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formulas involving several variables

R.K. Raina R.K. Ladha

Abstract

This paper gives certain new classes of transformation formulas in the
form of multiple-series identities involving several variables. The results ob-
tained, besides being capable of unifying and providing extensions to various
transformation and reduction formulas, also yield other new formulas. The
applicability of the main results is treated briefly in the concluding section.

1 Introduction

Transformation and reduction (or summation) formulas relating to special functions
of one or several variables are of utmost importance. These are invariably used in
different applied branches of theoretical physics and engineering sciences. See, for
example [1], [3], [7], [8], and [9].

While working on an alternative proof of a recently posed problem concern-
ing a certain hypergoemetric identity, Grosjean and Srivastava [2] were lead to its
multiple-series generalization and to its other related extensions. Several transfor-
mation and reduction formulas of hypergeometric functions have been deduced in [2]
from the main multiple-series identities. Multiple-series identities have also recently
been obtained in [5], [8], and were also recorded in [9]. Our motive in this paper
is to obtain new classes of transformation formulas in the form of certain general
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multiple-series identities (Theorems 1-4, below). These results can be applied to
substantially more general classes of special functions and orthogonal polynomials.
Applications are discussed briefly in the concluding section of this paper.

Denoting by (a,) the p-dimensional vector of complex numbers (ay,...,a,), and
let the Pochhammer symbol (), stand for
LD =5y = { MA+D). (A4n—1), ifne{l,2. )} }

then the generalized hypergeometric series in 7 variables z1, ..., 2, is defined by ([9,
p. 38, eqn. (24)])

(ap) = (b),); -5 (b, );
(1.2) Freve Sy 2

q:q1;---39r 1 .
(cq) s (dg,);- -5 (dp);

where
P Dk )
H(ai>m1+---mr r H(bz )mk
(1.3) f(my,...,m,) = Zqzl 11 2;17
H(Ci)m1+-..+mr h=1 H(df>mk
=1 =1

When r = 1, (1.2) reduces to the generalized hypergeometric function of one vari-
able, and for r = 2, it reduces to the generalized Kampé de Fériet function of two
variables.

For further details about these functions, see [9, Chapter 1]. In our sequel we
shall also be using the triple hypergeometric series of Srivastava (see [9,p. 44])
F®[z,y, 2] which provides unification of Lauricella’s fourteen hypergeometric func-
tions F1, Fy, ..., Fi4 and additional functions Hy, Hg and He.

2 Main results
For non-negative integers m; and ¢; we define

[mi/qi]
(21) Al(mz,qz) = Z (—mz)qlleZ(mz,/ﬂ), (’L € {1,...,’)“}),
k;=0

where [x] denotes the greatest integer in x, and B;(m;, k;)(m;, k; > 0,

i€ {l,...,r}) are bounded sequences of real (or complex) parameters.
Consider the multiple-series

r

(2.2) I= i i A(ma,...,me) [ {Ai(mi,qi)%},

mi,...,mr=0 =1 e
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where A(my,...,m,) is a bounded multiple sequence of real (or complex) parame-
ters, and |z;| < R;(R; > 0,Vie {1,...,7}),
Using (2.1), and the elementary relation

(2.3)

] =DEPml (m = k), 0 <k <m,
(=m)e = 0, k> m,

then (2.2) gives

00 r [ [mi/ai] (_1)qiki '

M1,y me=0 i=1 | k=0 (mi — qiki)!

The absolute convergence of the series involved permits change in the order of sum-
mation, and with this assumption making an appeal to the series arrangement prop-
erty [10, Lemma 3, p. 10], we are lead to the following multiple-series identity :

Theorem 1. Corresponding to the bounded sequence B;(m;, k;), let A;(m;,q;) be
defined by (2.1), Vi € {1,...,r), where m;, q; are non-negative integers. Then

[ee] T x;nz
(2.5) Z A(my,...,m,) H {Ai(mi7 %)mA, }
mi,...,myr=0 i=1 e

- Z A(m1+q1k17"'7mr+qur)
m1,k1,....,mp,kr=0
r " itk
11 {(—1)% 'Bi(mi + qiki, ki) Zm , } .

i=1 i

where, A(my, ..., m,) is a single-valued, bounded multiple sequence of real (or com-
plex) parameters such that each of the series involved is absolutely convergent.

Following [2], we consider other interesting variations of Theorem 1. To this end,
let us put the sequence

r

(2.6) Almy,...,my) = Q(ml,...,mr)l:[l{mi!},
and

so that from (2.1), we write
[mi/qi]

(2.8) Aj(mi @) = D (=ma)g: Cilks)/mi !, (Vi€ {1,...,r}),
k=0

then Theorem 1 yields the following :
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Theorem 2. For non-negative integersm;, q;(i = 1,...,r) there exists the identity :

(2.9) Z Q(my,...,m,) ﬁ{A;k(mi, q)riv}

mi,..., mr*O i=1
0 s xmz+sz2
= Z Q(m1+q1k17~"7mr+qur>'H{( )qz ZC(k> | }7
m1,k1 ..... mr,kr:0 =1 mi‘

where, Aj(m;,q;) is defined by (2.8), and (mq,...,m,) is a bounded multiple se-
quence of real (or complex) parameters such that each of the series is absolutely
convergent.

If we set the sequence
(2.10) Q(my,...,m,;) =C*(m1 +...+m,),

and invoke the elementary identity

(2.11) i fmi+...+m,) H{zm’/mzl}_ Z(Z1+...+Zr)mf7(n77!1>,

M ,eeny my=0 m=0
then Theorem 2 gives the result :

Theorem 3. Under the assumptions of Theorem 2, there exists the identity
(2.12) > Cfma+ . 4 me) [[{A4; (mi, g5)x™}
= i=1

= Z C*(m—i—qlkl—i—...—i—qur)
k1,....kr,m=0

.(1'1—1- +l‘r H{C }’

where C*(m) is an arbitrary bounded sequence such that the series involved in (2.12)
converge absolutely.

Another variation of Theorem 2 can be contemplated if we put

(2.13) Qmy,...,my) =C"(m1+ ... +me)(V)my - - - (W )mys
and
(2.14) vi=z (i=1,...,1),

in Theorem 2, and make use of the identity [10, p. 61, eqn. (9)] :

r

Z flmi+ ... +m,) H{ Y1) me i /mil}
(215) mi,..., my=0 =1

m

> T
Z f 71 + . +'7r)m_'7
m=0 m:

to simplify the multiple m-series on the right side of (2.9), and this way we are lead
to the following :
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Theorem 4. Under the assumptions of Theorem 2, there exists the identity

> Cmu+ ) [T{AT (i, @) ()™ }
My, my=0 =1
00 m
m!

k1,..es kr,m=0

'(71 + @k + . 4+ qur)m H{(%)qikici(ki)(_xi)qiki}’
=1

provided that the series involved in (2.16) converge absolutely.

3 Applications

On account of the presence of arbitrary sequences, our Theorems 1-4 would widely be
applicable and thus lead to numerous interesting transformation and reduction (or
summation) formulas. We shall consider some cases of deductions, thereby revealing
the usefulness of our main results.

We observe that if

and
2—2ki

(3.1) Clk) = o T 12

then from (2.8) by Gauss summation theorem [10, p.30, eqn. (7)], we have

2 Af(m;, q;) =
(3.2) F(mi, q;) mi!(Q)\i>mi’

then Theorems 2, 3 and 4 give the recent known results of Grosjean and Srivasta [2,
pp. 289-291].

It is worth noticing that most of the reduction formulas recorded in Srivasta-
Karlsson’s monograph [9, Chapter 1] would emerge from our Theorems 1 and 2
by suitably specializing the arbitrary sequences in accordance with the involvement
of various summation theorems relating to the hypergeometric functions listed, for
instance, in [4, Chapter 7]. To illustrate, we deduce one such reduction formula from
Theorem 1.

For ¢; = 1, we put

(@i)k, (b3)k,
3.3 Bi(m;, k;) = d i ’
( ) (m ) (Q‘)ki(l +a; +b; —c¢; — mz)klkz‘

so that from [4, p. 539, entry 88] :

(ci = ai)m,;(ci = bi)m,

(3.4) A(ms, 1) = (Ci)m;(ci — @i = bi)m,
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Theorem 1 gives then

d (Cz‘ - ai)m-(ci - bz)ml‘ml
. A e ” 2 i1
(35) 1,;;”0 (m,.-.ym >Z:1_[1{ (€i)m; (€i — a; — b;)m,m;! }

= Z A(ml—l—kl,...,mr—i—kr)

mi, k1,..., mer, kr=0

H (- (=1)" (@) (B, gt
1—|—az—i—b — C; — mz—kz)klmz‘kz' ! ’
Ifr=1, and
(3.6) A(m) = Qt)m - (@P)m

(B - (BQ)m”

then (3.5) in conjunction with the definition (1.2) assumes the form

(ap) cc—a—0b ; a,b ;
(37) Fg—f—l ::01;;12 Z,T
(Bg)ic—a—b @ ——— e
ap),c—a,c—1b;
= py2Fqye x|, P<@
(ﬁQ)? —b;
Next, for ¢; = 2, we set,
(3.8) Ci(ki) = (—1/42)% /K,
in (2.8) to get

where H,(t) denotes the Hermite polynomials [10,p.40]. With the substitutions (3.8)
and (3.9), Theorem 3 yields

mi,...,myr=0 =1
= > C'(m+42k+...+2k)
k1,....kr,m=0

.(1'14‘ +l'r H{ 2/4t k'}

When r = 2, (3.10) takes the form
(z/2u)™ (y/2v)"

m! n!
(@ +y)™ (—a?/4u?)" (—y*/2?)"

m! n! p!

S Al n)Hy () o)
(3.11) m,n=0

> A(m+2n+ 2p)

m,n,p=0
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Lastly, when ¢; = 1, and

(Ai)k

3.12 Ci(ki) = ot

(3.12) (ki) G b

in (2.8) then from Gauss summation theorem [10,p.30, eqn. (9)], we have
(,uz‘ — )\z‘)m-

(3.13) (mi, 1) o]

and choosing the sequence C*(m) same as in (3.6), we arrive at the following result
from Theorem 4 :

(Oép) : 717#1_)\13---7'}/7*7/%_)\7* )
(3.14) Fo7t T,...,T
(Bq) - s - ;

. i (Oél)m e (ap)m l‘_
B m;o (Bi)m - - (ﬁ@)m(% SRR Oy

) 5 Z’Yz"i‘m . ’)/1,)\1;...,’}/7,’)\7, :

)
3
3

Bo+m) , X [ ;

where P < @, and > v, =7+ ...+ 7.
If P=@Q =0, and r = 2, then in view of [9,p.28, eqn.(31)], (3.14) in terms of
the triple hypergeometric series gives

IVOQ’Y_B ; -| IV)\,’U—/L ; -|
(315) 2F1 X 2F1 X
A e
at+A = = == B A
= F® T,—T,—T
S e AU et e N AN S U

We conclude this paper by remarking that numerous other transformation and re-
duction (or summation) formulas involving various special functions can be deduced
from Theorems 1-4. More importantly, as pointed out in the derivation of (3.11), the
specialisations of arbitrary sequences in Theorems 1-4 can be set as in [6], yielding
summation formulas for different classical orthogonal polynomials also.
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