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Abstract

In this short note, we prove a characteristic property of nest algebras. This
property is closely related to the extreme point structure of nest algebras.

The terminology and notation of this note concerning reflexive algebras and
extreme points may be found in [2] and [6]. For simplicity, we give the definition of
Property EP which is closely related to the extreme point structure.

Property EP: Let L be a subspace lattice. For any B ∈ B(H), if BXB = 0 for
any rank-one operator X in AlgL, then BY B ∈ AlgL for any rank one operator Y

in B(H). We say that AlgL has Property EP.
During the last decade there has been an interest in the Banach space geometry

of non-selfadjoint operator algebras. Subjects of investigation there include the
extreme point structure of the unit ball [3],[6] and the isometries between such
algebras [1],[4],[7]. One possible application of a characterization of extreme points
is in the study of isometries. R.V.Kadison [4] used the characterization of extreme
points in his study of isometries on C∗–algebras. For the same end, R.L.Moore
and T.T.Trent investigated the extreme points for nest algebras in [6]. Theorem
6 and its Corollary are the main part of [6]. The essence of Theorem 6’s proof in
[6] is to show that Property EP holds for nest algebras. In this short note, we will
verify that Property EP holds only for nest algebras. This shows that the method
used in Theorem 6 of [6] can not work for AlgL where L is not a nest. Thus, the
remark behind the corollary of Theorem 6 in [6] is not definite and therefore how
to characterize the extreme points of AlgL is still an open problem when L is not a
nest.
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Let x and y be vectors in H. Let x ⊗ y represent the rank-one operator defined
by (x ⊗ y)z =< z, y > x, for each z ∈ H. Recall that a reflexive subspace lattice L
is a subspace lattice which satisfies L = LatAlgL.

Lemma 1 Let L be a reflexive subspace lattice. A rank-one operator x ⊗ y ∈
(AlgL)⊥ if and only if there exists an element E ∈ L such that x ∈ E and y ∈ E⊥.

Proof. Necessity. Set E = [(AlgL)x]. Since L is reflexive, we have E ∈ L and
x ∈ E. For any A ∈ AlgL, we have

0 = tr(A(x ⊗ y)) =< Ax, y >

since x ⊗ y ∈ (AlgL)⊥. Hence y ∈ [(AlgL)x]⊥ = E⊥.
Sufficiency. For any A ∈ AlgL,

tr(A(x ⊗ y)) = tr(AE(x ⊗ y)E⊥)
= tr(E⊥AE(x ⊗ y)) = 0.

This shows that x ⊗ y ∈ (AlgL)⊥. �

Note that the hypothesis of reflexivity of L is not needed in the sufficiency of
Lemma 1.

Lemma 2 Let L be a subspace lattice and E0 ∈ L. Then E0(x⊗y)E⊥

0
∈ AlgL

for any x, y ∈ H if and only if E0 is a comparable element in L (that is, for any
F ∈ L, either F ≤ E0 or F > E0).

Proof. Sufficiency. For any F ∈ L, if F ≤ E0, we have

E0(x ⊗ y)E⊥

0
F = (0) ⊆ F ;

if F > E0, E0(x ⊗ y)E⊥

0
F ⊆ E0 ⊆ F . So E0(x ⊗ y)E⊥

0
∈ AlgL for any x, y ∈ H.

Necessity. For any F ∈ L and F 6≤ E0, we only need to verify that F > E0.
Since E0(x ⊗ y)E⊥

0
∈ AlgL for any x, y ∈ H, we have

E0(x ⊗ y)E⊥

0
F ⊆ F.

Since F 6≤ E0, FE⊥

0
6= 0 and so there exists y0 ∈ H such that FE⊥

0
y0 6= 0. Thus

[E0(x ⊗ y0)E
⊥

0
F ](FE⊥

0
y0) ∈ F

and
‖ FE⊥

0
y0 ‖

2 E0x ∈ F, for any x ∈ H.

Since ‖ FE⊥

0
y0 ‖6= 0, this implies that E0 < F . Hence E0 is a comparable element

in L. �

Corollary 3 Suppose that L is a subspace lattice. Then (AlgL)⊥ ⊆ AlgL if
and only if L is a nest.

Proof. Sufficiency. It is well known that if L is a nest,

(AlgL)⊥ = C1(H) ∩W,

where W = {T ∈ B(H) : TE ⊆ E− for any E ∈ L}. Since L is a nest, E− ≤ E for
any E ∈ L and W ⊆ AlgL. So (AlgL)⊥ ⊆ AlgL.

Necessity. For any E ∈ L, it follows from the sufficiency of Lemma 1 that
E(x ⊗ y)E⊥ ∈ (AlgL)⊥ for any x, y ∈ H. Thus

E(x ⊗ y)E⊥ ∈ AlgL, ∀x, y ∈ H.

By virtue of Lemma 2, this implies that E is a comparable element in L. Since E

is arbitrary, L is totally ordered and so it is a nest. �
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Lemma 4 Suppose that L is a subspace lattice and E0 ∈ L. If B = E0BE⊥

0
,

then BXB = 0 for any rank-one operator X ∈ AlgL.
Proof. It follows from [5] Lemma 3.1 that a rank-one operator X = x⊗y ∈ AlgL

if and only if there exists E ∈ L such that x ∈ E and y ∈ E⊥

−
, where E− = ∨{F ∈

L : F 6≥ E}. If E ≤ E0, E⊥

0
E = 0. Thus

BXB = E0BE⊥

0
E(x ⊗ y)E⊥

−
B = 0.

If E 6≤ E0, it follows from the definition of E− that E0 ≤ E−. So E⊥

−
E0 = 0 and

BXB = BE(x ⊗ y)E⊥

−
E0BE⊥

0
= 0.

This concludes the proof. �

If L is a completely distributive lattice, then BXB = 0 for any rank-one operator
X in AlgL if and only if there exists E0 ∈ L such that B = E0BE⊥

0
. The necessity

of this result is implied in the proof of Theorem 6 of [6].
Theorem 5 Suppose that L is a subspace lattice. Property EP holds for AlgL

if and only if L is a nest.
Proof. If L is a nest, the proof of Theorem 6 in [6] shows that Property EP

holds for AlgL. This is the essence of Theorem 6.
Conversely, we suppose that Property EP holds for AlgL. If L is not a nest,

there exists an element E0 ∈ L which is not a comparable element of L. Naturally
E0 6= (0),H. Since E0 is not a comparable element in L, it follows from Lemma
2 that there exist unit vectors z ∈ E0 and w ∈ E⊥

0
such that z ⊗ w 6∈ AlgL. Set

B = z ⊗ w. Since B = E0BE⊥

0
, Lemma 4 implies that BXB = 0 for any rank-one

operator X in AlgL. However,

B(w ⊗ z)B = (z ⊗ w)(w ⊗ z)(z ⊗ w)
= z ⊗ w 6∈ AlgL.

This shows that Property EP does not holds for AlgL. This contradicts the hypoth-
esis, so L is a nest. �

Theorem 5 shows that the method used in Theorem 6 of [6] can’t work for any
wider class of subspace lattices, except for nests. So how to characterize the extreme
point structure of the unit ball of AlgL is still an open and challenging problem when
L is not a nest.

References

[1] J.Arazy and B.Solel, Isometries of non-selfadjoint operator algebras, J. Funct.
Anal. 90 (1990), 284–305.

[2] K.R.Davidson, Nest algebras, Pitman Research Notes in Mathematics Series
191, Longman Scientific and Technical, Burnt Mill Harlow, Essex, UK, 1988.

[3] T.D.Hudson, E.G.Katsoulis and D.R.Larson, Extreme points in triangular UHF
algebras, Trans.Amer.Math.Soc. 349 (1997), 3391–3400.



416 D. Zhe

[4] R.V.Kadison, Isometries of operator algebras, Ann. of Math.(2) 54 (1951), 325–
338.

[5] W.Longstaff, Strongly reflexive lattices, J. London Math. Soc. (2)11 (1975),
491–498.

[6] R.L.Moore and T.T.Trent, Extreme points of certain operator algebras, Indiana
U.Math.J.36 (1987), 645–650.

[7] R.L.Moore and T.T.Trent, Isometries of nest algebras, J.Funct.Anal.86 (1989),
180–209.

Department of Mathematics, Zhejiang University,
Hangzhou 310027, P.R.China;
e-mail: dongzhe@zju.edu.cn


