since ‖w(ψ)‖ = ‖ψ � µ‖ ≤ ‖ψ‖, one has ‖ψ‖ = ‖ω(w(ψ))‖ ≤ ‖w(ψ)‖ ≤ ‖ψ‖ =⇒
‖w(ψ)‖ = ‖ψ‖.
Which finishes the proof of the proposition. �

3 Ultrametric umbral calculus in characteristic p

With the above propositions we are able to recover some important statements of
classical umbral calculus.

3.1 Orthonormal basis of binomial divided power sequences of polynomi-

als

A sequence of polynomial functions (Qn)n≥0 is said to a sequence of binomial divided
power sequence if for any integer n ≥ 0 the polynomial Qn is of degree n with Q0 = 1

and Qn(x + y) =
∑

i+j=n

(
n
i

)
Qi(x)Qj(y), ∀n ≥ 0. This condition can be expressed

with the coproduct, i.e c(Qn) =
∑

i+j=n

(
n
i

)
Qi ⊗Qj.

Theorem 14. Let µ =
∑
j≥1

αjδ
[j] ∈M1+

q such that ‖µ‖ = |α1‖ = 1.

There exists a unique sequence of polynomial functions (Qn)n≥0 in C(Fq[[T ]], K)
such that deg(Qn) = n and < µ[n], Qk >= δn,k.
Moreover (Qn)n≥0 is an orthonormal basis of C(Fq[[T ]], K).

Proof : -(i)- Let us remind that for µ =
∑
j≥1

αjδ
[j], one has µ[n] =

∑
j≥n

αj(n)δ[j],

with αn(n) = αn
1 . Moreover ‖µ[n]‖ = 1.

If Q is a polynomial of degree deg(Q) ≤ n− 1, one has < µ[n], Q >= 0.
Since µ[0] = σ, for Q0 a polynomial of degree 0, one has < σ,Q0 >= 1 =⇒ Q0 = 1.
Let Q1 = a0h0 + a1h1 be such that < σ,Q1 >= α0 = 0 and < µ[1], Q1 >= 1.
By hypothesis 1 =

∑
j≥1

αj < δ[j], Q1 >= a1α1 =⇒ a1 = α−1
1 Q1 = α−1

1 h1.

Let us consider a polynomial Qn =
n∑

`=0

an,`h` such that < µ[j], Qn >= δj,n.

Hence, for 0 ≤ j ≤ n, one has
∑
k≥j

n∑
`=0

αk(j)an,` < δ[k], h` >=
n∑

`=j

α`(j)an,` = δj,n.

For j = n, one has 1 =< µ[n],
n−1∑
`=0

an,`h` > +αn(n)an,n = 0 + αn(n)an,n
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=⇒ an,n = αn(n)−1 = α−n
1 .

For j = n− 1, one has 0 =
n∑

`=n−1

α`(n− 1)an,` =⇒

an,n−1 = −αn−1(n−1)−1an,nαn(n−1) = −α−n+1
1 an,nαn(n−1) = −α−2n+1

1 αn(n−1).
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

0 =< µ[j], Qn >=
n∑

`=j

α`(j)an,` =⇒ an,j = −αj(j)
−1

n∑
`=j+1

α`(j)an,` = −α−j
1

n∑
`=j+1

α`(j)an,`.

By the way, one determines the cœfficients of the polynomial Qn. For j = 1, one

has α`(1) = α` and 0 =< µ,Qn >=
n∑

`=1

α`an,` = α1an,1 +
n∑

`=2

α`an,` =⇒ an,1 =

−α−1
1

n∑
`=2

α`an,`.

Since 0 =< σ,Qn >= an,0, one sees that Qn is unique such that < µ[k], Qn >=
δk,n,∀k ≥ 0.

- (ii) - We have just proved that Qn =
n∑

`=0

an,`h`, with an,n = −α−n
1 , an,n−1 =

−α−2n+1
1 αn(n − 1). Therefore |an,n| = |α1|−n = 1 and |an,n−1| = |α1|−2n+1|αn(n −

1)| ≤ 1.
Assuming that |an,`| ≤ 1, for j + 1 ≤ ` ≤ n, one obtains
|an,j| ≤ |α1|−1 sup

j+1≤`≤n
|α`(j)|an,`| ≤ 1.

Since for n ≥ 1, one has an,0 = 0, then one sees that |an,`| ≤ 1,∀0 ≤ ` ≤ n, with
|an,n| = 1.
Therefore, since Q0 = 1, one has ‖Qn‖ = sup

0≤`≤n
|an,`| = 1,∀n ≥ 0.

Since any polynomial Qn is of degree n, one verifies that (Qn)n≥0 is a basis of
the vector space of polynomials K[x]. Let Q be an element of K[x] of degree

deg(Q) = m, one hasQ =
m∑

n=0

bnQn. On one hand one has a ‖Q‖ ≤ max
0≤n≤m

|bn|‖Qn‖ =

max
0≤n≤m

|bn|.

On the other hand |bn| = | < µ[n], Q > | ≤ ‖µ[n]‖‖Q‖ ≤ ‖Q‖. Hence max
0≤n≤m

|bn| =

‖Q‖.
It follows that (Qn)n≥0 is an orthonormal family. Since this family is a basis of the
space of polynomial functions that is a dense subspace of the space of continuous
functions C(Fq[[T ]], K), one sees that it is an orthonormal basis of C(Fq[[T ]], K). �

− • − With the notations of the above theorem, one has that the sequence
(µ[n])n≥0 is the dual basis of the orthonormal basis (Qn)n≥0. Let ψ =

∑
n≥0

βnδ
[n] be

the weak?-expansion of the bounded measure ψ and w(ψ) = ψ � µ =
∑
n≥0

βnµ
[n].

If f =
∑
k≥0

ckQk is the expansion of the continuous function f : Fq[[T ]] −→ K) in

the orthonormal basis (Qk)k≥0; since < µ[n], Qk >= δn,k, one has < w(ψ), f >=∑
n≥0

βncn. But lim
k→+∞

ck = 0, hence the following continuous g =
∑
k≥0

ckhk is such that

< ψ, g >=
∑
n≥0

βncn =< w(ψ), f >. �
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Corollary 15. Let µ =
∑
j≥1

αjδ
[j] ∈M1+

q be such that ‖µ‖ = |α1‖ = 1.

The transpose tw of the algebra automorphism w associated to µ induces on
C(Fq[[T ]], K) a continuous linear endomorphism W which is an isometrical coal-
gebra automorphism.

One has W (Qn) = hn, ∀n ≥ 0, and c(Qn) =
∑

i+j=n

(
n
i

)
Qi ⊗Qj.

Setting ν =
∑
n≥1

ηnδ
[n] the reverse µ�−1 of µ, and ν [n] =

∑
j≥n

ηj(n)δ[j], one has

Qn =
n∑

j=1

ηn(j)hj.

Proof : The transpose tw of the isometrical bijective linear operator w is an
isometrical linear operator of the Banach dual space of M(Fq[[T ]], K), this dual is
the strong bidual of C(Fq[[T ]], K). Since C(Fq[[T ]], K) is pseudo-reflexive, that is
the canonical map of C(Fq[[T ]], K) into it bidual is isometrical, one sees that the
weak?-dual of M(IFq[[T ]], K) is equal to C(Fq[[T ]], K). Since w is weak?-continuous
its transpose tw induces by restriction, a continuous linear W of C(Fq[[T ]], K).
Then, as already seen, W is a Banach coalgebra endomorphism of C(Fq[[T ]], K).
Since < δ[n], hk >= δn,k =< µ[n], Qk >=< w(δ[n]), Qk >=< δ[n], tw(Qk) >, one has
< δ[n], tw(Qk)− hk >= 0, ∀n ≥ 0. Hence W (Qk) = tw(Qk) = hk.
Let U = W ◦−1 be the reciprocal of W .
Obviously U is a coalgebra endomorphism and one has U(hn) = Qn, ∀n ≥ 0.

Therefore c(Qn) = c ◦ U(hn) = (U ⊗ U) ◦ c(hn) = (U ⊗ U)

 ∑
i+j=n

(
n
i

)
hi ⊗ hj

 =

=
∑

i+j=n

(
n
i

)
U(hi)⊗ U(hj) =

∑
i+j=n

(
n
i

)
Qi ⊗Qj. This means that the sequence

(Qn)n≥0 is a binomial divided power sequence.

N.B : Keep the notations of Corollary 15.
Since for any bounded measure ψ, one has tW (ψ) = ψ � µ, one sees that tU(ψ) =
tW ◦−1(ψ) = ψ � ν. Hence < δ[j], Qn >=< δ[j], U(hn) >=< tU(δ[j]), hn >=<
tU(δ)[j], hn >=< ν [j], hn >.

Furthermore Qn =
n∑

j=1

< δ[j], Qn > hj =
n∑

j=1

< ν [j], hn > hj =
n∑

j=1

γn(j)hj.

What we have proved is that given a bounded measure µ =
∑
n≥1

αnδ
[n] such that

‖µ‖ = |α1| = 1, there exists a unique binomial divided power sequence (Qn)n≥0 such
that < µ[n], Qk >= δn,k, ∀n, k ≥ 0. Moreover this sequence is an orthonormal basis
of C(Fq[[T ]], K).

3.2 The algebra of difference operators

Let us remind that W (Fq[[T ]], K) is the algebra of difference operators for the com-
pact additive group Fq[[T ]], that is the same as the comodule endomorphisms of the
Banach coalgebra C(Fq[[T ]], K), in other words, these operators are the continuous
linear endomorphism u of C(Fq[[T ]], K) such that c ◦ u = (id⊗ u) ◦ c.
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Also, considering on W (Fq[[T ]], K) the strong topology, one has a topological ba-
sis (Aj)j≥0 of W (Fq[[T ]], K) where Aj has been defined previously as follows :
Aj = (−1)m(j)

∑
d◦a<m(j)

gj(a)τa, furthermore Aj = ϕ(h′j) = (id⊗h′j)◦c. Then if u is an

element of W (Fq[[T ]], K), one has the strong sum u =
∑
j≥0

ajAj, with aj = u(hj)(0)

and ‖u‖ = sup
j≥0

|aj|.

Let d be the derivation of W (Fq[[T ]], K) analogous to ∂, hence such that d(u) =∑
j≥1

ajAj−1 and I the operator of integration I(u) =
∑
j≥0

ajAj+1. LetWq = W0(Fq[[T ]], K)

the space of the difference operator v such that v(h0)(0) = 0. As for bounded mea-
sures, on defines the divided powers of an element v of Wq = by setting v[0] = id
and inductively for the integers n ≥ 1, v[n] = I(v[n−1] ◦ d(v)).

Let ϕ be the isometric isomorphism of Banach algebra of M(Fq[[T ]], K) onto
W (Fq[[T ]], K) such that ϕ(µ) = (id⊗µ)◦c. One has d◦ϕ = ϕ◦∂ et I◦ϕ = ϕ◦ι. From
these relations one deduces that for any integer n ≥ 0, one has ϕ(µ[n]) = ϕ(µ)[n]. If
θ1 is the reciprocal isomorphism of ϕ, one also has θ1(v

[n]) = (θ1(v))
[n].

We have set h′1 = δ and have seen that δ[n] = h′n. Put A1 = A, it is readily seen
that A[n] = ϕ(δ[n]) = An. Therefore any difference operator u can be written in the
strong sum u =

∑
j≥0

ajA
[j]. Let v =

∑
j≥1

αjA
[j] ∈ Wq ( αj = v(hj)(0)), then as for

bounded measures, one has v[n] =
∑
j≥n

αj(n)A[n], with αj(n) =
j−1∑
k=0

(
j − 1
k

)
αk(n −

1)αj−k, if j ≥ n and αj(n) = 0, for j < n.

Lemma 16. Let v =
∑
j≥1

αjA
[j] ∈ Wq and let the divided powers of v be v[n] =∑

j≥n

αj(n)A[n].

For any continuous function f =
∑
`≥0

a`h`, one has v[n](f) =
∑
`≥0

∑
j≥n

(
j + `
j

)
αj(n)aj+`

h`.

In particular, for any polynomial function P of degree ≤ n− 1, one has v[n](P ) = 0
and if Q is a polynomial function of degree n and leading cœfficient βn, one has
v[n](Q) = αn

1βnh0.

Proof: Let f =
∑
`≥0

a`h` be a continuous function of IFq[[T ]] into K.

For any integer j ≥ 0, one has A[j](f) =
∑
`≥0

(
j + `
j

)
aj+`h`. Hence, v[n](f) =

=
∑
j≥n

αj(n)A[j](f) =
∑
j≥n

αj(n)
∑
`≥0

(
j + `
j

)
aj+`h` =

∑
`≥0

∑
j≥n

(
j + `
j

)
αj(n)aj+`

h`.

For integers such ` < n ≤ j, one has A[j](h`) = 0. Hence, in one hand, for ` < n,
one sees that v[n](h`) =

∑
j≥n

αj(n)A[j](h`) = 0.

On the other hand v[n](hn) = αn(n)A[n](hn) +
∑

j≥n+1

αj(n)A[j](hn) = αn(n)h0 + 0 =

αn
1h0. Then if P =

m∑
k=0

βkhk, with m < n, one obtains v[n](P ) = 0.
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And for Q =
n−1∑
k=0

βkhk + βnhn = P + βnhn, one has v[n](Q) = 0 + βnv
[n](hn) =

αn
1βnh0. �

− • •− When ‖v‖ ≤ 1, one can substitute v in any difference operator u =∑
n≥0

βnA
[n], by setting u�v =

∑
n≥0

βnv
[n]. One has u�v = β0id+

∑
j≥1

 j∑
n=1

αj(n)βn

A[j]

and ‖u � v‖ ≤ ‖u‖.
Assume that v =

∑
j≥1

αjA
[j] is such that ‖v‖ = |α1| = 1. One has ‖v[n]‖ =

|αn(n)| = |α1|n = 1.
Put µ = θ1(v). One has µ =

∑
j≥1

αjδ
[j] et ‖µ‖ = |α1| = 1. We know that

there exists a sequence of polynomial functions (Qn)n≥0 such that deg(Qn) = n and
< µ[k], Qn >= δk,n. Moreover (Qn)n≥0 is a sequence of binomial divided power and
is an orthonormal basis of C(Fq[[T ]], K).
Let us notice that since the sequence (Qn)n≥0 is a binomial divided power sequence,
one has Qn(0) = 0, ∀n ≥ 1.
For any integer n ≥ 0, one has v[n] = (id⊗ µ[n]) ◦ c. Hence v[n](Qm) = (id⊗ µ[n]) ◦

c(Qm) =
∑

i+j=m

(
m
i

)
Qi < µ[n], Qj >=

∑
i+j=m

(
m
i

)
Qiδn,j.

Then v[n](Qm) = 0, if m < n and v[n](Qm) =

(
m
n

)
Qm−n, for 0 ≤ n ≤ m. Further-

more if Q is a polynomial with cœfficients in K and degree deg(Q) = m, one has

Q =
m∑

n=0

v[n](Q)(0)Qn.

Let us notice that setting Qn =
n∑

`=0

β`(n)h`, one has β0(n) = 0, if n ≥ 1 and, since

h0 = v[n](Qn) = αn
1βn(n), one obtains βn(n) = α−n

1 .
Now, if (Q1

n)n≥0 is an other sequence of polynomials such that deg(Q1
n) = n, Q1

0 =
1, Q1

n(0) = 0, for n ≥ 1 and satisfying v[n](Q1
m) = 0, if m < n and v[n](Q1

m) =(
m
n

)
Q1

m−n, for 0 ≤ n ≤ m, then Q1
n = Qn, ∀n ≥ 0. Indeed for any integer m ≥ 1,

one sees that Q1
m =

m∑
n=1

(
m
n

)
Q1

m−n(0)Qn = Qm.

Theorem 17. Let v =
∑
j≥1

αjA
[j] be a difference operator such that ‖v‖ = |α1| = 1.

There exists a unique binomial divided power sequence (Qn)n≥0 such that v[n](Qm) =

0, if m < n, v[n](Qm) =

(
m
n

)
Qm−n, for m ≥ n. This sequence is an orthonormal

basis of the Banach space C(Fq[[T ]], K).
More precisely, any continuous function f : Fq[[T ]] −→ K can be expanded as a
unique uniformly convergent series f =

∑
n≥0

v[n](f)(0)Qn and ‖f‖ = sup
n≥0

|v[n](f)(0)|.

Proof : The existence and unicity of the sequence of polynomials (Qn)n≥0 satis-
fying the properties in the theorem have been verified just above.
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Let f =
∑
n≥0

bnQn be the expansion in the orthonormal basis (Qn)n≥0 of the con-

tinuous function f : Fq[[T ]] −→ K. Then for any integer k ≥ 0, one has v[k](f) =∑
n≥k

bn

(
n
k

)
Qn−k=⇒ v[k](f)(0) = bk.

Remark 3: -(i)- Let as above K be a complete valued field extension of
the field Fq((T )) of Laurent formal series.
Let (Qn)n≥0 be a sequence of polynomials with cœfficients in K and which is a bi-
nomial divided power sequence. Then for any integer ` ≥ 0, the polynomial Qp` is
additive, that is Qp`(x+ y) = Qp`(x) +Qp`(y).

-(ii)- Let x ∈ Fq[[T ]], for any continuous function f : Fq[[T ]] −→ K,
with the notations of Theorem 17, one has τx(f) =

∑
n≥0

v[n](τxf)(0)Qn.

Furthermore, if u is a difference operator of C(Fq[[T ]], K), one has τx ◦ u(f) = u ◦
τx(f) =

∑
n≥0

v[n](τxf)(0)u(Qn). Therefore, for x, y ∈ Fq[[T ]], one has u(f)(x+ y) =∑
n≥0

v[n](f)(x)u(Qn)(y). It follows that u(f)(x) =
∑
n≥0

u(Qn)(0)v[n](f)(x), the series

of functions being uniformly convergent. This last formula can also be obtained by
the substitution in the bounded measures. �

−†− Again, let (Qn)n≥0 be a sequence of polynomial functions which is an or-
thonormal basis such that Q0 = h0, deg(Qn) = n and is a binomial divided power

sequence, i.e c(Qn) =
∑

i+j=n

(
n
i

)
Qi ⊗Qj.

One defines a continuous linear endomorphism v of C(Fq[[T ]], K) by setting v(Q0) =
0 and for any integer n ≥ 1 : v(Qn) = nQn−1. Hence if f =

∑
n≥0

anQn is a continuous

function, one has v(f) =
∑
n≥1

nanQn−1. Furthermore ‖v‖ = 1. Notice that if the

integer n is a multiple of p, then v(Qn) = 0.

Reducing modulo p the following identities between integers numbers n

(
n− 1
i

)
=

n!

i!(n− i− 1)!
= (n−i) n!

i!(n− i)!
= (n−i)

(
n
i

)
, one obtains n

(
n− 1
i

)
≡ (n−i)

(
n
i

)
(mod. p).

From c(Qn) =
n∑

i=0

(
n
i

)
Qi ⊗Qn−i, setting Q−1 = 0, one sees that

c ◦ v(Qn) = nc(Qn−1) =
n−1∑
i=0

n

(
n− 1
i

)
Qi ⊗Qn−1−i =

n∑
i=0

(n− i)

(
n
i

)
Qi ⊗Qn−i−1 =

=
n∑

i=0

(
n
i

)
Qi⊗(n−i)Qn−i−1 =

n∑
i=0

(
n
i

)
Qi⊗v(Qn−i) = (id⊗v)

(
n∑

i=0

(
n
i

)
Qi ⊗Qn−i

)
=

= (id⊗ v) ◦ c(Qn) =⇒ c ◦ v = (id⊗ v) ◦ c.
In other words, v is a difference operator of the Banach coalgebra C(Fq[[T ]], K)

such that v(h0) = v(Q0) = 0. Hence v =
∑
j≥1

αjA
[j]. But Q1 = α1,1h1 et 1 = ‖Q1‖ =
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|α1,1|, therefore h0 = Q0 = v(Q1) = α1,1v(h1) = α1,1 · α1h0 =⇒ α1 = α−1
1,1. As a

consequence ‖v‖ = 1 = |α1|.
Let µ = σ ◦ v = θ1(v) be the linear form corresponding to v. One has µ =∑

j≥1

αjδ
[j] and ‖µ‖ = 1 = |α1|. We have shown that in this case, there exists a unique

orthonormal basis (Q1
n)n≥0 of C(Fq[[T ]], K) such that < µ[n], Q1

k >= δn,k. This basis
is a binomial divided power sequences of polynomial functions.

Furthermore Q1
0 = h0 and v[n](Q1

k) =

(
k
n

)
Q1

k−n, if n ≤ k, and v[n](Q1
k) = 0, for

k < n.

It is readily seen as above that from v(Q1
1) = h0 = v(Q1) one deduces Q1

1 = Q1.

For any integer n ≥ 1, one has τx(Qn)(y) =
n∑

k=0

v[k](τx(Qn))(0)Q1
k =

n∑
k=0

τx ◦

v[k](Qn)(0)Q1
k.

Hence Qn(x + y) =
n∑

k=0

v[k](Qn)(x)Q1
k(y). Since c(Qn) =

n∑
k=0

(
n
k

)
Qn−k ⊗ Qk, one

obtains the identities
n∑

k=0

v[k](Qn)(x)Q1
k(y) = Qn(x+ y) =

n∑
k=0

(
n
k

)
Qn−k(x)Qk(y).

One deduces by induction from v(Qn) = nQn−1, that for any integer j ≥ 1, one
has vj(Qn) = n(n− 1) · · · (n− j + 1)Qn−j.

But j!v[j] = vj, hence j!v[j](Qn) = n(n− 1) · · · (n− j + 1)Qn−j. Therefore for j
an integer such that

0 ≤ j ≤ p − 1, one has v[j](Qn) =
n(n− 1) · · · (n− j + 1)

j!
Qn−j =

(
n
j

)
Qn−j,

with the convention Qn−j = 0, if n < j.

−•− Assume that n ≤ p−1, for 0 ≤ j ≤ n, one has v[j]Qn =

(
n
j

)
Qn−j. Hence

Qn =
n∑

j=0

v[j](Qn)(0)Q1
j =

n∑
j=0

(
n
j

)
Qn−j(0)Q

1
j =

n−1∑
j=0

(
n
j

)
Qn−j(0)Q

1
j + Q0(0)Q

1
n =

Q1
n.

However, one has Qp =
p∑

j=0

v[j](Qp)(0)Q
1
j =

p−1∑
j=0

(
p
j

)
Qp−j(0)Q

1
j +v[p](Qp)(0)Q

1
p =

v[p](Qp)(0)Q1
p andQp+1 =

p+1∑
j=0

v[j](Qp+1)(0)Q
1
j =

p−1∑
j=0

v[j](Qp+1)(0)Q
1
j+v

[p](Qp+1)(0)Q1
j+

v[p+1](Qp+1)(0)Q1
j =

p−1∑
j=0

(
p+ 1
j

)
Qp+1−j(0)Q

1
j+v

[p](Qp+1)(0)Q
1
j+v

[p+1](Qp+1)(0)Q
1
j =

v[p](Qp+1)(0)Q1
j + v[p+1](Qp+1)(0)Q

1
j . More generally, for any integer n ≥ p+ 1, one

has Qn =
n∑

j=p+1

v[j](Qn)(0)Q1
j .

−••− Since v[n] is a difference operator, one has c◦v[`](Qn) = (id⊗v[`])◦c(Qn) =
n∑

k=0

(
n
k

)
Qn−k⊗v[`](Qk) =⇒ v[`](Qn) = (id⊗σ)◦c◦v[`](Qn) =

n∑
k=0

(
n
k

)
v[`](Qk)(0)Qn−k =
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n∑
k=`

(
n
k

)
v[`](Qk)(0)Qn−k.

−•••− One has v[`](Qn) =

(
n
`

)
Qn−`,∀n, `⇐⇒ v[`](Q`)(0) = 1 and v[`](Qk)(0) =

0, ∀k 6= `. Or, equivalently, < µ[`], Qk >= v[`](Qk)(0) = δk,`, where µ = σ ◦ v. In
these conditions, one sees that Q1

n = Qn,∀n ≥ 0 and since (Q′
n)n≥0 is the dual basis

of (Qn)n≥0, one has Q′
` = µ[`] and < Q′

j, v
[`](Qn) >=

(
n
`

)
δj,n−`.

−••••− Let U and U1 be the continuous linear endomorphisms of the Banach
space C(Fq[[T ]], K) such that U(hn) = Qn and U1(hn) = Q1

n. Since the bases (Qn)n≥0

and (Q1
n)n≥0 are both binomial divided power sequences, the operators U and U1

are isometrical coalgebra automorphisms of the Banach coalgebra C(Fq[[T ]], K).
One deduces from Corollary 15 that ω1 = tU1 is an algebra automorphism of

the dual Banach algebra M(Fq[[T ]], K) that commutes with the divided powers
operations on M(Fq[[T ]], K). Moreover, if ν is the reverse measure of µ = σ ◦ v,
then ω1 is defined by substitution, that is for any bounded measure ψ, one has
ω1(ψ) = ψ � ν. It follows that the bases (Qn)n≥0 and (Q1

n)n≥0 coincide if and only
if the coalgebra automorphism U defined by U(hn) = Qn is such that its transpose
w = tU , an algebra automorphism of the algebra M(Fq[[T ]], K) commutes with the
operations of divided powers.

Summarizing, one has proved the following proposition.

Proposition 18. The subset of the difference operators v =
∑
j≥1

αjA
[j] of C(Fq[[T ]], K)

such that ‖v‖ = |α1| = 1 corresponds bijectively to the orthonormal bases (Qn)n≥0

of C(Fq[[T ]], K) which are binomial divided power sequences of polynomial functions
such that the transpose w = tU of the coalgebra automorphism U of C(Fq[[T ]], K)
defined by U(hn) = Qn is an algebra automorphism of the dual algebra M(Fq[[T ]], K)
that commutes with the operations of divided powers.

N.B : − • − There exist orthonormal basis (gn)n≥0 of C(Fq[[T ]], K) satis-

fying the condition : c(gn) =
∑

i+j=n

(
n
i

)
gi ⊗ gj and are not polynomial functions.

Orthonormal bases satisfying the binomial divided power condition correspond bi-
jectively to the continuous coalgebra automorphisms of C(Fq[[T ]], K).
In [7] we have characterized all continuous bialgebra endomorphisms of C(Fq[[T ]], K).
The description of the set of coalgebra endomorphisms done in the algebraic setting
in [11] can be adapted here, with assuming the appropriate continuity conditions.
− • •− The umbral calculus developed here, as already said, is different from the
one given by A. Kochubei in [14] which is done on the closed subspace of C(Fq[[T ]], K)
of the Fq-linear continuous functions.

The author thanks the referee for his remarks and suggestions on the redaction
of this paper.
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